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Abstract

In this paper, firstly we introduce not only partially degenerate Hermite-Genocchi polynomials, but also a new generaliza-
tion of degenerate Hermite-Genocchi polynomials. Secondly, we investigate some behaviors of these polynomials. Furthermore,
we establish some implicit summation formulae and symmetry identities by making use of the generating function of partially
degenerate Hermite-Genocchi polynomials. Finally, some results obtained here extend well-known summations and identities
which we stated in the paper. (©2017 All rights reserved.
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1. Introduction
Throughout the paper, we make use of the following notations:
N :={1,2,3,---} and Ny = IN U{0}.

Let Hy (x,y) be denoted by the 2-variable Kampé de Fériet generalization of the Hermite polynomials

[2, 3] defined as
[

P

] n2r

y'x

Hn(x,y) = o — T

0
These polynomials are usually defined by the following generating function

T

[e's)
2 tn
ext—!—yt — E Hn(X,y)*,
—s n.

and reduce to the ordinary Hermite polynomials H;, (x) (see [1]) when y = —1 and x is replaced by 2x.
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The classical Bernoulli polynomials By (x), the classical Euler polynomials E,(x), and the classical
Genocchi polynomials G (x) each of degree n are defined respectively by the following generating func-
tions (see [3-16]):

ZB —, (tl<2n)

Lext — Z En(x)ﬂ (Itl < m),
0

et+1 n!
n=
and -
2t tm
e =2 Gl (<.
n=0
Note that

Bn(0) = By, En(0) =En, and Gr(0) = G (n € IN).
The Daehee polynomials are defined by Kim and Kim [5], as follows

log(1+1t)
— () Z Dn (1.1)

In the case when x =0 in (1.1), D,(0) := Dy, are called the Daehee numbers.
Jang et al. [4] considered the partially degenerate Genocchi polynomials which are given by means of
the generating function
2log(1+At) X

In the case when x =0, G, A(0) := Gy, ) are called the partlally degenerate Genocchi numbers.
Pathan and Khan [13] introduced the generalized Hermite-Bernoulli polynomials for two variables

HBYY (x,y) given by

Tl

t ¥ t+yt?
<et_1> Xty ZHB . (1.3)
Taking o« =1 in (1.3), it reduces to known result of Dattoh et al. [3, p. 386 (1.6)], as follows
t t+yt? _

where, for the case x =y = 0 in (1.4), we have B,, = HBn(O, 0) are called the Bernoulli numbers.
For each k € Ny, Ti(n) [10] defined by

:i(_1 ijk

j=0
is called the alternating sum. The exponential generating function for Ty (n) is

Z [ R 1.5)

Recently the special polynomials and degenerate-type special numbers and polynomials have been in-
troduced and studied with applications extensively by many authors (see [1-16] for a systematic work).
Inspired and motivated by their works, in this paper, we introduce not only partially degenerate Hermite-
Genocchi polynomials but also a new generalization of partially degenerate Hermite-Genocchi polyno-
mials and then give some of their applications. We also derive some implicit summation formula and
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general symmetry identities. For obtaining implicit summation formula and general symmetry identities,
we use the proof techniques of Dattoli et al. [3], and Pathan and Khan [13].
2. Partially degenerate Hermite-Genocchi polynomials

In this section, we assume that A,t € C with [At| < 1 and At # —1. Then we consider partially
degenerate Hermite-Genocchi polynomials as follows.

210g(1+A) e o tn
et——HeX Y _TLZ_OHGn,A(X,U)n! (2.1)
so that
T /n
HGnALY) = D <m>Gm,}\Hnm(X/U)-
m=0

In the case x =y = 01in (2.1), we have ;G A(0,0) := Gy ) are called the partially degenerate Genocchi
numbers introduced by Jang et al. [4].

Theorem 2.1. For n € INg, we have

n
HGnAGY) = ) (M)mm!(—A)™HGnm(x,Y).
m=0
Proof. It follows from (2.1) that
- t“ _ 2log(1 +AL)R >
Z n A(x, y e exttyt
- (= 1)‘“
(Z 00 (S et
m=0
—A)m th
Z: <Z_ ( ) mr1 m!HGnm(X/U)> -
Matching the coefficients 1} gives the desired result. O

Remark 2.2. In the case when y = 0 in Theorem 2.1, our result reduces to the result of Jang et al. [4, p.4

(13)].

