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Abstract

Legendrian dualities between pseudo-spherical images of spacelike curves in Minkowski 3-space are investigated by using
the theory of Legendrian duality. Moreover, the singularities of parallel lightcone developables, dual surface, Bishop pseudo-
spherical Darboux images and Bishop pseudo-spherical images, which are generated by spacelike curves, are classified from the
viewpoints of wave fronts and caustics, and we also give some more detail descriptions on the conditions of those singularities.
Finally, some properties of parallel slant helix are given. (©2017 All rights reserved.
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1. Introduction

Bishop [2] introduced that there exists an orthonormal relatively parallel adapted frame, which we
call Bishop frame, other than the Frenet frame and compared features of them with the Frenet frame.
The Bishop frame has many properties that make it ideal for mathematical research and computer graph-
ics [8-10, 20]. Inspired by the work of Bishop, in [25], the authors introduced a new version of Bishop
frame by using a common vector field as binormal vector field of a regular curve and called this frame as
“Type-2 Bishop frame”. In 2008, Ozdemir and Ergin extended Bishop frame to the non-lightlike curves in
Minkowski 3-space, where they also called relative parallel adopted frame [18]. We know that the prop-
erties of geometric objects are independent of the choice of the coordinate systems. But, the researchers
found that, when they adopted this frame, there will be some new geometric objects such as parallel slant
curves, Bishop spherical images, Bishop Darboux images, etc.. After that, many regular curves and sur-
faces related to the Bishop frame have been treated in the Euclidean space [5, 6, 13-17, 22, 24], Minkowski
space [4, 21, 23, 26], dual space [11] and Heisenberg group Heis® [12]. The current study hopes to re-
search those singular curves and surfaces associate to the Bishop frame instead of regular ones. We will
classify the singularities of parallel lightcone developables, dual surface, Bishop pseudo-spherical Dar-
boux images and Bishop pseudo-spherical images, which are generated by spacelike curves embedded
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in Minkowski 3-space according to the relatively parallel adapted frame. Adopting the relatively parallel
adapted frame as the basic tool, we get the main results of this paper, Proposition 2.2 and Theorem 2.3,
which use the relatively parallel adapted frame for classification of singularity types of these geometric
objects from the viewpoints of wave fronts and caustics. It is worth mentioning that we also investigate
Legendrian dualities between pseudo-spherical images of spacelike curves in Minkowski 3-space by using
the theory of Legendrian dualities (cf. Proposition 2.1) and get some meaningful properties of parallel
slant helix (cf. Proposition 5.1).

The rest of this paper is organized as follows. Firstly, we introduce some basic concepts and the main
results in the next section. Then, we introduce five different families of functions that will be useful to
the study of geometric invariants of regular spacelike curves. Afterwards, some general results on the
singularity theory are used for families of function germs and the main results are proved.

We shall assume throughout the whole paper that all the maps and manifolds are C* unless the
contrary is explicitly stated.

2. Basic concepts and results

In this section, we introduce the basic notions and results in Lorentzian geometry. For more detail de-
scriptions, see [18, 19]. Let IR? denote the 3-dimensional Minkowski space, that is to say, the manifolds R3
with a flat Lorentzian metric (,) of signature (—,+, +), for any vectors x = (x1,%2,x3) and y = (y1, Y2, y3)

in R3, (x, y) = —X1Y1 + X2y2 + x3y3. We also define a vector
—e; € e3
XANy=| x1 X2 X3 |,
Yr Y2 Y3

where {eq, e», e3} is the canonical basis of IR?. One can easily show that (x \y,z) = det(x,y, z). We say
that a nonzero vector x € R3\{0} is spacelike, lightlike or timelike if (x,x) > 0, (x,x) = 0 or (x,x) < 0
respectively. The norm of the vector x € R} is defined by || x ||= /] (x,x) |.

Lety:I— ]Ri’ be a smooth regular curve (i.e., y(t) # 0 for any t € I), where I is an open interval.
If (y(t),v(t)) > 0 for any t € I, we call such a curve a spacelike curve. The arc-length of a spacelike
curve y(t), measured from y(tp), is s(t) = ﬁo | Y(t) || dt. Then the parameter s is determined such that
| Y'(s) ||= 1, where y'(s) = %. So we say that a spacelike curve vy is parameterized by arc-length if it
satisfies that || ¥'(s) ||= 1. Throughout the remainder in this paper we denote the parameter s of y as the
arc-length parameter. We denote t(s) = y’(s) and we call t(s) a unit tangent vector of y at s. We know that
there exists an accompanying three-frames called Frenet frame for spacelike Frenet curve y(s). Denote
by {T(s), N(s), B(s)} the moving Frenet frame along the unit speed spacelike Frenet curve y(s). Then, the
Frenet formulas are given by

T/(s) 0 k(s) 0 T(s)
N'(s) | =1 8B(s))k(s) 0 =(s) N(s) |.
B(s) 0 t(s) 0 B(s)

Here, 5(x) = (x,x), k(s) and t(s) are called curvature and torsion, respectively, see [15]. The Bishop frame
equations for a parametrized unit length curve y(s) are as follows:

T'(s) 0 ki(s) kofs) T(s
( Nj(s) ) = ( —8(Ni(s))ki(s) 0 0 ) ( Ni(s) ) :
N5 (s) —8(Na(s))ka(s) 0 0 N2 (s)

Here, we will call the set {T(s), N1(s), Na(s)} as Bishop frame and k1 (s) = 8(Ny(s)) (T/(s), Ni(s)) and ky(s) =
6(N2($))<T/ (s),Na(s)) as Bishop curvatures. The relation matrix can be expressed as
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T(s) 1 0 0 T(s
N(s) | =| 0 cosh8(s) sinh6(s) Ni(s) |.
B(s) 0 sinh©O(s) cosh6(s) N (s)

K(s) = /I5(N1(s))3(5) + 8(Na(s))K3(s)|,  O(s) = arctanh (28) ,

One can show that

where kq(s) #0, t(s) = 8(N1(s)) d%(:). Here, Bishop curvatures are also defined by

k1(s) = k(s) cosh O(s),
{ ka(s) = k(s)sinh 0(s),

and 0 = §(N(s)) [ t(s)ds. The orientation of the parallel transport frame includes the arbitrary choice of
integration constant 0y, which disappears from T (and hence from the Frenet frame) due to the differenti-
ation [18]. Also, we assume that is positively oriented and the vector products of these vectors are defined
as follows: T(s) AN7(s) = 8(Na(s))Na(s), N1(s) ANa(s) = T(s), No(s) AT(s) = 8(N1(s))N1(s). We define
the pseudo-spherical by

s [ SI={(xeR}|(x,x)=1}, ife=+,
Qe_{ H%:{XG]R%|<X,X>:—1}, if e =—.

