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Abstract

In this paper, we give some identities of A-Daehee polynomials and investigate a new and interesting identities of A-Daehee
polynomial arising from the symmetry properties of the p-adic invariant integral on Z,,. (©2017 All rights reserved.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C,, will denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure of Q,. The
p-adic norm |- [, is normalized as [pl, = 1

Let f(x) be a uniformly differentiable function on Z;,. Then the p-adic invariant integral on Z, is

defined by

pN—1
Iy(f) = szf(x)duo(x) = 1\}E>nooplN nZ_O f(x), (see 15, 16]). (1.1)
From (1.1), we note that
Io(f1) — Io(f) = £'(0), (1.2)
where /(0) = dfi(;) » and f1(x) = f(x+1).
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As is well-known, the Daehee polynomials are defined by

1 o n
Og(ltmu )Y = 2 Dn(x)%, (1.3)

(see [1-3, 5-9, 14, 20, 21]). From (1.2), we note that

log(1+1) > tn
x+y _ P-4 x _ v
I LA LI (1.4
where [t[, < pv%ll.
By (1.4), we easily get
J (1+6)* ¥ dp(y) :J e Tullog ) quy (y)
z, z,
%) o 1 -
— Zojzp(x—ky) dpg(y)a(log(l—kt)) (1.5)

8 1

n tn

2 (2 sitnmBn)

where Sq(n, m) is the Stirling number of the first kind and By, (x) are the Bernoulli polynomials (see [17]).
From (1.4) and (1.5), we note that

Dn(x)= ) Si(n,m)Bm(x), (see [10,12,23]).

m=0

Recently many researchers have studied symmetric identities of special polynomials (see [11, 13, 14,
16, 18, 19, 22]). In this paper, we give some identities of A-Daehee polynomials and investigate a new and
interesting identities of A-Daehee polynomial arising from the symmetry properties of the p-adic invariant
integral on Zp,.

2. The A-Daehee polynomials

In this section, we will investigate interesting identities of the A-Daehee polynomials which are modi-

tied by the Daehee polynomials in (1.3).
The A-Daehee polynomials are defined by the generating function to be

Alog(1+1)
W Z D (x| 7\ , (see [21)), 2.1)
when x =0, D,,(0 | A) = D, (A) are called A-Daehee numbers.
For [t|, < pv;jl, by (1.2), we get

Alog(1+t)

Ty Zanm —.

j (14 MY dpo(y) =
Z'F’

From (2.1), we have

t™  Alog(l+1t) X

7)}\m(log(1+t)) 22)
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Thus, by (2.2), we have the following theorem.
Theorem 2.1.
NINE ZB (F)Amsit,m), (> 0).

Recall that for z € IR, the Harmonic polynomials H.,(z) defined as follows

D Hp(2t" = Mu —1)=.

—= t(1—1t)
Observe that
> " —In(1—1)
H, = 1—t)*
nzon &=ty 1Y
1-In(1+ (—t)) z—
— ) 2.3)
(14 (—t) —1
o tn
=Y Dnlz—1I)(=)"=
n=0
Thus, by (2.3), we have the following theorem.
Theorem 2.2. For n € IN U{0}, we have
Ha(2) = Da(z—111)
n!

3. Some identities of symmetry for A-Daehee polynomials

In this paper, we give some new identities of symmetry for the A-Daehee polynomials which are
derived from our symmetric properties related to p-adic invariant integral on Z,,. In addition, we inves-
tigate some new identities of symmetry for the A-Daehee polynomial invariant under Dihedral group D4
of degree 4 arising from the p-adic invariant integral on Z,.

In this section, we assume that t € Q, with [t|, < pP;Jl. For A € Z,,, let us take f(x) = (1+ t)**. Then,
by (1.2), we get

Ax ~Alog(l+1) o t
J, 00 anoto = BT PILITE

and

J (14 )M+ dug(y) = i\llog()l—i_tl—i—t ZD x|>\—.
Z

P
As is well-known, the Bernoulli polynomials are defined by the p—ad1c invariant integral on Z,, as

follows:
J Ut (y) = et = Y Ba(x) (3.1)
z, e = Rt '

From (3.1), we note that

(3.2)
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where S>(n, m) is the Stirling number of the second kind.
By (3.1) and (3.2), we get

A"Bn ( ) ZD x)Sa(n,m), (n>=0).

We assume that wy, wy, w3, wy € IN. From (1.1), we note that

J (1+t)}\W1WZW3y+w1W2W3W4X+W1WZW41+W1W3W4j+WZW3W4kde(y)
Zyp

N
pr—1
— i - AW WO W3Y+WI WoW3WaX+W1WoWail+Wiwiswaj+wowswak
lim — (1+1)
N—
oo p y—0
wypN—1 (33)

