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Abstract

In this paper, we derive a new integral identity concerning differentiable mappings defined on relative convex set. By using
the obtained identity as an auxiliary result, we prove some new Simpson-like type inequalities for mappings whose absolute
values of the first derivatives are relative semi-(«, m)-logarithmically convex. Several special cases are also discussed. (©2017
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1. Introduction

Following inequalities are well-known in the literature termed as the Hermite-Hadamard’s inequality
and Simpson’s inequality, respectively.

Theorem 1.1. Let f : I C R — R be a convex function on [u,v] with u,v € I and uw < v. Then the following
inequalities hold:

(*37) < viuLf(x)dx < TAT] (1.1)

Theorem 1.2. Let f: [a, b] — R be a four times continuously differentiable mapping on (a,b) and

W] = sup [f¥(x)] < 0.
x€(a,b)

Then the following inequality holds:

1[f(a)+f(b) a+b 1 (®
’3[ RIS )]—b_aLf(x)dx

Let us evoke some basic definitions as follows.

1
< ooz 1o (b — @), (1.2)

= 2880
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Definition 1.3 ([2]). A function f : [0,b] — (0, 00) is said to be («, m)-logarithmically convex if the
inequality

fltx + m(1—t)y) < [FE)I [F(y) ™t

holds for all x,y € [0,b], t € [0,1], and some fixed (o, m) € (0,1] x (0, 1].

Note that for (o, m) € {(«, 1), (1, m), (1,1)} one obtains the following classes of mappings: x-logarithm-
ically convex, m-logarithmically convex and logarithmically convex, respectively.

Some interesting and important inequalities related to logarithmically convex functions can be found
in [2, 14, 15, 31, 33].

Definition 1.4 ([35]). A set M, C IR™ is said to be a relative convex (¢-convex) set, if and only if there
exists a function ¢ : R™ — R™ such that

to(x)+(1—t)e(y) € My, Vx,y e R": @(x),0(y) € My, t € [0,1].

Definition 1.5 ([35]). A function f is said to be a relative convex (@-convex) function on a relative convex
(p-convex) set M, if and only if there exists a function ¢ : R™ — IR™ such that,

flto(x) + (1 -t ey)) < tflex)) + (1 —t)f(e(y))
forall x,y € R™: @(x), @(y) € My, t € [0,1].

Definition 1.6 ([3]). A function f is said to be a relative semi-convex on a relative convex set M,,, if and
only if there exists a function ¢ : R™ — R™ such that,

flte(x) +(1-t)e(y)) < tf(x) + (1 —t)f(y)

forall x,y € My, t € [0,1].

Definition 1.7 ([4]). A function f: M, — R™ is said to be a relative semi-logarithmic convex on a relative
convex set M, if and only if there exists a function ¢ : R™ — R™ such that

flte(x) + (1—t)e(y)) < f(x)f(y) '
forall x,y € My, t € [0,1].
In 2016, Shuang et al. [25] established the following lemma.
Lemma 1.8 ([25]). Let f: 1 C R — R be a differentiable function on 1° with a < b. If f" € L1([a, b]), then

%[f(a}+6f(a+b) —I—f(b)} — bian f(x)dx
= b;aﬂ [(i—t)f’(ta—k(l—t)a;b) + (i—t)f’(ta;b +(1—t)b)]dt.

On the basis of the above obtained identity, they developed some Simpson type inequalities via (o, m)-
convex.

In recent years, many researches generalized and extended the inequalities (1.1). For some recent
related results, for example, see [1, 6, 10-13, 17-20, 23, 26, 29, 30, 32] and the references included there.

It is always been known that the Simpson type inequality plays a fundamental and important role
in analysis. In particular, it is well applied in numerical integration. Due to this fact, the Simpson type
integral inequality has attracted renewed attention and interest from researchers. A variety of refinements
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and generalizations with respect to the inequality (1.2) have been found (see for example, [5, 7-9, 16, 21,
22, 24,27, 28, 34]).

