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Abstract

In this paper, we establish some new boundedness for commutators of multilinear Calderén-Zygmund operators with
kernels of type w from product of Lebesgue spaces into Lebesgue spaces, Lipschitz spaces, and Triebel-Lizorkin spaces, which
extend some previous results. (©2017 All rights reserved.
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1. Introduction and results

In 1975, Coifman and Meyer [2] studied the bilinear singular integral operators. Then many re-
searchers were interested in bilinear or multilinear singular integrals (see [3, 5-11, 21, 22]). During the
same period some generalizations of Calderén-Zygmund operators were also studied by many authors
such as Calderén-Zygmund operators with kernels of type w which was first studied by Yabuta [20] in
1985. Maldonado and Naibo [12] studied the bilinear Calderén-Zygmund operators of type w in 2009.
Recently, Lu and Zhang [11] considered the multilinear case.

Throughout this paper, we always assume that w(t) : [0,00) — [0, 00) is a nondecreasing function with
0 < w(1) < oo. For a > 0, we say w € Dini(a) if

dt < oo.

1 wa(t)
|WIDini(a) = .

Definition 1.1. A locally integrable function K(x,yi,- - ,Ym), defined away from the diagonal x = y; =
o+ = Ym in (RM)™H, is called an m-linear Calderén-Zygmund kernel of type w(t), if there exists a
constant A > 0 such that

A

K(x,y,-- -, < 1.1
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for all (x,y1, - ,Yym) € (R™)™*! with x # y; for some j €{1,2,--- ,m}, and

A [x — x|
‘KX/ 7"y _KX// 7ty |< w< )/ 1°2
Boyr o ym) = KOGy ymll S o e kgl )

whenever |x —x’| < %maxlgjgm Ix —yjl, and

|K(X/UL' c /Uj/' o /Um) 7K(X/y1/' . /9)',,' s /Um)|

_ A w( ly; —yjl ) (1.3)
=yl kemym)™r T =yl 4+ = yml) )

whenever |y; —y]-'\ < %maXKjgm x —yjl.

We say T : S (R") x --- x (R™) — /(R™) is an m-linear operator with an m-linear Calderén-
Zygmund kernel K(x,y1,--- ,ym) of type w(t), if

T(flr ot Ifm) = J(]R | K(X/yll e /ym)fl(yl) o fm(Um)dyl o dUm,

whenever fy,- -+, fm € CP(R™) and x ¢ ﬁ}“llsuppfj.

If T can be extended to a bounded multilinear operator from L9t (IR™) x --- x L9m(R™) to L9*°(IR™) for
some 1 < q,q1, - ,qm < oo with 1/q; +---+1/qm = 1/q, or, from L9 (R™) x --- x L9m(R") to L}(R™)
forsomel < qi, - ,qm <oowith1/q;+---+1/qm =1, then T is called an m-linear Calderén-Zygmund
operator of type w, abbreviated to m-linear w-CZO.

Obviously, when w(t) = t* for some ¢ > 0, the m-linear w-CZO is exactly the multilinear Calderén-
Zygmund operator studied by Grafakos and Torres [6] and Lerner et al. [9].

To shorten the notation, we denote by f= (fi,---,fm) and dy = dy; - - - dym, in the following.

In 2014, Lu and Zhang gave the endpoint estimate for the m-linear w-CZO under some weaker as-
sumptions of w(t), and also got the following multiple weighted estimates.

Theorem 1.2 ([11]). Let T be an m-linear w-CZO with w € Dini(1). Let 1/p =1/p1+---+1/pmand W € A;.
(1) If1 <pj<ooforallj=1,---,m, then

m
T vy < CTT I (-
j=1
(2) If1<pj<ooforallj=1,---,m,and at least one of the p; = 1, then

m
T reo ) < CT LI ws (g
i1

Let b = (by,---,bm) be a collection of locally integrable functions, the commutator generated by
m-linear w-CZO and b is defined by:

m
Teg(fi f2, - fm) () = ) T (F1, 62, Fm) (%)
j=1

where

=

T}J)(f)(x) - [b)/T]]“?)(X) — b](X)T(fll : /fj/"' /fm) _T(fll" : /f)b]/ : /fm)(x)/j = 1/” -, M.

)
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—

The iterated commutator T (f) is defined as follows:

=

T]‘[G(f) (X) = [bl/ [b2/ e [bm—lr [bm/ T]m]m—lr t ']2]1(_3(X)/

which can also be given formally by

(00 = | L0030 by (4 KEx 9 0) - Fin )5
=1

When m =1, ng(F) = Tm;(F) = [b, TIf = bT(f) — T(bf), which is the well-known classical commutator
studied in [4]. These multilinear commutators are early appeared in the reference [19] by Xu.
Now we recall the following definition of Lipschitz functions.

Definition 1.3 ([14]). Let 0 < < 1 and b be a locally integrable function on R™. We say b belongs to the
Lipschitz space Lip,, if there is a constant C > 0 such that

[b(x) = b(y)l < Clx—ylP (1.4)

for almost every x and y in R™. The minimal constant C in (1.4) is the Lip; norm of b and is denoted
simply by [|b||Lip,-

In 1995, Paluszynski [14] proved that the commutator [b, T] generated by Calderén-Zygmund oper-
ators T with classical kernel and Lipschitz functions b is bounded from LP to LY whenever 0 < 3 <
1,1/q=1/p—B/nand 1 < p < q < oo, and from LP to homogenous Triebel-Lizorkin spaces Fg’oo which
is defined in [16].

For the commutators generated by the multilinear Calderén-Zygmund operators with the kernel of
standard estimates, Wang and Xu [17] and Mo and Lu [13] got the boundedness from product of Lebesgue
spaces to Lebesgue space and to homogenous Triebel-Lizorkin space, respectively.

In this paper, we will discuss the mapping properties of multilinear commutators generated by m-
linear w-CZO and Lipschitz functions on some function spaces. We obtain the following results.

