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Abstract
The mathematical equation that describes how the quantum state of a quantum system changes during time was considered

within the framework of fractional differentiation with three different derivatives in Riemann-Liouville sense. The fractional
derivatives used in this work are constructed based on power, exponential decay, and Mittag-Leffler law. A new numerical
scheme for fractional derivative in Riemann-Liouville sense is presented and used to solve numerically the Schrödinger equation.
The stability analysis of each model is presented in detail. c©2017 All rights reserved.
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1. Introduction

The Riemann-Liouville fractional integral was obtained via the Cauchy formula for repeated integral
[7, 10, 11, 17, 18]. The Riemann-Liouville fractional integral possesses important properties like the semi-
group; the operator is indeed well-defined on the set of locally integrable function on the entire real line
R. Using the fundamental relations of the Riemann-Liouville fractional integral, the Riemann-Liouville
fractional derivative was constructed by taking enough derivative of the fractional integral. Nevertheless
the Riemann-Liouville fractional derivative appears to be the derivative of a convolution of the power
law x−α with any continuous function f. This is a very interesting and important result because many
natural occurrences seem to follow the power law. Nonetheless the utility of this power law in describing
real world problem, the fractional derivative with kernel as power law has a problem of singularity
at the origin, in addition to this; many other physical occurrences do not follow the power law used
in Riemann-Liouville fractional derivative but follow the law of exponential decay. To solve first the
problem of singularity and also that of exponential decay law, a derivative based on exponential decay
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law kernel was suggested by Caputo and Fabrizio [3, 8, 9, 12]. However, there is an established rule in the
scope of fractional differentiation that states that any fractional derivative must have a non-local kernel.
With this established rule, it appears that the Caputo-Fabrizio derivative is not a fractional operator
however it is very useful in describing real world problems that follow the exponential decay law. To
solve the problem of singularity, non-locality of the kernel and also to have added the more generalized
decay law, Abdon Atangana and Dumitru Baleanu suggested a fractional derivative with the generalized
Mittag-Leffler function as kernel [1, 2, 4, 6]. The definition of fractional derivative based on the Riemann-
Liouville approach although very useful but it numerical approximation has not gain attention in the
field of fractional differentiation. Recently Atangana and Gomez suggested the numerical approximation
of fractional derivative from power law to the generalized Mittag-Leffler function. In this paper, we
solve numerically the Schrödinger equation with power law, exponential decay law and the generalized
Mittag-Leffler law as kernels of time fractional derivative.

2. Fractional order derivatives in Riemann-Liouville sense

In this section, we present the fractional order definitions with Riemann-Liouville senses.

Definition 2.1. Let f be a function not necessarily differentiable, and α be a real number such that 0 6
α 6 1, then the derivative with α order with power law is given as [13]

RLDαt [f(t)] =
1

Γ(1 −α)

d

dt

t∫
0

(t− y)−αf(y)dy.

Definition 2.2. Let f ∈ H1(a,b), b > a, α ∈ [0, 1] and not necessarily differentiable, then, the definition
of the new fractional derivative (Atangana-Baleanu fractional derivative in Riemann-Liouville sense) is
given as [4]

ABRDαt [f(t)] =
B(α)

1 −α

d

dt

t∫
a

f(y)Eα

[
−

α

1 −α
(t− y)α

]
dy.

Definition 2.3. Let f be a function not necessarily differentiable, and α be a real number such that 0 6
α 6 1, then the derivative with α order with exponential decay-law is given as [15]

CFRDαt [f(t)] =
M(α)

1 −α

d

dt

t∫
a

f(y) exp
[
−

α

1 −α
(t− y)

]
dy,

whereM(α) and B(α) denote the normalization functions obeyingM(0) =M(1) = 1 and B(0) = B(1) = 1,
respectively.

3. Numerical approximations and stability analysis of numerical schemes

In this section we will consider the time dependent Schrödinger equation for one spatial dimension
that is given as below:

−h2

2m
∂2s(x, t)
∂x2 + u(x)s(x, t) = ih

∂s(x, t)
∂t

.

