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Abstract

In this paper, a similar equality which is given in [C. Yildiz, M. E. Ozdemir, M. Z. Sarikaya, Kyungpook Math. J., 56 (2016),
161-172] is proved by using different symbols and impressions. By using this equality, some new fractional integral inequalities
for s-convex functions are obtained. Also, some applications to special means of positive real numbers are given. If the o« =1
is taken, our results coincide with the results given in [E. Set, M. E. Ozdemir, M. Z. Sarikaya, Facta Unv. Ser. Math. Inform., 27
(2012), 67-82] so our results are more general from the results given there. (©2017 All rights reserved.
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1. Introduction
The following result is known in the literature as Ostrowski’s inequality [14].
Theorem 1.1 ([6]). Lef f : [a,b] — R be a differentiable mapping on (a, b) with the property that |f' (t)| < M for
allt € (a,b). Then )
L s ] (1.1)

g(b_a)M 4 (b_a)z

b
f(x)—biaJ f(t) dt

forall x € [a,b].

The constant } is the best possible, it means that it cannot be replaced by a smaller constant.
The inequality (1.1) can be expressed in the following form:

(1.2)

1 b
— <
f(x) Jaf(t) dt S >

—a

M [(x—a)z—i-(b—x)z]
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These inequalities give an upper bound for the approximation of the integral average fz f(t)dt
by the value f (x) at point x € [a, b]. In recent years, many researchers have studied inequalities (1.1) and
(1.2), for instance see [1, 2, 6,7, 9, 10, 12, 13, 15-17].

In [8], Hudzik and Maligranda introduced the class of s-convex functions as follows.

Definition 1.2. A function f: [0,c0) — R is said to be s-convex in the second sense if
ftx+(1—t)y) <t5F(x)+ (1—t)°f(y)
for all x,y € [0,00), t € [0,1] and for some fixed s € (0, 1].

It is easily seen that for s = 1, s-convexity becomes the ordinary convexity of functions defined on
[0, c0).

In [5], Dragomir and Fitzpatrick presented the Hermite-Hadamard inequalities for s-convex functions
in the second sense as follows.

Theorem 1.3. Suppose that f : [0,00) — [0, 00) is a s-convex in the second sense, where s € (0,1), and let
a,b €[0,00), a<b. Iff € L' ([a,b]), then the following inequalities hold:

s 1.[a+b 1 (® f(a) + f(b)
2 f< 5 ><b_aLf(x)dx “er1 (1.3)

N

The constant k = s%ul is the best possible in the second inequality in (1.3).

For other recent result concerning s-convex functions, see [2, 5, 8, 16, 17].
We will now give definitions of the right-hand side and left-hand side Riemann-Liouville fractional
integrals which are used throughout this paper.

Definition 1.4. Let f € L[a,b]. The right-hand side and left-hand side Riemann-Liouville fractional
integrals |, f and J§_f of order o > 0 with b > a > 0 are defined by

X

& f(x) = r(lqu (x—t)'f(t)dt, x>a,

a

x 1 b x—1
Jo_f(x) = o) L (t—x)* " f(t)dt, x<b,

respectively, where I'() is the Gamma function defined by I'(«) = [ e~ *t*~1dt (see [11]).
0

”As a result of many investigations in different areas of applied sciences and engineering and as a
consequence of the relationship between CTRWs and diffusion-type pseudo-differential equations, new
fractional differential models were used in a great number of different applied fields. We can mention
material science , physics, astrophysics, optics, signal processing and control theory, chemistry, transport
phenomena, geology, bioengineering and medicine, finance, wave and diffusion phenomena, dissemina-
tion of atmospheric pollutants, flux of contaminants transported by subterranean waters through different
strata, chaos, and so on”, Baleanu et al. [4]. This shows how important and widespread used the fractional
calculus is.

Because of the wide application of integral inequalities and fractional integrals, many researchers ex-
tend their studies to integral inequalities involving fractional integrals not limited to integer integrals.
Recently, more and more integral inequalities involving fractional integrals have been obtained for differ-
ent classes of functions; see [7, 12, 13, 15, 16].

