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Abstract
In this note, we construct a transitive non-autonomous discrete system with strongly periodic density which is not sensitive.

Besides, we prove that every transitive non-autonomous discrete system with almost periodic density is syndetically sensitive,
provided that it converges uniformly to a map, and that a product system is multi-sensitive (resp., F -sensitive) if and only if
there exists a factor system is multi-sensitive (resp., F -sensitive), where F is a filterdual. c©2017 All rights reserved.
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1. Introduction

Let {fn}∞n=1 be a sequence of continuous self-maps on a compact metric space (X, ρ) and N= {1, 2, 3, · · · },
Z+ = {0, 1, 2, · · · }. For any positive integers i and n, we set Fni = fi+n−1 ◦ · · · ◦ fi and f0

i = idX and call
(X, {fn}∞n=1) a non-autonomous discrete system (NADS), where idX is the identity map on X. The orbit
of any point x ∈ X is the set orb(x, {fn}∞n=1) :=

{
Fn1 (x) | n ∈ Z+

}
. In other words, the solution of the

non-autonomous difference equation {
xn+1 = fn+1(xn),
x0 = x.

Non-autonomous discrete systems were introduced in [7] (see also [6]) and, as we can see, they also
appear connected to some non-autonomous difference equations (see [3, 4]). Note that if fn = f for any
n ∈N, then the pair (X, f) is a ‘classical’ autonomous dynamical system (ADS).

For U, V ⊂ X, define the return time set from U to V as N(U, V) =
{
n ∈ Z+ | Fn1 (U)∩V 6= ∅

}
.

According to Lan [8], a point x ∈ X is periodic, if Fn1 (x) = x for some n ∈N and it is strongly periodic,
if there exists n ∈ N such that for any j ∈ N, Fjn1 (x) = x. The set of all periodic points and all strongly
periodic points of {fn}∞n=1 are denoted by Per({fn}∞n=1) and SP({fn}∞n=1), respectively.
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A NADS (X, {fn}∞n=1) is:

(1) (topologically) transitive, if for any pair of nonempty open subsets U, V of X, N(U, V) 6= ∅;
(2) sensitively dependent on initial conditions (briefly, sensitive), if there exists ε > 0 such that for any

x ∈ X and any neighborhood U of x, there exist y ∈ U and n ∈ Z+ satisfying ρ(Fn1 (x), F
n
1 (y)) > ε;

(3) equicontinuous, if for any ε > 0, there exists δ > 0 such that for any x,y ∈ X with ρ(x,y) < δ and any
n ∈ Z+, ρ(Fn1 (x), F

n
1 (y)) < ε.

Recall some basic concepts related to the Furstenberg families (see [1] for more details). Let P be the
collection of all subsets of Z+. We say that a collection F ⊂ P is a Furstenberg family, if it is hereditary
upwards, i.e., F1 ⊂ F2 and F1 ∈ F imply F2 ∈ F , and is proper, if it is a proper subset of P, i.e., neither
empty nor the whole P. In this paper all Furstenberg families considered are proper. It is not hard to see
that a family F is proper, if and only if Z+ ∈ F and ∅ /∈ F . Given a family F , we define its dual family
as

κF =
{
F ∈ P | Z+ \ F /∈ F

}
.

It is easy to check that κF is a Furstenberg family, and is proper if F is so. For i ∈ Z+ and F ∈ P, let
F+ i = {j+ i | j ∈ F}∩Z+ and F− i = {j− i | j ∈ F}∩Z+. A Furstenberg family F is said to be translation
invariant, if for any F ∈ F and any i ∈ Z+, F+ i ∈ F and F− i ∈ F . Given two Furstenberg families F1
and F2, define F1 ·F2 = {F1 ∩ F2 | F1 ∈ F1, F2 ∈ F2}. A Furstenberg family F is a filter, if it is proper and
satisfies F ·F ⊂ F . If κF is a filter, then F is called a filterdual.

Let Finf be the collection of all infinite subsets of Z+ and Fcf the family of cofinite subset, i.e., the
collection of subsets of Z+ with finite complements. It is easy to see that Finf is the largest proper
translation invariant family and its dual Fcf = κFinf, clearly as a filter is the smallest one.

A subset F = {a1 < a2 < · · · } ⊂ Z+ is:

(1) syndetic, if there exists an N ∈ Z+ such that ai+1 − ai 6 N for all i ∈N;
(2) thick, if for any i ∈N there exists ai ∈ Z+ such that {ai,ai + 1, · · · ,ai + i} ⊂ F;
(3) thickly syndetic, if for any k ∈N, {n ∈ Z+ | {n,n+ 1, · · · ,n+ k} ⊂ F} is syndetic;
(4) an IP set, if there is a subset {pi | i ∈N} such that F ⊃ {pi1 + · · ·+ pik | k ∈N, i1 < · · · < ik}.