Theorem 1.4. Let T be an m-linear w-CZO with w € Dini(1). Suppose b; € Lipg, with 0 < B5 < 1 for
j=1-- mand p = B1+-+Bm. If1 <p1,--,pm <00, 0< q < ooand1/p; > Bj/n with1/q =

=

1/p1+---+1/pm — B/, then T (f) can be extended to a bounded operator from LP1 x ... x LPm into L9,

Theorem 1.5. Let T be an m-linear w-CZO with w € Dini(1). Suppose b; € Lipg, with 0 < B5 < 1 for
j=1-- mand B =B1+---+PBm. If1 <p1,-- ,pm <00, 0<1/p; < Bj/nand 0 < B —n/p < 1 with
1/p=1/p1+---+1/pm, and w satisfies

1
w(t)
J;) mdt < 0o,

—

then Ty () is bounded from LPt x - x LP™ into Lipg_, .

Theorem 1.6. Let T be an m-linear w-CZO with w € Dini(1). Suppose b; € Lipg, with 0 < B5 < 1 for
j=1--- mand B =PB1+---+PBm.- If1<p,p1,- -, pm <ocowithl/p=1/p1+---+1/pm, and w satisfies

then Tm;(ﬂ is bounded from LP1 x - .. x LPm into Triebel-Lizorkin space FE"X’.

Remark 1.7. Theorems 1.4-1.6 extend the corresponding results in [17] and [13].
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Remark 1.8. Theorems 1.4-1.6 are also true for each T}’;j (1?), ji=1,---,m.

Remark 1.9. Similar to [11] and [12], by applying our above results, one can obtain the similar results for
commutators of paraproduct and pseudo-differential operators with mild regularity. We omit the details
to the readers.

The rest of this paper is organized as follows. After recalling some notations and lemmas in Section
2, we will prove our results in Section 3.

Throughout this paper, we denote by p’ the conjugate index of p, thatis 1/p+1/p’ = 1. The letter C,
sometimes with additional parameters, will stand for positive constants, not necessarily the same at each
occurrence but is independent of the main parameters.

2. Preliminaries and lemmas

For a function f € Lj,.(R™), the Hardy-Littlewood maximal and the sharp maximal functions are
defined by

Mf(x) = d
f(x) = ZI;€|Q|J f(y)|dy

and

Mif(x) = J —fgldy ~ f— J —Cldy,
(x) = P [ f(y) — fg|dy S];‘;Em ] [f(y) — C|dy

where fg denotes the average of f over cube Q, that is, fq = IQ\ J‘Q x)dx.

For & > 0, we denote M () and MX (f) by M5 (f) = M(f1%)/® and M¥(f) = [M¥(/f]>)]'/®. For 0 < f <
n/r, we define the following fractional maximal operator

1 1/r
My sFx) = su (J )l ) ,
e AN T
when 3 =0, we denote M, g simply by M. It is well-known if r < p < oo, M, is bounded on L? spaces.

Lemma 2.1 ([15]). Let 0 < p,d < 00, w € A, then there exists a constant C, such that

J Mgf(x)pw(x)dngJ M F(x)P w(x)dx

n

for any function f for which the left-hand side is finite.

Lemma 2.2 ([14]).
(1) For0< B < 1,1 < q < oo, we have

[I£]] . | | ! L |9 v
fllLip. =~ su J f—fol =~ su <J f—of ) .
6 Qp |Q|1H3/n Q Q Qp |Q|B/n |Q| Q Q

(2) For0<p <1,1 <p < oo, we have

1
flopoo = || sU J |f —fol
| HFP QP|Q|1+[5/n Q Q .

Lemma 2.3 ([14]). Let b € Lips,0 < < 1. For any cubes Q, Q' inR™ and Q' C Q, then

b —bal < ClbllLip, IQIP/™.

Lemma 24 ([1]). f0<B<n 0<r<p<n/Band1/q=1/p—B/n, then |[M;gf|lra < C||f|rr.
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3. Proof of theorems

For simplicity, we only consider the case m = 2. Similar argument also works for general m.
Lemma 3.1. Let T be a 2-linear w-CZO with w € Dini(1). Suppose that b; € Lipg, 0 < B <1and 0 <8 <e <
1/2 <1< n/B, then forj =1,2,

ME (T3, (F1,2)) (%) < CJ1Bs ipy { M, (T(F1, £2))(x) + Mug (£ MR (0 },

j#k k=12
Proof. We only estimate Mg (T%1 (f1, f2)> and write b; = b for simplicity. A similar argument also works
for M% (ng(fl,fz)).

Fix x € R™, for any cube Q(xq, 1) containing x with side-length 1, set Q* = 8,/nQ = Q(xq,8y/nl). We

decompose f; = f? + 15°, where f? = fjxo+ and 5% = fXrm\ @+, ) = 1,2. Since 0 < 6 < 1/2, then for any
constant ¢, we have
1/8
dz)

(il

< (| e °d "
\(|Q|JQ|b( L)) —cl z)

ITg (f1,f2) (2)I° —Icl®

1 1/6 1 1/8
< c<Q| jQ (b(2) —bQ*)T(foz)(Z)|5dZ) n c(|Q| JQ |T((b—bQ*)f(1)rfg)(Z)|édZ>
1 1/8 1 1/6
+C <|Q| JQ IT((b— bQ*)f?’,fg)(z)lédz) +C <|Q| JQ T((b— bQ*)fO,fS")(z)lédz>

1 1/8
+C ( J IT((b—bg-)f, £5°)(z) — c|5dz)
QI Jg
=L+DLh++ 1L+
For y € Q, since b € Lip (R™), by the definition of Lipschitz function, we have
[b(y) —bal < CIQIP™|[bllLip, - (3.1)
Since b € Lipg, 0 < 8 <& <1/2, by (3.1) and Holder’s inequality, we get

1 1/8
I < CIQIP/™[[b]lvip, <|Q| JQ |T(f1,fz)(2)|5d2>

< ClbllLip, Ms,p (T(f1, f2)) (%) < C[bllLip, Me,p (T(f1, £2)) (x).