In [18], Yildiz et al. proved a very similar equality with the following equality for differentiable

mapping.
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Lemma 1.5. Let f : [a,b] C [0,00) — R be a differentiable mapping on (a,b) with a < b. If ' € Lla,b], then
forall x € [a,b] and o« > 0 we have

(b—x)*—(a—x)% CTle+1) g «
Boar T o U I ) "
1 .
= (a—Db) Jo p(t)*f'(ta+ (1 —t)b)dt,
where [ . }
t , te |0, 5=,
p(t) :{ t—1 , te (g:b;;,q.
Proof. Calculating the integral in equation (1.4), we have
1 boa
(a—b)J p(t)*f'(ta+ (1 —t)b)dt = (a — b)J t*f(ta+ (1—t)b)dt
0 0
1
Jr(ab)Jb (t—1D%f'(ta+ (1 —1t)b)dt (1.5)
= 11 + 12. .
Using integration by parts and substitution of ta + (1 —t)b = u, dt = 2% we have
I =(a—Db) Jb_a t*f (ta+ (1—t)b)dt
0
_(a—b) [t"‘f(ta +_(1)— t)b)[Pe (ija g1 fltat (_1b—t)b) "
¢ 0 0 ¢ (1.6)
(%)™ o (P e
= oo a)“f(x) oo L (b—u) fu)du
 (b—x)* Ma+1) 4
= b= )~ g S (0),
and
1
I, = (a_b)L (t—1)%*f'(ta+ (1 —1t)b)dt
= ) 1 1
_(a—b) [(t—l) f(ta+ (1—t)b) _‘"J (1 qye 1 fltas (=t)
a-b = e a-b (17)
_ (a_x)oc x * ax—1
. (a—x)* Mo+1) o
—Wf(x) - Wlx—f (a).
A combination of (1.5), (1.6), (1.7) we have (1.4). This completes the proof. O

2. Main results

We will use Lemma 1.5 to prove some new integral inequalities for s-convex functions via fractional
integrals.
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Theorem 2.1. Let f : [a,b] C [0,00) — R, be a differentiable function on (a,b) with a < b such that f' € L[a, b].
If If'| is s-convex in the second sense on [a,b] for some fixed s € (0,1] and o« > 0, then we have the following
fractional inequality

(b—x)%*—(a—x)* Mloc+1) g N
(b—a) f(x) — (b—a)™ (o) +J3_f(a)]
b—x a+s+1
|f/((1)| <(b0(1)s+1 —f—B% (OC+1,S—|—1) (21)
< (b_a) (u)ocherl
(o) (B (o 1541+ BEL )
or all x € [a,b], where B ta L b L at is incomplete beta function.
p

Proof. Using Lemma 1.5, we have

(b—x)% —(a—x)* Mat1) [a N
‘ b_ar X ae Ux+f(b)+1x_f(a)]‘
- 1 (2.2)
0 =

Since |f’| is s-convex, we have
[f'(ta+(1—0b)| < t°|f (a)] + (1 —1)° | (b)]. (2.3)
Using (2.3) in (2.2), we have

(b—x)*—(a—x)* Mot1) o N
‘ boax T pa)e Uwf(b)“xf(a)]‘
Cooa)| JOTEEI@IE OOt
+ oo (L= )% [[t° ' (@) + (1= £)° [f'(b) )] dt

B b—x
If'(a) |jb “t“*sdt+|f’ e t*(1—1t1)°dt
< (b_a) , 1 / 1 -+
+ I ()] [ ox (1 —t)*tSdt + |f'( )|jgfx(1—t)“ sdt

L b—a
B , (E X)rx+s+1 | , |
[f(a)l 2555 T If(b)|Boox (¢ +1,54+1)
< (b—(l) st ]l;—a (X_a)oc+s+1
| (@)l Bya (a4 1,5+ 1) + 1 (b)] “255 55—
B (b;x)zx+s+1
If"(a)l (ba‘jrsﬂ +Bxa (@ +1,5+1)

, (gfa)oﬁrs#rl
+[f'(b)] (BH (x+1,s4+1) +0:Fs+l>

The last inequality gives (2.1). This completes the proof. O

Corollary 2.2. In addition to the conditions of Theorem 2.1,
1. If one takes |f'(x)| < M for all x € [a, b], one has the following fractional Ostrowski type inequality

(b—x)*—(a—x)*, \ Tlatl) ;
(b—a)x f(x) — m Ux+f(b) + ]X,f(a)]
(WJFBX o (+1,5+1)
<M(b—a)