Motivated by the inspiring idea in [12, 19] and by the ongoing research, in the present paper, the next
section we are going to introduce a new concept, to be referred as the relative semi-(x, m)-logarithmically
convex functions, and then we derive an integral identity. By using the obtained identity, we explore
new Simpson-like type inequalities for mappings whose absolute value of first derivative is relative semi-
(o, m)-logarithmically convex. Some interesting special cases of our main result are also considered.

2. New definitions and a lemma

In this section, we introduce the concept of relative semi-(x, m)-logarithmically convex functions.
From now onward, we take the notation M, = I = [@(a), ¢(b)] with 0 < ¢(a) < @(b) < oo be a
relative convex set.

Definition 2.1. A function f : M, — R7 is said to be a relative semi-(x, m)-logarithmic convex on a
relative convex set M, if and only if there exists a function ¢ : R™ — R™ such that

f(t(P(X) +m(1— t)(P(y)) < [f(x)]ta[f(y)]m(lft“)
forall x,y € R™: o(x), (y) € My, t € [0,1], and some fixed («, m) € (0,1] x (0,1].

Definition 2.2. A function f: M, — R is said to be a relative semi-a-logarithmic convex on a relative
convex set M, if and only if there exists a function ¢ : R™ — R™ such that

flto(x) + (1—oly)) < f(y) Lfm

forall x,y € R™: @(x), (y) € My, t € [0,1], and some fixed « € (0, 1].

Definition 2.3. A function f : M, — R is said to be a relative semi-m-logarithmic convex on a relative
convex set M, if and only if there exists a function ¢ : R™ — R™ such that

F(te(x) +m(1—t)p(y)) < K Fy)ImI
for all x,y € R™: ¢(x), ©(y) € My, t € [0,1], and some fixed m € (0, 1].

Remark 2.4. In Definitions 2.1, 2.2 and 2.3, if we take ¢ is the identity function, then we have the definition
of («, m)-, - and m-logarithmic convex, respectively.

To establish some new Simpson-like type inequalities for relative semi-(x, m)-logarithmically convex
functions, we need the following lemma.

Lemma 2.5. Let f: I C R — (0, c0) be a differentiable function on 1° (interior of 1) and let ¢ : 1 C R — (0, 00)
be a continuous function with ¢(a) < @(b). If f' € L([g(a), ¢(b)]), then we have

- 1 J‘P“’) flo(x) 4
Ine®) —Ing(a) Jo o)

_ Ine()—Ine(o cp(b){ <p(a)J:(i—t)[i%gﬂ5f’<[@(a)}1+2t[(0(b)]12t>dt @1
1

V/olb) | (1—t)[ﬂgﬂ;f'([cp(an%mbnl%)dt}.

1

g [f((p(a)) +6f< (p(a)(p(b)> +f(<p(b))}
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Proof. Integrating by parts for 0 < t < 1 leads to

In ¢(b) ;ln")(a) o(@e(0) Jl -y [ﬂ] %f’([(p(a)]HTt[ﬁp(b)]l_Tt)dt

2 8 0 2 0
3 1 _ 1 olv) fle(x))
= sf (Volalol®)) + gito(o) — ot | e
Lemma 2.5 is thus proved. O

Remark 2.6. In Lemma 2.5, if we take ¢ is the identity function, then (2.1) becomes to the following identity

é[( )+6f(Vab) +f(b)] - lnbilnajbf(x)dx

- e (G () (e e B ) () (et )

3. Main results

Using Lemma 2.5, in this section, integral inequalities of the Simpson-like type related to relative
semi-(o, m)-logarithmically convex functions are presented.

Theorem 3.1. Let ¢ : [a,b] C R — (0, 00) be a continuous positive homogeneous function with (p( ) < @(b).
Assume that f: 1 C R — (0,00) is a differentiable mapping on 1° (interior of 1) such that f' € L([¢(a), @(b)]).
IfIf"(@(x))|9 for q > 1 is increasing and relative semi-(ot, m)-logarithmically convex function on [0, ¢ ()] with
(«, ) (O 1] x (0, 1], then the following inequality holds:
1 1 *10) £ (x))
s (F(ola)) +6r(Vol@ol®) + flo(o)] — ot | o)
In @(b) —Inp(a) f BN ™
S 4 Vel ()]
«q ELT] &q 1 (3.1)

wa[—3+mn®  8n° —4n® —4]a
Mo 2
20eq Inmy (xqInmy)

x {\/cp(awi‘é (ola), o(b))
1 “143n7 80, —dn,’ —4]%
+ /o (0)9, q(@(a),cp(b))[ By L } }