This section is structured as follows, the numerical analysis of the Schrödinger equation with Riemann-
Liouville fractional derivative is first presented, this will be followed by the analysis of the model with
Caputo-Fabrizio derivative in Riemann-Liouville sense and finally the model with Atangana-Baleanu
fractional derivative in Riemann-Liouville sense. The numerical approximation used in this paper can be
found in [5].
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3.1. Caputo-Fabrizio approach with RL sense and stability analysis of numerical scheme
The time dependent Schrödinger equation with CFR (Caputo-Fabrizio with Riemann Liouville sense)

operator is given by

ih CFR0 Dαt [s(x, t)] =
−h2

2m
∂2s(x, t)
∂x2 + u(x)s(x, t), 0 6 α 6 1.

The numerical approximation of Caputo-Fabrizio with Riemann Liouville sense is obtained with steps as
below [14–16]

CFR
0 Dαt [f(t)] =

M(α)

1 −α

d

dt

t∫
0

f(y) exp
[
−

α

1 −α
(t− y)

]
dy.

If we take

C(t) =
M(α)

1 −α

t∫
0

f(y) exp
[
−

α

1 −α
(t− y)

]
dy,

then we have
CFR
0 Dαt [f(t)] =

d

dt
C(t) =

C(tj+1) −C(tj)

∆t
.

So we have

CFR
0 Dαt [f(t)] =

M(α)

α∆t


j∑
k=0

f(tk+1)+f(tk)
2

(
exp[− α

1−α
(
tj+1 − tk+1

)
] − exp[− α

1−α
(
tj+1 − tk

)
]
)

−
j−1∑
k=0

f(tk+1)+f(tk)
2

(
exp[− α

1−α
(
tj − tk+1

)
] − exp[− α

1−α
(
tj − tk

)
]
)
+Cα,j,k,

where Cα,j,k is the remainder term given by equality below

Cα,j,k =
M(α)

(1 −α)∆t


j∑
k=0

tk+1∫
tk

{f(y) − f(tk+1)}
(
exp[− α

1−α

(
tj+1 − y

)
]
)
dy

−
j−1∑
k=0

tk+1∫
tk

{f(y) − f(tk+1)}
(
exp[− α

1−α

(
tj − y

)
]
)
dy

 .

In the rest of part we will consider Schrödinger equation with CFR approximation.

ih
M(α)

α∆t

(
j∑
k=0

s(tk+1) + s(tk)

2

′

cαj,k −

j−1∑
k=0

s(tk+1) + s(tk)

2

′′

cαj,k

)

=
−h2

2m


(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)
2 (4x)2

+ uji

[
s
j+1
i + sji

2

]
,

where
′

cαj,k =

(
exp[−

α

1 −α

(
tj+1 − tk+1

)
] − exp[−

α

1 −α

(
tj+1 − tk

)
]

)
,

′′

cαj,k =

(
exp[−

α

1 −α

(
tj − tk+1

)
] − exp[−

α

1 −α

(
tj − tk

)
]

)
.

(3.1)

For simplicity, let we take

d
j
i = ih

M(α)

2α∆t
, eji =

−h2

4m (4x)2 , fji =
u
j
i

2
.
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Then we write (3.1) again,

d
j
i

(
j∑
k=0

(s(tk+1) + s(tk))
′

cαj,k −

j−1∑
k=0

(s(tk+1) + s(tk))

′′

cαj,k

)
= eji

[(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)]
+ fji

[
s
j+1
i + sji

]
,

d
j
i

(
s
j+1
i + sji

) ′

cαj,k − d
j
i

(
s
j
i + s

j−1
i

) ′′

cαj,k + d
j
i

j−1∑
k=0

(
sk+1
i + ski

) ′

cαj,k − d
j
i

j−2∑
k=0

(
sk+1
i + ski

) ′′

cαj,k

= eji

[(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)]
+ fji

[
s
j+1
i + sji

]
.

(3.2)

Now we rearrange the equality (3.2) again below:(
d
j
i

′

cαj,k + 2eji − f
j
i

)
s
j+1
i =

(
d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i

)
s
j
i

− dji

j−1∑
k=0

(
sk+1
i + ski

) ′

cαj,k + d
j
i

j−2∑
k=0

(
sk+1
i + ski

) ′′

cαj,k

+ eji

(
s
j+1
i+1 + s

j+1
i−1 + s

j
i+1 − 2sji + s

j
i−1

)
+ djis

j−1
i

′′

cαj,k.

