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1. Introduction and preliminaries

Let A represent the class of analytic functions f defined in the unit disc E = {z : |z| < 1} and given by

f(z) = z+

∞∑
n=2

anz
n. (1.1)

Also let S, be the well-known subclass of A consisting of functions which are univalent. An analytic
function f is said to be subordinate to another analytic function g, written as f ≺ g, if there exists
a Schwarz function w which is analytic in E with w(0) = 0 and |w(z)| < 1, for all z ∈ E, such that
f(z) = g(w(z)), z ∈ E. If g is univalent in E then f ≺ g if and only if f(0) = g(0) and f(E) ⊂ g(E).

Let P denote the class of analytic functions of the form

p(z) = 1 +

∞∑
n=1

pnz
n,

defined on unit disk E and satisfying p(0) = 1 and Re{p(z)} > 0, for all z ∈ E. See [3] for more details on
class P.

Let P[A,B] denote the class of analytic functions p defined on E with the representation

p(z) =
1 +Aw(z)

1 +Bw(z)
,
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where w(0) = 0, |w(z)| < 1. We say that p ∈ P[A,B] if and only if

p(z) ≺ 1 +Az

1 +Bz
,

where −1 6 B < A 6 1. Geometrically, a function p(z) ∈ P[A,B] maps the open unit disk E onto the disk
defined by the domain

Ω[A,B] =
{
w :

∣∣∣∣w−
1 −AB

1 −B2

∣∣∣∣ < 1 −AB

1 −B2

}
.

The relation between the classes P and P[A,B] is expressed as follows:

p(z) ∈ P ⇔ (A+ 1)p(z) − (A− 1)
(B+ 1)p(z) − (B− 1)

∈ P[A,B].

The class P[A,B] was introduced by Janowski [4], see also [12]. Kanas and Wisniowska [7] introduced and
studied the class of k-uniformly convex functions denoted by k- UCV and the class of k-starlike functions
denoted by k-ST . These classes were defined subject to the conic region Ωk given by

Ωk =

{
u+ Iv : u > k

√
(u− 1)2 + v2,u > 0

}
,

where k ∈ [0,∞) is a parameter and its suitable values represent right half plane for k = 0, hyperbola for
0 < k < 1, a parabola for k = 1 and ellipse for k > 1.

Kanas and Wisniowska [7] showed that the extremal functions pk(z) for conic regions are convex
univalent and given by

pk(z) =



1 + z

1 − z
, k = 0,

1 +
2

1 − k2

[
2
π
(arccosk)arctanh

√
z

]
, 0 < k < 1,

1 +
2
π2

(
log

1 +
√
z

1 −
√
z

)2

, k = 1,

1 +
2

k2 − 1

sin

 π

2R(t)

u(z)√
t∫

0

1√
1 − x2

√
1 − (tx)2

dx

− 1

 , k > 1,

(1.2)

where R(t) is the Legendre’s complete elliptic integral of the first kind with R ′(t) =
√

1 − t2 as its comple-

mentary integral, u(z) = z−
√
t

1−
√
tz

, t ∈ (0, 1) and z ∈ E is chosen in such a way that k = cosh
(
πR ′(t)

R(t)

)
.

The function pk(z) in [5] is given as pk(z) = 1 + δ1z+ δ2z
2 + · · · , where

δk =



8(arccos(k))2

π2(1 − k2)
, 0 < k < 1,

8
π2 , k = 1,

π2

4
√
t(k2 − 1)R2(t)(1 + t)

, k > 1.

