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Abstract

In this article, we investigate a split feasibility problem via a regularization iterative algorithm. Strong convergence theorems
of solutions for the split feasibility are established in the framework of Hilbert spaces. We also apply our main results to the
split equality problem. (©2017 All rights reserved.
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1. Introduction

In this paper, we always assume that H; and H, are real Hilbert spaces endowed with inner products
and induced norms denoted by (-, -) and || - ||, respectively, while H refers to as any of these spaces. Let D
be a nonempty closed and convex subset of H. Recall that Proj5 is said to be a metric projection from H
onto D iff

[x —Projpx|| < [x—vyll, ¥x€H,yeD.

It is known that
(x —y,Projpx — Projiy) > |Projix — Projhyl|[?, V¥x,y € H.

Moreover, Projox is also characterized by the fact Ppx € C and
(x — Projpix,y — Projix) <0,

and
Ix —yl* > |[x —Projpx||* + [y — Projpx||>, ¥x e H,yeC.

Recall that a mapping M : H — H is said to be contractive iff there exists a constant k € (0, 1) such that

IMx =Myl <klx—yl, ¥xyeH.
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Recall that M : H — H is said to be contractive iff
[Mx —My|| < [[x—yll, YxyeH.

Also, recall that M : H — H is said to be averaged iff it can be written as the average of the identity
mapping and a nonexpansive mapping, i.e., M = (1 —o)[ + «N where @ € (0,1) and N : H — H is
nonexpansive and I is the identity operator on H. Recall that M : H — H is said to be firmly nonexpansive
iff
[IMx = Myl[* < [x—y|* =[x —y = (Mx—=My)[?, ¥xy € H.
We note here that averaged mappings are nonexpansive. Further, firmly nonexpansive mappings are
averaged. We also remark here that metric projections on nonempty closed and convex subsets are aver-
aged. If T = (1 — «)N + @A, where A : H — H is averaged, N : H — H is nonexpansive and « € (0,1),
then T is averaged. The composite of finitely many averaged mappings is still averaged. Recently, fixed
point methods of nonexpansive mappings have been studied for several convex optimization problems;
see [1, 8, 14, 17] and the references therein.
Recall that a mapping F: H — H is said to be monotone iff

(Fx—Fy,x—y) >0, Vx,yeH.
Recall that F: H — H is said to be inverse-strongly monotone iff there exists a constant v > 0 such that
(Fx—Fy,x—y) > v|[Fx—Fy|?, Vx,ycH.

In such a case, we also say that F is v-inverse-strongly monotone. Recall that F : H — H is said to be
strongly monotone iff there exists a constant v > 0 such that

(Fx—Fy,x—y) > vHx—yHZ, Vx,y € H.

In such a case, we also say that F is v-strongly monotone. Recall that F: H — H is said to be Lipschitz
continuous iff there exits L > 0 such that

IFx—Fyl <Llx—yl, vxyeH.

In such case, we also say that F is L-Lipschitz continuous. If F is v-inverse-strongly monotone, then it is
1 _Lipschitz continuous and monotone. Let F be a (firmly) nonexpansive mapping and define a mapping
T:H — Hby Tx = (I—F)x, for all x € H. Then T is -inverse-strongly monotone. Recently, zero point
problems of monotone (accretive) operators have been extensively investigated by many authors via fixed
point methods; see [2, 3, 10, 15, 16] and the references therein.

Let C and Q be nonempty closed convex subsets of H; and Hj, respectively. Let Projlé and Projg2
be the metric projections onto C and Q, respectively. Recall that the split feasibility problem is to find a
point x € Hy such that

1

xeC, AxeqQ,

where A : H; — Hj is a bounded linear operator. From now on, we use Sol(SFP) to denote the solution
set of the split feasibility problem, that is, Sol(SFP) := {x € Hj,x € C,Ax € Q}. The split feasibility
problem is quite general. It includes many important problems, such as, variational inequality problems,
complementary problems, equilibrium problems, as special cases.