We call S7 the de Sitter space and Hj the hyperbolic space. If we translate the three vector fields of Bishop
trihedra to the center O of one of unit pseudo-spheres then we can get the tangent de Sitter indicatrix, the
first Bishop pseudo-spherical indicatrix and the second Bishop pseudo-spherical indicatrix in [23] and we denote
them by TD(s) = T(s), FN(s) = Ni(s), and SN(s) = Na(s) separately. A lightlike unit circle is defined by

Sh={xe R} [x=(1,x,%3),%5 +x5 =1},
and an open lightcone at the vertex p is defined by

LCp ={x = (x1,%2,x3) € R} | — (x1 —p1)* + (x2 —p2)* + (x3 —p3)* = 0},

where p = (p1,p2, p3). For any lightlike vector x = (x1,x2,x3), we write x = (1, %, i—i’) € Sl+. Especially,
we consider the following set on the lightcone and call it the lightcone bundle of curve y(s) through vy, for
any vy € ]R{’, L£€(vy) ={u e IR? | (u—vp, u—vg) =0}

Next, we will introduce a basic result on Legendrian dualities between pseudo-spheres [7] which has
been proved to be a powerful tool for the study of surfaces in pseudo-spheres. One-forms on R x R} are
defined by (dv, w) = —wodvo + Zle widv; and (v, dw) = —vodwg + 2%21 vidw;. Then, we consider the
following two double fibrations:

(1) (a) H3(—1) x ST D Ay ={(v,w) | (v,w) =0},
(b) 711 - A] — H%(—l),ﬂlz : Al — S%,
(C) 911 = <dV, w>|A1,812 = <V, dW>|A1.
(2) (@) S2x S22 Ay ={(v,wW) | (v,w) =0},
(b) 1 - Az — S%, T2 @ Az — S%,
(c) 021 = (dv, W)|a,, 022 = (v, dW)|a,.

Here i1 (v,w) = v, 7tip(v,w) = w. We remark that 6;11(0) and 9;21(0) define the same tangent plane
field over A; which is denoted by K; (i = 1,2). The basic duality theorem is that each (A, Kj) is a
contact manifold and both of 7tj;(j = 1,2) are Legendrian fibrations. If there exists an isotropic mapping
i: L — Aj, which means that i*0;; = 0, we say that 7y (i(L)) and mi2(i(L)) are A{-dual to each other. It is
easy to see that the condition i*0i; = 0 is equivalent to i*68i2 = 0. Then we have the following proposition
on the relationships between the first Bishop pseudo-spherical indicatrix and the second Bishop pseudo-
spherical indicatrix with the help of the above Legendrian dualities.
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Proposition 2.1. Lety : I — IR} be a unit speed spacelike curve. We have the following.

(1) N1(s) and Na(s) are Aj-dual to each other.

(2) If 8(B(s)) = —1, then T(s) and B(s) are Ay-dual to each other, otherwise T(s) and B(s) are Ax-dual to each
other.

Proof.
(1) For the case that §(Ni(s)) = —1, we consider the mapping

£1(s) = (N1(s), Nz(s)),

otherwise we change the positions of N1 (s) and N(s) in the mapping £1(s). Then we have (N1 (s), Nz (s))=
0 and

£7012(s) = (Na(s), Ny (s)) = (Ni(s), —5(Na(s))ka(s)T(s)) = 0.

The assertion (1) follows.

(2) For the case that 5(B(s)) = —1, we consider the mapping

Then we have (B(s), T(s)) =0 and
£5011(s) = (B'(s), T(s)) = (t(s)N(s), T(s)) = 0.

The first claim of assertion (2) follows. Using the same computation as the above proof, we can get the
second claim. O

We define the parallel lightcone developables of y(s) as the map iPL®$ : I xR — R} given by
PLDY (s,u) = y(s) +u(Ni(s) + Na(s)).
If 5(N1(s))kq1(s) = 8(N3(s))ka(s) # 0 and kq(s) # 0, we can define

defs) = L (N (6 4 Nafs)).
113 (s) —13(s) | \Ka(s)

We call every d. (s) the pseudo-spherical Darboux images of y(s). The dual surface of y is defined by

BDUy (v,u) ={(v,u) € QZ€ x R|u=(y(s),v),(T(s),v) =0}

We define a function p(s) = k{(s)ka(s) —ki(s)kj(s) of a regular spacelike curve in IR% and we can describe
some properties of parallel slant curve by p(s). Let F : R} — R be a submersion and vy : I — R3 be a
regular unit speed spacelike Frenet curve. We say that y(s) and F~1(0) have k-point contact for s = s if
the function g(s) = Foy(s) satisfies

g(s0) = g (s0) = g (s0) = --- = g V(s9) = 0,9 (s0) #0.