(1.3)

A function p is said to be in the class k-P[A;B], 1 6 B < A 6 1, k > 0, if and only if,

p(z) ≺ (A+ 1)pk(z) − (A− 1)
(B+ 1)pk(z) − (B− 1)

,
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where pk(z) is defined in (1.2), see [10].
Let i be a positive integer. A domain D is said to be i-fold symmetric if a rotation of D about the

origin through an angle 2π/i carries D onto itself. A function f is said to be i-fold symmetric in E if for
every z in E

f
(
e2πI/iz

)
= e2πI/if(z),

where I represents the imaginary unit. i-fold symmetric functions are denoted by S(i) and for i = 2 we
get the class of the odd univalent functions. The notion of (j, i)-symmetrical functions (i = 2, 3, · · · ; j =
0, 1, 2, · · · , i− 1) is a generalization of the notions of even, odd, i-symmetrical functions and also general-
izes the well-known result that each function defined on a symmetrical subset can be uniquely expressed
as the sum of an even function and an odd function. The theory of (j, i)-symmetrical functions has many
interesting applications, for instance in the investigation of the set of fixed points of mappings, for the
estimation of the absolute value of some integrals, and for obtaining some results of the type of certain
uniqueness theorem for holomorphic mappings [9].

For ε = exp
(

2πI
i

)
, (i = 2, 3, · · · ; j = 0, 1, 2, · · · , i− 1), where i > 2 is a natural number, a function

f : E→ C is called (j, i)-symmetric if
f(εjz) = εjf(z), z ∈ E,

the family of all (j, i)-symmetrical functions is denoted be S(j,i). Also S(0,2), S(1,2), and S(1,i) are called
even, odd, and i-symmetric functions respectively. For Janowski type functions associated with k-
symmetric points, see [8].

We have the following decomposition theorem.

Theorem 1.1 ([9]). For every mapping f : E → C and D being an i-fold symmetric set, there exists exactly a
unique sequence of (j, i)-symmetrical functions fj,i(z) as in the form below

f(z) =

i−1∑
j=0

fj,i(z). (1.4)

From (1.4), we have

fj,i(z) =
1
i

i−1∑
ν=0

ε−νjf(ενz) =
1
i

i−1∑
ν=0

ε−νj

( ∞∑
n=1

an(ε
νz)n

)
,

then

fj,i(z) =

∞∑
n=1

ψnanz
n,a1 = 1

where ε = exp
(

2πI
i

)
, (i = 2, 3, · · · ; j = 0, 1, 2, · · · , i− 1), where i > 2 is a natural number and for l ∈N0

ψn =
1
i

i−1∑
ν=0

ε(n−j)ν =

{
1, n = li+ j,
0, n 6= li+ j, (1.5)

where (f ∈ A, i = 1, 2, · · · ; j = 0, 1, 2, · · · i− 1).
Al-Sarari and Latha [2] defined the following class using the concepts (j, i)-symmetric functions.

A function f is said to be in the class k-V(j,i)[A,B], k > 0, −1 6 B < A 6 1, if and only if

Re

(B− 1)zf
′(z)

fj,i(z)
− (A− 1)

(B+ 1)zf
′(z)

fj,i(z)
− (A+ 1)

 > k

∣∣∣∣∣∣
(B− 1)zf

′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)

fj,i(z)
− (A+ 1)

− 1

∣∣∣∣∣∣ .
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Lemma 1.2 ([11]). Let h(z) = 1 +
∑∞
n=1 cnz

n ∈ P[A,B]. Then

|cn| 6 |δAB|, |δAB| =
(A−B)|δk|

2
,

where δk is defined by (1.3).

The purpose of this paper is to define a new class of functions by using the concepts of (j, i)-symmetric
functions and Janowski functions in conic regions. Certain interesting coefficient inequalities are also
discussed.

2. Main results

Let us now extend the idea of Al-Sarari and Latha [2] to define the class k-G(j,i)[λ,A,B].

