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Abstract
In the papers [M. Et, H. Sengiil, Filomat, 28 (2014), 1593-1602] and [H. Sengiil, M. Et, Acta Math. Sci. Ser. B Engl. Ed.,
34 (2014), 473-482], we defined the spaces of S* (8)-convergent and strongly N* (8, p)-summable sequences. In this paper these

spaces are generalized to the space of sk (8)-convergent sequences and the space of strongly N& (6, p)-summable sequences and
are given some inclusion relationships among these spaces. (©2017 All rights reserved.
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1. Introduction

In 1951, Steinhaus [27] and Fast [15] introduced the concept of statistical convergence and later in
1959, Schoenberg [24] reintroduced independently. Caserta et al. [4], Cakall1 [3], Connor [9], Colak [6], Et
et al. [5, 11-13], Fridy [17], Salat [21], Altinok et al. [2], Colak et al. [7, 8], and many others investigated
some arguments related to this notion.

Colak [6] studied statistical convergence order « by giving the definition as follows: we say that the
sequence x = (xy) is statistically convergent of order « to L if there is a complex number L such that

1
Iim —Hk<n:|xx—L > ¢}l =0.
n—oo N

Let 0 < o < B < 1. We define the («, 3)-density of the subset A of IN (set of natural numbers) by

5B

1
B(A)=lim —|k<n:keA}P
n n%
provided the limit exists (finite or infinite), where {k <n: k € A}If3 denotes the th power of number of
elements of A not exceeding n.
Throughout this paper w indicates the space of sequences of real number.
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Let 0 < p <1,0< ax<1 «< B, and x = (xx) € w. Space of sequences of Sg-convergent (or
statistically convergent sequences of order («, 3)) is defined by

o1
Sfi:{X:(xk):T}gr;OMI{kénzlxk—U?s}B ZO},

where there exists a real number L. This convergence is indicated by S —lim xx = L (see [25]).

By a lacunary sequence we mean an increasing integer sequence 0 = (k,) such that h, = (k; —k,—1) —
oo as r — oo and « € (0,1]. Through this paper the intervals determined by 6 will be denoted by
I, = (k+_1, k] and the ratio k]:il will be abbreviated by q.

Subsequently lacunary sequences have been studied in ([1, 10, 16, 18-20, 22, 23]).

2. Main results

In this Section, we define the concepts of Sﬁ (6)-convergence and strong Ng (6, p)-summability of
sequences of complex (or real) numbers for 0 < « < < 1. Furthermore, we mention the inclusion
relationships among the set of sﬁ (0)-convergent sequences and the set of strongly Ng (6, p)-summable
sequences for different o and 3 values.

Definition 2.1. Let 6 = (k) be a lacunary sequence and 0 < o« < 3 < 1. h{* denotes the ath power (h)*
of h,,and {k <n:ke A}IB denotes the 3th power of number of elements of A not exceeding n. s[i (0)-
convergent (or lacunary statistically convergent sequences of order («, 3)) sequences spaces is defined

by
1
B — _ T . B _
S8 () = {x— ()5 Jim k€ T o= L > o) —o},
where there exists a real number L. In the present case this convergence is indicated by sﬁ (0) —limx, = L.

sk (0) will indicate the set of all 4 (0)-statistically convergent sequences. If 8 = (27), then we will write
SP in the place of 4 (0). f x =B =1and 8 = (27), then we will write S in the place of sk (0).

The S& (0)-convergent is in a good way defined for o« < 3, but it is not usually in a good way defined
for p < «. Define x = (xi) by forr =1,2,...,

(1, if k=2r,
T 0, if k#£or

Then for every ¢ > 0

1 B < fim IV
1 e — 1> )P < Ea =
Tlggo he kel —1] > e}l” < rll,r{.lo 2Pho 0
and
1 he
) ) |3 . T _
1 —0/ > el < lim == =
Am g ke € Irsbac =012 e]l” < lim o575 =0

for B < «. So Sﬁ (0) —limx, =1and Sﬁ (0) —limxy = 0. But this is impossible.
Theorem 2.2. Let 0 < o« < B < 1and x = (xx), y = (yx) be sequences of real numbers, then
(1) szEc (0) —limxy = xg and c € C, then Sﬁ (0) —lim (cxy ) = cxp;

(i) if S5 (0) —limxy = x and S& (8) — limyy. = yo, then S§ (8) — lim (xi + yi) = X0 + Yo.
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Definition 2.3. Let 0 = (k) be a lacunary sequence, 0 < « < 3 < 1, and p be a positive real number. Space
of sequences of strongly Ny B (6)-summable (or strong N (6, p)-summability of order («, 3)) is defined by

B
1
NE(0) = qx=(x) s lim | 3 ha—LP | =05,
T kel,

where there exists a real number L. In the present case we write Ng (6,p) —limxy, = L. Nr.i (6,p) will
denote the set of all strongly N (6, p)-summable of order (x, 3). If « = B =1, then we will write N (6, p)
in the place of NB (6,p). If 6 = (27), then we will write wh (p) in the place of NB (6,p). If L =0, then we
will write Wg,o (p) in the place of wg (p). Nﬁ/o (6,p) will denote the set of all strongly Ng (p)-summable
of order (&, ) to 0.