(fia)oﬁs#rl
+ (BE_E (0(+1,S+1)+“Q+SH>
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_ a+b
2. If one takes x = %52,

(%)“—(%b)“ a+b Mo+1) 1.«
(b—a)x f( 5 )—(b_a)“{a;b f(b) +]& fla )}

<(b—a

1 /! /
) <2“+S+1 CEREEY +B, (oc+1,s+1)> [|[f'(a)] + |f'(b)]] -

3. If one takes |f'(x)| < M forall x € [a, b] and & = 1, one has the following Ostrowski type inequality

2(s+1) [(b—x)s+2+(x— )”2] +2(b—a)sT2 [(b—x)”lﬂx—a)“l]
(s+1)(s+2) (b—a)* (s+1)(b—a) '

4. If one takes x = 252 and o = 1, one has [17, Corollary 2.1]

b
b 1 b— 1 / /
f<aJ2r >_b—an(t)dt S (s+(1) (512) (1—25+1> [[#'(a)| + | ()] -

a
Remark 2.3. In Theorem 2.1, if one takes o« = 1, one has [17, Theorem 2.1].

Theorem 2.4. Let f : [a,b] C [0, 00) — R be a differentiable function on (a,b) with a < b such that f' € L[a, b].
If If'|% is s-convex in the second sense on [a,b] for some fixed s € (0,11, ¢ > 1 and « > 0, then we have the
following fractional inequality

(b—x)% —(a—x)¥ Mot+1) o o
’ (b _ a)(x f(X) - (b _ a)o(_ [ X+f(b) + Ix—f(a)]
- .-
1—1 (E E)MSH I (a )‘q !
K, 9 b o+s+1
1 bearbel ( By ot 1,5+ 1) (b)) (24)
< (b - (1) b-a 1 ’
_1 Bxa (a+1,s+1)[f(a))? ) 9
1 b—a
+K, *(x,a,b,« (pza)otstt
i + e P o) ]
where

bex oyl

Ky (x,a,b, &) = Jb t*dt = (b—x) =y
0 (a+1)(b—a)*
1 o yotl

Ka (x,a,b, o) = J 1-yra=— -9
= (x+1)(b—a)

for all x € [a,b], where By fta 1(1—t)®~ 1 dt is incomplete beta function.
Proof. Using Lemma 1.5 and power mean inequality, we have
(b—x)%—(a—x)* Mloat+1) o x
(b—a)* f(x) — (b—a)x [ X+f(b)+lx—f(a)]
b )
< (b—a) Jb t*|f'(ta+ (1 —t)b)| dt + Jb (1—t)%[f'(ta+ (1—t)b)] dt}
70 b=a (2.5)

1

b—x 1_l b—x
(jd”“ t"‘dt) ! (fg’“ t* [/ (ta+ (1 —t)b)| dt) !
|+ (fh1—t “dt)l_q (Jhox (1= (ta+ (1 - 1)p)|% at)

<(b—a)

o=
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Since [f'|9 is s-convex, we have
f'(ta+ (1—1)b)|T <t |f (a)|T+ (1—1)°|f (b)|] (2.6)
Using (2.6) in (2.5), we have
(b—%x)* —(a—x)* C Plee+1) g «
i a+1 17% b— ‘11
(“")) ( T [P (@) 4 (1 1) 17 (0)]] at)
< (b— (1) (ax+1)(b—a) X
(X*(l)tx+l 1_E 1 y q / %
F(iela) (b 00 e a0 o)

_ . 1A

11 I#/(@)|9 [P0 totsat !
Kl a (X/ a/b/ (X) , q }S,é o s
<(b—a) + ()T [ t*(1—1)° dt X

-1 I ()| ﬂg . 1—t)°‘t5dt L

+K2 (X’ a, b’ O() + |f/ |q J‘b X *t CX+Sdt

- +s+1 5] _

1 (b Z)(x s q

Ki 9(x,a,b,x) boc+s+1 ()]

4B x (+1,5+1)|f(b)4
<(b—a) bre 1

1 Bra (a+1,s+1)[f(a)l? 9

+K, *(x,a,b,a) bf‘](u)wsﬂ

L + b;ca+s+l |f/(b)|q
The last inequality gives (2.4). This completes the proof. O