Now we will present the stability analysis of the numerical scheme.

3.1.1. Stability analysis of the numerical scheme
To show the efficiency of the numerical scheme with the stability analysis, we assume that gji = s

j
i−p

j
i,

where pji is the approximate solution of the modified equation at the given point in time and space (xi,tj),

(i = 1, 2, . . . ,N, j = 1, 2, . . . ,M) , also the error for approximation is given as gj =
[
g
j
1,gj2, . . . ,gjN

]
.

The error committed while solving the Schrödinger equation with CFR is given as:(
d
j
i

′

cαj,k + 2eji − f
j
i

)
g
j+1
i =

(
d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i

)
g
j
i

− dji

j−1∑
k=0

(
gk+1
i + gki

) ′

cαj,k + d
j
i

j−2∑
k=0

(
gk+1
i + gki

) ′′

cαj,k

+ eji

(
g
j+1
i+1 + g

j+1
i−1 + g

j
i+1 − 2gji + g

j
i−1

)
+ djig

j−1
i

′′

cαj,k.

(3.3)

While studying the stability, we take forms as below:

gm(x, t) = exp[at] exp[ikmx].

And,

gjn = exp[at] exp[ikmx], gj+1
n = exp[a (t+∆t)] exp[ikmx],

g
j
n+1 = exp[at] exp[ikm (x+∆x)], g

j
n−1 = exp[at] exp[ikm (x−∆x)],

g
j+1
n+1 = exp[a (t+∆t)] exp[ikm (x+∆x)], g

j+1
n−1 = exp[a (t+∆t)] exp[ikm (x−∆x)],

g
j−1
n−1 = exp[a (t−∆t)] exp[ikm (x−∆x)], gj−1

n = exp[a (t−∆t)] exp[ikm (x)],
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where km = πm
L , m = 1, 2, . . . ,M = L

∆x . Now put the aboves in equation (3.3), then we obtain(
d
j
i

′

cαj,k + 2eji − f
j
i

)
exp[a (t+∆t)] exp[ikmx]

=

(
d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i

)
exp[at] exp[ikmx]

− dji

j−1∑
k=0

(exp[a (t+∆t)] exp[ikmx] + exp[a (∆t)] exp[ikmx])
′

cαj,k

+ dji

j−2∑
k=0

(exp[a (t+∆t)] exp[ikmx] + exp[a (∆t)] exp[ikmx])
′′

cαj,k

+ eji

 exp[a (t+∆t)] exp[ikm (x+∆x)]
− exp[a (t+∆t)] exp[ikm (x−∆x)]−

exp[at] exp[ikm (x+∆x)] + exp[at] exp[ikm (x−∆x)]


+ dji exp[a (t−∆t)] exp[ikm∆x]

′′

cαj,k.

Let do simplication with exp[at] exp[ikmx] on both sides, then we obtain the following,(
d
j
i

′

cαj,k + 2eji − f
j
i

)
exp[a (∆t)]

=

(
d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i

)
− dji

j−1∑
k=0

(exp[a (∆t)] + 1)
′

cαj,k + d
j
i

j−2∑
k=0

(exp[a (∆t)] + 1)
′′

cαj,k

+ eji

 exp[a (∆t)] exp[ikm (∆x)]
+ exp[a (∆t)] exp[ikm (−∆x)]

+ exp[ikm (∆x)] + exp[ikm (−∆x)]

+ dji exp[a (−∆t)]
′′

cαj,k.

Rearranging the above, we have

exp[a (∆t)]

{
d
j
i

′

cαj,k + 2eji − f
j
i − d

j
i.j

( ′′

cαj,k −
′

cαj,k

)
− eji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) }

=


d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i + d

j
i.j

( ′′

cαj,k −
′

cαj,k

)

+eji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ dji exp[a (−∆t)]

′′

cαj,k

 .