Denote the collection of all syndetic (resp., thick, thickly syndetic, IP) subsets of Z+ by Fs (resp., Ft,
Fts Fip. It can be verified that κFs = Ft.

Let F be a Furstenberg family. A NADS is F -transitive, if for any pair of nonempty open subsets
U, V of X, N(U, V) ∈ F . A point x ∈ X is an F -recurrent point of {fn}

∞
n=1, if for any neighborhood U

of x,
{
n ∈ Z+ | Fn1 (x) ∈ U

}
∈ F . A Fs-recurrent point (resp., Finf-recurrent point) is called an almost

periodic point (resp., recurrent point) of {fn}
∞
n=1. The set of all almost periodic points (resp., recurrent

points) of {fn}∞n=1 is denoted by AP({fn}∞n=1) (resp., Rec({fn}∞n=1)). A pair (x,y) ∈ X× X is proximal, if
lim infn→∞ ρ(Fn1 (x), Fn1 (y)) = 0.

For U ⊂ X and ε > 0, let
N(U, ε) =

{
n ∈ Z+ | diam(Fn1 (U)) > ε

}
.

It is easy to see that a NADS (X, {fn}∞n=1) is sensitive if and only if there exists ε > 0 such that for any
nonempty open subset U ⊂ X, N(U, ε) 6= ∅. For an ADS, Moothathu [10] initiated a preliminary study of
stronger forms of sensitivity formulated in terms of some subsets of Z+, namely the syndetical sensitivity
and cofinite sensitivity. Similarly to Moothathu [10], a NADS (X, {fn}∞n=1) is said to be:

(1) syndetically sensitive, if there exists ε > 0 such that for any nonempty open subset U ⊂ X, N(U, ε) is
syndetic;

(2) cofinitely sensitive, if there exists ε > 0 such that for any nonempty open subset U ⊂ X, N(U, ε) is
cofinite;

(3) multi-sensitive, if there exists ε > 0 (multi-sensitive constant) such that for any k ∈ N and nonempty
open subsets U1, · · · , Uk ⊂ X,

⋂k
i=1
{
n ∈ Z+ | diam(Fn1 (Ui)) > ε

}
6= ∅.
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(4) F -sensitive (F -sensitive constant), if there exists ε > 0 such that for any nonempty open subset
U ⊂ X, N(U, ε) ∈ F , where F is a Furstenberg family.

Banks et al. [2] proved that every transitive ADS whose periodic points are dense in the state space
has sensitive dependence on initial conditions. Based on this result, Lan [8] posed the following open
problem (Problem 1.1). Wu et al. [15] proved that an ADS with d-shadowing or d-shadowing and a
dense set of minimal points is totally syndetically sensitive. Li et al. [9, 12] studied relations of various
types of sensitivity between an ADS and its induced ADS on the space of probability measures. Then, Wu
and Chen [14] discussed the sensitivity and transitivity of fuzzified dynamical systems. For more recent
results on the notion of sensitivity, one is referred to [11, 13, 16, 17, 19, 20, 22] and references therein.

Problem 1.1 ([8, Problem 1]). In non-autonomous dynamical systems, does transitivity together with
periodic density imply sensitivity?

Wu and Zhu [21] proved the following results for the uniform convergence of NADS.

Lemma 1.2 ([21, Corollary 2.2]). Assume that NADS (X, {fn}∞n=1) converges uniformly to a map f. Then for
any ε > 0 and any k ∈ N, there exist ξ(ε) > 0 and N(k) ∈ N such that for any x,y ∈ X with ρ(x,y) < ξ and
any n > N, ρ(Fkn(x), Fkn(y)) < ε.

In this paper, we firstly give a negative answer to Problem 1.1 and obtain a sufficient condition under
which a NADS is syndetically sensitive. Then, we prove that a product system is multi-sensitive (resp.,
F -sensitive) if and only if there exists a factor system is multi-sensitive (resp., F -sensitive), where F is a
filterdual.

2. Sensitivity for NADS

Firstly, we construct a transitive NADS with strongly periodic density to negatively answer Problem
1.1 (see Example 2.1).

Example 2.1. Fix an equicontinuous transitive homeomorphism (X, f) such that X is infinite. Clearly, such
a dynamical system exists. Take a NADS (X, {fn}∞n=1) as f2n = f−n and f2n−1 = fn for all n ∈N. For any
x ∈ X, the following statements hold:

(a) F2n
1 (x) = x, ∀n > 1;

(b) F2n−1
1 (x) = fn(x), ∀n > 1.