Theorem 2.3. For n € N, we have

n+1
HGTL+1,)\(X/U) = Z < m >)\mHGn—m+l(XIU)D

(A)™ > tn

= Z Z (;)AmDmHGnm(XIU)> %n'

1
= M1\ e HGnomii(xy) ) "
A™Dn -
m n+1 n!

Proof. We first consider

~ 12log(1+ At)2 Xty
Tt et+l

[
OEEERS
M2
O
3
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Secondly
C12log(1+A)R e 1o " & WGniialxy) th
Tt etl - =1 2 HGmaboy) =) TR
n=0 n=0
Since I; = I, we thus conclude the proof. O
Remark 2.4. Taking y = 0 in Theorem 2.3 gives the result of Jang et al. [4, p.5 (19)].
Theorem 2.5. For n € Ny, we have
n—1 n-1
HGnA(Y) =1 ) ( n >7\mHEn—m—1(X,1J)Dm
m=0
Proof. From (2.1), we can write
— th log(1+A) 2 e
2 nGraloy) g =2 e
n=0
=t (Z Dm ) (Z HER(X,Y) )
tTL+1
Z Z < >}\mDmHEn m(X U) P
n!
Thus, comparing the coefficients t™ in the both sides on the above, we end the proof. O
Remark 2.6. Putting y = 0 in Theorem 2.5 yields to known result of Jang et al. [4, p.5 (21)].
Theorem 2.7. For n € INy, we obtain
n
HGnAX+1y) = ) ( > (HGn-maA(xY)). (2.2)
m=0
Proof. By making use of Eq. (2.1), we see that
2 t“ _ 2log(1+At)* Jxrnytrye_ 2log(1+ At)A
T;) (HGnA(x+1,y) =1 Gn,A(X/U)) W * Y et——He
] tn
:Z nAXy Z ZHGnAXU)
= t
= Z <Z ( >HGnm,)\(XrU) —HGn,A(X,U)> -
Comparing the coefficients % in both sides of the above equation, we get the result (2.2). O

Corollary 2.8. In the case when y = 0 in Theorem 2.7, one can see

Guale+1)= ) <:1> Gnoma(x).

m=0

Theorem 2.9. For n € INy, we have

H n7\ X, y Z Z< )( > n— mDm—kAm_ka(X/y)'

m=0 k=0
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Proof. Since

t“ 21og(1 4+ At)*
5 anti - 2 A0 e

(26 (logLAY iy
\et+1 At

(B (Eo=) (i)

B Z (i i <:1)< > b mDm—kAmka(x,y)> %

m=0 k=0

we have

We thus complete the proof. O

We now give a multiplication formula for partially degenerate Hermite-Genocchi polynomials.

Theorem 2.10. For n € Ny, we have

d—1
_ a+x
HGAY) =d™ 1) HGn/3< 1 ,y>.
a=0

Proof. From (2.1), we have

0 1 1
ZHGn,)\(X,U)tn 210g(1+)\t)7\ Xt+yt2_210g (T+At)x ytzze atx)t
n=0

et +1 edt +1
oo d—1
B nel a-+x th
_Z<d ZHGn< d /y>>n!'
= a=0
Equating the coefficients & o " of the both sides of above equation, we arrive at the desired result. O

Corollary 2.11. In the case y = 0, one can get

Gn, —dnlzG

s:..\>

<x+a>

3. Generalized partially degenerate Hermite-Genocchi polynomials

Let d € N with d = 1(mod2) and x be a Dirichlet character with conductor d. We consider the
generalized partially degenerate Hermite-Genocchi polynomials attached to x by means of the following
generating function:

d—

t“ _ 2log(1+At)x )ty t?

ZHanA(X Y T Z (a+x)tryt?, (3.1)
n=0 a=0

When x =y = 0in (3.1), we have Gy, A = HGnx,A(0,0) that stands for the generalized partially degener-

ate Genocchi numbers attached to x. Also we observe that

Jlim 4G a (6 Y) = Grx ()

y=0

is generalized Genocchi polynomial (see [15]).
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Theorem 3.1. For n € INy, we have
Z o /n
HGn,xJ\(X/U) = Z <TTL> AmDmHanm,x(X/U)
m=0
Proof. 1t follows from (3.1) that
i G ( )i _ 2108(1 +}\t)% dil(_l)a (a) (a+x)t+yt?
HOn,xA X, Y o 76(“4-1 xla)e
n=0 a=0
log(1+ At) 2t )
_1)a (a+x)t+yt
= )(emg yextages
Comparing the coefficients of % on both sides of the above equation, we complete the proof. O
Theorem 3.2. The following equality
< a+x
G luy) = Y (16, y (S5 )
a=0
holds true.
Proof. We consider
d—
t“ _ 2log(1+At) A
Z HGra (X, y) gdt Z elatx)t+yt?
edt +1
n=0 a=0
1 Z Og(l‘f‘}\t)% (a+x)dt+yt2
edt +1
a=0
(o) d—-1
B 1 a-+x t"
— Z (dn 2(_1)ax(a)HGn% < 1 y)) 5