For the second term I, since 0 < 6 < 1/2, by Kolmogorov’s inequality (see [9, 18]), Theorem 1.2, and
(3.1), we obtain

I = CIQI™®|IT((b— b)), ) (2)llLs (o)
< ClQI2IT((b — b)Y, #)(2) [l L1200 ()
< ClQIT2|IT((b — b ), 1) ()l 1/200 ()

1 1
< (17 ), It —bonizlaz ) (i | atee:)

* n 1 ]-
< C|lb]Lip, 1Q*[P/ <|Q*| JQ* |f1(z)dz> <|Q*| JQ* |f2(z)|dz>
< CbllLip, M, p (f1) (x)M(f2) (x).
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Foranyy € R™\ Q*, there exists an integer i > 1 such thaty € 21Q*\2'71Q*, and [y —xq| ~ 21Q*['/™,
then by (3.1) and Lemma 2.3, we have

[b(y) —bo:| < b(y) = byl + baige —ba:| < ClbllLip, [y —xql®. (3.2)

For the term I3, noting the fact that |z —y;| ~ [y — xq| for any y; € (Q*)€ and z € Q, then by (1.1) and
(3.2), we obtain

C
s < |Q|jQ T((b— b )2, 1) (2)ldz

C J A
< — b —bo-If I|f |dyidysdz
Q JQ JQ* o (=gl Fz— w2 (Y1) — bq-IIf1(y1)lif2(y2)ldy1dy,

[b —bo+|
<c| Mm(wdylj 2 (y2)ldyz
(@1 Y1 —xql Q-

e b(y1) —bo-|
<oy | P =095, () aysM(£2) ()
b 2k+3, /MQ\2%+2/nQ |y1 — XQ|

< Cb]|Lip, Q7 ly1 —xq P21 (y1)ldy1 M (f2) (x)
S

1 J2k+3\/ﬁQ\2k+2\/ﬁQ

(y1)ldy1 M (f2)(x)

o0
<C\b||LipB|Q*|Z|2kQ*|B/nZJK i
k=1 2*Qr

= 1
—k
< Cllin, 32 e | g, M)

< ClbllLip, M1,p (f1) (x)M(f2)(x).
Similarly, we have

£ o . 0 foo
L< g JQ T((b— b)Y, 15°) (2)ldz

g P
Q| 1z —yi1l+ 1z—y2

< ch |b(yl)—bQ*|f1(y1)|dy1J

If2(y2)|
< Clbll J _f2u2)l_ g 2J y1 —xolPIf (y1)ldys
H || IP[S ];l 2k+3\/ﬁQ\2k+2\/ﬁQ |y2_XQ|2n y Q* y Q y

C A
|]] —b(y1) — ba- If1 (1)l (y2)ldyady: dz
QloJigre ( )

If2(y2)| "
Q)¢ Y2 —xq*"

(e.¢]

< Cllblhip, - 2Q°121Q°1 | () ldya My (1) ()
] 243 /MQ\2K+2 /M Q

> 1
< Cllolhipy -2 g | Malu2ldyzMyp(R)x)
| HLpB]; 2KQ| 2o 2(Yy2)iay2Vly, g1
< ClbllLip, M1,p (f1) (x)M(f2)(x).

For the last term I5, since (R™\ Q*)2 C R®™\ (Q*)? C U ,(2*"3,/mQ)?\ (272,/nQ)?, we will make
use of the assumptions (1.2) and (3.2), we have

Is < CJ IT((b —bq- )7, 13°)(z) = T((b— b« )T, 17°) (xq)ldz
QI Jq
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o)

QI Q) rm -y

C J’ 1 < lz—xql >

_ an

QI Jg Jrm\ Q)2 (I —y1l+x —yal) x —y1l + [x —yal
x[(b(y1) — b+ )1 (y1)f7° (y2)ldy1dyzdz

<£ ( iJ [(b(y1) — b+ (Y1) (y2)|
|Q|“Qk:1 (2k+3\/ﬁQ)2\(2k+2\/ﬁQ)2 |2k+3\/HQ|2

CHbHLipBJ iJ ly1 — xPIF5° (y1) 5 (2|
QI Jo &F e ymieeeymq) [2€Q*?

Clibllip,

<@J ZI2’<Q’*I‘3/T“2J2k )2If?"(yl)f?’(yz)lw(2‘k)dy1dyzdz

Q=1 (2kQ*

< K(z,y1,92) — K(xq,y1, y2)ll(b(y1) — bo«)f7° (y1)f2° (y2)ldy1dy2dz

<

w(27%)dy1dyadz

w(27%)dy1dy,dz

N

< . Ky -
ClIbllLip,, k§—1 w( )\2kQ*I1*f5/“ LkQ* If1(y1)ldy: Q7] LkQ* f2(y2)ldy2

< C[bllLip, M1,p (f1) (x)M(f2)(x).
The proof of Lemma 3.1 is finished. O

Lemma 3.2. Let T be a 2-linear w-CZO with w € Dini(1). Suppose by € Lipg and by € Lipg, with 0 <
Br,P2<1.Let 1+ Pa=pand 0 < d < e<1/2, then

ME (Trg (11, 72)) 00) < C{ 101 l1Lipg, 102 1ipy, M (T(F1, £2))00) + [b2lluip, Mg, (T, (1, £2)) (X)
+ HblHLipﬁlMe,Bl(T%Z(fler))(X) + [[ballLipg [Ib2llLip,, M1, (fl)(X)M1,[32(f2)(X)}-

Proof.S Fix x € R™. Let Q,xQ,f?, f;’o,j =1,2 and Q* be as in the proof of Lemma 3.1. Let A; = (bj)g+, j =
1,2. Since

=

Thg(f)(2) = (b1(z) — M) (b2(z) — A2) T(f1, f2)(2) — (b1(z) — M) T(f1, (b2 — A2)f2)(2)
— (b2(z) = A2)T((b1 — A1)f1, f2)(2) + T((b1 — A1)fy, (b2 — A2)f2)(2)
= —(b1(z) — M) (b2(z) — A)T(f1, £2)(2) + (b1(z) — M) T, (f1, f2) (2)
+ (ba(z) — ATy, (f1, f2) (2) + T((by — A1)fy, (b2 — A2)f2) (2).