Corollary 2.5. In addition to the conditions of Theorem 2.4,
1. If one takes |f'(x)| < M for all x € [a, b], one has the following fractional Ostrowski type inequality
(b—x)%—(a—x)* r(oé+1) «

1 1 (bix)CX‘FS‘Fl %
K, 7 (xab, <ba+S+1+BH (oc+1,s—|—1)>
<M (b—a)

(x )(x+s+1 %
+K2 4 (X,a,b,o() (B)é(& (OC+1 S+1) 0(—‘9‘5‘9‘1)

_ a+b
2. If one takes x = 5=,

(M)“_(a;b)a a+b Mo+1) [«
z(b—a)(x2 f( > >_(b_a)“|:a42rb+()+] % fla )}

: [/ ()|
20ts+H (o +5+1)
o <1>1; ( +B) (c+1,5+1)|f'(b)|9 )
201 (o 4-1) ( By (a+1,5+1)f(a)) )
_|_
)

al=

Q=

1 q
+2°‘+S+1(oc+s+1 |f/(b |
3. If one takes |f'(x)| <

M for all x € [a,b] and o« = 1, one has the following Ostrowski type inequality

1
((b—x)z)lq( 20022 1 1 (b—x)**! >q
_a)? —a)ST2 T sHT T s+2 EPEYRE!
<M(b—a) 2(b—a) (s+2)(b—a) (s+1)(b—a)

1
Jr((X—a)z)l_é 11 (b))
2(b—a)? st s42 0 (s41)(b—a)™"!
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4. If one takes x = 252 and o = 1, one has the following midpoint type inequality.

b
a+b 1
(50) - L fra

1

_(b-aq) (1)13 (1o P11 + oty 1P (0)])
1

3 q)

+ (e M@ + by 1 (0))

Remark 2.6. If one takes o = 1, in Theorem 2.4, one has [17, Theorem 2.5].

Theorem 2.7. Let f : [a,b] C [0,00) — R be a differentiable function on (a,b) with a < b such that f' € L[a, b].
If If/|9 is s-convex in the second sense on [a,b] for some fixed s € (0,1], q > 1, % + % = 1and o« > 0, then we
have the following fractional inequality

(b—x)%—(a—x)% Moe+1) (g N
b T o ge URR) + T f(a)]
K (00,0 (L @i+ E ) 27)
<(b—a) .

b X)§+l

K} (%0 b, o) <1(s+1|f'( RS = )q>q

where
b—x
— b— ap+1
K3 (X/ a, b/ (X) = J tPdt = ( X) ap+1’/
0 (ap+1)(b—a)*P
1 _ yop+l
K4 (x,a,b, ) :J (1—t)*Pdt = (x—a) eTEE]
b—x (ap+1)(b—a)
for all x € [a,b], where By jt“ 1(1—)®~1 dt is incomplete beta function.

Proof. Using Lemma 1.5 and Hoélder inequality, we have

(b—x)*—(a—x)% Mo+1) o N
(b—a)x fx) — b—a) Je (o) + Ixf(aJ]‘

[ o= 1

<(b—a) J t“}f/(ta+(l—t)b)|dt+J (1—1) oc’f/ ta+ (1— ‘dt
- = (2.8)

% & B E%ﬁ / o q q

<(b—a) (IO t T’d’c) <10 [f'(ta+ (1 —t)b)| dt) l

i + (J‘lg%ﬁ(l—t)fxpdt)p (J‘lg%’é I/ (ta -+ (1_t)b)|q dt) q

Since [f'|9 is s-convex, we have
f'(ta+ (1—t)b) [T <t | ()T + (1 —1)° | (b)]7. (2.9)
Using (2.9) in (2.8), we have

(b—x)*—(a—x)*
(b—a)x

Moa+1)

f(x) — b _a)

U3 (o) +J3_f(a)]
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- ) 1
(b—x)*P*H! S = PV S ¢ (h)|9 d
o | ()" (15 @i s oo o a
~X 1 1
(x=a)® \P S [£/(q)|9 7 a
(e ) (s [ 1@ + (1= 0% 1P (o)) dt)
i 1 ! q IE%X s a ]
K? (x,a,b, ) If'(a)] bf;o t dtS
<(b—a) +If(b)7 [ee (1—1)° at
=X - 1
¥ e a b, I'(a |qf1b . t5dt :
+ x,a,b,x
! +17(0)|9 [ (1—)%dt
r 1
1 box \S+1 1 x—a )st1 q
KJ (xa,b, o) ((H{W( )M%m )|q>
<(b—a) 1
1 1 (b X)s+1 (x a)s-H q
K xab,a) (U @+ B o)
The last inequality gives (2.7). This completes the proof. O