In 1994, Censor and Elfving [6] first introduced the split feasibility problem in finite dimensional
spaces. Since then, the split feasibility problem has been extensively studied by many authors due to its
extensive applications in signal processing and image reconstruction; see [4] and the references therein.
Recently, it is also found that the split feasibility problem could also be applied to study the intensity-
modulated radiation therapy; see, for example, [6, 7] and the references therein.
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It is well-known that if Sol(SFP) is not empty, then the split feasibility problem is equivalent to a fixed
point problem
Pc(x —yA*(I-Pqg)AX) =x, (1.1)

where vy > 0 is a constant and A* is the adjoint operator of A. The split feasibility problem has recently
been investigated via fixed point methods; see [9, 11, 13, 18, 20] and the references therein. Define a
mapping AY by
AYx =x—yA*(I—-Pqg)Ax.

Then (1.1) is reduced to x = PcAYx. It is easy to see that Fix(AY) = A~1(Q) and hence Sol(SFP) =
CNFix(AY) = Fix(PcAY) for sufficiently small v > 0; see Zhou and Wang [20] for the details.

The rest of the paper is organized as follows. Section 2 contains several useful lemmas. In Section
3, we introduce a CQ type iterative for the split feasibility problem. A strong convergence theorem is
established in the framework of Hilbert spaces. We also provide an application to the split equality
problem.

2. Preliminaries

Lemma 2.1 ([19]). Let H be a Hilbert space. Then there exists a strictly increasing continuous convex function
W :[0,00) — [0, 00) with W(0) = 0 such that

af[xIP + (1= @)yl > llax+ (1 — )y|? + (1 — a)aW(x—yl), Va e (0,1
forall x,y € By(0) :={x € H: ||x|| < 1}, where r is some positive real number. In particular, we have
aljx|?+ (1 —a)|lyl? > |lax+ (1 —a)y|?>, Vae [0,1].

Lemma 2.2 ([12]). Let {an} be a sequence of nonnegative real numbers such that an1 < (1 —tn)an +bn +cn,
for all m > 0, where {cn} is a sequence of nonnegative real numbers, {tn} C (0,1), and {bn} is a sequence of real
numbers. Assume that

(a) limsup, , =<0, 2 ogtn =00
(b) > pcn < oo
Then limy, o0 an, = 0.
The following two lemmas are not hard to derive.

Lemma 2.3. Let Proj]é : H — C be the metric projection from H on a nonempty, closed, and convex subset of C.
Then the following conclusions hold true

(@) (Pdx—Ply,x—y) > [[Pdx—Ply? x,y € H.

(b) Given x € Hand z € C, then z = PEx iff there holds the inequality (x —z,y —z) < 0,y € C.

(©) IPEx = Pey|? < x =yl = [I(I—Pc)x — (I—-P)y|?, vx,y € H.

(@) (1=P)x—(I=PEly,x—y) > [(I=PE)x— (1= PC)y[% vx,y € H.

Lemma 2.4. Let H be a Hilbert space. Then the following inequality holds.
I +yl? = [ + [yl + 20, y) < [IxII? + 20y, x + ).

3. Main results

Theorem 3.1. Let C and Q be two nonempty, closed, and convex subsets of real Hilbert spaces Hy and Hy,
respectively. Let Pro] c' and Projg D2 be the metric projections onto C and Q, respectively. Let A : Hy — Hj be a
bounded linear operator and let f : H1 — Hy be a k-contractive mapping. Assume that SOl(SFP) # (. Let {xn} be a
sequence generated in the following iterative algorithm

x1 €EH, xXnip1= Projlg1 (ocnf(xn) + (1 —on)(xn — BnA*(I— Projgz)/\xn)), (3.1)

where {an} is a sequence in (0,1) such that limy oo 0y =0, >3 1 otn =00 and Y 3 lan — otn 1| < 0o and
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{Bn} is a sequence such that ) > 1 |Pn —Pns1l < 00,0 <p < Pn < q < I/%HZ’ where p and q are two real

|
numbers. Then {xn} converges strongly to a point x* in Sol(SFP) and x* = Pgy)(srp)f(x™).