We also say that y(s) and F~1(0) have at least k-point contact for s = s if the function g(s) = Foy(s)
satisfies g(so) = g (so) = g (so) = --- = g(¥ ) (sy) = 0. Let function germ F: (R xR", (s,x)) — R be an
r-parameter unfolding of f(s), where f(s) = F(s,xp). We say that f(s) has Ay-singularity at sq if f(P)(s9) =0
forall 1 < p <k, and fk+1)(sg) # 0. We also say that f(s) has Ay-singularity at sg if f(P)(sy) = 0 for all
1 < p < k. We give a brief review on Legendrian singularity theory mainly due to Arnold [1]. The main
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tool of Legendrian singularities theory is the notion of generating families. Let G : (R x R™,0) — (IR,0)
be a function germ. We say that G is a Morse family if the mapping

A*G = <G,aaC:> :(RxR™0) — (RxIR,0)

is non-singular, where (s, v) = (s,v1,...,vn) € (R xR™,0). In this case we have a smooth n —1-dimensional
submanifold,

2.(G) = {(s,v) € (RxR™0)|G(s,v)= %(s,v) = 0}

and the map germ @ : (£,(G),0) — PT*R™ defined by
0 0
Dg(s,v)= (v, —G(s,v) Sl —G(s,v)
ovq ovn
is a Legendrian immersion germ. We call G a generating family of ® g (X.G). Therefore the corresponding
wave front is 3G
W(Og) = {v € R™ | 3s € Rsuch that G(s,v) = g(s,,v) = 0} _

We sometimes denote Dg = W(®g) and call it the discriminant set of G.

Now, we can apply the above arguments to our situation and we get the following proposition which
indicates that parallel lightcone developables, dual surface and Bishop pseudo-spherical images of space-
like curves can be seen as wave fronts which have Legendrian singularities in the framework of the
theory of Legendrian singularity and Bishop pseudo-spherical Darboux images can be seen as caustics
which have Lagrangian singularities in the framework of the theory of Lagrangian singularity (see [1] for
details). The main results of this paper are contained in the following proposition and theorem.

Proposition 2.2. The parallel developables and dual surface are two dimensional wave fronts which have A;-
singularity, Ap-singularity, and Asz-singularity. Bishop pseudo-spherical images are one dimensional wave fronts
which have Aq-singularity and Aj-singularity. Bishop pseudo-spherical Darboux images can be seen as one dimen-
sional caustics which have Ay-singularity and Az-singularity.

The following theorem gives some more detail descriptions on the conditions of those singularities.

Theorem 2.3. Let v : I — R3 be a unit speed regular spacelike curve, we have the following.
(A) For vy = BLDT(sg, no) and the lightcone bundle £&(vy) of the curve, suppose that

5(N1(s))ki(s) £ 8(N2(s))kz(s) # 0.

Then, one has the following claims.
(1) The curve y(s) and £&(vg) have at least 2-point contact for sg.
(2) The curve y(s) and £&(vg) have at least 3-point contact for sg if and only if

1
8(N1(s0))k1(so) £ 8(N2(so))ka(so)

and 6(N1(so))k1(so) + 6(N2(so))ké(so) # 0. Under this condition, the germ of image PLOT (s, ) at
PLDE (s, wo) is locally diffeomorphic to the cuspidal edge C x R and the locus of its singularity points
PLDE (s, o) is locally diffeomorphic to the line (cf., Figure 1), where

-1
8(N1(s0))k1(s0) = 8(N2(so))ka(so)
(3) The curve y(s) and £&(vy) have at least 4-point contact for sg if and only if

1
8(N1(s0))ki(s0) £ 8(N2(so))ka(so)

§(N1(s0))k; (s0) £ 8(Na(s0))ky(s0) = 0 and

(N1(s0) £ Na(so))

vo = Y(so) +

”’O:

vo = Y(so) + (N1(so) = N2(so)),
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(k1 (s0) F ka(s0))? + (k1 (s0) F ka(s0)) (K3 (s0) — k3 (s0)) — 8(N1(s0))kq (s0) F §(N2(s0))ks (s0) # 0.

Under this condition, the germ of image PLD (s, 1) at PLDT (s, wo) is locally diffeomorphic to the
swallowtail and the locus of its singularity points SPLDE (s, 5(N1(SO))kl(SO);}S(NZ(SO))kz(s(]))) is locally
diffeomorphic to the (2,3,4)-cusp (cf., Figure 2).
(B) Suppose that 5(N1(s))ki(s) £ 0(Na(s))ka(s) # 0 and ki(s) # 0. Then, one have the following claims.
(1) The Bishop dual BDW,, is locally diffeomorphic to the cuspidaledge C x R at sq if

| k1(so) | (kz(so)
V11 s0) — K (50) |
u = (v(so), v) and p(sg) # 0. Under this condition, the pseudo-spherical Darboux image of spacelike curve

is locally diffeomorphic to a line {0} x R at sg (cf., Figure 1).
(2) The Bishop dual BDU,, is locally diffeomorphic to the SW at s if

| k1(so) | <k2(50)
ki(so)

v=+

Ni(so) +N2(So)> ,

v=d=
V116 (s0) =15 (s0) |

N1 (so) +N2(So)> ,

u = (y(so0),v), p(so) = 0and p'(sp) # 0. Under this condition, the pseudo-spherical Darboux image of
spacelike curve is locally diffeomorphic to the cusp C at sq (cf., Figures 2 and 3).
(C) Suppose that ky(s) # 0. Then, one has the following claims.
(1) The first Bishop pseudo-spherical image N1 (s) is locally diffeomorphic to a line {0} x R at sg if kq(so) # 0.
(2) The first Bishop pseudo-spherical image N1 (s) is locally diffeomorphic to the cusp C at sq if k1(so) = 0 and
K| (so) # 0 (cf., Figure 3).
(D) Suppose that ki (s) # 0. Then, one has the following claims.
(1) The second Bishop pseudo-spherical image N (s) is locally diffeomorphic to a line {0} x R at sq if ka(so) # 0.
(2) The second Bishop pseudo-spherical image N»(s) is locally diffeomorphic to the cusp C at so if ka(sg) =0
and K, (so) # O (cf., Figure 3).

Here, cusp is C = {(x1,x2) | xt} = xg}, cuspidal edge is C x R = {(x1,x2) | x% = xg} x R, swallowtail is
SW ={(x1,%2,x3) | x1 = 3u* +u?v,xp = 4u® 4+ 2uv, x3 = v},

and (2,3,4)-cusp is C(2,3,4) = {(t?,£3,t*) € R® | t € R}. The pictures of cuspidal edge, swallowtail, and cusp
will be seen in Figures 1, 2, and 3, respectively.