These imply that (X, {fn}∞n=1) is equicontinuous and Per({fn}∞n=1) = SP({fn}∞n=1) = X. For any nonempty
open subsets U, V of X, condition (b) together with the transitivity of (X, f) implies that (X, {fn}∞n=1) is
transitive. This example shows that the answer to Problem 1.1 is negative.

Next example shows that the sensitivity of every fn can not ensure their uniform convergence map is
sensitive.

Example 2.2. Let X = [0, 1] and define fn : X −→ X as

fn(x) =



1−|1−2nx|
n , x ∈

[
0, 1

n

]
,

...
...

fn(x−
k
n), x ∈

[
k
n , k+1

n

]
,

...
...

fn(x−
n−1
n ), x ∈

[
n−1
n , 1

]
.

It can be verified that each fn is sensitive and {fn}
∞
n=1 converges uniformly to f ≡ 0. Clearly, f is not

sensitive.
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Theorem 2.3. Let (X, {fn}∞n=1) be a transitive NADS which converges uniformly to a map f. If there exists some
point z ∈ X such that

{
Fni (z) | i,n ∈ Z+

}
$ X and AP({fn}∞n=1) = X, then (X, {fn}∞n=1) is syndetically sensitive.

Proof. Fix a point y ∈ X \
{
Fni (z) | i,n ∈ Z+

}
and put ε = 1

4 inf
{
ρ(x,y)

∣∣ x ∈ {Fni (z) | i,n ∈ Z+
}}

> 0,

V = {x ∈ X | ρ(x,y) < ε}. For any nonempty open subset U ⊂ X, noting that AP({fn}∞n=1) = X, it can be
verified that N(U,V) is syndetic, i.e., there exists M1 ∈N such that for any n ∈ Z+,

[n,n+M1]∩N(U,V) 6= ∅. (2.1)

Applying Lemma 1.2 yields that there exist δ > 0 and N ∈ N such that for any x ∈ X with ρ(x, z) < δ

and any n > N, ρ(Fkn(x), Fkn(z)) < ε holds for all k = 0, 1, · · · ,M1. Set W = {x ∈ X | ρ(x, z) < δ}. Then,
there exists M2 ∈N such that for any n ∈ Z+, [n,n+M2]∩N(U, W) 6= ∅. This implies that for any fixed
n > N, there exist j ∈ [0,M2] and u ∈ U such that Fn+j

1 (u) ∈W. Thus, for any 0 6 k 6M1,

ρ
(
Fkn+j(F

n+j
1 (u)), Fkn+j(z)

)
= ρ

(
F
n+j+k
1 (u), Fkn+j(z)

)
< ε.

Combining this with the choice of ε, it follows that for any x ∈ V ,

ρ
(
F
n+j+k
1 (u), x

)
> 2ε. (2.2)

Applying (2.1) implies that there exist 0 6 k1 6M1 and u ′ ∈ U such that Fn+j+k1
1 (u ′) ∈ V . This, together

with (2.2) implies that

ρ
(
F
n+j+k1
1 (u), Fn+j+k1

1 (u ′)
)
> 2ε, i.e., n+ j+ k1 ∈ N(U, 2ε).

Hence, (X, {fn}∞n=1) is syndetically sensitive as U is arbitrary.

Furstenberg [5] proved that the following result holds for ADS.

Proposition 2.4. Let (X, {fn}∞n=1) be a NADS which converges uniformly to a map f and (x,y) ∈ X×X. If (x,y)
is proximal, then for any ε > 0,

{
n ∈ Z+ : ρ(Fn1 (x), F

n
1 (y)) < ε

}
∈ Ft.

Proof. Given any fixed ε > 0 and for any k ∈ N, applying Lemma 1.2 implies that there exists ξ > 0 and
N ∈ N such that for any x1,y1 ∈ X with ρ(x1,y1) < ξ and any 0 6 i 6 k, ρ(Fin(x1), Fin(y1)) < ε holds for
any n > k. Since (x,y) is proximal, there exists m > N such that ρ(Fm1 (x), Fm1 (y)) < ξ. This, together with
the choice of ξ, implies that for any 0 6 i 6 k,

ρ(Fm+i
1 (x), Fm+i

1 (y)) = ρ(Fim(Fm1 (x)), Fim(Fm1 (y))) < ε.

Therefore,
{
n ∈ Z+ | ρ(Fn1 (x), F

n
1 (y)) < ε

}
∈ Ft.

3. Multi-sensitivity and F -sensitivity for NADS

Let (X, {fn}∞n=1) and (Y, {gn}∞n=1) be two NADS. The product metric ρ on X× Y is defined by

ρ((x1,y1), (x2,y2)) =
√
ρ2

1(x1, x2) + ρ
2
2(y1,y2)

for any (x1,y1), (x2,y2) ∈ X× Y. Define their product system as (X× Y, {fn× gn}∞n=1) and call (X, {fn}∞n=1)
and (Y, {gn}∞n=1) factor system of (X× Y, {fn × gn}∞n=1).