2.1. The class k-G(j,i)[λ,A,B]
A function f is said to be in the class k-G(j,i)[λ,A,B], k > 0, −1 6 B < A 6 1, if and only if

Re

(B− 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)

 > k

∣∣∣∣∣∣
(B− 1)zf

′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

∣∣∣∣∣∣ . (2.1)

For λ = 0 we have the following special cases of the class k-G(j,i)[λ,A,B]:

(i) k-G(1,i)[0,A,B]= k-ST [A,B, i], the classes introduced by Al-Sarari and Latha [1];

(ii) k-G(1,1)[0,A,B]=k-ST [A,B], the classes introduced by Noor and Malik [11];

(iii) k-G(1,1)[0, 1,−1]=k-ST , the well-known classes introduced by Kanas and Wisniowska [6].

Theorem 2.1. A function f ∈ A and of the form

f(z) = z+

∞∑
n=2

anz
n

is in the class k-G(j,i)[λ,A,B] if it satisfies the condition

∞∑
n=2

[2(k+ 1)|ψn −n− λn| + |n(B+ 1) + λ(B+ 1)n(n− 1) − (A+ 1)ψn|] |an|

< |(B+ 1) − (A+ 1)ψn|− 2(k+ 1)|ψn − 1|,

k > 0, −1 6 B < A 6 1 and ψn is defined in (1.5).

Proof. As

Re

(B− 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)

 > k

∣∣∣∣∣∣
(B− 1)zf

′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

∣∣∣∣∣∣ ,
we have

Re

 (B− 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
+ 1 − 1

 > k

∣∣∣∣∣∣
(B− 1)zf

′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

∣∣∣∣∣∣ ,
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k

∣∣∣∣∣∣
(B− 1)zf

′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

∣∣∣∣∣∣− Re

 (B− 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

 < 1.

Consider L.H.S

6 k

∣∣∣∣∣∣
(B− 1)zf

′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

∣∣∣∣∣∣+
∣∣∣∣∣∣
(B− 1)zf

′(z)+λz2f ′′(z)
fj,i(z)

− (A− 1)

(B+ 1)zf
′(z)+λz2f ′′(z)
fj,i(z)

− (A+ 1)
− 1

∣∣∣∣∣∣
= (k+ 1)

∣∣∣∣(B− 1)[zf ′(z) + λz2f ′′(z)] − (A− 1)fj,i(z)
(B+ 1)[zf ′(z) + λz2f ′′(z)] − (A+ 1)fj,i(z)

− 1
∣∣∣∣

= (k+ 1)
∣∣∣∣(B− 1)[zf ′(z) + λz2f ′′(z)] − (A− 1)fj,i(z)
(B+ 1)[zf ′(z) + λz2f ′′(z)] − (A+ 1)fj,i(z)

−
(B+ 1)[zf ′(z) + λz2f ′′(z)] − (A+ 1)fj,i(z)
(B+ 1)[zf ′(z) + λz2f ′′(z)] − (A+ 1)fj,i(z)

∣∣∣∣
= (k+ 1)

∣∣∣∣ −2[zf ′(z) + λz2f ′′(z)] + 2fj,i(z)
(B+ 1)[zf ′(z) + λz2f ′′(z)] − (A+ 1)fj,i(z)

∣∣∣∣
= 2(k+ 1)

∣∣∣∣ fj,i(z) − [zf ′(z) + λz2f ′′(z)]

(B+ 1)[zf ′(z) + λz2f ′′(z)] − (A+ 1)fj,i(z)

∣∣∣∣ .

(2.2)

Now, observe that

zf ′(z) = z+

∞∑
n=2

nanz
n, (2.3)

and

z2f ′′(z) =

∞∑
n=2

n(n− 1)anzn. (2.4)

Putting (1.1), (2.3), and (2.4) in (2.2), we get

= 2(k+ 1)
∣∣∣∣ ∑∞

n=1ψnanz
n − [z+

∑∞
n=2 nanz

n + λ
∑∞
n=2 n(n− 1)anzn]

(B+ 1)[z+
∑∞
n=2 nanz

n + λ
∑∞
n=2 n(n− 1)anzn] − (A+ 1)