Then

exp[a (∆t)] =


d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i + d

j
i.j

( ′′

cαj,k −
′

cαj,k

)

+eji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ dji exp[a (−∆t)]

′′

cαj,k

{
d
j
i

′

cαj,k + 2eji − f
j
i − d

j
i.j

( ′′

cαj,k −
′

cαj,k

)
− eji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) } . (3.4)

Note that the condition for stability analyis is given by the following inequality

g
j+1
i

g
j
i

= exp[a (∆t)]. (3.5)
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Thus if ∣∣∣∣∣gj+1
i

g
j
i

∣∣∣∣∣ 6 1,

from equation (3.4)-(3.5) we have the following

∣∣∣∣∣gj+1
i

g
j
i

∣∣∣∣∣ = |exp[a (∆t)]| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i + d

j
i.j

( ′′

cαj,k −
′

cαj,k

)
+eji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)
+dji exp[a (−∆t)]

′′

cαj,k

 d
j
i

′

cαj,k + 2eji − f
j
i − d

j
i.j

( ′′

cαj,k −
′

cαj,k

)
−eji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Then the condition for stability is given as∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


d
j
i

( ′′

cαj,k −
′

cαj,k

)
− 2eji + f

j
i + d

j
i.j

( ′′

cαj,k −
′

cαj,k

)

+eji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ dji exp[a (−∆t)]

′′

cαj,k

{
d
j
i

′

cαj,k + 2eji − f
j
i − d

j
i.j

( ′′

cαj,k −
′

cαj,k

)
− eji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) }

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
6 1. (3.6)

Thus from the above statement we can present the following theorem.

Theorem 3.1. The Crank-Nicholson scheme for solving the fractional Schrödinger equation with CFR is stable if
inequality (3.6) is satisfied.

3.2. Riemann-Liouville approach and stability analysis of numerical scheme
The time dependent Schrödinger equation with RL (Riemann Liouville sense) operator is given by

ih RL0 Dαt [s(x, t)] =
−h2

2m
∂2s(x, t)
∂x2 + u(x)s(x, t), 0 6 α 6 1.

The numerical approximation Riemann Liouville derivative is given below.

RL
0 Dαt [f(t)] =

1
Γ(1 −α)

d

dt

t∫
0

(t− y)−αf(y)dy, 0 6 α 6 1.

If we do same steps like numerical approximation of CFR, we will obtain below:

RL
0 Dαt [f(t)] =

1
Γ(2 −α)∆t


j∑
k=0

f(tk+1)+f(tk)
2

((
tj+1 − tk

)1−α
−
(
tj+1 − tk+1

)1−α
)

−
j−1∑
k=0

f(tk+1)+f(tk)
2

((
tj − tk

)1−α
−
(
tj − tk+1

)1−α
)
+ Rα,j,k,
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where Rα,j,k is the remainder term given by equality

Rα,j,k =
1

(1 −α)∆t


j∑
k=0

tk+1∫
tk

{f(y) − f(tk+1)}
(
tj+1 − y

)−α
dy

−
j−1∑
k=0

tk+1∫
tk

{f(y) − f(tk+1)}
(
tj − y

)−α
dy

 .

Now we will consider the Schrödinger equation with RL sense approximation.

ih
1

Γ(2 −α)∆t

(
j∑
k=0

s(tk+1) + s(tk)

2

′

rαj,k −

j−1∑
k=0

s(tk+1) + s(tk)

2

′′

rαj,k

)

=
−h2

2m


(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)
2 (4x)2

+ uji

[
s
j+1
i + sji

2

]
,

(3.7)

where

′

rαj,k =
((
tj+1 − tk

)1−α
−
(
tj+1 − tk+1

)1−α
)

,
′′

rαj,k =
((
tj − tk

)1−α
−
(
tj − tk+1

)1−α
)

.

For simplicity, let we take

a
j
i = ih

1
Γ(2 −α)∆t

, bji =
−h2

4m (4x)2 , cji =
u
j
i

2
.

Then we write (3.7) again,

a
j
i

(
j∑
k=0

(s(tk+1) + s(tk))
′

rαj,k −

j−1∑
k=0

(s(tk+1) + s(tk))

′′

rαj,k

)
= bji

[(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)]
+ cji

[
s
j+1
i + sji

]
,

a
j
i

(
s
j+1
i + sji

) ′

rαj,k − a
j
i

(
s
j
i + s

j−1
i

) ′′

rαj,k + a
j
i

j−1∑
k=0

(
sk+1
i + ski

) ′

rαj,k − a
j
i

j−2∑
k=0

(
sk+1
i + ski

) ′′

rαj,k

= bji

[(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)]
+ cji

[
s
j+1
i + sji

]
.