by

1/6 1 1/6
® dz) < (|Q|J T (f1, f2)(z )—c|5dz>

1 1/5
c (J (b1 (2) = M) (b (2) — AZ)T(fl,fz)(z)sz)

For 0 < 6 < ¢ < 1/2, we have

(il

ITrig(f1,f2)(2)1° — el

Qo
1 1/5
+ c( (b1 (2) —M)Tﬁz(fl,fz)(znédz)
o
10 1/8
+ c( (ba(z) ~ AT, (fl,fz)(2)|5d2>
o
17 1/5
c ( T((b1 — M) fa, (b — Aa)fa)(2) — c|5dz>
Qo

=Ji+J2+])3+]s
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For the term J;, since 0 < § < € < 1/2, by (3.1) and Holder’s inequality, we get

1 1/5
< CllbaflLip, lIb2llLip,, |Q|Bl/n|Q|62/n< J T(f1,f2)(l)|6dl>

QI
< Clbal|Lip, [[b2]lLip, Me,p (T(f1, f2))(x).

For the term ], notice that 0 < § < € < 1/2, then by (3.1) and Hoélder’s inequality, we have

1
Q
B1/n 1 2 I3 Ve
< Clbi i, 1Q°IP! (|Q|J T )@z )

< ClIbtlLip,, Me,p, (Te, (F1, F2)) (x).

1/8
< ClIballuip,, IQI‘*””“( J |T%2(f1,fz)(z)|5dz>

Similarly, we have
J3 < C”bZHLipBZMe,Bz(Tllyl(fler))(X)-

Now we turn to estimate J;. For each j, we decompose f; = fO + 15°, where f = fiXxq+,j = 1,2, then
we get

1 1/6
i < c(j T((b1 = A1), (b2 —xz)fg)(znf’dz)

Qo

L 0 . s 1/5
+C(|Q| o T =2, (b2 X)) (2) dz>

L o o s 1/6
+C<|Q| o T =AY, (b2 = A2 ) (2) dz>

L e . 5 1/6
+ C<|Q| o |T((b1 _}\1)f1 , (bz — )\Z)fz )(Z) o C| dZ)

= Ja1 + Jao + Jaz + Jaa.

We first estimate J4;. Similar to the proof of I in Lemma 3.1, we obtain

Jar < CIQI2|T((br — A, (b2 = A2) )| 1200 ()

1 1
(g, e =Anniziaz) (g [ itz Doz
< Cliballuip, 12lLip, M1, (f1) (x)M, g, (f2)(x).

Next we consider the term J4. Similar to the proof of I3 in Lemma 3.1, note that the fact [z —ys| ~
ly2 —xql for any y, € (Q*)¢ and z € Q, then by (1.1), (3.1), and (3.2), we have

o < @JQ (b1 — AT, (b2 — Ag)5°) (2)]dz

<CJ J J [b1(y1) — Ml (ya)lIba(ya) — Aallf5° (y2)
QI Jq Jrm o+ Jo (lz—y1l +lz—y2l)?™

< ch b1 (y1) —Alnf?(ymdylj

dyidydz

1b2(y2) — A2lIf5° (y2)l
rQ+ (Y2 —xql)?™

[b2(y2) — A2lIf5°(y2)l
b M (1)
CH 1”L1prj 1, [31 1) |Q|](Zl4[2k+3fQ\2k+2fQ (‘UZ—XQUZn

dy2

dyz
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< Cl|b1lLip, M1, (f1) b — A|If5° d
[t l1ipy, Mg, (F1) |Q|Z|2k+3 RO s o pes g P202) A (2

< Clballuip, Ib2lLip,, M1, (f1) ()M, (f2)( Z 27k

< Clballip, Mg, (f1) () [b2]|Lip, M1, (f2) (%)
Similarly, we can estimate
Jas < Cllb1lLip, Ma,p, (f1)(x)[[ballLip, M1p, (f2)(x).
Finally we consider the term J44. Similar to the estimate of Is in Lemma 3.1, we will use (1.2) and (3.2).
Now set ¢ = T((by —A1)f$°, (b2 —A2)f5°)(xq), then we have
Jos < g7 | (00 =R (oo = AgJ5°)(2) = T((01 = AE%, (ba — M) 5=

Q
C

<il)
QI Jq J(rm Q)2
X |(b (Ul)_Al)ffo(yl)(bz(yﬂ_)\Z)fgo(yz)‘dyldyzdl

[(b1(y1) — A1) FT° (Y1)l

IK(z,91,92) — K(xq,y1,Y2)|

<< Z J
= |Q| “Qk 1 |2k+3\/7Q|2 2k+3\/ﬁQ)2\(2k+2\/ﬁQ)2
% |(ba(y2) = A2) 5 (y2)lw (27 %) dy: dyadz

< = 7LQ Dk+3 2 |(b ( ) _}\ ) ( )|
k | ¢ f | ( \/TQ) \(2k+2f71Q)2 yl 1 y]

x |(b2(y2) — A2)f5° (y2)lw (27 %) dy1dy
< Clballip, Mg, (f1) () [[b2][Lip, M1, (2) (%)

The proof of Lemma 3.2 is finished. O

Proof. First we assume that for some 0 < 6 < € < 1/2, we have

L

where f1, f, belong to C°.
By the assumption in Theorem 1.4, for 0 < 4 <1/2<q,1<p;1 < 1,1 <p2 < gz, and by Lemmas 2.1
and 3.2, we have

M; (Tm;(ﬂ, fz)) (X)’q dx < oo, (3.3)

M (T, (1, 12)) (x))qu <o, j=1,2, (3.4)