E (1 4 t) AWIWOW3Y+W1 WoW3WaX+WiWoWai+wiwazwyj+wowzwak

y=0

1 1 wy—1pN—1
- — lim E E 1+t)7\W1W2W3(1+W4y)+W1W2W3W4X+W1W2W41+W1W3W4)+W2W3W4k

W4N—>oopN =0 y—0

Thus, by (3.3), we get

W3— 1W2 1W1 1

Z Z Z J 1—|—t 7\W1W2W3y+W1W2W3W4X+W1W2W41+W1W3W4]+W2W3W4kdu0(y)
W1W2W3
j=0 k=0

Wy— 1W3 1W2 1W1 1PN71

1
e dm e Y Y Y Y

1=0 i=0 j=0 k=0 y=0
% (1 +t)?\w1WZW3(l+W4y)+w1WZW3W4X+W1WZW4i+w1W3W4j+WZW3W4k

As this expression is invariant under any permutation o € Dy, we have the following theorem.
Theorem 3.1. For wq, wp, w3, Wy € IN, the following expressions

We@)—1weoy—1we)—

Weo(1)Wo(2)We (3) i=0 j=0 k=0

X J (14 )Mo Wo@Wem) YT Wo)Wo2) Wo(3) Wold) X+ Wa(1) Wo2) W) LE We(1) Wo(3) Wea) T T Wo(2) Wea) Weln K q i (y),
Zy

are the same for any o € Dy.

Now, we note that

AW WoW3 Y+ Wi WrW3Wye X+WiWowgi+wiwizwyj+wowswyk
J(1+t)1239 1W2W3Wy 1W2 Wy 134]234(1“0(9)
Zy

o - (3.4)
= Z D (Wiwawzwgx +wiwowsi + wiwswyj +wowzwak [ Awqwaws) o

n=0

Therefore, by Theorem 3.1 and (3.4), we obtain the following theorem.
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Theorem 3.2. For n > 0, wi, wo, w3, wy € I, the following expressions

o3)—1wo@)—1wgn)—1

1 .
Z Z Dn(Wc(l)Wc(z)Wcr(3)Wc(4)X+Wa(1)Wa(2)Wc(4)1
=0 k=0

w
WemWe(2)Wo(3)

i—0
T W (1) We3)Wo4)) T Wo2)We3)Wo ) K [ Ad(D)Ws ) We(3)),

are the same for any o € Dy.

Now, we observe that

ngl Wz—l Wlfl

1 . .
———— 3 > > Dn(wiwawswsx + wiwowsi + wiwawaj + wawswak | Awiwows)
WiWowz — —
i=0 j=0 k=0
1 W4—1 ngl szl
= — Z Z Z D (Wawzwawix + wowswii +wawgwij + wawgwik | Awawsawy)
WoW3Wy — = —
i=0 j=0 k=0
1 W]—l W4—1 W3—1
= — Z Z Z D (Wawawiwox +Wawagwai +wawiwaj + wawiwak | Awswawy)
W3wgwp T —
i=0 j=0 k=0
1 Wz*l Wlfl W471
=— Z Z Z Dy (wywiwawsx + wawiwsi + wiwowsj + wiwawsk | Awgwiwg)
WiWiWy — —
i=0 j=0 k=0
1 W4—1 W]—]. szl
= — Z Z Z D (Wawiwawzx +wowiwai +wowgwsj + wiwgwsk [ Awowiwy)
WoyWiWy —— —
i—0 j=0 k=0
1 W2—1 W371 W471
= — Z Z Z D (Wgwswowix +wywswii +wygwoawij + wawowik [ Awgwzwy)
W4W3Wy  — —
i=0 j=0 k=0
1 W1—1 szl W3—1
= — Z Z Z D (WaWwawiwax +Wawowgl + wawiwyj +wowiwgk [ Awswowy )
W3WoWwp — = —
i=0 j—=0 k=0
1 W3—1 W471 Wlfl
=———— 3 3 ) Dn(wiwswswyx +wiwgwal + wiwswaj + wiwswak | Awiwaws).
W1WgWw3

i=0 j=0 k=0

Therefore, we obtain the following theorem.

Theorem 3.3. For n > 0, we have

W3—1 W2—1 W1—1

1 . .
— Z Z Z D (Wiwawzwgx +wiwowgi + wiwzwyj + wowzwyk [ Awqwows)
WiWowsz — —
i=0 j=0 k=0
1 W471 W371 szl
=— Z Z Z D (Wawswygwix +Wwowswii + wowgwij + wawgwik [ Awawzwy)
WoW3Wy — = —
i=0 j=0 k=0
1 W]—l W4—1 W3—1
= — Z Z Z D (Wawawiwax +Wawawai + wawiwaj + wawiwak | Awswawy )
W3WygWwp —— —
i=0 j=0 k=0
1 wr—1w;—1wy—1
= — Z Z Z D (wgwiwowzx +wywiwai + wgwoawsj + wiwowsk | Awgwiwy).
WiW1iWo

i=0 j=0 k=0
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4. Conclusion

We consider the A-Daehee polynomials such as various degenerate special polynomials over years:
Koborov polynomials, A-Bell polynomials, the degenerate Euler polynomials, the degenerate Bernoulli
polynomials, the degenerate Genocchi polynomials and the Changhee polynomials have many applica-
tions in the mathematics and mathematical physics (see [4]). In Theorems 2.1 and 2.2, we gave some
identities of related to the A-Daehee polynomials. In Theorems 3.1, 3.2 and 3.3 we obtained new and
novel symmetry properties related to A-Daehee polynomials by using the symmetry properties of the
p-adic invariant integral on Z,,.
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