20qInmy xqlnng)?
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where
I
T 62
Crela)1 (@l rela)]as
m Lo(b)} £(2)|™ [(p(b)] flos
191<(p(a),(p(b)> _ (Ing(b) —Ing(a))(3— [ﬁ%g”z) +16[$jgg]s _S[ﬂgﬂi —8’
2(In¢(b) ~Ing(a))
and

(a)13 ()
oot i) - 01~ mola (- 3(20E1) <el i) s(zf
2(Ing(b) —In¢(a))’
Proof. By Lemma 2.5, Young inequality, monotonically increasing and relative semi-(«, m)-logarithmically
convexity of [f'(¢(x))|, we get

1

s [ftotan +6f( @mmnw)+ﬂ@wn]m@()ihHMMJ:i;T;%”d@u)
\m“)4m@()mw{ J]4 [ 2] (gt ¥ oo+ ) at
o[ [ e (oot ion o
ctmoctostel {2 B ()
L ot 2 oo 63
\ ln(P(b);hl(P(a) (b){ ol : Z*t [ZEEEHZ e (”;)“f,(:l)’m(l(lr)“)dt
v g el G e

In @ (b) —In ¢(a) ,(bym 13 relani[ i) 1057
1 (b)|f (nﬁ)’ { ‘P(“)L 1 th)(b)} [’f’(%)‘m] dt
T re@E[ i@l 13"
*V“mLhﬂ@m}bwgwﬁ a
Using power mean inequality, we get
1 1 ©®) f(g(x))
&ﬁwmn+ﬁ(@mww0+ﬂmmﬂmwm_m@mﬁgm wm‘i“ﬂ

< In @(b) Zln p(a)

1 SRS NAL o) 19087 NG9
{vwo( e (e i )

(o

[ —|
S |6
gle
N+
(oW
(_4-
N———
T
al=
N
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fO<pu<land0< o, s <1, then

TR TR (3.5)
Whenno:fllf(/(;l))‘lm <1, by (3.5), we get
Ysrel@pd[ @i 1908 s rela)ys s
L3 ﬂ@m}hmgwﬁ ave | il e
X 1 xqt
:nﬁj ‘f tnﬁdt (3.6)
0l4
«©q 3aq «©q
_ sa[3+mn | 8ny° —dn’ —4
~ 0 | 2aqInn, (xqlnmq)? |
similarly,
1 L / q(l)a 9 5 9
J 1_tH@qu[|fmn} Vg M Sy —dny —4 (3.7)
o4 e ()™ S 2aglnm | (aglnm)?
Also
3 1
[ o[eefar - (inp(b) —Ino(a) (3— [{15]°) + 16[G51]° —8[G] =8 5q
0l4 o(b) 2(1n(p(b)—lr1(p(a))2 ,
and

1 1 1
Jl 1 —t’ [(p(a)] %dt _ (In@(b) —Ingp(a))(1 _3[@(b)] ?) + 16[(,0(b)] ’ _8[@&,)] =8 (3.9)
04 '
Using (3.6), (3.7), (3.8), (3.9) in (3.4), we obtain the desired inequality (3.1). This completes the proof. [

We now discuss some special cases of Theorem 3.1.

Corollary 3.2. In Theorem 3.1, letting q = 1, we have the following inequality for a relative semi-(x, m)-
logarithmically convex

1 meﬂwwhww

CIne®d) —Inoe(a) Jpa) @)

(o)

é[f((p(a)) +6f( <p(a)<p(b)) +f(<p(b))}

. Inp(b) —Ine(a) (0]

= 4

o 3 24 X % 5

s[=8+mn7 | 8n —dn; —4 —1+3ny  8ny —dn; —4

2

X {\/Wno [20¢lnn2 + (aInmp)? TVel) 2alnmy " (aInmp)? '
where
e(a)1x  [f'(a)l @(a)]x
_ = ) 3.10
n2 [MM}H(Q] o) ™ 10

Corollary 3.3. In Theorem 3.1, letting @ be the identity function and o = q = 1, we have the following inequality
for an m-logarithmically convex

E f(a) 4+ 6f(Vab) 4 f(b) ! i 9 g
o)+ 6f(Vab) + f(b)

8 " Inb—Ina), x
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bym
/
()l
3
eV TR DY e

" {mb(lna—lnb—i-lnno) (Ina—Inb +Innp)?

i +8<sno>%—4¢s7—4nl

2(Ina—1Inb +1Innp) (Ina—Inb +Inng)?

