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Abstract

For 0 < p < 1, Haberl and Ludwig defined the notions of symmetric and asymmetric L,-intersection bodies. Recently,
Wang and Li introduced the general Ly-intersection bodies. In this paper, we give the L,-dual geominimal surface area forms
for the extremum values and Brunn-Minkowski type inequality of general Ly -intersection bodies. Further, combining with the
Lp-dual geominimal surface areas, we consider Busemann-Petty type problem for general Ly-intersection bodies. (©2017 All
rights reserved.
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1. Introduction and main results

Let X™ denote the set of convex bodies (compact, convex subsets with nonempty interiors) in Eu-
clidean space R™. For the set of convex bodies containing the origin in their interiors and the set of
origin-symmetric convex bodies in R™, we write X7 and K7, respectively. Let 8 denote the set of star
bodies (about the origin) in R™. Let Sn~1 denote the unit sphere in R™ and V(K) denote the n-dimensional
volume of a body K. For the standard unit ball B in R™, its volume is written by wy, = V(B).

The notion of intersection body was introduced by Lutwak (see [14]): For K € 87, the intersection body,
IK, of K is a star body whose radial function in the direction u € S"~! is equal to the (n — 1)-dimensional
volume of the section of K by ut, the hyperplane orthogonal to u, i.e., for all u € sn—1

p(IK, 1) = Vy,_1(KNnut),

where V;,_1 denotes (n — 1)-dimensional volume.
In 2006, Haberl and Ludwing ([5]) introduced the L, -intersection body as follows: For K € 87,0 < p <
1, the Ly-intersection body, I,K, of K is the origin-symmetric star body, whose radial function is defined

by

1
P — P _
o} (u) = Jlu-xl dx =
I, K 2 K

_ —pon—p
2(n—p) Lm'” V[ Ppy T (v)dS(v), (1.1)
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for all u € S™~L. For the convenient of this paper, here we add a coefficient 1/2 in (1.1).
Meanwhile, they ([5]) gave the following notion of asymmetric L,-intersection body. For K € 87,
0 < p < 1, the asymmetric L,-intersection body, I;,L K, of K is defined by

o, (u)zj x| Pdx, (1.2)
LK KNnut

for all u € "1, where ut ={x:u-x > 0,x € R"} and u - x denotes the standard inner product of u and
x. From (1.2), it follows that for all u € "1,

1 _
2 _ yP NP
o) = [ e as() (1.3
Further, the authors ([5]) also defined that
LK =T (-K).
This together with (1.3) yields that
1
P — P _ PP
o7 1) = 0T () = LMW WV PP (v)AS(v). (1.4)

Recently, Wang and Li ([26, 27]) introduced the notion of general L,-intersection body with a param-
eter T as follows: For K € 8¢, 0 < p < 1and 1 € [-1, 1], the general L,-intersection body, I;K € 8g,0f K
is defined by

PPk (W) = F1(T)p]; (W) + Fa(T)p (1), (1.5)

for all u € 8" 1, where

(1+7)P
(I+7P+(1—-1P’

(I—17pP

filt) = A+0P +(1—1p

fa(T) = (1.6)

Obviously, (1.6) deduces
fi(=1) =fat),  fal—7) = f1(7), (1.7)

fi(T) + f2(T) = 1. (1.8)
In the meantime, they ([26, 27]) also showed that if T = 0, then IOpK = I[,K and
P L s L s
pIpK(u) = EpI;K(u) + Eplgk(u)/ (1'9)

forallu e §™1.
From (1.4), (1.5) and (1.7), we easily obtain for T € [-1, 1] (see [27]),

I,"K = IF(—K) = —ITK. (1.10)

For the general L,-intersection bodies, Wang and Li in [27] obtained the following extremum values
of volume and a Brunn-Minkowski type inequality with respect to L4 (q > 0) radial combinations of star
bodies, respectively.

Theorem 1.1. If K € 83,0 <p < land v € [-1,1], then
V(IpK) < V(IFK) < V(I;K).

If K is not origin-symmetric, equality holds in the left inequality if and only if T = 0 and equality holds in the right
inequality if and only if T = £1.
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Theorem 1.2. If K, L €87, 0<p<1land 0 < q <n-—p, then for t € [-1,1],
V(IS (KT L)) T 9 < V(ITK)® ) 4 V(ITL)wne,
with equality if and only if K and L are dilates.