Equating the coefficients 15 on both sides of the above equation yields the proof of this theorem. O

By using Eq. (3.1), the proofs of the following theorems in this section can be shown easily. So we

omit the proofs.

Theorem 3.3. The following

HGn,X,A (X/ y) =

holds true.
Theorem 3.4. The following

H Gn,x,?x (X/y) _

n!

holds true.

ep

n!

2y Oz Y™
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4. Implicit formula involving partially degenerate Hermite-Genocchi polynomials

In this section we give implicit formula of partially degenerate Hermite-Genocchi polynomials by
making use of generating function technique.

Theorem 4.1. The following implicit summation formula for partially degenerate Hermite-Genocchi polynomials
HGn(x,y) holds true:

k) /1
WGazy) = Y ( )( )(z—x)nmcmpm(x,y). @)

n
n,p=0 p

Proof. We first replace t by t + u and rewrite the generating function (2.1) as

21og(1+A(t+u))* — > thul
ge(Hu) T ey (t+u)® _ o—x(t+u) klZOHGkH,)\( X,Y)—— T (see [13]).

Replacing x by z in the above equation and equating the resulting equation to the above equation, we
have

el iy
ez (t+u) Z HGr4A (X ,y)k, u Z HGr4+1A(2Z ’y)k' U
K, 1—0 K 1—0
and also - .
2 (z—x) t+u)] t thu
Z Z HGr+1A (X ,U)k, U Z HGrA(ZY) (4.2)
N—0 K, 1—0 K 1—0

where we have used the following formula taken in [16, p.52 (2)]

> N * n m
Z et y = Z f(n+m) Xy
n! m!
=0 n,m=0
In the left hand side of Eq. (4.2), it becomes
o o
(z—x) PP thu thu
Z nlp! Z HGk—H Alx, U) K U Z HGk+l7\(Z y) o U . (4.3)
n,p=0 k,1=0 k,1=0

Now replacing k by k —n, 1 by 1 —p, and using the lemma [16, p.100 (1)] in the left hand side of (4.3), we
get
TL+‘p tk tk 'LL]'

(e.¢]
> Z n'p' HGk+lfn7p,7\(X/y)(k Y Z HGrA(ZY) 7y
n,p=0k,1=0 k1=0

Thus, on equating the coefficients of the like powers of t* and u! in the above equation, we arrive at the
desired result. O

Corollary 4.2. In the case | =0 in Eq. (4.1), we have

k

HGraA(z,Yy) = Z <];> (z— %) HGr_jA(x,Y).

j=0

Note that for special values of the parameters y and z in Theorem 4.1, one can obtain some identities of
usual Genocchi polynomials. Now we also state some theorems including this section which can be easily
proved by making use of Eq. (2.1). So we give theorems without proof.
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Theorem 4.3. The following implicit summation formula for partially degenerate Hermite-Genocchi polynomials
HGn(x,y) holds true:

n
HGn,}\(X+Z/y+u) = Z <m>HGnm,?\(Z/u)Hm(X/U)-

m=0

Theorem 4.4. The following implicit summation formula for partially degenerate Hermite-Genocchi polynomials
HGn(x,y) holds true:
k

Mo

X
— o
HGnA(Y,x) = n! Z Gn—2k(Y) CETAIR

Theorem 4.5. The following implicit summation formula for partially degenerate Hermite-Genocchi polynomials
HGn(x,y) holds true:

1Gnalky) = 3 (1) Gnomalx— zHnlzy)

m=0

Theorem 4.6. The following implicit summation formula for partially degenerate Hermite-Genocchi polynomials
HGn(x,y) holds true:

n
n
HGnAX+1y) = ) <m>HGn—m,A(X,U)-

m=0

Theorem 4.7. The following implicit summation formula for partially degenerate Hermite-Genocchi polynomials
HGn(x,y) holds true:

1\ (—A) ™ m!
HGn,A(X+1zU)+HGn,A(XIU):2nZ ( m )Tn_’_lHnlm(XrU)'

m=0

5. Symmetry identities for partially degenerate Hermite-Genocchi polynomials

In this section, we give general symmetry identities for the partially degenerate Hermite-Genocchi poly-
nomials 11Gn A (X,y) by making use of the generating functions (1.2) and (2.1).