< lnbzlna\/g

where 1 is defined by (3.2).

Corollary 3.4. In Theorem 3.1, letting @ be the identity function and m = q = 1, we have the following inequality
for an o-logarithmically convex

é[f(a) +6f<\/@) +f(b)} S Jb LN

Inb—Ina ), x

< lnb—lna\/af,(b)’

4

(@I [3+ VAT | B(ng) 4T
% {\F[‘f’ b }] [ 2aclnns (xInn3)? ]
VR )} a5 4]}

2clnns (xlnnz)?

where
a\ « |f'(a)l
1’]3:(B> ‘f’(b)‘. (3.11)

Theorem 3.5. Let ¢ : [a,b] C IR — (0, 00) be a continuous positive homogeneous function with @(a ) @(b).
Assume that f: 1 C R — (0, 00) is a differentiable mapping on 1° (interior of 1) such that f' € L([¢(a), ¢(b)]).
If If"(@(x))|9 1s mcreasmg and relative semi-(o, m)-logarithmically convex function on [0, ¢ (2)] for o,m) €
(0,1] x (O 1], 5 + E = 1and q > 1, then the following inequality holds:

1

3 [f(cp(a)) +6f( <p(a)<p(b)) +f(<p(b))] -

1 JW f(o(x))
Ine(b)—Ing(a) Joa) @)

In@(b) —Ine(a) (1+3PH1\ 7 [2n,7 —2 by mr s
< et nel®) (L) o) Vol ()] nd vt o],

where 1 and )y are defined by (3.2) and (3.10), respectively.

dcp(X)‘
(3.12)

]q 0]

Proof. By Lemma 2.5, Holder’s inequality, Young inequality, monotonically increasing and relative semi-
(«, m)-logarithmically convexity of |f'(¢@(x))[|9, we get

‘Els{f((p(a)) +6f( (p(a)(p(b)) +f((p(b))] ~ Ing(b) ilncp(a) J:((:J) f(;p(%))d(p(x)'
< lncp(b)zlncp(a) D)
x {M(E 3 iar)’ H: [ﬁggﬂi # (lo(a) 4 lp(b)'2") th} ’
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evari([ -’ [], [oe)”

@(b)

< Ine(b) —Ine(a) (p(b){ @(a)(f 3_t’pdt>é

' (lo(a) [p(b))'~})

o

—_

1 1 qt
+ @(b)(L i—t’pdt>p L D;Ebﬂ

+

©
=
—
—
| =

|
=
o]

Q.
r—#.
N—
T =
—
(=] [y
S |6
SR
g
e
—
_h_
/;":
O"/—\
\/\E]

3
[
el
—~

N
~—

(oW
(—.-
.
|
—

similarly,

Also,

Ll E _t‘pdt = Ll E _t‘pdt = 4191:;(?:111)‘

th]é}

W(%(p(a) + ?w(b)) ]th} q}

(3.13)

(3.14)

(3.15)

(3.16)

Using (3.14), (3.15) and (3.16) in (3.13), we obtain the desired inequality (3.12). This completes the proof.

As special cases, we provide the following results for Theorem 3.5.

O
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Corollary 3.6. In Theorem 3.5, letting ¢ be the identity function, « = 1 and p = q = 2, we have the following
inequality for an m-logarithmically convex

‘;[()+6f(W)+f(b)]— ! be(x)dx

Inb—Ina ), x

N|—

()" Vo),

<\/21b(lnb—lna)< 2no—1 >

h 48 Ina—Inb+Inng

where g is defined by (3.2).