Theorem 2.4. Let 0 = (k) be a lacunary sequence and 0 < & < < 1. Ifliminf, q, > 1, then wh (p)—limxy, =

L implies Ng (6,p) —limx, = L.

Proof. 1f liminf, g > 1, then 146 < g, for all r > 1, where there is a 8 > 0. Then for x € wf’o (p), we
write

B

Since h, = k, — k+_1, we have

k& (143) kX, 1
e S e e S
1 kr P & P B : o

The terms = (Zi:l x| ) and k"‘ ( 1 x4l ) both converge to 0, and it follows that T g converges
to 0. Hence x € NE’(,O (0,p). O
Theorem 2.5. Let © = (k) be a lacunary sequence and 0 < o« < < 1. If limsup.. k"‘ < oo, then N (8,p) C
wh (p).
Proof. The proof can be seen easily. O

Theorem 2.6. If x € wg N Nﬁ (0) and lim sup,. k“ < oo, then NB (0) —limxy = wg — lim xy.

Proof. Let Ng (0) —limx, =L and w(X —limxy = L1, and assume that L # L;. Since lim sup.. k"‘ < o0 by
Theorem 2.5, we have Ny (0,p) C Wg,o (p). Since (x —L;) € Ng(6,p), we get (x —L;) € Wg,o (p) and thus

B
= (ijzl Ixi — L1|) — 0. Then we have

tLX

1 t B 1 t B 1 t t B 1
W(;Ri—l_ﬂ) +W<;|X1—L|> >ta<;xi—l_1l+;lxi—l_l) 2—“(|L L1|)

This is a contradiction, and the proof is completed. O
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Theorem 2.7. Let 0 < oy < op < By < B2 < 1and 0 = (k) be a lacunary sequence. For 0 < p < oo,
Ngf (6,p) C s{,i; (0) and the inclusion is certain for some &1, &2, 31, and 2.

Proof. Let x = (xx) € w and ¢ > 0. We can write

5 B2 B2
2
Y k- =] > k-LP+ Y —LP| =[ > ba-LP
kel kely kelr kel
|xk7L‘2£ ‘xk7L|<£ ‘xk7L|25
>k €Lyt e — L > e|P2 PP
and so that
B2
1
s [ D e —LP hoq € Lt b — LI > el ePP2 > sk € Lt hae — L > )i PP,
kel, T

Hence N2 (6,p) € SEL () for 0 < oy < oo < B1 < 2 < 1
We demonstrate the certainty of the inclusion Ngf (0,p) C SE(; O)forp=land 0 < 1 < xp < B1 <
B2 < 1. Define x = (xx) by

o [VRe], ket <k <keop + [VRK],
K= o, otherwise.
We get for § < ap < 1and 1 = 3,

(Vh)®

kel :x—0 > e)fr = e

h"‘z — 0, asr — oo,

i.e., S51(08) —limx, = 0. For 0 < oy < 1 and B =1,

B2
B2
vhel [vVh
Z|Xk| = ([ rh[fxl r) — OQ.
kel, T
For 0 < oq <y Land B, =1, N 2(6,p) —limxy # 0. Therefore, Ngf (0,p) C s[,i; (0) is certain for 0 < o1 <
%,Bz 4<oc2<1and[51 % ]

The following result is a consequence of Theorem 2.7.
Corollary 2.8. Let 0 < o < xp < B1 < P2 <1and 0 <p < oo.

i) If B =1, then Ny, (0,p) C SQ; ) for 0 < oy < o2 < Py <
ii) If 1 =PB2 =1, then Ny, (6,p) C S, (0) for 0 < &1 < axp < 1.

Theorem 2.9. Let 0 < o« < B < 1and 0 = (k;) be a lacunary sequence. If liminf, q, > 1, then Sﬁ C Sg (0).

Proof. 1f liminf, q» > 1, then q, > 1+ b for sufficiently large r where there is a > 0. We can write
h > 1 o« 1

>0 > 7
K 146 k& ” (1+0)%he’

If SEL —limxy = L, then for every ¢ > 0, we have

60(
<k -z P > S kel -1 > eff > kel —L>elf.

K ke 1+0)% h“

Therefore s[;’; —limxyx = L implies s[;’; (0) —limx, = L. O
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Theorem 2.10. Let 0 < og < op < B1 < B2

then So, C SB1(0).

Proof. For a given ¢ > 0, we have

<1If

h,\
lim inf <> >0,
T—00 Ky

(k<kr:lxk =L Ze}D{kel:x—L > e}
Therefore,
ke <keihxe—LI =€)l > —= k€L i e — L > e}P? > h? Kk € I : e — L| > )P
k(xl 1’ - Ak = k(xz k kocz hocz k = .
X
Since lim;_, o, inf <%> ’ > 0 and x = (xx) € S«,, we have x € sﬁ; (0). O

Theorem 2.11. Let 0

(i) i

then S&2 (e) csBi(o);

(ii) if

then SE; () C S (') .