(3.8)

Now we rearrange the equality (3.8) as below:(
a
j
i

′

rαj,k + 2bji − c
j
i

)
s
j+1
i

=

(
a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i

)
s
j
i − a

j
i

j−1∑
k=0

(
sk+1
i + ski

) ′

rαj,k + a
j
i

j−2∑
k=0

(
sk+1
i + ski

) ′′

rαj,k

+ bji

(
s
j+1
i+1 + s

j+1
i−1 + s

j
i+1 − 2sji + s

j
i−1

)
+ ajis

j−1
i

′′

rαj,k.

Next, we will present the stability analysis of the numerical scheme with RL sense.
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3.2.1. Stability analysis of the numerical scheme
To show the efficiency of the numerical scheme with the stability analysis, we assume that hji = s

j
i−p

j
i

where pji is the approximate solution of the modified equation at the given point in time and space (xi,tj),

(i = 1, 2, . . . ,N, j = 1, 2, . . . ,M) , also the error for approximation is given as hj =
[
h
j
1,hj2, . . . ,hjN

]
.

The error committed while solving the Schrödinger equation with RL sense is given as:(
a
j
i

′

rαj,k + 2bji − c
j
i

)
h
j+1
i

=

(
a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i

)
h
j
i − a

j
i

j−1∑
k=0

(
hk+1
i + hki

) ′

rαj,k + a
j
i

j−2∑
k=0

(
hk+1
i + hki

) ′′

rαj,k

+ bji

(
h
j+1
i+1 + h

j+1
i−1 + h

j
i+1 − 2hji + h

j
i−1

)
+ ajih

j−1
i

′′

rαj,k.

(3.9)

While studying the stability, we take forms as below:

hm(x, t) = exp[at] exp[ikmx].

And,

hjn = exp[at] exp[ikmx], hj+1
n = exp[a (t+∆t)] exp[ikmx],

h
j
n+1 = exp[at] exp[ikm (x+∆x)], h

j
n−1 = exp[at] exp[ikm (x−∆x)],

h
j+1
n+1 = exp[a (t+∆t)] exp[ikm (x+∆x)], h

j+1
n−1 = exp[a (t+∆t)] exp[ikm (x−∆x)],

h
j−1
n−1 = exp[a (t−∆t)] exp[ikm (x−∆x)], hj−1

n = exp[a (t−∆t)] exp[ikm (x)],

where km = πm
L , m = 1, 2, . . . ,M = L

∆x . Now put the aboves in equation (3.9), then we obtain(
a
j
i

′

rαj,k + 2bji − c
j
i

)
exp[a (t+∆t)] exp[ikmx]

=

(
a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i

)
exp[at] exp[ikmx]

− aji

j−1∑
k=0

((exp[a (t+∆t)] exp[ikmx] + exp[a (∆t)] exp[ikmx]))
′

rαj,k

+ aji

j−2∑
k=0

((exp[a (t+∆t)] exp[ikmx] + exp[a (∆t)] exp[ikmx]))
′′

rαj,k

+ bji

(
exp[a (t+∆t)] exp[ikm (x+∆x)] − exp[a (t+∆t)] exp[ikm (x−∆x)]

− exp[at] exp[ikm (x+∆x)] + exp[at] exp[ikm (x−∆x)]

)
+ aji exp[a (t−∆t)] exp[ikm∆x]

′′

rαj,k.

Let do simplication with exp[at] exp[ikmx] on both sides, then we obtain the following,(
a
j
i

′

rαj,k + 2bji − c
j
i

)
exp[a (∆t)] =

(
a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i

)

− aji

j−1∑
k=0

(exp[a (∆t)] + 1)
′

rαj,k + a
j
i

j−2∑
k=0

(exp[a (∆t)] + 1)
′′

rαj,k
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+ bji

 exp[a (∆t)] exp[ikm (∆x)]
+ exp[a (∆t)] exp[ikm (−∆x)]

+ exp[ikm (∆x)] + exp[ikm (−∆x)]

+ aji exp[a (−∆t)]
′′

rαj,k.