Figure 1: Cuspidal edge. Figure 2: Swallowtail. Figure 3: Cusp.

3. Functions on spacelike curve which can be seen as generating families

The purpose of this section is to construct some functions which can be seen as generating families
and these functions will be useful to prove the main results.
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We need to use some general results on the singularity theory for families of function germs. Detailed
descriptions can be found in the book [3]. Let F(s,x) be an unfolding of f(s) and f(s) has Ay-singularity
(k > 1) at sgp. We denote the (k — 1)-jet of the partial derivative aa—XF_l(s, Xo) at sg by

JF hai
jie (a (s,xO)> (s0) =) ajis)
Xi i1

fori=1,...,7. Then, F(s,x) is called an R-versal unfolding if the k x r matrix of coefficients (ao, aj;) has
rank k, (k < 1), where ag; = g—;(so, xo). F(s,x) is called an R*-versal unfolding, if the (k — 1) x r matrix
of coefficients (a;i) has rank k —1, (k —1 < 7). We now introduce the other important set concerning
unfoldings. The bifurcation set of an R*-versal unfolding F(s, x) is the set

oF o%F
B = {x eR"| a(s,x) = @(s,x) :0}

and it can be seen as caustic from the viewpoint of Lagrangian singularity theory. To prove the main
results in this paper, we need the following well-known result ([3]).

Theorem 3.1. Let F: (R x R", (so,X0)) — R be an r-parameter unfolding of f(s) which has the Ay singularity
at sg.

(A) Suppose that F(s,x) is an R-versal unfolding, then we have the following:
(1) if k = 1, then D is locally diffeomorphic to 0 x R™™1;
(2) if k = 2, then Dy is locally diffeomorphic to C x R™~%;
(3) if k = 3, then D is locally diffeomorphic to SW x R 3.

(B) Suppose that F(s,x) is an R*-versal unfolding, then we have the following:
(1) if k = 2, then B is locally diffeomorphic to 0 x R™1;
(2) if k = 3, then B is locally diffeomorphic to C x R" 2.

We will apply the above unfolding theory of function germ to the following five different families of
functions on a spacelike curve to prove Proposition 2.2 and Theorem 2.3.
Let v : I — R} be a unit speed regular spacelike curve. We define a function

G:Ix IR? — R, by G(s,v) = (y(s) —v,y(s) — V).

We call G the Lorentzian distance-square function on a spacelike curve y. For any fixed vector v € R3, we
denote g, (s) = G(s,v). We also define two families of smooth functions

H:Ix Q2e — R by H(s,v) = (y(s),v)

and
H:1x Q2 xR — R by H(s,v,u) = H(s,v) —u = (v(s),v) —u.

We call each of them height function and extended height function of y, respectively. For any fixed v € Q2, we
denote h,(s) = H(s,v) and h,(s) = H(s,v). We define two families of smooth functions on I as follows:

Hi:Ix Qi — R by Hi(s,v) = (Ni(s),v),

where i = 1,2. We call it the first (resp. second) Bishop normal indicatrix height function when i = 1 (resp.
i = 2). For any fixed v € Q2, we denote hi,(s) = Hi(s, v). We have the following proposition.

Proposition 3.2. Let y : I — IR} be a unit speed reqular spacelike curoe.

(A) Suppose 5(N1(s))ki(s) £ 8(N2a(s))ka(s) # 0, then we have the following.
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(1) gv(s) =g\ (s) =0ifand only if
v(s) —v =A(Ni(s) £N2(s)), A € R\ {0}

(2) gv(s) =g\ (s) = gv(s) = 0if and only if

=
Y Y SN s s als) NS

and 5(N1(s))ki(s) £ 6(N2(s))ka(s) # 0;
3) guls) = g, (s) = gi(s) = g% (s) = O if and only if
—1
8(N1(s))ki(s) & 8(N2(s))ka(s)

y(s) —v = (N1 (s) + Nafs))
(N1 (s))kq(s) + 8(Na(s))ka(s) = 0;
@) guls) = gl(s) = g(s) = gy (s) = gv")(s) = 0 if and only if

-1

5N, (5))Ka (5) £ B(Na (5 ka(s) V1 (8) £ Na(s)),

Y(s)—v=
§(N1(s))k,(s) £ 8(Na(s))ky(s) = 0 and

(ki(s) F ka(s))? + (ka(s) F ka(s)) (K3 (s) — K2(s5)) — 8(N1(s))kq (s) F 8(N2(s))ks (s) = 0.

(B) Suppose that 5(N1(s))ki(s) == 8(N2a(s))ka(s) # 0 and kq(s) # 0. Then we have the following.
(1) h,(s) = 0 if and only if there are real numbers N and w such that v = AN1(s) + uNa(s) and

5(Ny(s))A% + 8(Na(s))w* = +1;

(2) W, (s) =h(s) =0 if and only if

V==

| ki(s) | <k2(s)

[KG(s) —13(s) | (s ) +N2(S)> ;

(3) hl(s) =hl(s) = h\(,S)(s) = 0 if and only if

| ki(s) | (kz(S)

V=%
112 (s) —K3(s) | \Kals)

N (s) +N2(s)>

and
ki (s)ka(s) — ki (s)ky(s) = 0;

@) R, (s) = h/(s) = WiV (s) = WM (s) = 0 if and only if

| ka(s) | (kz(S)

V=4
13 (s) —13(s) | \Fa(S)

Ni(s) +N2(5)>

and
ki(s)ka(s) —ki(s)ky(s) = (ky(s)ka(s) —ki(s)ky(s)) = 0.

