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Abstract

In this paper, we study degenerate ordered Bell polynomials with the viewpoint of Carlitz’s degenerate Bernoulli and
Euler polynomials and derive by using umbral calculus some properties and new identities for the degenerate ordered Bell
polynomials associated with special polynomials. (©2017 All rights reserved.
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1. Introduction

As is well-known, the ordinary Euler polynomials are defined by the generating function

et+1 ZE —, (see [6-8]).

When x =0, E;, = E(0) (n > 0) are called the Euler numbers. The Bernoulli polynomials are also given
by the generating function as follows:

=Y Balol, (seeld, 6, 7).
o n.

When x =0, Bn = By,(0) are called the Bernoulli numbers. For A € R, Carlitz considered the degenerate
Euler and Bernoulli polynomials which are given by the generating function

— 1+ Aa)r=Y &, x|7\ 1.1
(1+At)X +1 Z 1)
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and
t

x — tm
m(l +A)Y = nZO Brl(x) 7, (see [2)). (1.2)

Note that limy_,0 En (xIA) = En(x) and limp_,0 Bn (x|A) = Bn(x) (n > 0), (see [2, 8]). The falling factorial
sequences are defined by

(xJo=1, K)n=x(x—1)---(x=(n—1)), (n>1).

The Stirling numbers of the first kind are defined as
(X)n = i Sin,Ux, (n>0), (see [10)).
1=0
The Stirling numbers of the second kind are also defined by
X" = i So(m, (%), (n>0), (see[6, 10]).
1=0
It is well-known that the ordered Bell polynomials are defined by the generating function

ﬁe"t = Z bn(X)%, (see [3]). (1.3)
n=0 :

When x =0, b, = b, (0) are called the ordered Bell numbers. From (1.3), we note that

1 1 — . 4 .
2—et 1—(et—1) 2_(e=1)

(1.4)

Thus, by (1.4), we get
n
b= ) miSy(n,m), (n>0).
For r € IN, the higher-order ordered Bell polynomials are given by the generating function
1 i xt __ - (r) t
<2_et> e —nzobn (), (see [3]). (1.5)

When x = 0, bg ) = bg ) (0) (n > 0) are called the higher-order ordered Bell numbers. By (1.5), we easily
get

(1.6)
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From (1.6), we note that

s —1
ol = 3 (" s m), (> 0)
m

m=0

In view of (1.1) and (1.2), we consider the degenerate ordered Bell polynomials given by the generating
function

1

(1A = Y bualx 17
2—(1+At)% Z ™ 1.7)

By (1.7), we easily get

lim bn,?x (X) = bn(x)/ (TL = O)
A—0

When x = 0, by » = b A(0) are called the degenerate ordered Bell numbers. Replacing t by + (e**™1), we
get

1 /1 S\ 1
me)\ '()\(e)\t 1)) :2_etext

© (1.8)
t'l’l
= Z bn(x)ﬁ
n
n=0
Now, we observe that
ib ( )irm( Mo)™ = ib (x)A™™ i So( )Anﬂ
mAlX m € = mAlX 2{n, m l
m=0 m=0 n=m
o 0 (1.9)
n
= (Z AT b A (x)S2(n, m)) —
n=0 \m=0
From (1.8) and (1.9), we have
n
bn(x) = ) A" Mbpa(x)S2(n,m).
m=0

We study degenerate ordered Bell polynomials with the viewpoint of Carlitz’s degenerate Bernoulli
and Euler polynomials and derive by using umbral calculus some properties and new identities for the
degenerate ordered Bell polynomials associated with special polynomials.