Rearranging the above, we obtain

exp[a (∆t)]

 a
j
i

′

rαj,k + 2bji − c
j
i − a

j
i.j

( ′′

rαj,k −
′

rαj,k

)
−bji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)


=


a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i + a

j
i.j

( ′′

rαj,k −
′

rαj,k

)

+bji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ aji exp[a (−∆t)]

′′

rαj,k

 .

Then

exp[a (∆t)] =


a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i + a

j
i.j

( ′′

rαj,k −
′

rαj,k

)

+bji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ aji exp[a (−∆t)]

′′

rαj,k

{
a
j
i

′

rαj,k + 2bji − c
j
i − a

j
i.j

( ′′

rαj,k −
′

rαj,k

)
− bji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) } .

Note that the condition for stability analyis is given by the following inequality

h
j+1
i

h
j
i

= exp[a (∆t)]. (3.10)

Thus if ∣∣∣∣∣hj+1
i

h
j
i

∣∣∣∣∣ 6 1,

from equation (3.10) we have the following

∣∣∣∣∣hj+1
i

h
j
i

∣∣∣∣∣ = |exp[a (∆t)]| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i + a

j
i.j

( ′′

rαj,k −
′

rαj,k

)

+bji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ aji exp[a (−∆t)]

′′

rαj,k

 a
j
i

′

rαj,k + 2bji − c
j
i − a

j
i.j

( ′′

rαj,k −
′

rαj,k

)
−bji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Then the condition for stability is given as∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣


a
j
i

( ′′

rαj,k −
′

rαj,k

)
− 2bji + c

j
i + a

j
i.j

( ′′

rαj,k −
′

rαj,k

)

+bji
(

exp[ikm (∆x)] + exp[ikm (−∆x)]
)
+ aji exp[a (−∆t)]

′′

rαj,k

 a
j
i

′

rαj,k + 2bji − c
j
i − a

j
i.j

( ′′

rαj,k −
′

rαj,k

)
−bji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
6 1. (3.11)
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Thus from above statement we can present the following theorem.

Theorem 3.2. The Crank-Nicholson scheme for solving the fractional Schrödinger equation with RL sense is stable
if inequality (3.11) is satisfied.

3.3. Atangana-Baleanu derivative with Riemann-Liouville approach and stability analysis of numerical scheme
The time dependent Schrödinger equation with ABR (Atangana-Baleanu derivative with Riemann-

Liouville sense) operator is given by

ih ABR0 Dαt [s(x, t)] =
−h2

2m
∂2s(x, t)
∂x2 + u(x)s(x, t), 0 6 α 6 1.

The numerical approximation ABR derivative is given below.

ABR
0 Dαt [f(t)] =

B(α)

1 −α

d

dt

t∫
a

f(y)Eα

[
−

α

1 −α
(t− y)α

]
dy, 0 6 α 6 1.

If we do same steps like numerical approximation of CFR and RL, we will obtain below:

ABR
0 Dαt [f(t)] =

B(α)

Γ(1 −α)∆t

{
j∑
k=0

f(tk+1)+f(tk)
2 θα,1

j −
j−1∑
k=0

f(tk+1)+f(tk)
2 βα,1

j

}
+Aα,j,k,

where

θα,1
j = (tj+1 − tk+1)Eα,2[−

α

1 −α

(
tj+1 − tk+1

)α
] + (tj+1 − tk)Eα,2[−

α

1 −α

(
tj+1 − tk

)α
],

βα,1
j = (tj − tk+1)Eα,2[−

α

1 −α

(
tj − tk+1

)α
] + (tj − tk)Eα,2[−

α

1 −α

(
tj − tk

)α
],

and Aα,j,k is the remainder term given by equality below

Aα,j,k =
B(α)

Γ(1 −α)∆t


j∑
k=0

tk+1∫
tk

{f(y) − f(tk+1)}Eα
[
− α

1−α

(
tj+1 − y

)α]
dy

−
j−1∑
k=0

tk+1∫
tk

{f(y) − f(tk+1)}Eα
[
− α

1−α

(
tj − y

)α]
dy

 .