Here K+ 4L denotes the Ly (q > 0) radial combination of star bodies K and L.
Further, Wang and Li in [26] researched the Busemann-Petty type problem for general L,-intersection
bodies, they respectively gave an affirmative and a negative form as follows:

Theorem 1.3. Let K,L € 83, 0 < p < 1land T € [-1,1]. If K is a general Ly-intersection body, then
I;K - I;L,

implies

The equality holds only if K = L.

Theorem 1.4. Let K € 87, 0 < p < 1 and © € (—1,1). If K is not origin-symmetric, then there exists L € 87,
such that
LK C ITL.

But
V(K) > V(L).

The general L,-intersection bodies belong to a new and rapidly evolving asymmetric L,-Brunn-
Minkowski theory that has its own origin in the work of Ludwig, Haberl and Schuster (see [4-7, 12, 13]).
For the further researches of asymmetric L,-Brunn-Minkowski theory, also see [1, 8, 11, 17-20, 22, 23, 25—
32, 34, 35, 38].

Associated with L,-mixed volumes, Lutwak ([16]) introduced the notion of L,-geominimal surface
area. For K € X§ and p > 1, the L,-geominimal surface area, G, (K), of K is defined by

w3 Gp(K) = infnV,, (K, Q)V(Q*)% : Q € KT},

Here V, (M, N) denotes L,-mixed volume of M,N € K7 (see [15, 16]). Obviously, if p = 1, Gp(K) is
just the geominimal surface area G(K) which was given by Petty (see [21]). Some affine isoperimetric
inequalities related to the L,-geominimal surface areas can be found in [36, 37, 39-41].

Together with the L,-dual mixed volumes, Wan and Wang ([24]) gave the notion of L,-dual geomin-
imal surface area. For K € 87 and p > 0, the L,-dual geominimal surface area, GP(K), of K is defined
by

P~ ~
w3 Gy (K) = sup(nV, (K, Q)V(Q*)* : Q € K7,). (1.11)
Here \7p(M,N) denotes L,-dual mixed volume of M,N € 8. For the studies of L,-dual geominimal
surface areas, also see [2, 10, 33].

In this paper, associated with the L,-dual geominimal surface area, we continuously study general
L,-intersection bodies. First, corresponding to Theorem 1.1, we give L,-dual geominimal surface area
forms for the extremum values of general L,-intersection bodies.

Theorem 1.5. If K € 8,0 <p < land v € [-1,1], then
Gp(IpK) < Gp(ITK) < Gp (IEK). (1.12)

If K is not origin-symmetric, equality holds in the left inequality if and only if T = 0 and equality holds in the right
inequality if and only if T = £1.
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Next, the L,-dual geominimal surface area version of Theorem 1.2 is established as follows:
Theorem 1.6. If K, L €83, n>20<p<1,0<q<n—pandte[-1,1], then

- _ pg - pg ~ P
Gp (I5(KFqL)) (mP? < Gy (I5K) (P 4 G (TFL) (2, (1.13)
with equality if and only if K and L are dilates.
Further, similar to Theorems 1.3-1.4, we give an affirmative and a negative form of the L,-dual ge-
ominimal surface area for the Busemann-Petty type problems of general L,-intersection bodies. Let 21
denote the set of general L-intersection bodies. If M € 27 in (1.11), then we write é; (K) by

Wi G (K) = sup(nV, (K, MJV(M*)* : M € 21, (1.14)
Here, associated with (1.14), we obtain an affirmative form of the Busemann-Petty type problem for

general L,-intersection bodies.
Theorem 1.7. If K, L € 8,0 <p < land v € [-1,1], then
'K C ITL,
implies
Gp(K) < Gp(L).

The equality holds only if K = L.

Finally, according to (1.11), we give a negative form of the Busemann-Petty type problem for general
Lp-intersection bodies as follows:

Theorem 1.8. Let K € 87, 0 < p < 1 and v € (—1,1). If K is not origin-symmetric, then there exists L € 87,
such that
LK C IGL.
But
Gp(K) > Gp(L).

2. Lp-dual mixed volumes and general L,-dual Blaschke bodies

In order to complete the proofs of Theorems 1.5-1.8, we will require the following two notions.