(C) Suppose that 5(N1(s))kq(s) == 8(N2a(s))ka(s) # 0 and ki (s) # 0. Then we have the following.
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(1) h (s) = zfandonlyzfu—( (s),v);
(2) hV s) = hi(s) =0 zfand only if there are real numbers A and w such that v.= ANj(s) + uNa(s),
8(N1(s))A% + 5(Nay(s ))u =41 and u = (y(s),v);
(3)h():hv() h(s) = 0 if and only if
| ka(s) | (kz(s)
[ K2(s) —K3(s) | \Ja(s)

v==+ N1(S)+N2(S)>

4) hy(s) = ﬂ;(s)': ﬁ;’(s) =1 (s) = 0 if and only if

oo ks <k2(S)N1(s)+N2(s)>,
12 (s) — K(s) | \Ka(s)

(5) hu(s) =R (s) = hY(s )—h&“(s) =1 (s) = 0 if and only if

vot L (N Nals))
13 (s) —K3(s) | Nl

u = (y(s),v), and kj(s)kz(s) — ki (s)k;(s) = 0;
S

ka(s) = ki(s)ky(s) = (K (s)ka(s) —ki(s)ky(s))" =0.

u = (y(s),v), and k
0. Then we have the following claims.

(D) Suppose that k1 (s
(1) hiy(s) =hy,
(2) hiy(s) = iv

) #
(s) zfandonlyzfv—:FNQ()
(s)

(3) hiv(s) =hj,(s)
) #
20 (8)
()
(s)

hi,(s) = 0 if and only if v = FNa(s) and ka(s) = 0;
h” ( ) =h{P(s) = 0if and only if v = TNy(s) and ka(s) = K)(s) = 0.
Then, one has the following claims.

(E) Suppose that kz( 0.

(1) hay(s) =Ny, (s) = lfandonlyzfv_:FNl( );

(2) hau(s) = hby (s) = W, (s —Oy‘andonlyu‘v—q:Nl( ) and ki (s) = 0;

(3) hay(s) =h),(s) =hf,(s) = h2v = 0 if and only if v = FNj(s) and kq(s) =K/ (s) = 0.
Proof.

(A) (1) Since ng(s) = (yv(s) —v,T(s)) = 0, we have that there are real numbers A and p such that
Y(s) —v = ANj(s) + uNz(s). Thus, gv(s) = g, (s) = 0 if and only if y(s) —v = ANi(s) + uNz(s) and
(AN1(s) + uN2(s), AN1(s) + uN2z(s)) = 0. This is equivalent to the condition that

Y(s) —v =A(Np(s) = Na(s)).
(2) Since %g’v’(s) =14 (y(s) — v, k1 (s)N1(s) + ka(s)N2(s)) = 0, we have
A(8(N1(s))kq(s) &= 6(N2(s))ka(s)) +1 =0.

Since kq(s) +ka(s) # 0, this means that A = zs(Nl(s))kl(s);lé(Nz(s))kz(s)' Thus, g (s) = g;(s) = gg(s) =0if

and only if
1
Y Y SN G s) E SNk s) Y R

(3) Since
2087 (8) = (y(s) — v, K4 (5N (5) + Kh(sINa(s) — (5N () (5) + (3(Na(s) I () T(s)) = O,

we have
—1

8(N1(s))ki(s) = 8(N2(s))ka(s)
This means that §(N1(s))k;(s) + 8(Na(s))k,(s) = 0. Thus, gy(s) = g, (s) = gy (s) = gy, (s) = 0 if and only if

5(N1(s))kq(s) =+ (8(Na(s))ka(s)) = 0.
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-1

Y Y SN s £ s gl )
and / /
5(N1(s))ky (s) % 5(Na(s) ky(s) = 0.
(4) Since
201(5) = (8N (8))K3(s) + SN2 S)KB(s)) + {¥(5) — v, @ Na(s) + 0aNa (s) + o T(s)) =0,

where

o = (K (s) — (5(N(s))a (5) & 8(Na(s) a(s) Ja )

0 = (K (s) — (5(N(s))a (5) & 8(Na(s) a(s) o ))

0 = —B(8(Ni(s))ka (s)K{ (s) + B(Na(s) ka(s)ka(s)),
we have 1

— 2 2 — —
(3N ()5 (5) + (SN2 () + s oo o) L s e e ro) <) = ©

Here

«(s) = ((k7'(s) — (8(N1(s))ka(s) & (5(N2(s
+ (ky (s) — ((8(N1(s))ka(s) £ (8(N2(s))ka(s)))ka(s)))).
This means that (ki (s) Fka(s))%+ (ki (s) :sz(s))(k%(s) —k‘%(s)) —O(N1(s))k (s)F (6(N2(s))ké (s) = 0. Thus,

"

gv(s) = gu(s) = gu(s) = gy (s) = gi*'(s) = 0 if and only if

-1
5(N1(s))ki(s) £ 8(N2(s))kz(s)

5(N1(s))k;(s) + 8(Na(s))k,(s) =0, and

Y(s)—v= (N1(s) == Na(s)),

(ki(s) F ka(s))? + (ka(s) F ka(s)) (K3(s) — K3(s)) — 8(Ny(s))kq (s) F 8(Na(s))ks (s) = 0.

(B) (1) Since h,(s) = (Y'(s),v) = (T(s),v) = 0, we have that there are real numbers A and p such that
v = ANj(s) + LLNz( ). By the condition that v € Q2, we get 6(N1(s))A? + 8(Na(s))u? = +1. The converse
direction also holds.

(2) Since h(s) = (k1(s)N1(s) + ka(s)Na(s),v) =0, 5(Ny(s))ki(s)A+ 8(Na(s))ka(s)pu = 0. It follows from
the fact 5(N1(s))A% + 8(Na(s))u? = +1 that
- als) | LI
\/l 5(Na(s))k3(s) + 8(Ny(s))k3(s) | | k3(s) — K3(s) |

Therefore, we have

v=4=%

| kq(s) | (kz(s)

Ny(s)+N (s)).
1G(s)—Kgls) | Nl

(3) Since hy”(s) = (K] (s)Ni(s) + Kj(s)Na(s) — (8(Ni(s))k3(s) + 5(Na(s))K3(s)) T, v) = 0, we have

| ki (s) | <5(N1(S))ki(8)kz(8) +5(N2(S))k1(8)k§(8)) _o.