Corollary 3.7. In Theorem 3.5, letting ¢ be the identity function, m = 1 and p = q = 2, we have the following
inequality for an «-logarithmically convex

1[f(a)+6f<\/a>+f(b)}— ! be(x)dx

8 Inb—Ina ), x

_ VaTB(inb - na) (n%—l)zyff(bw({'”“”}zm@,

48 alnns ‘f’(b)‘

where 13 is defined by (3.11).

Theorem 3.8. Let ¢ : [a,b] C R — (0, 00) be a continuous positive homogeneous function with @(a) < @(b).
Assume that f:1C R — (0,00) is a differentiable mapping on 1° (interior of 1) such that ' € L([¢(a), (p(b)]).
If If'(@(x))| is increasing and relative semi-(x, m)-logarithmically convex function on [0, ¢(2)] for (a,m) €
(0,1] x (0 1], and u,© > 0 with w+ T =1, then the following inequality holds:

1 - 1 1) f(o(x))
5 | ot +6(Votara)) + floe)| - pomtprs [ e dcp(x)|
In @(b) —Inp(a) f BN ™
< ; o()[f'(2)] (3.17)
—— 12143 %) ;TzTZ(né’*—l)} ﬁ[ W2(1+35) 2r2(n;°*—1)]
X{ (p(a)[4” F(1+ ) N | TV 475 (14 p) T alnm, '

where 1 and My are defined by (3.2) and (3.10), respectively.

Proof. Continuing from inequality (3.3) in the proof of Theorem 3.1, using the well-known inequality
Tt < mﬁ + Tt~ to the right-hand side of inequality (3.3), we get

< [tota)) +66(volalolb)) + (b)) -

8
Gl

1 J‘P“” fleo(x)
In@(b) —Ingp(a) J,

< In @(b) ;hlcp(a)

x { cp(a)M: i
CRICIRF

¢(b)

(3.18)
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If 0 <np <1, by (3.5), we get
1 t ! 1 (li)oc 1 t
¢(a) zT[ [f'(a)l ] 2 J pla)yze_=0r
dt < o dt
L[wm};w;ﬂm J@m]”o
[29 1 ot
—nZ 0 nZ*dt (3.19)
& 2tlnf —1)
2T
— "o alnny
similarly,
1(t)” 3
r[@mqﬁ[|ymn}TQ)dt<2“ﬁ“‘” (3:20)
o Lo [ (@)™ S Talnmg
Also,
1 1 1 1 1+1
J ‘3—t”dt—J ‘l—t”dtzw. (3.21)
o !4 o 14 4 (14 )

Using (3.19), (3.20) and (3.21) in (3.18), we obtain the desired inequality (3.17). This completes the proof.

Let us discuss some special cases of Theorem 3.8.

O

Corollary 3.9. In Theorem 3.8, letting ¢ be the identity function and « = 1, we have the following inequality for

an m-logarithmically convex

1 [f(a) + 6f(x/ﬁ) + f(b)] ! Jb NN

8 " Inb—Ina), x

r

< lnbzlna\/g

1

451+ ) O Ina—Inb+Inng

1

y {\/a|:p2(1_|_31+&) L ZTZ((%T’]O)% _1):| |:H2(1+31+i) n 2’1‘2((%“0)% —1)

where n is defined by (3.2).

AN (14 p) Ina—Inb+Inng

I}

Corollary 3.10. In Theorem 3.8, letting  be the identity function and m = 1, we have the following inequality for

an o-logarithmically convex

Inb—Ina a X

‘;%m%+&(¢dﬂ+fwﬂ L Jb“”dx

< @\/‘B‘f’(b)}

27y — 1)

1

414 )

141 / & 20 3F 15
X{ apﬂ1+3*ﬂ+[w(mq 272 (nj 1W+V@PH1+3+)+

‘f/(b)‘ O(ll‘lT]g, 41+&(1+u)

where 13 is defined by (3.11).

I}
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Remark 3.11. In Corollary 3.9, if we take p =t = %, we have

é[()+6f(xﬁ>+f(b)}— ! be(x)dx

Inb—Ina ), x

’ E m 1 nO(%TIO_l) 1 bT]()—l
f<m)’ {ﬁ[96+2(lna—lnb+lnno) Vb 96+2(lna—lnb+lnn0) !