2.1. Ly-dual mixed volumes
If K is a compact star shaped (about the origin) in R™, then its radial function, px = p(K,-) : R™\ {0} —
[0, 00), is defined by (see [3])

p(K,u) =max{A > 0:A-uek}, uesS 1

For K,L € S, p > 0 and A, u > 0 (not both zero), the L,-radial combination, A - K+,u-L € S7, of K
and L is defined by (see [4])

where A - K denotes the L,-radial scalar multiplication, and we easily know A - K = A%K.
Associated with the L,-radial combinations of star bodies, Haberl ([4]) introduced the notion of L,-

dual mixed volume as follows: For K,L € 87, p > 0 and ¢ > 0, the L,-dual mixed volume, V, (K, L), of K
and L is defined by

e—0t £

From above definition, the integral representation of the L,,-dual mixed volume can be given by (see [26])

_ K¥pe-L)— V(K
%xg(K,L)::lnn ViK+pe- L)~ VIK)

VoKL = | oR P wef s, 22)

where the integration is with respect to spherical Lebesgue measure S on S™1 .
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2.2. General Ly,-dual Blaschke bodies

The notion of dual Blaschke combination was given by Lutwak (see [14]). For K,L € 83, A, 1 > 0 (not
both zero), n > 2, the dual Blaschke combination, A\c K@ poL € 87, of K and L is defined by

p(AoK@poL, )™ =Ap(K, )™ 4 pp(L, )™,

where the operation “®” is called dual Blaschke addition and A o K denotes dual Blaschke scalar multipli-
cation.

In 2015, Wang and Wang ([29]) introduced the notion of L,,-dual Blaschke combination as follows: For
K,L €85, A, u = 0 (not both zero), n > p > 0, the L,-dual Blaschke combination, Ao K@, noL € 87, of K
and L is defined by

p(}\ oK EBP Ho I—/ _)nfp = Ap(Kr ')nfp + up“—/ .)nfp’ (23)

where the operation “®,"” is called L,-dual Blaschke addition and Ao K = AT
LetA=pn= % and L = —K in (2.3), then the L,-dual Blaschke body, ﬁp K, of K € 8§ is given by

VPK:%OK@p%O(—K). (2.4)

According to (2.3), Wang and Li in [26] (also see [29]) defined general L,-dual Blaschke bodies as
follows: For K € §3, n > p > 0 and 1 € [—1, 1], the general L,-dual Blaschke body, ﬁ; K, of K is defined
by

p(VoK, )™ P = f1(1)p(K, )™ P +fa(1)p(—K, )" P, (2.5)

where f1 (1), f2(7) satisfy (1.6).
Associated with the definition of L,-dual Blaschke combination, it easily follows that

VoK = f1(1) o Ky f2(1) 0 (—K). (2.6)

Besides, by (1.6), (2.4) and (2.6), we may get that if T =0, then ﬁgK = VK, if T = +1, then

ViIK=K ¥,'K=-K 2.7)

3. Proofs of Theorems 1.5-1.6

In this section, we shall complete the proofs of Theorems 1.5-1.6. The proof of Theorem 1.5 requires
the following lemmas.

Lemma 3.1. If K, L € 83,0 <p < % and A, u > 0 (not both zero), then for any Q € 8,

VoA Kpp L QIT7 <AV (K, Qe +uVp (L Q)™ 7, (3.1)
with equality if and only if K and L are dilates.

Proof. Since 0 < p < 7, thus *-% > 1. Hence by (2.1), (2.2) and the Minkowski integral inequality (see
[9]), we have for any Q € 87,

P

~ ~ (1 ~ ne np
Volh kg LQIFT = [ 1| o K L PplQuast)
N JSn—1
1 ) 2\ e
~ |5 | (o0 kT Lre@u ) T astul
L JSn—1
1 p ? TLP%P
~|x Jo s (@0t + ot ump@u ) " ast)
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_p_

n—

n—1
<A1 etwrroiQurasiu)

n—

cu[n [ etwr e urasty)
<AV (K, Q%7 + iV (L, Q)7

According to the equality condition of Minkowski integral inequality, we see that equality holds in (3.1)
if and only if K and L are dilates. O

Lemma 3.2. IfK,L € 87,0 <p < 5 and A, u > 0 (not both zero), then

Gp(A-KFpu-L)™7 <AGp(K)™F 4+ puGp(L)™r, (3.2)
with equality if and only if K and L are dilates.
Proof. From definition (1.11) and inequality (3.1), and notice nLip > 0, we have