Theorem 5.1. For each pair of integers a and b with n > 0, the following symmetry identity holds true:

n
n _
> (m>bma“ ™HGn—ma(bX, bY) G (ax, a?y)

m=0

n
n —
= Z <m> a™pn" mHGn—mJ\(ax, GZU)HGm,A(bx,bzy),
m=0

Proof. We first consider

(2log(14At)%)(21og(1+ At)R) pabxtiabyd

9lt) = (€9t 1 1)(evt + 1)

where g(t) is symmetric in a and b, and can be expressed into series in two ways.
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On the one hand,
> at)" bt)™
6(t) = 3 1Ganlbx, b2y) Y00 G, (ax, a?y) Y
n(:O N m=0 (51)
n tn
= Z (Z < )bman_mHGn—m?\(bxrbZU)HGm?\(aX/ azy)> —,
m ’ ’ n!
n=0 \m=0
and on the other hand,
ad bt)" — at)™
=Y HGnalax, a?y) Y > 1 G (b, b2y) L 2Y
n=0 m=0 (5‘2)

n

o0 n
n _ t
=) (Z < )a’“b“ ™G omalax, QZU)HGm,)\(bX/bZU)> .
m n!
n=0 \m=0

By comparing the coefficients t™ on the right hand sides of Eqs. (5.1) and (5.2), we get the proof of

theorem.

Theorem 5.2. For each pair of integers a and b with n > 1, the following symmetry identity holds true:

a—1b—1 b
Z( ) TRREY Y (DY Gk <bx+l+J,b2 >Gk,>\(ay)

k=0 i=0 j=0
L. b—1la—1 o N
- Z (k) bnikak Z Z(_l)lJr]Hank,?\ <QX+ Bl"—], (122> ley\(by),
k=0 i=0 j=0
Proof. Let
a b
g(t) = (2log(1+At))(2log(1 + At)~) (et + 1)zeab(x+y)t+a2bzzt2.

(eat 4+ 1)2(ebt +1)2
We consider g(t) with two ways. Firstly,

g(t) = Meabxt+azbzztz e®®t £ 1Y 2log(1 + At)R Jabyt eabt 41
eat 11 ebt 11 ebt 11 eat 11

at bt
et +1 = et 4+1 —

a — b b—1
— 2log(1 +At)» pabxt+ablzt? (Z )i btl) 2log(1 +At)~ eabyt (Z(l)]eat]

a a—1b—1
a bt k
o (2 F et (oo )

i=0 j=0 k=0
 (bt)*
(k)!

oo a—1b-1 o b ((lt)n 00
= (Z > Y (D) 1Gna (bx—i— ai+j,b2z) m) (k_o

n=0i=0 j=0

00 n b—1a-1
g(t) = Z (];) <E> b Ra* Y Y (1) Gk (ax+ %H—j, azz> Gk,?\(by)) o

i=0 j=0

Since two ways are equal, we arrive at the desired result by comparing the coefficients 1.

00 LI, a—1b—1 b o
—kpk i+j .12
X Z kZ_o (k> a™ b ;) j;)(—l) THGn—xA (bx—i— al—i—],b Z> Gia(ay) L

O
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We now give the following two theorems without proofs because their proofs techniques are the same
with the above theorems of the final section of this paper.

Theorem 5.3. For each pair of integers a and b and all integers n > 0, the following symmetry identity holds true:

a—1b—1
. b.
Z < ) TR Y (DGR (bx+aubzz> Gialay + bJ)

k=0 i=0 j=0

n n b—1a—1 . a b
= ]; <k> prkgk Z Z I+JHGn—k,7\ (ax—{— Ei’ (122) Galby + a])

i=0 j=0

Theorem 5.4. For each pair of integers a and b and all integers n > 0, the following symmetry identity holds true:

n k
Z <2> a™ *b*Groka (bx, b%2) Z (f) Ti(a—1)Gx—ia(ay)

k=0 i=0

n k
n _ k
= E <k> a b * 1 Gnoka (ax, a’z) E <i>Ti(b1)Gk—i,)\(bU)/
k—0 i—0

1=

where the sum of alternative integer powers Ti.(n) is already given by Eq. (1.5).
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