+
| K3(s) —K3(s) | ki(s)

By the condition of (3), this is equivalent to the condition k(s)ka(s) —kq(s)k5(s) = 0.
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(4) Since hi!(s) = (B1Ny(s) + B2Na(s) — B3T(s), v) = 0, where

B1 = (ki (s) —d(Ny

Ba = (K4 (s) — 8Ny (s))K3(s)ka(s) — 8(Na(s))K3(s)),
Bs = 3(5(N1(s))ka(s)K] (s) + 5(Na(s)ka(s)kb(s)),
we have , §
L Kkl (6(Nl(s))k1(s)kz(s) +5(N2(S))k1(8)k2(8)) .
113 (s) — K3(s) | ki(s)

By the condition of (4), this is equivalent to the condition

Ki(s)ka(s) —ki(s)ka(s) = (kj(s)ka(s) —ki(s)ky(s)) = 0.
(C) The proof of (C) follows from the proof of (B), so we omit it.
D) ) If
hiy(s) = (Ni(s),v) =0,

then we have that there are real numbers A and p such that v = AT(s) + uN»(s). Moreover, in combination
with v € Q2%, A2 + §(Na(s))u? = +1. It follows that hyy(s) = 0 if and only if v = AT(s) + uNz(s) and
A2+ 5(Na(s))u? = +1. When hy,(s) = 0, the assertion (1) follows from the fact that

w(s) = (=8(N1(s))k1(s)T(s), v) = —5(Ni(s))ki(s)A
and ki (s) # 0. Thus, we get that hy,(s) = h{, (s) = 0 if and only if v = FNj(s).
(2) When hy,(s) = h, (s) =0, the assertion (2) follows from the fact that
i, (s) = (—=8(N1(s))k](s)T(s) — 8(N1(s))ki(s)Ni(s) — 8(N1(s))ki(s)ka(s)N2(s), FN2(s)) = Fki(s)ka(s)

and kq(s) #0.

(3) Under the condition that hj,(s) = hj (s) = h{, (s) = 0, this derivative is computed as follows:

iy (s) = ((—8(N1(s))K{ (s) + K3 (s) — ke (s)K3(s))T(s) — 38(Ni (s))ka (s)k] (s)N1(s) — 5(Nq(s)) (2K] (s)ka(s) +
ki1 (s)k3(s))N2(s), #FN2(s)) = F(2k;(s)ka(s )+k1(8) 5(s)) = Fka(s)k;(s). Since ki(s) # 0, we get that

hgi) (s) = 0 is equivalent to the condition k}(s) = 0. The assertion (3) follows.
(E) Using the same computation as the proof of (D), we can get (E). O]

Proposition 3.3. Let y : I — IR} be a unit speed regular spacelike curve, then we have the following results.
(1) Suppose 5(N1(s))kq(s) £ 6(Na(s))ka(s) # 0. Then 6(N1(s))k1(s) + 6(N2(s))ké(s) = 0 if and only if each of

1

§(N1(s))k1(s) & 6(Na(s))ka(s) (N1(s) £Na(s))

P+ =v(s)+

is a constant vector.

(2) Suppose kq(s) # 0. Then ki (s)k;(s) — ki (s)ka(s) = 0 if and only if each of
v="T [a(s) | (EE:NNS)#LNz(S))

|3 (s) —K5(s) |

is a constant vector.
3) Suppose ki(s) # 0. Then, ka(s) = 0 if and only if each of v = FN(s) is a constant vector.

(
(4) Suppose ka(s) # 0. Then, kq(s) = 0 if and only if each of v = FNy(s) is a constant vector.
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Then, we have the following proposition.

Proposition 3.4. We consider functions defined in Proposition 3.2. Then we have the following claims.
(1 If gy, (s) has Ay-singularity (k =1,2,3) at so, then G(s,v) is an R-versal unfoldings of gVO

(2) Ifhw) ) has A-singularity (k = 2,3) at so, then H(s,v) is an R -versal unfolding ofh‘,0

(3) If T, (s) has Ay-singularity (k = 2,3) at so, then H(s, v) is an R-versal unfolding of Ty, (s

(4) If hyy,(s) has Ay-singularity (k = 1,2) at sq, then Hy(s,v) is an R-versal unfolding ofhlvo(s).

(5) If hoy,(s) has Ax-singularity (k = 1,2) at so, then Hy (s, v) is an R-versal unfolding of hoy, (s).
Proof.

(1) We denote that y(s) = (x1(s),x2(s), x3(s)) and v = (v1,vo, v3). Under this notation we have

G(s,v) = —(x1(8) —v1)* + (xa(s) —v2)* + (x3(s) — v3)?.
Thus we have
0 0
98 (¢, v) = 2(x1(s) 1), 98 (6 v) = —2(xls) —wi), i =23,
ov V1 avi
200G, 900G L,
aS a\)l (S V) le( ) as a\)i (SI V) — in(s)/ 1= 2/ 3/
92 0G 92 0G

(s,v) =2x7(s), —(s,v) = —2x{(s), i=2,3.

9s2 dvy 052 dv;

Therefore the 2-jet of (s v) (i=1,2,3) at s is given by
0G 0 0G 1 9% 9G 2 1 ’
j (av1 (s, VO)) (so) = 67567\)1(8 —so) + 5675267\11(8 —50)° = a1i(s —so) + 5021(3 —sp)°.

It is enough to show that the rank of the matrix A is 3, where

2(x1(s0) —v1) —2(x2(s0) —v2) —2(x3(sp) —V3)
A= 2x1 (so) —2x5(s0) —2x4(s0)
2x/(s0) —2x3 (s0) —2x5 (s0)

Then we have
det A = 8det(y(so) — v, T(so), T (s0))

-1
&(N1(s0))k1(so) = 8(N2(so))ka(so)

8
N S(N1(s0))k1(so) £ 8(N2a(so))ka(so) (k2(s0) F k1(s0))

= 1840,

= 8det(

(N1(s0) £Na(so)), T, ki(so)N1 + k2(s0)N2)

which implies that the rank of A is 3. If we consider the matrix which consists of the first and the second
rows of the matrix A, so that the rank of this matrix is two. This completes the proof.

(2) We denote that y(s) = (x1(s),x2(s),x3(s)), and v = <v1,v2,j:\/i1 +V1 —v2 ) Under this notation

we have
H(s,v) = —x1(s)v1 +x2(s)vo £ x3(s)4/*£1 —1—\1% —v%.