∑∞
n=1ψnanz

n

∣∣∣∣
= 2(k+ 1)

∣∣∣∣ ψ1z+
∑∞
n=2ψnanz

n − z−
∑∞
n=2 nanz

n − λ
∑∞
n=2 n(n− 1)anzn

(B+ 1)[z+
∑∞
n=2 nanz

n + λ
∑∞
n=2 n(n− 1)anzn] − (A+ 1)ψ1z− (A+ 1)

∑∞
n=2ψnanz

n

∣∣∣∣
= 2(k+ 1)

∣∣∣∣ (ψ1 − 1) z+
∑∞
n=2[ψn −n− λn(n− 1)]anzn

[(B+ 1) − (A+ 1)ψ1]z+
∑∞
n=2[(B+ 1)n+ λ(B+ 1)n(n− 1) − (A+ 1)ψn]anzn

∣∣∣∣ .
Now, using triangle inequality we have

6 2(k+ 1)
[

|ψ1 − 1|+
∑∞
n=2 |ψn −n− λn(n− 1)||an|

|(B+ 1) − (A+ 1)ψ1|−
∑∞
n=2(B+ 1)n+ λ(B+ 1)n(n− 1) − (A+ 1)ψn|an|

]
.

The last expression is bounded by 1, then

∞∑
n=2

[2(k+ 1)|ψn −n− λn(n− 1)|+ |(B+ 1)n+ λ(B+ 1)n(n− 1) − (A+ 1)ψn|] |an|

< |(B+ 1) − (A+ 1)ψ1|− 2(k+ 1) |ψ1 − 1| ,

which completes the proof.

For λ = 0 and j = 1 in the above theorem we get the following result given by [1].
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Corollary 2.2. A function f ∈ A and of the form (1.1) is in the class k-ST [A,B,N] if it satisfies the following
inequality

∞∑
n=2

[2(k+ 1)(n− σN(n)) + |(B+ 1)n− (A+ 1)|] |an| < |(B−A)|,

where σN(n) is given by

σN(n) =

{
1, if n = lN+ 1,
0, if n 6= lN+ 1,

and −1 6 B < A 6 1 and k > 0.

Putting j = i = 1 and λ = 0, we have the following known results proved by Noor and Malik [11].

Corollary 2.3. A function f ∈ A and of the form (1.1) is in the class k-ST [A,B] if it satisfies the condition

∞∑
n=2

[2(k+ 1)(n− 1)|n(B+ 1) − (A+ 1)|] |an| < |B−A|,

where −1 6 B < A 6 1 and k > 0.

For j = i = A = −B = 1 and λ = 0, we have the following results given by Kanas and Wisniowska [6].

Corollary 2.4. A function f ∈ A and expressed in form (1.1) is in the class k-ST , if it satisfies the condition

∞∑
n=2

[n+ k(n− 1)] |an| < 1.

Theorem 2.5. A function f ∈ A and of the form

f(z) = z+

∞∑
n=2

anz
n

is in the class k-G(j,i)[λ,A,B] if it satisfies the condition

|an| 6
n−1∏
h=1

|δk(A−B) − 2(h−ψh − λh(h− 1))B|
2(h+ 1 −ψh+1 − λh(h− 1))

,

where n > 2, k > 0, −1 6 B < A 6 1 and δk,ψn are defined respectively in (1.3) and (1.5).

Proof. By definition (2.1)
zf ′(z) + λz2f ′′(z)

fj,i(z)
= p(z),

where
p(z) ∈ k− P[A,B],

then we have the following expression

zf ′(z) + λz2f ′′(z) = fj,i(z)p(z).

Since p(z) = 1 +
∑∞
n=1 cnz

n, therefore we have

zf ′(z) + λz2f ′′(z) = fj,i(z)

(
1 +

∞∑
n=1

cnz
n

)
.
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Now

f ′(z) = 1 +

∞∑
n=2

nanz
n−1 ⇒ zf ′(z) = z+

∞∑
n=2

nanz
n.

