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Abstract

In this study, we establish the quantum calculus analogue of the classical Dirac system. Moreover, we investigate the Jost
solution, eigenvalues, spectral singularities and some quantitative properties of the spectrum of this new system. (©2017 All
rights reserved.
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1. Introduction

Spectral theory of operators is a branch of functional analysis which has a number of significant
applications from quantum physics to engineering. Spectral analysis of differential operators can be traced
back to Naimark [16]. Basic problems in the spectral theory of Sturm-Liouville and one dimensional Dirac
type operators were discussed in the book of Levitan and Sargsjan [14]. Also, differential operators with
spectral singularities have been main topic of various studies [12, 15].

Besides differential operators that we have mentioned up to here, difference operators have also be-
come a rising research area for its possible applications to real life problems [4, 11]. Krall et al. studied
some spectral properties of the non-selfadjoint discrete Schrodinger operator by taking into account the
principal functions and spectral singularities [13]. Adivar and Bairamov investigated the spectrum, the
spectral singularities, and the properties of the principal vectors corresponding to the spectral singu-
larities of discrete Sturm-Liouville and discrete Dirac operators [1]. In [6], discrete Dirac operator was
considered in terms of spectrum and spectral expansion.

Succeeding the developments in ordinary and discrete calculus, some new topics of quantum calculus
have been introduced by Kac and Cheung [10]. This new point of view to concepts of ordinary calculus
like g-derivative, g-integration etc. required the redefinition of classical equations. In particular, some
problems of g-difference equations have been studied by Berg et al. [7, 8]. Adivar and Bohner introduced
the quantum analogue of the classical Sturm-Liouville equation and studied the spectral properties of this

*Corresponding author
Email addresses: nyokus@kmu.edu.tr (Nihal Yokus), cannimet@kmu.edu.tr (Nimet Coskun)

doi:10.22436 /jnsa.010.08.44

Received 2017-06-23


http://dx.doi.org/10.22436/jnsa.010.08.44

N. Yokus, N. Coskun, J. Nonlinear Sci. Appl., 10 (2017), 4524-4531 4525

equation [2]. In their study, they proved that the Jost solution of this equation has analytic continuation
to the lower half-plane and the finiteness of the eigenvalues and spectral singularities of the quantum
difference equation is achieved as a result of this analytic continuation. Related to the study [2], principal
functions of the second order quantum difference equation was treated in [3]. As a continuation of the
papers [2] and [3], the presence of the spectral parameter not only in the quantum difference equation but
also in the boundary condition has been considered by Aygar and Bohner [5].

The present paper was motivated by the above mentioned studies. In this paper, we let ¢ > 1 and use
the notation

g™ :={q™ :n € Ny},

where [Ny denotes the set of nonnegative integers. We define the Hilbert space lz(qN, C?) consisting of all

(1)
sequences y = {y(t)} = { 3(2) EB } with the inner product,

W ) gven = ) P DO +y@ () (1), yf:qN=C

tegN

and the norm

y(®lan e = ( > ()| + ym(t)z)) fory:qN €

teqN

By using the definition of quantum derivative [2, 8], we construct the system of equations

2 A 1 _ My
Y W) +pty(t) = WU e W
_(y(l)(%))A +rty@(t) = Ayu(t(]t),

which is quantum analogue of the well-known Dirac system

0 1 Y p(x) 0 Y1\ _ Y1
(5o ()07 o ) (i) (),

introduced by Levitan and Sargsjan [14]. Therefore the system (1.1) is called a quantum Dirac system.
The purpose of this paper is investigation of the spectral properties of the non-selfadjoint boundary
value problem (BVP)

y (gt) —y@ (1) +p()u(t)y M (t) = Ay (b), 12)
YD) —y D) +rOuty P =2 E),  teqy, (1
y(1) =0, (1.3)

where {p(t)}teqN and {r(t)}teqNare complex sequences, i(t) is graininess function and A is an eigenpa-

rameter. In essence, our ideas come from [1, 2]. In the next section, we find the Jost solution and Jost
function of (1.2)-(1.3). Finally, we discuss the eigenvalues and the spectral singularities of the BVP (1.2)-
(1.3) using the classical definitions of spectral analysis and get some quantitative properties of them under
the Pavlov’s condition

o
sup {exp [s (f;‘;) ] (Ip(t)u(t)+lr(t)u(t)l)} < o0, (1.4)

tegN

wheree>0,%<6<l.
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2. Jost solution and Jost function
Suppose that the condition
Int
T (PR + (b)) < oo, e
tegN
is satisfied.
Theorem 2.1. Under the condition (2.1), the BVP (1.2)-(1.3) has unique solution
f1(1,2) = et2 {1 + ) Aﬁeiﬂ??az] —i ) AP elinaZ, (2.2)
re qNO re qNO
f(t,z) 10 {hnr els
f(t,z) = < £2)(t, 2) ) = < 1 >+ Z Aty €e'nda < i (2.3)
reqMNo

for A =2sin%, where z € C1 :={z € C : Imz > 0} and
At At

Proof. Substituting the function (2.3) in (1.2), we get

A =— > pls)uls)+r(s)uls),
selqt,co)ngN
Ath= ) plus)Ad,
selqt,oo)ngN
AT = D plus)AL,
selt,co)NgN
AZe =—lqu(q)Aly— Y [p(s)uls) +rlgs)u(qs)]

selqt,c0) NgN
Atq = POMDAL + ALy — Al
Al =—AZ  — Y r(s)uls)—pls)u(s)AL,,
selqt,o) NgN