2. Quick review of umbral calculus

Let C be the complex number field and let J be the set of all formal power series with coefficients in

C in the variable t
= f(t):Zakﬁ a,eCy.
k=0

We denote the algebra C[x] of polynomials in x over the field C by P (P = C[x]). Let P* be the vector
space of all linear functionals on IP, and let < L|p(x) > denote the action of the linear functional L on
p(x), which satisfies < L + M|p(x) >=< Llp(x) > + < M|p(x) > and < cL|p(x) >= ¢ < L|p(x) >, where ¢
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is a complex number. The linear functional < f(t)[- > on IP is defined by < f(t)[x™ >= a,, (n > 0), where
f(t) = > v ak% € F. Thus we note that < t¢x™ >= ndnk (n,k > 0), where 8, i is the Kronecker

symbol (see [1, 5, 10]). Let fr(t) = > »yp <L]|3k>tk. Then we have < f (t)[x™ >=< L|x™ > (n > 0). So, the
map L — f (t) is a vector space isomorphism from IP* onto J. Henceforth, 3 denotes both the algebra
of formal power series in t and the vector space of all linear functionals on IP, and so an element f(t) of
J will be thought of as both a formal power series and a linear functional. We call 5 the umbral algebra.
The umbral calculus is the study of the umbral algebra. Let f(t)(# 0) € . Then order of f(t) is the
smallest positive integer k for which the coefficient of t* does not vanish. The order of f(t) is denoted by
o(f(t)), (see [7, 8, 10]). For f(t) € F and p(x) € P, we have

f(t) =) <fOK“> 5 p)=3 <t > 2.1)
k=0 ’ k=0 ’
Thus, by (2.1), we easily get
pR0) =< thp(x) >=< 1p®(x) >, (see [9, 10]), 2.2)

where p(¥)(x) = (%)kp(x). From (2.2), we note that
t*p(x) = p™(x), e¥'p(x) =p(x+1y), and < e¥p(x) >=p(y), (see [10-12]).

For f(t), g(t) € F with o(f(t)) =1, o(g(t)) = 0, there exists a unique sequence S,(x) of polynomials with
deg S (x) = n such that

< g(t)f(t)kISn(x) >=nldnx, (n,k>0), (seel6,8, 10]). (2.3)

The sequence Sy (x) is called the Sheffer sequence for (g(t),f(t)), and we write S, (x) ~ (g(t),f(t)). It is
well-known that

Sn(x) ~ (g(1), F(1) <= — =X = 3 S (0L,

where f(t) is the compositional inverse of f(t) such that f(f(t)) = f(f(t)) = t. Let Sn(x) ~ (g(t), f(t)).
Then we have

f(t)sn(x) =nSna(x), (n21), Sn(x)=

Snlx+y)=)_ (?) Sj(x)Pn—j(y), where Pn(y) = g(t)Sn(y),

j=0
< f(t)Ixp(x) >=< d+f(t)|p(x) >, where :f(t) = %f(t),
and
_ g'(t)) 1
Sni1(x) = (x— o) > msn(x), (n>0), (see[10]). (2.4)

For pn(x) ~ (1,f(t)), gn(x) ~ (1,9g(t)), we have

gn(x) =x <;((?))nx_1pn(x), (n>1), (seell0, 11]). (2.5)
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Let us consider the following two Sheffer sequences:

Sn(x) ~ (g(t),f(t)), Tn(x)~ (R(t), (1))

Then we have

m=0
where
1 /h(f(t)) _ mo
Crm = m!<g(m)) ((F1)) "), (see (10])
Finally, we recall that
n—1
d%S“(X) = ];) Gz) < F)X™TF > Si(x). (2.6)

3. Degenerate ordered Bell numbers and polynomials associated with umbral calculus

From (1.7), we note that the degenerate ordered Bell polynomials are defined by the generating func-
tion

1
2—(1+ )\t)%
When x =0, by, A = by A (0) are called the ordered Bell numbers. By (1.7), we get

tm 1 1
Z bn,?\il = =
n. _

(1+ M)A = me =

m=0 m=
=) m) Sykm] kﬁ(log(l—l—?\t)) 3.1)
m=0 k=m
[} k 5 00 AT
=2 | 2 mSalk AT ) B Sam )=
k=0 \m=0 n=k
00 n k n
=) (Z D miSy(k, m)Sl(n,k)?\“_k> —.
n=0 \k=0m=0 n
From (3.1), we note that
n k
boa=D Y miSa(k,m)Si(n, kAN, (n>0).
k=0 m=0
By (1.7) and (2.3), we get
bra(x) ~ (2—eb, LM~ 1), (n>0). (3.2)
That is,
1 X7 log(1+At) Z bra(x (3.3)