Proof. Since Sol(SFP) is nonempty, closed, and convex, we see that projection Psysrp)x, ¥x € H; onto
Sol(SFP) is well-defined. Since PrO]Sol(SFP

point. Next, we use x* to denote the unique fixed point, that is, x* = Proj:oll( sep) F(X7).

f is k-contractive, we see that Pg,(srp)f has a unique fixed

Define a mapping F: H; — H; by Fx = A*(I— Projgz)Ax. Then (3.1) becomes
x1 €H, xXni1= ProjE[l (ocnf(xn) +(1—on)(xn— BnAFxn)).
Using Lemma 2.3, we have

(Fx —Fy,x—y) = ((I —Projgz)/\x— (I —ProjSZ)Ay,Ax—Ay)
> |I( I—Pro]HZ)Ax— (I—ProjHZ)AyH2

| A* (1~ Projii?)Ax — A*(I— Projey?) Ayl | (32)

Fx — Fyl|%.

This shows that F is W—inverse-strongly monotone. Next, we prove F1(0) = A~1(Q). For all x €
A~1(Q), we find from the definition of F that A=1(Q) c F~'(0). Next, we prove F1(0) = A71(Q). Itis
easy to see that A=1(Q) C F~1(0). Letting x € F~1(0), we have Fx = 0. Since the split feasibility problem
is consistent, we can take a point y € Sol(SFP). This implies Ay = Projngy. Hence, Fy = 0. Using (3.2),
we have
H(I—Prol JAX|? < (Fx —Fy,x —y) =0,
which implies that x € A~1(Q), that is, F"}(0) € A~!(Q). This shows that F71(0) = A~!(Q). Putting
Yn = Xn — PnFxn, we have
[yn —x*[> = [[Bn (Fxn = Fx*) = (xn —x*)|?
= B2 ||Fxn — Fx* || — 2B n (Fxn — FX*, xn — X*) + [|[xn — x*|)?

23 .
BalFxnl? — H A‘TQ P ]? 4 [xn —x*||? (3.3)
a2 2B
= HX“ -X HZ - ”A‘Tz - B%l)HFXTLHZ

Since0<p<Pn<g<

5, we have ||[yn —x*|| < ||xn, —x*||. This implies that

Al
Xn1 =X = [[Pc (enf(xn) + (1= atn)yn) — Pex’||
< [lan(flxn) =x7) 4+ (1 — an)( Un—x )l
< o [[f(xn) = F(x)| + an [[F(x7) = x| + (1 = atn) [[yn — x7|
< o |[F(x") —x*|| + (1 — otn (1 — k) || — x|
f(x*) —x* .
<max{M,Hxn—x I}

1—
By mathematical induction, we find that

f(x*) —x* .
T =2,

i =" < max(1=
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This shows that {x,} is bounded. Since F is z-z-inverse-strongly monotone, we have

HAII
[(I—=BnF)x — (I—BnFy|* = ||Bn(Fx —Fy) — (x —y)|?
= IIX—yIIZ—2Bn<Fx—Fy,X—y> + B2 |[Fx — Fy|?

2Bn

Since0<p<Pn<g< W, we find that (I — B, F) is nonexpansive. It follows that

[Xn41—%nll < || (o‘nf(xn) +(1— O‘n)yn) - ((xn—lf(xn—l) +(1— ‘Xn—l)yn—l) |
< on [[f(xn) = f(xn—1) | + (1 = an) lyn —yn—1ll + lotn — cn—all[f(xn-1) —yn—1||
< ankKxn = xno1fl + (1= on)[[(T= BnF)xn — (1= BrnF)xn 1
+ (T = an)[[(T=BnF)xn-1—T—=Bn1F)xn_1/ +lotn — otn1l|[f(xn-1) =yn—1l
§ (1 - (1 - K)o‘n) ”Xn _anlu + HSTL - anlmFanlH + |(Xn - o‘nflmf(xnfl) —yan-
Using Lemma 2.2, we find that
i [t — x| =0, (4

Since || - ||? is convex, we find from (3.3) that

xnet = x* 2 < [ (on fOem) + (1= atnJyn) — x|
< o [Fx) =[P+ (1= atn) fyn = 7|2
< o) =" (1 ) e — = (1= et s — B2 ) P
It follows that
(1= tu) B s = B [P < et ) =+ (1= ) = = [t 1 =l

< otn[f0en) = X2+ [lxn = pI? = [Ixnr1 —p]>
< amllf0xn) = x*I2 + (Ixn = Pl + [xn1 = P Ixnr1 —xnl.