Now we will consider the Schrödinger equation with ABR approximation.

ih
B(α)

Γ(1 −α)∆t

(
j∑
k=0

s(tk+1) + s(tk)

2
θα,1
j −

j−1∑
k=0

s(tk+1) + s(tk)

2
βα,1
j

)

=
−h2

2m


(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)
2 (4x)2

+ uji

[
s
j+1
i + sji

2

]
.

(3.12)

For simplicity, let we take

v
j
i = ih

B(α)

Γ(1 −α)∆t
, yji =

−h2

4m (4x)2 , zji =
u
j
i

2
.

Then we write (3.12) again,

v
j
i

(
j∑
k=0

(s(tk+1) + s(tk)) θ
α,1
j −

j−1∑
k=0

(s(tk+1) + s(tk))β
α,1
j

)
= yji

[(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)]
+ zji

[
s
j+1
i + sji

]
,
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v
j
i

(
s
j+1
i + sji

)
θα,1
j − vji

(
s
j
i + s

j−1
i

)
βα,1
j + vji

j−1∑
k=0

(
sk+1
i + ski

)
θα,1
j − vji

j−2∑
k=0

(
sk+1
i + ski

)
βα,1
j

= yji

[(
s
j+1
i+1 − 2sj+1

i + sj+1
i−1

)
−
(
s
j
i+1 − 2sji + s

j
i−1

)]
+ zji

[
s
j+1
i + sji

]
.

(3.13)

Now we rearrange the equality (3.13) as below:(
v
j
iθ
α,1
j + 2yji − z

j
i

)
s
j+1
i

=
(
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i

)
s
j
i − v

j
i

j−1∑
k=0

(
sk+1
i + ski

)
θα,1
j + vji

j−2∑
k=0

(
sk+1
i + ski

)
βα,1
j

+ vji

(
s
j+1
i+1 + s

j+1
i−1 + s

j
i+1 − 2sji + s

j
i−1

)
+ vjis

j−1
i βα,1

j .

Next, we will present the stability analysis of the numerical scheme with ABR sense.

3.3.1. Stability analysis of the numerical scheme
To show the efficiency of the numerical scheme with the stability analysis, we assume that lji = s

j
i− p

j
i

where pji is the approximate solution of the modified equation at the given point in time and space (xi,tj),

(i = 1, 2, . . . ,N, j = 1, 2, . . . ,M) , also the error for approximation is given as lj =
[
l
j
1, lj2, . . . , ljN

]
.

The error committed while solving the Schrödinger equation with CFR is given as:(
v
j
iθ
α,1
j + 2yji − z

j
i

)
l
j+1
i

=
(
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i

)
l
j
i − v

j
i

j−1∑
k=0

(
lk+1
i + lki

)
θα,1
j + vji

j−2∑
k=0

(
lk+1
i + lki

)
βα,1
j

+ vji

(
l
j+1
i+1 + l

j+1
i−1 + l

j
i+1 − 2lji + l

j
i−1

)
+ vjil

j−1
i βα,1

j .

(3.14)

While studying the stability, we take forms as below:

lm(x, t) = exp[at] exp[ikmx].

And,

ljn = exp[at] exp[ikmx], lj+1
n = exp[a (t+∆t)] exp[ikmx],

l
j
n+1 = exp[at] exp[ikm (x+∆x)], l

j
n−1 = exp[at] exp[ikm (x−∆x)],

l
j+1
n+1 = exp[a (t+∆t)] exp[ikm (x+∆x)], l

j+1
n−1 = exp[a (t+∆t)] exp[ikm (x−∆x)],

l
j−1
n−1 = exp[a (t−∆t)] exp[ikm (x−∆x)], lj−1

n = exp[a (t−∆t)] exp[ikm (x)],

where km = πm
L , m = 1, 2, . . . ,M = L

∆x . Now put the aboves in equation (3.14), then we obtain(
v
j
iθ
α,1
j + 2yji − z

j
i

)
exp[a (t+∆t)] exp[ikmx]

=
(
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i

)
exp[at] exp[ikmx]

− vji

j−1∑
k=0

(exp[a (t+∆t)] exp[ikmx] + exp[a (∆t)] exp[ikmx]) θα,1
j

+ vji

j−2∑
k=0

(exp[a (t+∆t)] exp[ikmx] + exp[a (∆t)] exp[ikmx])βα,1
j
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+ yji

(
exp[a (t+∆t)] exp[ikm (x+∆x)] − exp[a (t+∆t)] exp[ikm (x−∆x)]

− exp[at] exp[ikm (x+∆x)] + exp[at] exp[ikm (x−∆x)]

)
+ zji exp[a (t−∆t)] exp[ikm∆x]βα,1

j .