< lnbilna\/,t—J

where 1 is defined by (3.2).
Remark 3.12. In Corollary (3.10), if we take p =1 = % we have

% [f(a) +6f(\/ﬁ) +1(b ]

lnb—lnaJ

Inb—Ina 7 If/(a)] \* ng—1 7 n¥—1
< - = / 2 3 2 3
<=5 Volf (b)‘{ﬁ{96+<|f’(b)| roinms | V0|96 T 2uinms | (7

where 13 is defined by (3.11).
Finally we shall prove the following result.

Theorem 3.13. Let ¢ : [a,b] C R — (0, 00) be a continuous positive homogeneous function with ¢(a) < ¢(b).
Assume that f,g: 1 C R — (0, 0o) is a differentiable mapping on 1° (interior of 1) such that f,g € L([(p(a), (p(b)]).
If f(@(x)) is increasing and relative semi-(cx, ml) -logarithmically convex and g(@(x)) is increasing and relative

semi- (oc mz) -logarithmically convex on [O (p( )} for (¢, mi) € (0,1] x (0,1] and i = 1,2, then the following
inequality holds:

1 *1®) f(p(x))g(@(x)) [ b ]ml[ b }m
Inp(b)—Ine(a) J(p(a) e (x) do(x) < f(ml) 9<m2) Tla),
where oy i
A = fla)gla) f(n‘;)} [g(nl)]
and
1, A=1,
Y()={ 2=, 0<A<],
AN NS 1

xInA 7
Proof. Let @(x) = [@(a)]'[@(b)]'* and using Young inequality, we have

1 J("(b) fle(x))gle(x))
Ine(b) —Ingp(a) Jo(a) @(x)

de(x)

(3.22)

The relative semi-(o, m)-logarithmically convexity of f(¢(x)) and g(@(x)) yields

my (1—t£x)

f(t(p(a) Fm(1 t)(p(i)) < [fla)]t [f(ni)} ) (3.23)
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and

g<t(P(a) +ma(1 —t)@<b>> < [g(a)t" [g(b) (3.24)

my (1—t%)
mp :| ’

Using (3.23) and (3.24) in (3.22), we have

Jolf(t(p(a) +(1-1)e(b) )g(tela) + (1-t)p(b))dt
< J: [f(a)] " [f(nﬁl) [9(a)] [g (2)
)] o)) [ e )] ™ )] ")

When A = 1, we have

my (1-t%)
} dt

]mz(lt"‘)

when A < 1, we have

1 1
« A*—1
J At dth Axtdt = ,
0 0 xlnA

when A > 1, we have

1 1 A Al-«
J Atdt < J PN | A S
0 0 0(11’1)\

The proof of Theorem 3.13 is completed. O

It is easy to deduce the following corollaries.

Corollary 3.14. In Theorem 3.13, if f(@(x)) is increasing and relative semi-my-logarithmically convex and g(@(x))
is increasing and relative semi-my-logarithmically convex on [0, @ ()] for L = 1,2 and some fixed my, m, €
(0,11, then

1 2(0) £(p(x))g(e(x)) bA]™ [ b y]™
1n<p(b)—1n<p(a)L(a) o(x) d“’(")g[f(ml)} ["(m)] T

where Y is defined as in Theorem 3.13.

Corollary 3.15. In Theorem 3.13, if f(@(x)) and g(@(x)) are increasing and relative semi-(x, m)-logarithmically
convex on [0, (p(%)} for (&, m) € (0,1] x (0, 1], then

1 *1) f(o(x)g(e(x)) [ b r[ b ]’“
1ncp(b)—1ncp(a)L(a) o 2o <[] [o(R)] @,

where Y is defined as in Theorem 3.13.

Corollary 3.16. In Theorem 3.13, if f(@(x)) and g(@(x)) are increasing and relative semi-m-logarithmically
convex on [0, ¢ ()] for some fixed m € (0,1], then

1 21 f(o(x))g(e(x)) NI
lnm(b)—ln@(a)L(a) o () d“’(")g[f(ﬂ [9()} i,

where Y is defined as in Theorem 3.13.
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