Proof.

= (ki) and 0/ =
O0<oy Sap <P <P2<l,

(sr) be two lacunary sequences such that 1. C J, for all v € IN and

hyt
r11_)r{)10 inf —— s >0, (2.1)
b
Ao~ 22

(i). Suppose that I. C J, for all r € IN. We can write

and so

(’,0‘2

keJ,y:

ik eTr:—L=elfr>

for all r € N, where I, = (ks_1,k;],

sk (o) c sk ).

i —L > e} D{kel:x—L > e}

het 1
62 ht

Jr = (sr—1,8¢], hr = k¢ —kr—1, & = sy — sy—1. Thus we get

keI — LI > )P

(). Letx = (xy) € ng (0) and (2.2) be satisfied. Since I, C J;, for ¢ > 0 we may write

1
W|{k€]r3|xk—L|>

E}|Bl _

eaz Hsr—1 < k< kpoq: e — L > e
eaz ke <k <spihxe—L > el + eocz g A e =
\e;(kr_rsr_l)meiz( 1) 4 g i L s = U > )
< k”egf” S*egzkf ik e b= 1> e
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t—h
=@ T eazw{kel hae— Ll > el
T
¢ —h? 1
e k€ Ltbac— L > el
T T

( 1
< ( ;2 —1> +@|{k€IrI|Xk—L|>E}|B2

~

T
for all T € N. This implies that S& (6) C S} (') O

Theorem 2.12. Let 6 = (k) and 0’ = (s,) be two lacunary sequences such that 1. C J, forallr € N, 0 < &g <
o < P1<P2<1,and 0 < p < oco. Then we have

(i) if (2.1) is provided, then wag (9 ,p) - w(x1 (6,p);

(ii) if (2.2) is provided and x € {, then w 2(0,p) C wﬁ% (6/,p) ;
(iif) if (2.1) is provided, then woé (9 ,p) C SE’(} (0);
(iv) if (2.2) is provided and x € L, then Sfj (0) C W“Z (8 ,p)
Proof.
(i). The proof can be seen easily.

(ii). Let x = (xx) € qu (6,p) and assume that (2.2) is provided. Since x = (xx) € {x, then we obtain
Ixx —L| < M for all k where there is an M > 0. Now, since I C J, and h, < £, for all r € IN, we may write

1 B1 B1
1
Eaz 2 =] = | 2 P Baz > =1
kEJr T \kej—I, kel,
1
{—h
I ( gcxz T'> Mpﬁ] + ey |Xk*L|p
kGI
N B2
{-—h
h ( he? )Mpﬁurh“z > bac—1P
kel
B2
{
( 1) MPB1 o Z e — P
kel

for every r € IN. Therefore {, nwh 1(0,p) C wg; (9’,]9) .

(iii). Let x = (xi) € woC2 (9 ,p) and ¢ > 0, we can write

B
B2 ?
D k- =] > ke-LP+ D) —LP
keJr kelr keJy
‘xka‘zs |xk7L|<£
B1
> > ke—LP+ > —LP
kelr kelr

‘kal_‘2£ |xk7L|<£
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B1

> > h—LP| >lkeL:c—L>e)fert

\x:ir\%
and so that
& 0(1
8“2 Z] b — L7 g“z [k € It i — LI > e)|Pt ePPr > 8“2 h(xl Hk € I : [xie — L = e}|PrePPr,
ke,

Therefore x € s!i} (0).
(iv). Assume that x = (xy) € ng (0) and x € {s. Then we obtain |x, — L| < M for all k where there is an
M > 0. We may write

B1 1 1
1
eaz 2 =P = | ) ha—LP eaz D ha—LP
keJ, T \keJ—I, kel,
31

{(-—h 1
- r> MPBl 2“2 Z Ixi — L|P
T kel,

B2

0 —hy? 1
rf) MPB | Y o —LP
kel

kely keIr
[xy —L|>e [x—L|<e

P 2

B2 B2
< b -1 MPBl_}_L Z Ixp — L|P _|_L Ixp — LIP
= \h? ht hy?
(1) i
hy
OC
2

B2 5
o k€It — L = e} +

T

eT‘ (32 (5 e
< <h§"2 —1) MPB1 e [k elr:|xx—L = e}P*+ h"‘z cPB2
for every ¢ > 0 and all r € IN. Thus x = (xx) € wﬁé (6/,p) . O

3. Conclusion

In this paper, the set of S* (6)-convergent sequences and the set of strongly N (6, p)-summable se-
quences were generalized to the sets of order («, 3). We can obtain different inclusions from Theorems
210,211, and 212 for B =1, B1 = P2 =1, 0 = B1 = P2 =1, B1 = B2, and &1 = . If we look
closely, then we have the set of S* (6)-convergent sequences and the set of strongly N (6, p)-summable
sequences for 1 = P2 =1.
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