2_ e%log(l—o—)\t)
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Let f(t) be the linear functional such that
Y
< AP0 = | pludu (3.4)
for all p(x). Then, by (2.1) and (3.4), we get
(B> Yyt
flt)=)_ ot _Z(k—f—l)'t
k=0 =0
= LV 1)
From (3.4), we have
Y
< Hert = Dlp(x) >= | pludu,
and
xX+y
Hewt —1p0d = | plwdu (35)
X
By (3.1), (3.3), we get
oo
P R
or n2—(14+At)x
> t! = /x\ym 1
= (Zb”‘l'> (Z <X> E(log(l—i—?\t)) )
1=0 m=0
ad t =X\ ARtk
= (Z bl’7‘1!> (Z <X) > silk,m) o > (3.6)
1=0 m=0 k=m
0 tl 00 k . tk
=(D bia U D D NS (ko mpx™ |
1=0 k=0 \m=0
[} n k i
= Z {Z Z 7\k msl(k,m)< )X bnk)\} -
n=0 \k=0m=0
Comparing the coefficients on both sides of (3.6), we have
n k n
baax) =) > (k)xk ™S1(k, M)br kX (3.7)
k=0 m=0
From (3.5), we note that
t_1q x+1
S baalx) = J b (1) du
t X
n k n x+1
— Z Z <k>7\k ™S (k, m)bp_ kAJ u™du
k=0 m=0 x
n ok n 1 (38)
=y 3 <k>>\‘< ™S (k, M)bpn_ka +1((x+1)m+1 —x™ )
k=0 m=0
n k m
1 1
-y ¥y (m+ > ( >}\km31(k,m)bnk,)\ o
k=0 m=01=0 m+
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As is well-known, B, (x) = ett_lx“, (n > 0). By (3.8), we get

n k m
baal) =Y 3 Y Ak (mf 1) (L‘)sl(k, m)bnk,xml+ -Bu(x). (39)

n k m
thaa(x) =) ) > A«™ (m:— 1) <2> m:— 13171(7‘)31(]9 m)bn_xa

k=1 m—1 1—1
n k m
= Z Z Z Ak (l T1> <2)311(X)31(k, m)bn_xa,
k=1 m—1 1—1
and
t_
= Toual)
x+y
= bna(u)du
n k m
_ k—m (Mm+1) /m Bii1(x+y) —Brii(x)
N ];12_0%% ( 1 ) <k>sl(k’m)b“‘“ < (m+1)(L+1) ) (3.10)
n k m 1
= kZO ZO ;) ZO <m:‘ 1) (2) (l + 1> }\k*msl (k, m)bnfk,}\yHlJBj (X)m
=0m=01=0 j=
n ko )5 |
= > ) : mxkﬂnsl(k’ M) by I B; (x).

e R CTIOEY "
- Z Z ZZ (m+1)(l+1) ])\ Sl(klm)bnfk,?\y Bj—l(x)

k=1m=11=1 j=1 (3.11)
= STy mxk—ms k. m)b L+1-jg.
- Z Z Z Z 1k, m)bn 1Ay )71(7().

Therefore, by (3.11) we obtain the following theorem.

Theorem 3.1. For n > 1, we have

n k m m+1y my 1 .
baa(x+y) —bualx) =) Y > > Wkk_msl(kr m)br i ay By (x).

Now, we observe that

> (T A)X (2 (1+At))
—bn 1) +2bnA(x)) — = :
HZO( Al 1)+ 26n2(9) 2 (1+ At}
P e k1
—(1+ai =Y G) E(1og(1+xt))k (3.12)
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Comparing the coefficients on both sides of (3.12), we obtain the following theorem.