< C|[Ms (T (f1, f2))[ L

< CIME (T (f1, 2)) s

< ClforflLip, [102]lLipg, [IMe,p (T(f1, 2)) [ La
+ CHblHLipﬁl IMe,g, (Ta, (f1, f2))||La + C”bZHLipﬁZ||ME,BZ(T]})1(f1/f2))HLq
+ ClIballuip, IballLip, (M1, (f1)My,p, (f2)]|La-

” b fl/fZ ||Lq

For1/q =1/p—p/nand 1/p =1/p1 +1/p2, by Lemma 2.4 and Theorem 1.2, we have

[Me,g (T(f1, f2))||La < C|T(f1, f2)||e < Cl[f1||rer [|f2]lLr2.
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For1/q =1/q7 +1/495,1/q] =1/p1—B1/nand 1/q; = 1/p2 — B2/n, we get
Mg, (f1)Ma,, (f2)[[La < C[[Ma,g, (f1)l[} a7 [[M1,,(F2)[| a5 < ClIf1[lea[[f2]|Lr2-

For t > 0 with1/q =1/t —1/n, by Lemmas 2.1, 2.4, and 3.1, we obtain

IMe,p, (Ta, (f1, f2))[lLa < C[|TE, (f1, f2)|| Lt

< ClIM5 (T3, (f1, f2))[lr e
< CIME(TE, (1, £2)) e
C

HbZHLipB2{HMs,Bz(T(flrf2))HLt + HM(fl)Ma,ﬁz(fZ)HLt}-

N

For 1/t =1/p—B2/m,
[Me,g, (T(f1, f2))[|Le < C||T(f1, f2)|[Le < Cllf1|lre [[f2]|Lr2-

And for 1/t =1/p — B2/ = 1/p1+1/p2 — B2/n, denote 1/t = 1/p2 — B2/n, and by Lemma 2.4, we
have
IM(f1)Me g, (f2)[[Le < CIM(f1)[lLe1 [IMe, g, (f2) e < C[f1{e [[f2]] L2

Thus we get
IMe, 3, (T3, (F1, F2))|La < Cllb2|luip, [If1]lce 2]l ra.

Similarly we have
1M, 8, (To, (F1, F2))|La < ClIbt i, [1f1llee 2] re.

Then we have
ITrg (f1, f2) [l < ClfoallLip, [102]lLipy [Iflles [[f2][Le2-

In order to estimate (3.3) and (3.4), by the definition of M5, we only need to prove

J T2 (f1, £2) ()9 dx < oo,j T} (f1, f2) ()| %dx < 00,j = 1,2,

Rr )

For simplicity we only prove J']R“ |T}1)1 (f1, f2)(x)]9dx < co.

(e¢]
c

Case (i). Assume that by, by are bounded functions. Suppose supp f; C B(0,R;),j = 1,2, since f € C
for all x € B(0, Rj), we have |f;(x)| < C, then we get

J |T1131(f1/f2)(x)|qd7<<CHbl\goJ |T(f1/f2)(x)|qu+J T(b1f1, f2)(x)[Vdx
Rn Rn R®

X CVCH i q/49;3
<C||b1\:30(] fl(anldx) (J |f2(X)|q2dX>
R" n

i q/a; . qa/4;
+<J |b1(x)f1(x)|q1dx> (J |f2(X)|q2dX>
n ]Rn

.\ 9/a .\ 9/a3
<CHb1\§o<J f1(X)Iq1dX> <J |f2(X)|q2dX)
R™ n

. q/di X q/4;
< C\Ibl\&<J |f1(x)|q1dx) (j Ifz(x)lqzdx> <o
B(0,Rq) B(0,R,)

Thus when b1, b, are bounded functions, Theorem 1.4 holds true.
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Case (ii). For the general case, we will truncate the b; as follows

N, bi(x) > N,
bN(x) =< bi(x), [bi(x)| <N,
—N, bi(X) < —N,

where N is a non-negative integer. Observe that in our case
N
1057 lILipg, < ClIbs i, -

Denote by bN = (b, b)), then

e

Since fi, f, are smooth functions with compact support, modifying the argument in [15], one can obtain
that {T;pn (f1, f2)}_; converges pointwise almost everywhere to T, (f1,f2) as N — oo, and by Fatou’s
lemma we conclude that the theorem holds for this general case. O

q
Trgn (F1, f2) (%) | dx < Cllballfh, lIballd [1f1llTe (2l
Pp, Pg,

Proof of Theorem 1.5. For any cube Q, by the definition of Lipg_,, ., for any cube Q, we have

1
QR JQ Ty (1, £2)(2) — (Tyg (1, £2))gldz

2
< QBT | st f2)(2) —cldz = K.

Let xQ,f?, f;?",j = 1,2 and Q* be as in the proof of Lemma 3.1 and let A\; = (bj)g,j = 1,2. Setc =
¢1 + ¢ + c3, we have

C
S(F0,19) (2)ldz + jQ Toa (19, 13°)(2) — crldz

K< ¢ T,
|Q[1+Br/ntBa/n—1/p | 1 TT |Q[1+PB1/n+p2/n—1/p

C
(752, 8)(2) — caldz + JQ T (F°, 15°)(2) — caldz

+ ¢ T
|Q[I+P1/mtB2/n—1/p Jo T |Q[1+B1/n+B2/n—1/p

= Ky 4+ Ky + K3z + Ky.

For1 < g5 <n/Bj; <pj,j =1,2and q > 1 with1/q = 1/q1+1/92 — (B1+ B2)/n, it follows from
Holder’s inequality and Theorem 1.4 that

C 0 £0 1 1-1
|Q[L+B1/n+B2/n—1/p (JQ T (f 'fz)(Z”qu) Q'

C
<
= |Q|1+f31/n+f32/n—1/19

K <

QU [z < CliffmIfallre-

For the second term K,, we take ¢; = T((b; — Al)f(l), 5°)(xq), then we have

K < ompa Ry |, | Lo i 212 = A1) 0212 =R K= )61 41) w210
C
+ T jQ H *JW\Q*(bl(z) — A0 (b (y2) — A2 )K (2, §) 11 (y1)Fa(y2) g dz

C

+ R i i () =AMz, s 1) o) ]
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C
T QB /B 1/p

| H [T SIS SIIEE
Q * JRM\ Q*

—K(xq,§)lf1(y1)f2(y2)dy|dz

= Ko1 + Koo + Koz + Kog.