Thus we have
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0 oOH v1x4(s) 0 OH VvoxAh(s)
gy = Xls) £ e, gy, = (s F
§ 01 1/:|:1+v%—v2 §0v2 \/il—i-v%—vZ
02 oH vixZ(s) 02 oH voxZ(s)
S = (s = =g (s) F 2

- —y 727 e —
/:|:1+\)%—V2 0s a\}z /il—i-v%—vZ

Therefore the 2-jet of g—\‘fi(s,v) (i=1,2) at sg is given by

oH

j2(7(31V0)>(50) =

0 oH 1 9% 9H 1 P
a\)i

—_ J— —_ J— 2 — . J— — . J—
3s avi(s so) + 532 avi(s s0)” = azi(s —sp) + 2azl(s S0

It is enough to show that the rank of the matrix B is 2, where

/ v1x5(so) / vox5(so)
—X7(80) £ ———+— x5(s —_—
5 ( 1(s0) SRRy 2s0) F F1+v2—3
- " v1xj (so) " vaxj (so)
—X7(s0) £ ——— X5 (s —_—
1(s0) FERe 2(s0) F VEIS

We have
V1o ™ V2. s "ot r "ot
detB = g(xzxs —x5x3)(s0) + \Z(Xﬁ‘s —x1x3)(80) — (x1%3 —x1%3)(s0)
1
= ——(v, T(s0) A T'(s0))
V3

=—j;meﬂAMBMNumy+buMNﬂm»

= —\)13<V/ k1(s0)0(N2(s0))N2(sg) —ka2(s0)5(N1(s0))N1(so))

=—1<j: | k1(so) | <k2(50)
v\ 118 (s0) — KB(so) | N (s0)

1 K3(so) —K3(s0)

V3 \ 1 (s0) =3 s0) |

N + N2>,k1(80)5(N2)N2 - kz(80)5(N1)N1>

= Fsgn(ki(so)) # 0.

Note that v € By is a singular point, where

| k1(so) | (kz(so)
ki (so)

v==
/1 (s0) —K3(s0) |

Ni (sp) +N2(So)> :

This completes the proof.

(3) Under the same notations as (2), we have

ﬁ(S,V) = —Xl(S)Vl —|—X2(S)V2 :|:X3(S)\/m—u-

It is enough to show that the rank of the matrix C is 2, where

. vix4(s) : vaxh(s)
o [ MWEATTE ROF s !
= _Xi’(s) 4 vixj (s) Xlz/(S) T voxj (s) 0 .

\/i1+v%—v% \/i1+v%—v%

This follows from the proof of (2). Thus, we complete the proof of (3).
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(4) We denote that N1(s) = (nq1(s), n2(s), n3(s)), v = (vl,vz,j:\/il +v% —v% ) . Under this notation,

we have that
Hi(s,v) = —ny1(s)vy + nya(s)vo = n13(s)\/m.

Thus, we have that

oH; vinyz(s) oH; vinys(s)

76\) = _nll(s) + — 7 aV = an(S) + ’
1 \/E1+VvE—v3 2 +1+v2—v3
0 OH n 0 OH i
1 ——n{l(s)i V1n13(3) 1 / (s) Vlnlg(s)

e i —, - :nlz S :F—'
0s dvy JELVE =3 0s v +1412 —13

It is enough to show that the rank of the matrix D is 2, where

vamniz(so)

—n1(so) £ % n(so) F JElvig
D= ) (so) + vinis(so) ' (s0) vani;(so)
1180 w:l:l—o—v%—v% M2180) F w/:l:l—l—v%—v%
Denote that v3 = +,/+1+ v —v3. Then, we have that
detD = / / Vi, / A /
e = _(nlznll - nlznu)(so) + \73(“12“13 - n12n13)(30) + g(nmnll - T1137111) (so)

= —l<v, N (so) /\Ni(SOD
V3

_ ‘v13<‘" Ni (s0) A —5(Ni(s0))k1 (s0)T(s0))

— _l (v, —k1(s0)Na(s0))
V3

— L N (s0), —Ka(s0)Na(s0)) = F5(Na(s0)) ~Ka (s0) # 0.
V3 V3

Note that v € D4y, is a singular point, where
v = FNa(so).

This completes the proof.
(5) Using the same computation as the proof of (4), we can get (5). O]

4. Proof of the main results

Proposition 3.4 means that those functions are generating families and now we can apply the above
arguments to our situation. By Proposition 3.2 and the definitions of wave fronts and caustics, we can
prove Proposition 2.2.

Proof of Proposition 2.2. Taking G(s,v) = —(x1(s) —v1)? + (x2(s) —v2)?2+ (x3(s) —v3)?in Proposition 3.4 for
example, we get the Jacobi matrix of A*G = (G, %) as

IA*G:< 2(y(so) —v,t(so))  2(xa(s0) —v1) —2(x2(s0) —V2) —2(X3(So)—v3)>
2+2(y(so) —v,t'(s0))  2x{(s0) —2x5(s0) —2x3(80) '

Since the rank of the matrix A in the proof of Proposition 3.4 (1) is 3, the rank of the matrix JA*G = 2.
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This means that G(s,v) is a Morse family. In this case we have a smooth 2-dimensional submanifold,

2.(G)={(s,v) € (RxR30) | G(s,v) = %(s,v) =0}

={(s,v) € (RxR>0)|v=ry(s)+u(Ni(s) £Na(s)),s € I

We denote 7 : PT*IR? — ]R{’ by the canonical projection, then the map germ ®g : (Z.(G),0) — PT*IR?
defined by
Og(s,v) = (v, [(x1(s) —=v1) : —(x2(s) —v2) : —=(x3(s) —v3)])

is a Legendrian immersion germ and G is a generating family of ®5(Z.G). So the map
mo®Dg(s,v): Zy(G) — IR?
given by (s,v) — v is a Legendrian map. The wave front
W(Dg) ={veR®|v=ry(s) +u(Ni(s) £ Ny(s)),s € I}

of y(s) is the set of critical values of the Legendrian map 7o ®g(s,v), and is precisely Dg. As you can
see that the parametrisations of the wave fronts are just the parallel developables given by

PLDE (s, u) = (s) +u(Ni(s) £ No(s)).