Theorem 3.2. For n > 0, we have

n
2bna(x) —bralx+1) =D A ES;(n, k)x*.
k=0
From Theorem 3.1 and Theorem 3.2, we note that
n
bra(x+1) =bra(x) =bna(x) = Y AV ES(n, k)x*
k=0
n k m 1 (m+lym 1 (3.13)
= Z Z Z Z M)\k—msl(k’ m)bn_1ABj_1(x).
“ m+1 /
k=1m=11=1 j=1
Therefore, by (3.13), we obtain the following corollary.
Corollary 3.3. For n > 1, we have
n
bra(x) =Y ATTRSy(n, k)x*
k=1
1 1
b2 @6 mg mbe B
+ ZZZm——i—l 1k, Mm)on—1ABj—1(X).
k=1 m=11=1 j=1
From < t*[x™ >=n!é, x, (n, k > 0), we note that
> t! 1 y
b = b —x") = 1+ At)A |x™
nAW) <§ wg ") = (e AR
1
:< . (1+7\t)%xn>
2—(1+At)x
n m
n kym—k 1 n—m
) Gt ™) 619
= i <n> iyk?\m kS, (m. k)nimbl—’)‘ <t >
m L A
m=0 k=0 1=0
n m n
- Z Z ( AT RS (m, k)Y b ma.
m=0k=0 m
Therefore, by (3.14), we obtain the following theorem.
Theorem 3.4. For n > 0, we have
n m n
baa) = > > <m> AT KS, (11, Kb X
m=0 k=0
We easily see that
X~ (L1), (2 eYbna(x) ~ (1, 1M~ 1)). (3.15)
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Then, by (2.5) and (3.15) we get

At
(2—eYb X(e""—l) —Ixn
i }\ B tl n—1
=X (3.16)
1=0
1 —1
an AL ( ) nj n-1-1 _TLZ AL (“_1>B(n)xn1
= L . ,
1=0 1=0
where B\ are the higher-order Bernoulli numbers defined by the generating function
t x > (o) t™
=Y Bl .
(asq) =X o,

Thus, by (3.16) we get

—1
m—Nom) 1w
(e e
nl o (3.17)
-y 7\1< : >B{“)bn1(x), (n>1).
1=0
Therefore, by (3.17), we obtain the following theorem.
Theorem 3.5. For n > 1, we have
n—1
1 n
be)zZA‘(T‘I )B1 Brta(X)
1=0
nont n—1\ Mm—1\_m)
RO
1=0 m=0
Let Sn(x) ~ (1, 5 (e’ —1)). Then, by (2.3) we get
> " .
D Sn(x)— = ex 1oAY — (1 4 74)%
— n!
N (%) antt oy XX X et
=Y ) M= G Gy
n=0 n=0 (3.18)
= 3 X(x—A)Jx—20) - (x — (n—l)?\)%
n=0 ’
o0 tn
=D M,
n=0
where (x)or =1, (X)na = X(x —A)(x —=2A) --- (x — (n—1)A), (n > 1). From (3.18), we note that (x)n A ~
(1, £ (e —1)). Now, we observe that
> tn . x
D Kna—r = (1+A)} = ex o8
—= n!
x\m 1 m
_ (X> — (log(1+At)) (3.19)

0

n tn
E ATTTS (n,m)x™ | —.
n!

0 \m=0

Me i M

n
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Comparing the coefficients on both sides of (3.19), we have
n
(np = D AV ™Sy, m)x™, (n>0).
m=0
For (2 —eYbna(x) ~ (1, 3 (€M =1)), () ~ (1, x(eX = 1)), we get
n
(2—ebralx) = (na= ) A" S(n,mix™ (3.20)
m=0
By (3.20), we easily see that
= 1
bna(x) = Z A5 (m, m)gxm
m=0
n
= ) AMSi(n,m)bm(x), (n>0).
m=0
Corollary 3.6. For n > 0, we have
n
bua(x) = DA™ S (n, m)bm(x).
m=0
By (2.4) and (3.2), we get
—et 1
bryia(x) = (x— = el) e PnalY
et et
=(x+ bra(Xx —A) =xbpyaA(x —A) + ——=bpr(x—A)
2—et 2—et (3.21)
t_242 '
=xbna(x —A) + eibn,;\ (x —A)
2—et
2
=xbpa(x—=A) =bpalx—A) + mbn,?\(x —A).
From (3.7), we note that
1 1 & < /n
T attnAlx A =o—— ) ) <k> AR (K, m)bn A (x —A)™
k=0 m=0
1 & < /n — /m
= Z Z <k> AT (K, )b kA Z <l>(—1)1>\1xm‘
k=0 m=0 1=0 (3.22)
n k m n m 1
=y > ) ARG (K, m) b ga (—1) met
k/\ 1 2—et
k=0 m=0 1=0
n k m n m
=3 3 3 (1) (TS mibn (<D o1l
k=0 m=0 1=0
By (3.21) and (3.22), we get
2
b1 a(x) =xbna(x —A) =bna(x —A) + 55 bua(x —A)
= an,7\ (X - 7\) - bn,7\ (X - 7\) (323)

k

+2 Z Z Z G{L) (n;) ARG (K, m) b (—1) o1 (x).

k=0 m=01=0
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Therefore, by (3.23), we obtain the following theorem.