Using the restrictions imposed on {&n } and {fn}, we find from (3.4) that limn _, ||FXn|| = 0. This implies
limn o ||Xn —Yn|| = 0. Since F is Lipschitz continuous, we find that lim,,_, ||Fyn|| = 0.
We are now in a position to show that

lim sup(f(x*) —x*,yn —x*) < 0.

n—oo

Take a subsequence {yn;} of {yn} such that
lim sup(f(x*) —x*, yn —x*) = lIim (f(x*) —x*, yn, —x7).

n— o0 )=
Without loss of generality, we may assume that {yn,} converges weakly to X. We find that X € F~*(0).
Indeed, Since F is W—inverse-strongly monotone, we have
IAIP (Fyn; — FR, xn; = %) > [[Fyn; — x| (3.5)
Letting j — oo in (3.5), we arrive at
0> |[Fx|?,
which means that Fx = 0. This further implies that

limsup(f(x*) —x*,yn —x*) = lim (f(x*) —x*,yn; —x*) <O0.
n—oo )00
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Finally, we prove x, — x*. Using Lemma 2.4, we find that
xn1 —x*[* < (1= otn) (Yn —x*) + atn (F(xn) — %) |12
=(1- “n)z”yn _X*HZ + “$1Hf(xn) _X*HZ + 20 (1 — (Xn)<yn —x*, f(xn) _X*>
< (1 =20t + o) |lyn — x| + o2 || F(xn) — x¥||> 4+ 200 (1 — otr ) [Jym — x| F(xn) — F(x*) |
+ 20t (1 — ot ) (yn — x5, f(x*) —x*)

< (1= 200 + o 4 200 (1= ot ) ) e =2+ 0 [ x) — X"
+ 20t (1 — ot ) (yn — x*, F(x*) —x™)

= (1 —on(2—a—2(1— O(n)K)) [xn — x| + otn (oanf(xn) —x*||?
+2(1 o) (yn — X", F(x*) = X))

= (1 —on(2—a—2(1- O(n)K)> l[xn —x*||?

o [[f(xn) = x*[* +2(1 — ot ) (yn — x*, F(x*) —x*)

+ o (2 — o0 —2(1 — atn )K) 2—o—2(1—an)k

Using Lemma 2.2, we find that x, — x* as n — co. This completes the proof. O

Let Hy, Hp, and H3 be real Hilbert spaces, let C C H; and Q C Hy be two nonempty, closed, and
convex sets, and let A : H; — H3 and B : Hy — H3 be two bounded linear operators. Recall that the split
equality problem is to

find x € C and y € Q such that Ax = By.

We use Q to denote the solution set of the split equality problem, which was first introduced and studied
by Moudafi and Al-Shemas [13]. By virtue of the product space techniques, we can convert the split
equality problem to another specific split feasibility problem. To see this, set S = C x Q and define

G = [A'/_B]I w = [X/U]T-

With these notations, we know that solving the split equality problem is equivalent to finding a point
w € S such that Gw = 0. Assuming that the split equality problem is consistent, i.e., Q # (), then it is
not hard to see that w € S solves the split equality problem if and only if it solves the operator equation
G*Gw = 0, where G* is the adjoint operator of G. It is clear that G*G : H; x Hp — Hj x Hp is IIGﬁ-inverse
strongly monotone. By using Theorem 3.1, we deduce immediately the following result.

Corollary 3.2. Let Hy, Hy, and H3 be real Hilbert space. Let C C Hy and Q C Hj be two nonempty, closed, and
convex sets of real Hilbert spaces Hy and Hy, respectively. Let A : Hy — Hz and B : Hy — Hgz be two bounded
linear operators. Let f: Hy — Hj be a k-contractive mapping. Suppose that the Q # () is consistent. Let {on} and
{Bn} be given as in Theorem 3.1. Let a sequence {w } be generated by the algorithm

w1 € Hy x Hy, wny1 = Projglon flwn) + (1 — o) (wn — BnG*Gwn)l, n>1
Then {wn } converges in norm to w* = Pqf(w™), that is, w* is a unique solution of the variational inequality

(flw*) —w*, w*—y) >0, VyeQ.
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