22 22 11 22 21
At,q2 = Atq _Atq +A%,q2 +T(t)u(t)Atq,

forr > q

AG=AL— ) plsuls)Al —r(s)u(s)AZ,

s€lt,c0) NgN

An=-Alr— 2 POREAG-T(u)AT:,

selqt,c0) NgN

AT = Ay s FPIORIDAT = A + Ay,
Al = PORDAG + AL +AT L — AT

Due to the condition (2.1), the series in the definition of A}C)T (

= 1,2) are absolutely convergent.

1,
Therefore, A, (i,j = 1,2) can be uniquely determined by p(t), v(t) and u(t) (t € qV), i.e., the BVP

(1.2)-(1.3) for A = 2sin 7 has the solution given by (2.2) and (2.3).

O
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The solution f is called Jost solution of the BVP (1.2)-(1.3). Using the equalities for Al’r (1,j =1,2)
given in Theorem 2.1, one can obtain the inequality

<C > (Ip(OuOI+ (O, 1j=12 (2.4)
se{tq[2 ] >ﬁq

ij
Ay

Inr Inr
2Inq 2Inq’

function f is analytic in C, continuous in C and f(z) = f(z + 47).

C > 0 is a constant and t,1 € qN. Therefore the

by induction, where { } is the integer part of

3. Eigenvalues and spectral singularities

Let @(z) = @A) = {@(t,A)}, t € g be the solution of the BVP (1.2)-(1.3) subject to the initial
conditions
V(1,z) =0, 0P (q,2)=1.

Then @ is entire function and
©(z) = @(z+4m).

Definition 3.1. The Wronskian of two solutions y = {y(t, Z)}teqN and u = {u(t, Z)}tEqN of the BVP (1.2)-
(1.3) is, for t € qN, defined by

Wy, uf (t) :={y(t, z2)ulqt, z) —y(qt, z)u(t, z)}.

Let us define the semi-strips Pg := {z:z€C, z=&+1it, 0< & <4n, t>0}and P:=PyU[0,47] . Then,
from Definition 3.1 for z € C, we get

W If

1= [ 20 (at2) — P (at 209V (1 2)
(1, 2).

We will denote respectively the set of all eigenvalues and spectral singularities of the BVP (1.2)-(1.3) by
04 and ogs. It is obvious that

oq = {?\ -\ = 2sin % ze Py, f1(1,2) = 0}, 3.1)
_ {)\ ‘A = 2si z (1) _
Ogs = A =2sing, z € [0,4m], 7 (1,z) =0 \{0}. (3.2)
Let )
F(z) :=f(1,2)e 73, (3.3)

then the function T is analytic in C., continuous in C.;. Moreover, the functions f(!) and F have the same
zeros in the semi-strip P. Clearly we can write

Flz) =1+ Y AllefRaz i Z AlZeiliig 1)z (3.4)
req™No reqN

and hence,
F(z +4m) = F(z).

Using (3.1), (3.2), (3.3), we find the eigenvalues and spectral singularities of the BVP (1.2)-(1.3) as

oq = {7\ ‘A = 2sin g 2Py, Flz) = o}, (3.5)

Gos = {7\:7\:2sin g 2 € (0,47, F(z) :0}\{0}. (3.6)
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Definition 3.2. The multiplicity of a zero of F in P is called the multiplicity of the corresponding eigen-
value or spectral singularity of the BVP (1.2)-(1.3).

From (3.5) and (3.6) we conclude that, in order to investigate the quantitative properties of the sets oq4
and o, we require to discuss the quantitative properties of the zeros of F in P.
Define
Q1:={z:z€ Py, F(z) =0},

Q2 :={z:2€10,47, F(z) = 0}. (3.7)

We also denote the set of all limit points of Q; by Q3 and the set of all zeros of F with infinite multiplicity
by Q4. So from (3.5), (3.6) and (3.7), we conclude the following:

Gd:{)\:?\:2sin§, zEQl},

GSS:{A:A:2Sin§, zeQz}\{O}. 9
Theorem 3.3. If (2.1) holds, then
(i) The set Q1 is bounded and countable.
(i) Q1NQ3 =2, Q1 NQs=2.
(iii) The set Qg is compact and p(Q2) = 0, where w is Lebesgue measure in the real axis.
(iv) Q3 C Q2, Q4 C Q2, u(Q3) = pu(Q4) =0.
(v) Q3 C Qa.
Proof. From (2.4) and (3.4), we have
F(z) =14+0(1), z€P, |z]| » . (3.9)

Equation (3.9) shows that the set Q; is bounded. Since F(z) is analytic in C and is a 47 periodic function,
we find that Q; has at most a countable number of elements. This proves (i). From the boundary
uniqueness theorems of analytic functions, we obtain (ii)-(iv) [9]. Using the continuity of all derivatives
of F on [0,47], we get (v). O

From Theorem 3.3 and (3.8), we have the following.
Theorem 3.4. Under the condition (2.1),

(i) the set of eigenvalues of the BVP (1.2)-(1.3) is bounded, has at most a countable number of elements, and its
limit points can lie only in [-2,2].