We first estimate Ky;. By (1.1) and (3.1), we have

A

: J
Q+ Jrm @+ (IZ—y1l+lz—y2)?"

Q|1+ B1/n+B2/n—1/p

Ko <

j |(b1(z)—xl)(bz(z)—xz)|J
Q
x [f1(y1)lif2(y2)ldy2dy dz

If2(y2)l
< CHblHLip[31 HbZHLipﬁZ|Q|1/p J If1(y1)ldys Z Lk”\FQ\zkﬂfQ m

< Clbrlluip, ballpg, 1QIP jQ* 1 (y1)ldys

" S PR £2(y2)Id
kZ_l|2k+3\/ﬁQ|2 ‘LkH\/ﬁQ\ZkH\/ﬁQ 2(y2)ldys

(o)
< Cliballuip, 1b2lip, [If1llees [If2][Le2 Y 2knimt/e)
k=1

< CllorlLip, [[02]lLip, [If1l[Lon |2l Le--
Since —1 — 32/n+n/p2 < 0, then by (1.1), (3.1), and (3.2), we have

C
< —
Koo < Q[T+ B1/mr B/ 1/p JQ [b1(z) — A1l

b — M| f
XJ J 1b2(y2) — A2llf1(y1)ll 2(y2)|dy1dy2dz
Q* Rn\Q*

(lz—y1l +lz—yol)?"

Cllb1llLip,, [[b2]lLip [f2(y2)|
< RPN J [f1(y1)ldys ZJ z—yzzdg
|Q|B2/n—1/p 23 /MQ\2K+2/mQ |y2—XQ| n—R2

< ClforllLip, [102]lLipy [Ifal[cen [[f2]|Le2 Z 2k (=A=/patBa/m)
k=1

< CHblHLipBl||b2||LipB2Hf1||Lp1 [f2]|Lp2-
Similarly, we have

Kas < Cl[balluipg lIb2llLip, [Ifallies [If2l[r2-

Now we estimate Kys. By using the assumptions (1.3), (3.1), (3.2) and noticing the fact 1 — f2/n +
1/p2 > 0, we have

Koy < C JJ J 1b1(y1) — Mllb2(y2) — A2llf1(y1)lIf2(y2)l
24 X |Q|1+f31/n+[32/n—1/p o Jor Jrmio- (Iz—yll—l—lz—yzl)zn

o z—xql
lz—y1l+ 1z—1y2

Clba [uip, b2 . fulyIif -
o Sloilup, 1/%2H ZJ flyifaluall o 2mx0l g, 4,0,
QI+B/m=1/p o Jqr &= b ymuakzymq (IxQ =2l B2 7 kg — 1ol

)dypdy1dz
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Cllo1]|Lip, [[b2]Li 00 x
B1 Ppy w27 J
< f d f d
Q|B2/n—1/7 JQ*| 1(y1)ldyy x ]; 253 QR B2/ s v nQ| 2(y2)ldy2

oo
< Clloalluip, Ib2llLipy [Ifillee If2llirs Y w(27€)27KnimP2/mr/p2)
k=1

< Clibaluipg, I21Lip,, 11 llLr[[fallLe-.
Thus
Ka < Cl[balluip, Ib2lluip, [If1llies [If2l[Lra-

And similarly, we have
Ks < Cllballuipg [Ib2lipy [If1llces [If2][r2-

Now we turn to estimate K4. We will use the scheme for the estimate of K4 which is similar to the
discussion for K;. For z € Q and by (3.1), after simple deductions, we have

I(b1(2) — A T(f°, (b2 — A2)f3°) (2) — ca1] < C|||b1||Lipﬁl|Q|B]/nT( 1%, (b2 = M) ) (2) — ezl

and
|(b2(z) — A2) T((b1 — A )FP%, f3°)(2) — 3ol < C|||b2||LipB2|Q|62/nT((b1 — M), £5°)(2) — c3al,
where c3 = —c31 — c32 + ¢33, and take
3 = CHblHLipBl|Q\Bl/nT( 7, (b2 = A2) %) (xQ),
ci = CllbalLip,, [QIP ™ T((br — M), 15°) (xq),
ez = T((b1 — AT, (ba — A2) ) (xq)-
Thus
K < o | ] (= A (a(2) ~ MK (2 1, 2 1) a2 e gz
QII+B1/n+B2/m=17p [ | | gy 02

C‘|b1HLipﬁl|Q|Bl/n
T QB /B /7 |

) Cllb2(Lip, [QIF2/™
QI Bi/ntBa/n1/p |

Q’ "o )z(bz(yz) _AZ)[K(Z/ULUZ)_K(XszlrUZ)]fl(Ul)fz(UZ)dyldyzle

| (b1 (y1) — A1) K(z, y1,42)
Q "J(R™M\Q*)?

—K(xq,y1,y2)lf1(y1)f2(y2)dy1dyz |dz

C
T QB /B 177 |

(b1(y1) — A1) (b2(y2) —A2)[K(z,y1,92)

Q ‘ J(R™M\Q*)?
—K(xq,y1,Yy2)If1(y1)f2(y2)dydyz|dz

= Ky + Kgp 4+ Kygz + Kyg.