We know that

f ′′(z) =

∞∑
n=2

n(n− 1)anzn−2 ⇒ z2f ′′(z) =

∞∑
n=2

n(n− 1)anzn.

Also

fj,i(z) =

∞∑
n=1

ψnanz
n,a1 = 1.

Thus, we get the following equations

z+

∞∑
n=2

nanz
n + λ

∞∑
n=2

n(n− 1)anzn =

∞∑
n=1

ψnanz
n

(
1 +

∞∑
n=1

cnz
n

)
,

z+

∞∑
n=2

nanz
n + λ

∞∑
n=2

n(n− 1)anzn =

∞∑
n=1

ψnanz
n +

∞∑
n=1

ψnanz
n
∞∑
n=1

cnz
n,

(1 −ψ1)z+

∞∑
n=2

nanz
n + λ

∞∑
n=2

n(n− 1)anzn −

∞∑
n=2

ψnanz
n =

∞∑
n=1

ψnanz
n
∞∑
n=1

cnz
n,

(1 −ψ1)z+

∞∑
n=2

[n+ λn(n− 1) −ψn]anzn =

∞∑
n=1

ψnanz
n
∞∑
n=1

cnz
n.

By using Cauchy product formula on R.H.S above we get

(1 −ψ1)z+

∞∑
n=2

[n+ λn(n− 1) −ψn]anzn =

∞∑
n=1

[
n−1∑
h=0

ψhahcn−h

]
zn.

By equating coefficients of zn in the last expression above, we have

[n+ λn(n− 1) −ψn]an =

n−1∑
h=0

ψhahcn−h, a1 = ψ1 = 1.

Taking modulus of the above equation we have

[n+ λn(n− 1) −ψn] |an| 6
n−1∑
h=0

ψh|ah||cn−h|, |an| 6
1

[n+ λn(n− 1) −ψn]

n−1∑
h=1

ψh|ah||cn−h|.

Here by using Lemma 1.2 we get the following inequality

|an| 6
|δk|(A−B)

[n+ λn(n− 1) −ψn]

n−1∑
h=1

ψh|ah|. (2.5)

Now we prove that

|an| 6
|δk|(A−B)

2 [n+ λn(n− 1) −ψn]

n−1∑
h=1

ψh|ah| 6
n−1∏
h=1

|δk(A−B) − 2(h−ψh + λh(h− 1))B|
2(h+ 1 −ψh+1 + λh(h− 1))

. (2.6)
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For this, we use the induction method. Putting n = 2 in (2.5), we have

|a2| 6
|δk|(A−B)

[2 + 2λ(2 − 1) −ψ2]
=

|δk|(A−B)

[2 + 2λ−ψ2]
.

From (2.6) we have

|a2| 6
|δk|(A−B)

[2 + 2λ−ψ2]
6
n−1∏
h=1

|δk(A−B) − 2(1 −ψ1)B|

2(2 −ψ2)
.

Since ψ1 = 1 we get

|a2| 6
|δk(A−B)|

2(2 −ψ2)
.

Putting n = 3 in (2.5) we have

|a3| 6
|δk|(A−B)

2(3 −ψ3 + 3λ(3 − 1))
[1 +ψ2|a2|] , |a3| 6

|δk|(A−B)

2(3 −ψ3 + 6λ)

[
1 +ψ2

|δk|(A−B)

2(2 −ψ2)

]
.

Now, from (2.6) we get

|a3| 6

[
|δk(A−B)|

2(2 −ψ2 + 2λ)

] [
|δk(A−B) − 2(2 −ψ2 + 2λ)B|

2(3 −ψ3 + 6λ)

]
,

|a3| 6

[
|δk|(A−B)

2(2 −ψ2 + 2λ)

] [
|δk|(A−B) + 2(2 −ψ2 + 2λ)

2(3 −ψ3 + 6λ)

]
,

|a3| 6

[
|δk|(A−B)

2(3 −ψ3 + 6λ)

] [
|δk|(A−B)

2(2 −ψ2 + 2λ)
+ 1
]

.