EL

[wh Gp(A - KEpp - L7 = sup{Vy(A- Kipp - L Q)V Q 5.Q ek
= supf an(?\-K+pu-L,Q) = (Q*)%]#}P 1 Q e XKoo}
< sup{A(Vp (K, Q)) ™% + u(nV, (L, Q)= 7 ]IV(Q* )%1% Q€ X7}
< sup{A(nV, (K, Q)™ [V(Q*)*] ™7 : Q € K }
+sup{p(nVy (L, Q) =7 [V(Q*)"]+7 : Q € KT,
= A Gp (KI5 + plawd Gy (L)]75
Thus _ b ~ . ~ »
Gp(A-KFpu-L)mv < AG,(K)™p 4+ puGp(L)™r

According to the equality condition of (3.1), we see that equality holds in (3.2) if and only if K and L are
dilates. =

Lemma 3.3 ([27]). If K € 85 and 0 < p < 1, then I;K = I;K if and only if K is origin-symmetric.

Lemma 3.4 ([27]). If K € 85, 0 < p < 1, v € [-1, 1] and T # 0, then I;K = 1K if and only if K is
origin-symmetric.

Proof of Theorem 1.5. Since K € 87, 0 < p < 1, by (1.5) and (3.2), we have

éP(IgK)“Lip = ép(fl(’f) : I;K—T—pfz(’t) . I;K)ﬁ 63
< F1(0GH (LK) ™7 + f2(1)Gyp (I, K) 7.

Since I$K = —I, K and notice that Q € X7 implies p(Q,u) = p(—Q,u) = p(Q, —u) forallu € S thus
by (2.2) we get that

Vo (I, K, Q) = Vo (-IK, Q) = V,, (I} K, Q).
Therefore, from definition (1.11), it follows that
Gp (I K) = Gp (I, K). (3.4)

Combining with (3.3), (3.4), and (1.8), we can get

_P_

_ b~
Gp(IFK) ™7 < Gp(IEK) ™,
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ie.,

Gp(IFK) < Gp(I5K). (3.5)
According to the equality condition of inequality (3.2), we know that equality holds in (3.5) if and only if
I]§ K and I, K are dilates. Since Ig K = —I;K, this means Ig K = [ K. Hence from Lemma 3.3, we see that

if K is not origin-symmetric, then equality holds in (3.5) if and only if T = £1.
Now, we prove the left inequality of (1.12). By (2.1), (1.5), (1.7), and (1.8), we have
(15K, )P +p(L,"K, )P = f1(D)p(I; K, )P +fo(T)p(I; K, )P +f1 (=T)p(IS K, )P + fo(—T)p(I, K, )P
= f1(T)p(I, K, )P +f2(T)p(I, K, )P +f2(T)p(I, K, )P +fi(T)p(L, K, )P (3.6)
Therefore, (3.6) can be written as

1
(IgKI .)P + 7p(I‘EKI ')p‘

1 1 1
SP(IEK, )P 4 2p(I; 7K, )P = :

2 2 2°
This together with (1.9) yields

so by (2.1) we have

Thus from inequality (3.2), we obtain
_P
~ P ~ 1 -1 n-p
Gp (I, K)™ P =Gy < IDKFp - ITK>
2 P2 0w (3.7)
1~ p 1~ P
< EGP(IEK)H*P + EGP(IPTK)H*P.

Due to I,"K = —IFK by (1.10), similar to the proof of (3.4), we have

Gp (I;K) = Gp (—I5K). (3.8)
From (3.7) and (3.8), we deduce

Gp (1K) < Gp(ITK). (3.9)

Using ITK = —1;"K and the equality condition of inequality (3.2), we know that equality holds in (3.9) if
and only if [FK = I;7K. By Lemma 3.4, we see that if K is not origin-symmetric, then equality holds in
(3.9) if and only if T =0. O

In order to prove Theorem 1.6, the following lemmas are essential.

Lemma 3.5 ([27]). If K,L €8}, 0<p<1,0<q<n—pandte[-1,1], then forall u € S,

P9 P9 _Pq_
Prr ket (W < preg (W) +ppref” (0 (3.10)
T(K¥qL) I5K e (W,

with equality if and only if K and L are dilates.
Lemma 3.6. If K,L e 83, n>20<p<1,0<q<n—pandte[-1,1], then for any Q € 8,
\/ (TT(KI F—w \/ (TT Ty U (T F—w
Vp (15 (K+4L), Q) (np® < VR (IDK, Q) no»® + Vi (IGL, Q) (np)?, (3.11)

with equality if and only if I7K and ITL are dilates.
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Proof. Sincen > 2,0 < p <land 0 < q < n—p, thus % > 1. Hence by (2.2), (3.10) and the
Minkowski integral inequality (see [9]), we have that for any Q € 8%