Let do simplication with exp[at] exp[ikmx] on both sides, then we obtain the following,(
v
j
iθ
α,1
j + 2yji − z

j
i

)
exp[a (∆t)] =

(
v
j
i

(
θα,1
j −βα,1

j

)
− 2yji + z

j
i

)
− vji

j−1∑
k=0

(exp[a (∆t)] + 1) θα,1
j

+ vji

j−2∑
k=0

(exp[a (∆t)] + 1)βα,1
j

+ yji

 exp[a (∆t)] exp[ikm (∆x)]
+ exp[a (∆t)] exp[ikm (−∆x)]

+ exp[ikm (∆x)] + exp[ikm (−∆x)]

+ vji exp[a (−∆t)]βα,1
j .

Rearranging the above, we obtain

exp[a (∆t)]
{
v
j
iθ
α,1
j + 2yji − z

j
i − v

j
i.j
(
βα,1
j − θα,1

j

)
− yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) }
=

{
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i + v

j
i.j
(
βα,1
j − θα,1

j

)
+yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)
+ vji exp[a (−∆t)]βα,1

j

}
.

Then

exp[a (∆t)] =

{
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i + v

j
i.j
(
βα,1
j − θα,1

j

)
+yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)
+ vji exp[a (−∆t)]βα,1

j

}
{
v
j
iθ
α,1
j + 2yji − z

j
i − v

j
i.j
(
βα,1
j − θα,1

j

)
− yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) } .

Note that the condition for stability analysis is given by the following inequality

l
j+1
i

l
j
i

= exp[a (∆t)]. (3.15)

Thus if ∣∣∣∣∣lj+1
i

l
j
i

∣∣∣∣∣ 6 1,

from equation (3.15) we have the following

∣∣∣∣∣lj+1
i

l
j
i

∣∣∣∣∣ = |exp[a (∆t)]| =

∣∣∣∣∣∣∣∣∣∣∣

{
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i + v

j
i.j
(
βα,1
j − θα,1

j

)
+yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)
+ vji exp[a (−∆t)]βα,1

j

}
{

v
j
iθ
α,1
j + 2yji − z

j
i − v

j
i.j
(
βα,1
j − θα,1

j

)
−yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) }
∣∣∣∣∣∣∣∣∣∣∣
.

Then the condition for stability is given as∣∣∣∣∣∣∣∣∣∣∣

{
v
j
i

(
βα,1
j − θα,1

j

)
− 2yji + z

j
i + v

j
i.j
(
βα,1
j − θα,1

j

)
+yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

)
+ vji exp[a (−∆t)]βα,1

j

}
{
v
j
iθ
α,1
j + 2yji − z

j
i − v

j
i.j
(
βα,1
j − θα,1

j

)
− yji

(
exp[ikm (∆x)] + exp[ikm (−∆x)]

) }
∣∣∣∣∣∣∣∣∣∣∣
6 1. (3.16)

Thus from that above statement we can present the following theorem.
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Theorem 3.3. The Crank-Nicholson scheme for solving the fractional Schrödinger equation with ABR is stable if
inequality (3.16) is satisfied.

4. Conclusion

A new numerical scheme based on Riemann-Liouville, Caputo-Fabrizio and Atangana-Baleanu frac-
tional derivatives in Riemann-Liouville sense are presented in this paper. The three numerical approx-
imations are used to solve the Schrödinger equation with the three derivatives based on power law,
exponential decay law and generalized Mittag-Leffler law. We studied in detail the stability and the con-
vergence of the used numerical scheme for solving the modified models. Within some conditions, the
numerical scheme suggested here is stable and convergent.
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