Let the hypothesis be true for n = m, then from (2.5) we have

|am| 6
|δk|(A−B)

2(m−ψm + λm(m− 1))

m−1∑
h=1

ψh|ah|, a1 = ψ1 = 1.

From (2.6) we have

|am| 6
m−1∏
h=1

|δk(A−B) − 2(h−ψh + λh(h− 1))B|
2(h+ 1 −ψh+1 + λh(h− 1))

.

Using modulus properties we get

|am| 6
m−1∏
h=1

|δk|(A−B) − 2(h−ψh + λh(h− 1))
2(h+ 1 −ψh+1 + λh(h− 1))

.

By the induction hypothesis, we have

|δk|(A−B)

2(m−ψm + λm(m− 1))

m−1∑
h=1

ψh|ah| 6
m−1∏
h=1

|δk|(A−B) − 2(h−ψh + λh(h− 1))
2(h+ 1 −ψh+1 + λh(h− 1))

.

Multiplying both sides of above expression by |δk|(A−B)+2(m−ψm+λm(m−1))
2(m+1−ψm+1+λm(m−1)) , we get

|δk|(A−B) + 2(m−ψm + λm(m− 1))
2(m+ 1 −ψm+1 + λm(m− 1))

×
m−1∏
h=1

|δk|(A−B) + 2(h−ψh + λh(h− 1))
2(h+ 1 −ψh+1 + λh(h− 1))
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>
|δk|(A−B) + 2(m−ψm + λm(m− 1))

2(m+ 1 −ψm+1 + λm(m− 1))
× |δk|(A−B)

2(m−ψm + λm(m− 1))

m−1∑
h=1

ψh|ah|,

m∏
h=1

|δk|(A−B) + 2(h−ψh + λh(h− 1))
2(h+ 1 −ψh+1 + λh(h− 1))

>
|δk|(A−B)

2(m−ψm + λm(m− 1))

[
|δk|(A−B) + 2(m−ψm + λm(m− 1))

2(m+ 1 −ψm+1 + λm(m− 1))

]m−1∑
h=1

ψh|ah|

=
|δk|(A−B)

2(m+ 1 −ψm+1 + λm(m− 1))

[
|δk|(A−B)

2(m−ψm + λm(m− 1))

m−1∑
h=1

ψh|ah|+

m−1∑
h=1

ψh|ah|

]

>
|δk|(A−B)

2(m+ 1 −ψm+1 + λm(m− 1))

[
ψm|am|+

m−1∑
h=1

ψh|ah|

]

=
|δk|(A−B)

2(m+ 1 −ψm+1 + λm(m− 1))

[
m∑
h=1

ψh|ah|

]
.

Therefore,

|δk|(A−B)

2(m+ 1 −ψm+1 + λm(m− 1))

[
m∑
h=1

ψh|ah|

]
6

m∏
h=1

|δk|(A−B) + 2(h−ψh + λh(h− 1))
2(h+ 1 −ψh+1 + λh(h− 1))

,

which shows that the inequality is true for n = m+ 1. Hence (2.6) is true, i.e.,

|an| 6
|δk|(A−B) + 2(h−ψh + λh(h− 1))

2(h+ 1 −ψh+1 + λh(h− 1))
,

which completes the proof.

For λ = 0, j = i = 1 in above theorem we have the following results, proved by Noor and Malik [11].

Corollary 2.6. For n > 2,−1 6 B < A 6 1,k > 0, f ∈ k-ST [A,B,N] is expressed in (1.1), then

|an| 6
n−2∏
j=0

|δk(A−B) + 2jB|
2(j+ 1)

.
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