Theorem 3.7. For n > 0, we have

b1 (X)=Xbpa(x —A) + b a(x —A)
n k m
=2 Z Z Z <T]z> <T{L> Ak7m+lsl (k/ m)bnfk,k(_l)lbmfl(x).

Remark 3.8. From by A (x) ~ (2— e, 3 (e* — 1)) and (2.6), we note that

1
) < X log(l +?\t)|xn*1 > bralx)

n—1 X Axym—1gm
— (T) < Z (Mitbcnfl > bya(x)

Let

For p(x) € Py, let

p(x) =) aibia(x). (3.24)
1=0
From (3.2), we note that
< (2=eY(5(eM=1))™bpa(x) >=1ldnm, (n,m=>0). (3.25)

By (3.24) and (3.25), we get for 0 < m < n,

<(2—eY)(5(eM=1)Mp(x) > = Zal <(2—eY)(5(eM=1)ba(x) >
(3.26)

From (3.26), we have

Om =7 < (2— e")(x(eM —1)™p(x) >,

where n > m > 0. Therefore, we obtain the following theorem.

Theorem 3.9. For p(x) € Py, we have

where



T. K. Kim, D. S. Kim, G.-W. Jang, L.-C. Jang, J. Nonlinear Sci. Appl., 10 (2017), 5142-5155

5153

Let us take p(x) = Bn(x) € P, (n > 0). Then, by Theorem 3.9 we get

where

am = — < (2—e")(3(eM —1))™Bn(x) >

i<( 2—eY A" ™m! § Szkm)?\k—\B (x) >
m!
k=m

1
- Z ARTMS, (K, m)k <2—ebt*Bn(x) >

k=m

—Z)\k "otk m) () <2 elBaos(x) >
= Z)\k mszkm >ZBn k— Bn— k(l))

(i
_Zkaszkm() —81m—x)

= Z AKT™S, (k, m) <2> Bnox — A" ™IS (n—1,m).
=m

Therefore, by (3.27) and (3.28) we obtain the following theorem.

Theorem 3.10. For n > 0, we have

For by A (x) ~ (2—et,

>|—=
o
>
-+
|
—_
2
3
>
4
:.:
>
©
>
-+
|
—_
3
V
=
(¢°)
5
<
(@)

where

1
Cn,m - < (2_ e%log(l—o—)\t))— (%( log(1+At) _ ))m|xn >

Therefore, by (3.29) we obtain the following theorem.

(3.27)

(3.28)

(3.29)
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Theorem 3.11. For n > 0, we have

(X)n)\ = Z (TTTLL) bn—m,)\bm,?\(x)-

m=0

The Korobov polynomials Ky, »(x) for A # 0,1 are also defined in terms of generating function by

At

m(l +¥ =) Kna(x) 7, (see [6]). (3.30)

Thus, by (3.30), we get

For Ky a(x) ~ (%, et — 1), baa(x) ~ (2—et, $(er —1)), we have

Kna(x) = Y Cambmalx), (n=>0), (3.31)

where

(L) e

) (-9

_ 7‘;:'“ i <T> (—1)m_1<(1 —t)‘ i Kj,A(U\);.[an> (3.32)
1=0 j=0

AT ik (m

(1+t)17“xn>

m!
1=0

= 7\;:1 Z (T) (—1)m4(Kn’A(U\) —nKn_1A(IN)).
T 1=0

Therefore, by (3.31) and (3.32), we obtain the following theorem.

Theorem 3.12. For n > 0, we have

Knalx) = > (Am > <“11> (D)™ Y (Kna(IA) —nKn_l,;\(U\))> b (X).
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