Recently, Wu et al. [18] proved that (X× Y, f× g) is multi-sensitive if and only if (X, f) or (Y,g) is
multi-sensitive.
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Theorem 3.1. Let (X, {fn}∞n=1) and (Y, {gn}∞n=1) be two NADS. Then, (X× Y, {fn × gn}∞n=1) is multi-sensitive
if and only if (X, {fn}∞n=1) or (Y, {gn}∞n=1) is multi-sensitive.

Proof.

(⇐=) Assume that (X, {fn}∞n=1) is multi-sensitive with a multi-sensitive constant ε > 0. For any
k ∈ N and any nonempty open subsets W1, · · · , Wk of X × Y, their exists nonempty open subsets
U1, · · · , Uk of X and V1, · · · , Vk of Y such that Ui × Vi ⊂ Wi for any 1 6 i 6 k. Since {fn}

∞
n=1 is

multi-sensitive, there exists n ∈N such that for any 1 6 i 6 k, diam(Fn1 (Ui)) > ε, implying that

diam(Fn1 ×Gn
1 (Wi)) > diam(Fn1 ×Gn

1 (Ui ×Vi)) > ε,

where Gn
1 = gn ◦ · · · ◦ g1, i.e., (X× Y, {fn × gn}∞n=1) is multi-sensitive.

(=⇒) Let ε > 0 be a multi-sensitive constant of {fn × gn}∞n=1 and suppose that both {fn}
∞
n=1 and {gn}

∞
n=1

are not multi-sensitive. Then there exist k1,k2 ∈ N, and nonempty open subsets U1, · · · , Uk1 of X,
V1, · · · , Vk2 of Y, such that for any n ∈ Z+, there exist in ∈ {1, · · · ,k1} and jn ∈ {1, · · · ,k2} satisfying

diam(Fn1 (Uin)) 6
ε

2
√

2
and diam(Gn

1 (Vjn)) 6
ε

2
√

2
. (3.1)

Take Wi,j = Ui × Vj (1 6 i 6 k1, 1 6 j 6 k2). Clearly, each Wi,j is a nonempty open subset of X× Y.
Since {fn × gn}∞n=1 is multi-sensitive, there exists m ∈ Z+ such that for any i ∈ {1, · · · ,k1} and any
j ∈ {1, · · · ,k2},

diam
(
Fm1 ×Gm

1 (Wi,j)
)
= diam

(
Fm1 (Ui)×Gm

1 (Vj)
)
> ε.

This, together with (3.1), implies that

ε

2
=

√(
ε

2
√

2

)2

+

(
ε

2
√

2

)2

> diam
(
Fm1 (Ui)×Gm

1 (Vj)
)
> ε,

which is a contradiction.

Corollary 3.2. Let (X, {fn}∞n=1) and (Y, {gn}∞n=1) be two NADS. Then, (X× Y, {fn × gn}∞n=1) is sensitive if and
only if (X, {fn}∞n=1) or (Y, {gn}∞n=1) is sensitive.

Theorem 3.3. Let (X, {fn}∞n=1) and (Y, {gn}∞n=1) be two NADS and F be a filterdual. Then,

(X× Y, {fn × gn}∞n=1),

is F -sensitive if and only if (X, {fn}∞n=1) or (Y, {gn}∞n=1) is F -sensitive.

Proof.

(⇐=) Similarly to the proof of Theorem 3.1, this holds trivially.

(=⇒) Suppose that {fn × gn}∞n=1 is F -sensitive with an F -sensitive constant ε > 0 and that both {fn}
∞
n=1

and {gn}
∞
n=1 are not F -sensitive. Then there exist nonempty open subsets U of X, V of Y such that

N(U, ε/2
√

2) /∈ F and N(V, ε/2
√

2) /∈ F , implying that

F1 := Z+ \N(U, ε/2
√

2) =
{
n ∈ Z+

∣∣ diam(Fn1 (U)) > ε/2
√

2
}
∈ κF ,

and
F2 := Z+ \N(V, ε/2

√
2) =

{
n ∈ Z+

∣∣ diam(Gn
1 (V)) > ε/2

√
2
}
∈ κF .

As F is a filterdual, then F = F1 ∩ F2 ∈ κF . Take a nonempty open subset W = U×V ⊂ X× Y. It can be
verified that for any n ∈ F,

diam (Fn1 ×Gn
1 (W)) 6

√
diam2(Fn1 (U)) + diam2(Gn

1 (V)) 6
ε

2
.

This implies that
F 3 N(U×V, ε) ⊂ Z+ \ F /∈ F ,

which is a contradiction as F is hereditary upwards.
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