It follows that for a generic curve, the wave front W(® ) of y(s) is locally either a regular surface, or has
cuspidaledge singularity, or swallowtail. The local models of the wave front at v corresponding to s € I
depend on the R-singularity type of g, (s) at s. For a generic y(s), g.(s) has local singularities of types
A1, Ay, or Az. The wave front is a regular surface at an A;-singularity of g, (s). It is a cupidaledge at an
As-singularity of g, (s) and has swallowtail singularity at an Az-singularity of g, (s). If we apply the same
arguments as G(s, v) to the functions ﬂ, Hji, and Hy, respectively, we can get that dual surfaces are two
dimensional wave fronts which have Aj-singularity, A>-singularity, and As-singularity. Bishop pseudo-
spherical images are one dimensional wave fronts which have A;-singularity and A,-singularity. Bishop
pseudo-spherical Darboux images can be seen as one dimensional caustics which have A;-singularity and
Asz-singularity in the framework of the theory of Lagrangian singularity. O

Proof of Theorem 2.3.

(1) First, we consider the assertion (A). Let v : I — RJ be a regular unit speed spacelike curve with
O(N1(s))ki(s) £ 8(Na(s))ka(s) # 0. For vo = y(so) + up(Ni(sp) £ Naz(sg)), we give a function & : ]R{’ —
R by &(u) = (u—vp, u—vp), then we have g,,(s) = &(y(s)). For vo = ‘BQ@i(so,uo), since £&€(vg) =
®~1(0) and 0 is a regular value of &, gy, (s) has the Ay-singularity at s if and only if y and £&(vp) have
(k + 1)-point contact for sg. On the other hand, by Proposition 3.3, the discriminant set D of G is

Dg ={v="v(s) +u(Ni(s) £Nz(s)) | s € I}.

The assertion (A)(1) of Theorem 2.3 follows from Proposition 3.2, Proposition 3.4, and Theorem 3.1. Since
the locus of the singularities of CE is locally diffeomorphic to the line, the assertion (A)(2) holds. Since
the locus of singularities of SW is C(2,3,4), the assertion (A)(3) holds.

(2) The discriminant set © of His
D ={(v,u) € Q2 xR u= (y(s),v),v =ANi(s) + uNa(s), 8(N1(s))A* + 5(Na(s))u* = +1}.

The assertion (B) of Theorem 2.3 follows from Proposition 3.2, Proposition 3.4, and Theorem 3.1 similar
to the assertion (1).



H. Liu, J. Miao, D. Pei, J. Nonlinear Sci. Appl., 10 (2017), 5020-5037 5035

(3) By Proposition 3.2, the discriminant set ®, of Hy is
DH, ={v=FNi(s) [s €I}

The assertion (C) of Theorem 2.3 follows from Proposition 3.2, Proposition 3.4, and Theorem 3.1.

(4) By Proposition 3.2, the discriminant set D, of Hj is
DH, ={v=FNz(s) [s € I}

The assertion (D) of Theorem 2.3 follows from Proposition 3.2, Proposition 3.4, and Theorem 3.1. O

5. Parallel slant helix

A regular unit speed spacelike curve vy : I — R? is called a parallel slant helix according to parallel
frame provided that the unit vector Ni(s) of y has constant angle 8 with some fixed unit vector u, that is
(N1(s), u) =constant, this condition is equivalent to Eg% =constant. We can get some detail properties of

parallel slant helix by the function p(s) defined in Section 2, and Corollary 1 in [23].

Proposition 5.1. Let v : I — R$ be a regular unit speed spacelike curve. We suppose that ki (s) # 0 and p(s) =0,
then we have the following claims.

(1) v(s) is a parallel slant helix.

(2) The parallel pseudo-spherical Darboux image is a constant map.

(3) The tangent de Sitter indicatrix is a circle in osculating plane.

(4) The parallel rectifying developable of 'y is a cylindrical surface given by y(s) +ue(s), where e(s) = de(s).

(5) The normal hyperbolic indicatrix is a circle on the pseudo-spheres H2(—1) and the direction of the circle is given
by the constant vector d¢(s) = e(s).

(6) The normal de sitter indicatrix is a circle on the unit spheres S and the direction of the circle is also given by
the constant vector d¢(s) = e(s).

Proof.
(1) Suppose p(s) = Kk;(s)ka(s) —ki(s)k5(s) = 0, by straightforward calculations, we have

(MB»/_%@RNQ—MBRHQ_—NQ_O
ka(s) K3 (s) Ks)

This means that EE;% =constant. By the definition of parallel slant helix, we know that y(s) is a parallel

slant helix.

(2) By the claim (2) of Proposition 3.2, we can get claim (2) easily.
(3) By the Corollary 1 in [23], we also can get claim (3).
(4) The claim (4) is clear by definition.

(5) Suppose y: I — ]R:f is a regular unit speed spacelike curve with timelike N (s) and k;(s) > 0. Other
cases follow by the similar computation, we omit them here. Since

e= L (a(s)Ni(s) + ki (s)Na(s)),
| K2 (s) —K3(s) |
we get
4 2
(e,N7) = < (ko(s)N1(s) +k1(s)N2(s)),N1(s)> — M _ constant.
| K2(s) — K3(s) | \—1+(%)2|
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So cosh(a(s)) = (e(s),Ni(s)) is constant. This means that the first Bishop pseudo-spherical indicatrix
is a circle on the hyperbolic space H%(—1) and the direction of the circle is given by the constant vector
de(s) =e.

(6) Under the assumptions of (5), we get
-1

cos(B(s)) = (e(s), Na(s)) = — e
| =1+ (:2)

is constant. This means that the second Bishop pseudo-spherical indicatrix is a circle on the de Sitter

space S? and the direction of the circle is also given by the constant vector d(s) = e. Other cases follow by

the similar computation. O
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