Corollary 2.8. In addition to the conditions of Theorem 2.7,

1. If one takes |f'(x)| < M for all x € [a,b], one has the following fractional Ostrowski type inequality

(b =)" = (0 =x)" Mat1) (o .
(b—a)x f(x) — W Ux+f(b) + Jx—f((l)] ’
K3% (X, Cl,b, o() <(E:i)15+1 . 1_(5:;1[1)S+1>q
<M(b—a)

b—x )s+l

3 .t (=2)") "
+K{ (x,a,b, ) T T e

2. If one takes x = “£®, one has the following fractional midpoint type inequality for convex function

(559)% — (‘g;b)“f <a—|—b> CT(a+1)
(b—a)* 2 (b—a)*

%0, (0 + %0 _f(a)] |

1 P

<= (zrirn)
(S e + SO )
X 1
+(HE S @+ S o)

3. If one takes |f'(x)| < M for all x € [a,b] and « =1, one has the following Ostrowski type inequality

(b*X)S+1+(b a)s+l (X a)8+1 %
(s+1)(b—a)**'

y (b _X)P-O-l % N (X— a)p+1 %
(p+1) (b—a)P*! p+1)(b—a)’™) |

<M(b—a)<
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4. If one takes x = 252 and o = 1, one has the following midpoint type inequality.

b 1
a+b 1 (b—a) 1 1 P
_ < _
f< 2 ) b—ajf(t)dt So4 2% <P+1>
a

Remark 2.9. If one takes o« = 1 in Theorem 2.7, one has [17, Theorem 2.2].

Theorem 2.10. Let f: [a,b] C
If |t |9 is s-convex in the second sense on [a, b
have the following fractional inequality

s+1)

(b IF (@) +
+ (TPl +

i (o))

(b))

al=

[0, 00) — R be a differentiable function on (a,b) with a < b such that f' € L[a, b].
| for some fixed s € (0,11, q > 1, l—i—— = 1land o« > 0, then we

(b—x)*—(a—x)* Mo+1) o «
= ) = ) 4 0) + 12 fla)]
_ 1o-
(b )l MH‘/( )‘ d
—X)v oq+s+
b-a Bo (aq+1,5+1)[f(b) (2.10)
<(b—a) o 1
i th’;a(ocq+1,s+l)|f’(a)| g
)T et
i R If'(b) ]
forall x € [a,b], where By ft‘l 1(1—t)° ! dt is incomplete beta function.
Proof. Using Lemma 1.5 and Holder inequality, we have
(b—x)"—(a—x)% Mloe+1) g x
oo )
< (b—a) Jb t*|f(ta+ (1—t)b)| dt+J (1-t)%|f(ta+ (1—1t)b)| dt]
Jo = (2.11)
- N .
b—x P b—x q
(jo"“ 1dt> <j5’° t*4 ' (ta + (1 —t)b)|4 dt)
< (b—a) a4 1
+(Jhe 10t) " (Sl 1= 029 ' (ta+ (1 - t)b) 1 dt ) °
Since |f'|9 is s-convex, we have
f'(ta+ (1—0)b) [T <t |f (a)|T+ (1 —1)°|f (b)| (2.12)

Using (2.12) in (2.11), we have

(b—x)* —(a—x)* Mo+1) N
o100~ D 130 42 )
% b a o4 S ¢/ q _ 4\S |/ q
co_a| G e @ -t ) ]dt>
|+ (20)7 (N =09 [ 1 (@) + (1= 1) 1 (b
(bxﬁ( (@) J e )
b—a , q % o s
g(b_a) +‘f (b)| J‘O t q(l t) dt X
PR (@)l [bon (1—t)9tsdt | °
+(§_2)p ! q bfa __4+\xq+s
FIF) L (1 - fsasat

al=

al=

RIEY
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1
|=

+B o (xq+1,5+1)|f(b)|9

l .
Bra (aq+1,5+1)[f(a))? |
x—a \xq+s+1
) (o) _

) ( b_x)ocq+s+1 , q q
b—a
(b=x)7 ( “xqrsrr I (a)l )

b—a

+ oq+s+1

The last inequality gives (2.10). This completes the proof.
Corollary 2.11. In addition to the conditions of Theorem 2.10,