(ii) oss C [-2,2] and u(oss) =0.

In preparation for the next result, we assume that the complex sequences {p(t)}teqN and {r(t)}teqN
satisfy

> exp (slnt> (Ip(DR(V] + () < 0o (3.10)

Ean Inq

for some ¢ > 0.
Note that for 6 = 1, the condition (1.4) reduces to (3.10).

Theorem 3.5. Under condition (3.10), the BVP (1.2)-(1.3) has a finite number of eigenvalues and spectral singu-
larities with a finite multiplicity.
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Proof. Using (2.4) and (3.10), we obtain that

|Aumn<C@@p§§g, t=1, reqN, (3.11)

where C > 0 is a constant. Using (3.4) and (3.11), we observe that the function F has an analytic con-
tinuation to the half-plane Imz > —3. Since F is a 47 periodic function, the limit points of its zeros in P
cannot lie in [0,47]. Also, we obtain that the bounded sets Q1 and Q, have a finite number of elements
from Theorem 3.3. Using the analyticity of F in the region Imz > —5, we find that all zeros of F in P have
a finite multiplicity. Therefore, we get the finiteness of the eigenvalues and the spectral singularities of
the BVP (1.2)-(1.3). O

Now let us suppose that

<5<, (3.12)

N[ —

5
ZGWFG$JIWMMUHMMMWwQE>Q

tegN

which is weaker than (3.10). It is seen that the condition (3.10) undertakes the analytic continuation of F
from the real axis to the lower half-plane. So the finiteness of the eigenvalues and the spectral singularities
of the BVP (1.2)-(1.3) are achieved as a result of this analytic continuation. It is evident that, under the
condition (3.12), the function F is analytic in C, and infinitely differentiable on the real axis. However
F does not have an analytic continuation from the real axis to the lower half-plane. Therefore, under
the condition (3.12), the finiteness of the eigenvalues and the spectral singularities of the BVP (1.2)-(1.3)
cannot be proved in a way similar to Theorem 3.5.

Under the condition (3.12), to show that the eigenvalues and the spectral singularities of the BVP
(1.2)-(1.3) are of finite number, we will use the following:

Theorem 3.6 ([6]). Let us assume that the 4 periodic function g is analytic in C, all of its derivatives are
continuous in C, and

sup }g(k)(z)‘ <1k, ke NU{0}.

zeP
If the set G C [0, 47t] with Lebesgue measure zero is the set of all zeros of the function g with infinite multiplicity in
P, and if

JmTBMMGdz—m,
0

where T(s) = irllf s “ and w(Gs) is the Lebesgue measure of s-neighborhood of G and w € (0,4m) is an arbitrary
constant, then g = 0in C,.
It follows from (2.4) and (3.4) that
[FM(z)] <me, ke NU{0},
where
By () et (BT)) en
e = - \Ingq P \n q) ” 0
req o

and B > 0 is a constant.
We can get the estimate for ny

M <B Jxk exp(—%x‘s)dx < dek!kk%, (3.13)
0

where D and d are constants depending on B, ¢ and 6.
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Theorem 3.7. If (3.12) holds, then Q4 = @.

Proof. Using Theorem 3.6, we obtain that the function F satisfies the condition

[ nT(s)eu(Qs0) > oo (3.14)
0

where T(s) = ir}zf m,‘jk, k € INo, u(Qg,s) is the Lebesgue measure of the s-neighborhood of Q4, and ny is
defined by (3.13). Now we get

T(s) < Dexp {—1g66_1d_1565_1255 } , (3.15)
by (3.13). It follows from (3.14) and (3.15) that
w
J s 5 dp(Qy ) < 0. (3.16)
0
Since % > 1, from (3.16), we obtain that, for arbitrary s, u(Qss) =0 or Q4 = @. O

Theorem 3.8. Assume (3.12) holds. Then, the BVP (1.2)-(1.3) has a finite number of eigenvalues and spectral
singularities with a finite multiplicity.

Proof. In order to prove the theorem, we need to show that the function F has a finite number of zeros
with finite multiplicities in the region P.

Using Theorem 3.3 and Theorem 3.7, we conclude that the set Q3 = @. Thus, the bounded sets Q; and
Q2 do not have accumulation points, that is to say, the function F has only a finite number of zeros in P.
Since Q4 = o, these zeros are of finite multiplicity. O
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