For K41, by (1.1) and (3.1), we have

C If1(y1)lIf2(y2)l
b —M|lb —A
|Q1+B1/mtB2/n—1/p JQJ(]I{“\Q*)2| 112) = Aulfoa(z) 2|(|Z—Ul|+\l—yz|)2“

> [f1(ya)|
< Cllb1lLip. [1b2]Lip, 1QIP J v —xom &
Folipg 1021hipg, QPP D |, s i o1 — vl ¥

Ky <

dyidy,dz
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% ZJ If2(y2)| dys

2143 /MQ\2+2/mQ [y, — XQ n

o0 o0
< Clloulluipy, b2llip, [If1l[ee [[f201r2 Q1Y Y~ 2552 vnQI=/Pr } - 23 /nQl~ /P2

k=1 i=1
< Cliballuipg b2lLipg, [If1llLes [If2][Lr2-

Since 0 < B2/n—1/p2 < B/n—1/p, it follows from (1.2), (3.1), and (3.2) that

f1(y1)l
Ky < C|b b B2/mt1/p § J Rl
2 < C 1||L1p[3 I 2HL1pB QI S gt /g 1 — QI Y1

|f2(92)| i
X 27 Yd
ZJ21+3fQ\21+2fQ |1:12—XQ|TL B ol Jdy2

< Cliballuip,, 102lLip,, [If1llees [If2][ce: Z 243 ymQI/PQt/
k=1

x Y w(27 2N ynQ|Pe/ /P QT R/ P

< Cl[oalluipg lb2llip,  [llee 2l 3 (2 an(Ba/m1/m)
i=1

< Clfba|Lip, [[o2llLip,, [If1l[cen [[2]lee Zw H2inB/m=1/p)
i=1

< Cliballip, [102]lLip,, [[f1llees [[f2[Lea.

Similarly, we have
Kis < ClJbulluip, [ID2lluipg lIfylle: [[f2][Le2-

Now we turn to estimate Ky4, by (3.2) and (1.2), we obtain

Cl[bal[Lip,, [1o2]les f f z—x
4 < |Q|ﬁl/f—t}32/n—lf£ ZJZkaQ N (2RO (|y2| i%gd;}yéz'ﬁz w(||y2 XQ||) y1dyz

< CllbalLip, [[o2/lLip,, [If1l[ce: [ 2]l e Zw k)2 (1/p=B1/n=Bz/m)
k=1

< Cliballuip, 102lLip,, [If1llees [If2][ce: Z w(2~ )k B/m/p)
k=1

< Cliballuipg [1o2lLipy, [[f1llees [[f2][Lra-
Thus we finish the proof of Theorem 1.5. O

Proof of Theorem 1.6. We will use the same discussion as in Lemma 3.1, for z € Q, let xq, f?, f;’o,j =1,2, Q*
be as in the proof of Lemma 3.1 and let A; = (bj)g,j = 1,2. Similar to the proof of Lemma 3.2, we have

QBT J [TnstF1,72)2)~ (g1 ) o d=

)
<o | [Tstfuf2)(z) - c|dz
Qe Jo s |
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o | (a2 A oalz) T, ) (212

< J—

|Q|1+[3/TL Q
C

+ i ), |(02(2) = M)Te (1 2)2) c1|dz
c 7

+ g |, (0@ = ATE 1, £2)(z) — eafdz
e

QI 0 T((b1—7\1)f1,(b2—7\2)fz)(2)—Csldl

=L+ L+ L3+ Ly,

where ¢ = ¢1 + ¢ +c3.
First we estimate L;. For 1 < r < p and then by (3.1), we have

L1 < Cliballuip 12][Lip,, M (T(f1, f2)) (x).

Next we estimate L,. We will use the same method in the proof of K4 in Theorem 1.5,

C
b2 S QiR JQ b2 ipy [QIP*/ T3, (1, 2)(2) —ef |z
Since
T (f1,f2)(2) = (b1(z) — M) T(f1, f2)(z) — T((by — A1), £3)(2)

— RZn(bl(yl) — M) (Y1) (y2)K(z,y1,92) dyr dyz

= | (b1(y1) — M) (Y1) 5 (y2)K(z, Y1, y2) dyr dyz

" e (b1(y1) — M) (Y1) (y2)K(z,y1, y2) dyr dyo.
Take

ci = [Dalipy JQIPY/™ | (ba(yr) AR 1)y Kl v, o)y

R2n

+ HbZHLipBZ|QBZ/nJ (b1(y1) — M) (y1)f5° (y2)K(xq, y1,y2) dy1 dya

R2n

+ HbZHLipﬁ2|QBZ/nJ (b1(y1) — A7 (Y1) 27 (Y2)K(xqQ, Y1, y2) dy1dys.

R2n

It follows that

Cl[b2||Lip,, Cl[b2||Lip,,

2 < QI B/
Cl[o2lLip,
QIR Jq | Jren

+CHb2HLip52 Ol
QIR i | Jren
+CHb2”Lip32 [
QB Jq

dIRZn
:= Loy + Lop + Log + Log + Los.

JQ (o1(2) = M) T(y, 2) (2)de + e JQ T((b1 =AY, ) (2)ldz

(b1(y1) — M)FS (Y1) 5° (Y2) [K(z,y1,Y2) — K(xq, y1,y2)ldy1dy»

(b(y1) — M) (Y1) (y2) K(z,y1,y2) — K(xqQ, Y1, y2)ldy1dys

(b1(y1) — A (Y1) (y2) K(z, Y1, y2) — K(xqQ, y1,y2)ldy1dy;

dz

dz

dz
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We make use of Lemma 2.1 and Holder’s inequality for 1 < r < p, then we get

1 A\ U
La1 < Cfbal|Lip, <W’1/“H JQ b1(z) =Ml dZ) <|Q| JQ |T(f1,f2)(7~)|rdl>
< Clfbuluip, [Ib2llLip, M (T(f1, £2)) (x)-

Take 1 < q1 < p1,1 < g2 < prand 1 < q < oo, such that 1/q = 1/q; +1/q2, then by Holder’s
inequality, Theorem 1.2, and (3.1), we get

Cl[b||Lip,,

1/q

<A 1 _ 0 (0 q
2 S |Q|B1/n+1/q <JQ IT((b1 —Aq)f7, f3)(2)] dz)
Cl[b2]lLip
B

< gt/ o1 = Al e

CllbyllLip,, Ib2lLip,,
= Q|1/4

< Clballuip,, 12]lLip,, Mg, (1) (X)Mag, (f2) (x).