1. If one takes |f'(x)| < M for all x € [a, b, one has the following fractional Ostrowski type inequality

(b—x)* —(a—x)* Moa+1) o «
a0~ ) U0 42 )
(12207 (S By (ca 154 1)
<M (b—aqa) b 1
+(5=2)" <B“(Oéq+1,s—l—l)+("a;ls“>

2. If one takes x = <12, one has the following fractional midpoint type inequality for convex function

b—a\*_ (a=b)«x
(°2)" — (%5®) f<a+b>_r(0€+1) [, f6) 4120 1(0)]

(b—a)* 2 (b—a)*
1
_(b-a) | (g M (@17 +By (aq + 15+ 1) /(0)1*)
S 1 1
20|+ (By (aq+ 1,5+ D10 + gegrrerbarary P07

3. If one takes |f'(x)| < M for all x € [a,b] and « =1, one has the following Ostrowski type inequality

1
q

b—x b (E:X)qﬂﬂ
(ba)p< q+s+1 +B}j(’;(q+1’s+1)>

1 (X,Q)q+s+1 q
(0 (g ar sy + R

4. If one takes x = 22 and o = 1, one has the following midpoint type inequality.

b
a+b 1

1

1 q q\a
b-a) | (s P18+ By (q+1s+ 1) (b))

1 1
2¥ +(B% (q+1,5+1)|f/(a)|q+m|f’(b)|q)q

<

3. Applications to special means

Let us recall the following special means of positive numbers a, b with a < b.
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1. The arithmetic mean:
a+b

A=A(ab):= >

2. The n-logarithmic mean:

bn+1 _ an+1 %
= telo = (L))

where n € Z\ {-1,0}.

In [3], Alomari et al. used the s-convex mapping f : [0,1] — [0,1], f(x) = x®* where s € (0,1), to have
some application to special means.

Proposition 3.1. Let 0 < a < band s € (0,1), then we have the following inequality

AH (@,b)—15H (a,b)] < 2= (1—251+1>[a3+b5].

(s+2)
Proof. The proof follows by (4) of Corollary 2.2, applied for the function f : [0,1] — [0,1], f(x) = ’i:ll
where s € (0,1) (it is clear that |[f' (x)| = x® is s-convex mapping). O

Proposition 3.2. Let 0 < a <b, s € (0,1) and q > 1, then we have the following inequality

1
-1 1 +3 a
(b—a) <1)1 4 <(s+2)zs @+ (s+1§(s+z)zsbs>
2

A1 (a,b)— SH(a b)| < <S +1>
q 4 s+3 bs
e so=e (s+2)25

1
q

Proof. The proof follows by (4) of Corollary 2.5, applied for the function f : [0,1] — [0,1], f(x) = ";:11
where s € (0,1) and q > 1 (it is clear that [f' (x)|? = x® is s-convex mapping). O

Proposition 3.3. Let0 <a<b,s € (0,1), q>1and % + % =1, then we have the following inequality

(b—a)
4

1
1 2511
( 1 )p ((s+1) S+ (s+1) bs)
23 \p+1 25+ a
+ ( 0+ o bs)
Proof. The proof follows by (4) of Corollary 2.8, applied for the function f : [0,1] — [0,1], f(x) = %7
where s € (0,1) and q > 1 (it is clear that |f' (x)|9 = x® is s-convex mapping). O

A+l (q,b) — L2+1(a,b)\<(:+1)

Proposition 3.4. Let0 < a<b,s € (0,1), q > 1and % + % =1, then we have the following inequality

1

1 q
s+1> (b—a) (mas+3%(q+1/5+l)bs>

Al (a,b)—L SH(ab)‘ (

T 1
d 2v +(B%(q+1,s+1)as+mbs>q
Proof. The proof follows by (4) of Corollary 2.11, applied for the function f : [0,1] — [0,1], f(x) = ";:11 ,
where s € (0,1) and q > 1 (it is clear that [f' (x)|? = x® is s-convex mapping). d
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