0 0
195 Lo (2] Lo

For y> € (Q*)€, ly2 —xql ~ ly2 —zl, lz—xgl < |y227—z| < %max{lz—yll, |z —yal}, then by (1.2) and (3.2), we

have
Cllbal[Lip,,
T

Cl[o2]|Lip,, ol J J J | 1B1If; (y1) 12 (o)l
— Pl Y1 —x oI
QUF+Fr/m TR o Jo- o :

J J J(Q) Ib(y1) —MllIf1(y)lIf2(y2)lIK(z,y1, y2) — K(xq, Y1, y2)ldy2dy 1 dz
QJor JiQue

N

x [K(z,y1,92) — K(xQ,y1,y2)|dy2dyidz
CHbZHLip Aly; — B1
By _ y1 —xql
rer i, [ [ g ISR
|z —xql
lz—y1l+ 1z—1y2

Cllb2]lLip £ ( _
By 1(y)lIf2(y2)l lz—xql
———2|bq]|l14 X W )dy,dydz
Qrpim |1P1llipg, JQJQ*LQ*)C (lz—y1l+ [z — yal 2P =il +lz—yal 2!

C J J J If2(y2)l lz—xq]
— b1l bs |1 f | w )
|Q|H llLip, lIb2(Lip, 0 Q*| 1(y1) onre e~y e =ua

1
< Crgiloalpg, o2l jQ jQ* 1(y1)l

N

X w( Jdyzdy1dz

N

dy,dy1dz

N

o0
« J 1£2(y2) 125 VRQI 2w(2 ) dyzdy; dz
=1 2k+3\/ﬁQ \2k+2 \/EQ

1
< ClbalfLip,, HbZHLipBZ@ JQ* [f1(y1)ldy

ad 1
X 2k 1w(27k J f d
1;1|QH QI w( )\2k+3\/ﬁQ| 2k+3\/ﬁQ| 2(y2)ldy2

— 1
< i i o2 = f
CHblHLpBl’bZHLPBZM(fl)(X)kZ_lz w( )|2‘<+3\/HQ| LM\/EQI 2(ya)ldyz

< Cliballip, [102|Lip, M(f1) (x)M(f2) (x).
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Employing the same idea for the proof of L3, with some minor changes, we may get
Log < Cllbafluip, [1D2]|Lip, M(f1)(x)M(f2) (x).
Since y1,y2 € (Q*)¢, z € Q, we have [y; —xqgl ~ [z—yi1l, |z —y2| ~ [y2 —xgl. Then by (1.2) and (3.2), we
obtain

) <C||b2”LiPBzJ J J [b1(y1) — M lIfa (Y1)l (y2)]
< P2 1y1) —Alifa (Y1 )lit2(y2
IQIMHB/™ Jo Jigeye Jge)e

x [K(z,y1,92) — K(xQ,Y1,Y2)ldy2dy,dz

Cl/b1|lLip, [Ib2lLi
Bl pﬁzJ' J J ’
< ly1 —xolP1f1(y1)lIf2(y2)l
QL +B1/n QJ@ne Jiqre Q

x [K(z,91,Y2) — K(xqQ, Y1, Y2)ldy2dy1dz

e ”bZHLipBZJ [ ] i) Aly1 — xql™"
A Q|1+B1/m QJ(Qn)e J(Qr)e (lz—yil+lz—yo|)?™
ca(— Xl 4 ayde

lz—yil+1z—y2l

CllbrllLipg, I2lluipy, fly)lifa(y2)l 2= xql
< . g Wl Jdy1dyzdz
|Q[L+B1/n Q JrvQe2 (ly1 —x@P2 P17 [z—yq]
CllballLip, b2l i f f _
< lPl’rsl ipg, J' ZJ’ If1(y1)ll 22(93)[L w(|Z XQ')dyldyzdz
QI +P1/m Q 5 J @y @2ymQp (Y1 —xgl)*n 2=yl

= kB (2 k)

< Clblluip, 02llip, Y S5 =am 11 (y1)lIf2(y2)ldy: dy,
b b2 &= 283 /nQ|

J'2k+3\/ﬁQ J'2k+3\/ﬁQ
< CllballLipg [102(Lip,, M(F1) (x)M(f2) (x).

In conclusion, it follows from the estimates for Ly, Loy, L3, Log, L5 that
L2 < Cllbi uipy, Iballuip,, {Mr(T(F1, £2)) () + Mg, (1) ()M (£2) () + M(F2) OM(£2) () }.
And similarly, we have
L3 < CHblHLipBl HbZHLipBZ {MT‘(T(flleJ)(X) + My, (f1)(x)Mg, (f2) (x) + M(fl)(X)M(fz)(X)}-
Since the estimate for L4 is similar to the discussion in L,5, then we have
L < Cllballuipg, balluip,, { M (T(F1, £2))(x) + Ma, (1) ()M, (£2) () + M(F1) (IM(F2) () }.
Thus

|Q|1‘|1‘f3/“ JQ ’Tng(fl,ﬁ)(l) — (Thg(fi, f2))Q|dz

< Cllolluipy, 102 l1Lip,, { M (T(F, £20)(0) 4+ Mg, (F1) ()M, (£2) () + M) (OM(£2) () }.

Sincel <r<pandl < q; <p1,1< g2 <py then by Minkowski’s inequality and Theorem 1.2, we
arrive at

[ Trg (f1, f2) Hpgm

~ H o w JQ \Tng(fllfz)(zJ - (Tng(fl,fz))Q\dzHLp
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<

<

Clib1llLip,, Hb2HLipf52{”MT(T(‘CLfZ))”U’ + Mg, (f1)Mq, (f2)[[Lr + ||M(f1)(X)M(f2)(X)HLP}

ClIb1l[Lip,, HbZHLipBZ{”T(fler))HLP +[[Mq, (f1) [l [[Mq, (f2) [ ez + [[M(f1)[|Lpy ||M(f2JHLPz}

< CliballLipg [1b2llLipg, [If1llee: [[f2lLea-

Thus we finish the proof of Theorem 1.6. O
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