\/ (1T (¥ T —Pa 1 T(w T n— (n—p)?
Vp (I5 (K+4L), Q) (nv® = ) sns p(I5 (K+qL), W)™ Pp(Q,u)PdS(u)
:1 [ a2\ hd PP
|1 (p(ls(K%qL),u)%p(Q,u) (nvﬂ) dS(u)} '
_nu5“71
'1 r 2 (TL;!‘D]Z ( )2
<= (P(ITK, W) T + p(IL, 1) 5 )p(Q, w) v dsw)| " "
LTV Jsn—1 P P
- pq
1 < ne (n—p)?
< |- p(I5K, W)™ Pp(Q,u)PdS(u)
ndsnfl
J X

1 - jn— (n—p)2
= p(I;Lu) Pp(Q,u)PdS(u)
n sn 1

=V (15K, Q) 4V (IEL, Q) worr.

According to the equality condition of Minkowski integral inequality, we see that equality holds in (3.11)
if and only if ITK and I7L are dilates. O

Proof of Theorem 1.6. Since H’f“ﬁz > 0, thus by definition (1.1) and inequality (3.11) we obtain

_Prq _

an(IE(KﬂL),Q)V(Q*)ﬂ o

_prq _ -
P~

)2
wﬁGp(Ig(Kﬁth))y " :sup{ :Qeﬂc‘gs}

- —Pq 2
P

_ sup{ an(I;(K—T—qL),Q)} "PVQY T s Q e chs}

< sup{ -(n\N/p(I;K,Q))T“% + (nVP(I;L,Q))ﬁ}V(Q*)nmmZ Qe Jq}s}
< sup{ an(I;K,Q)V(Q*)%} o Qe JQ}S}

_Pq _

(n—p)?2
] HONS ng‘s}

3

+ sup { |:n\7p (I;L, QIV(Q™)

ie.,
_Pq _ ~ _Pq _
P2 < Gp (I5K) mp® + G (IGL) (hpi?,

This gives inequality (1.13).
By the equality condition of (3.11), we see that equality holds in (1.13) if and only if ITK and ITL are
dilates. O

4. Busemann-Petty type problems
In this section, we give the proofs of Theorems 1.7-1.8.
Lemma 4.1 ([26]). For K,L € 85 and 0 <p <1, if for every t € [-1,1], [TK C ITL, then for any M € Z7,
V, (K, M) <V, (L, M).
The equality holds only if K = L.
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Proof of Theorem 1.7. From Lemma 4.1 and (1.14), we know that if [FK CITL, then
G5 (K) = sup{nV,, (K, M)V(M*)» : M € 21} < sup{nVp (L M)V(M*)n : M € 21} = G5 (L).

According to the equality condition in Lemma 4.1, we know that equality holds in Theorem 1.7 only if
K=L O

Lemma 4.2. f Ke 83,0 <p <nand v € [-1,1], then

Gp(V5K) < Gp(K). (4.1)
For T € (—1,1), equality holds if and only if K is origin-symmetric. For T = £1, (4.1) becomes an equality.
Proof. For T € (—1,1), by definition (1.11), (2.2) and (2.5) we get

Wi Gp (V5K) = sup {nV, (VEK, QVIQ)F £ Q & %3, }
= sup {nvp YoK ey (1) 0 (—K), Q) V(Q)F : Q € X3, }
:sup{ . lo(nT o Ky falr) o (—K), )™ Po(Qw)) dS(u)V(Q*)%:QefKI;s} (42)
:sup{ (DR WP 4 fa(T)p (—K,u)“P]p(Q,u)PdS(u)wQ*)%:Qex‘gs}
:sup{nﬁ QIV(Q)F +1f>(1)Vp (—K, QIV(Q")F : Q € K |

< (1) sup {n p (K QIVIQR : Q € K |+ fa(m) sup {nVp (—K, QV(Q)F : Q € Ky }
Notice Q € K7, we easily get V K, Q) =V, (K, Q). This together with (4.2) yields
ép(ﬁgk) < Gp(K). (4.3)

Because of equality holds in (4.2) if and only if K and —K are dilates, this gives K = —K, i.e., K is origin-
symmetric. Hence, equality holds in (4.3) if and only if K is origin-symmetric.
For T = +1, by (2.7) we see that (4.1) is an equality. O

Lemma 4.3 ([26]). If K € 8}, 0<p < land T € [-1,1], then
IV K) = ITK,
I, (V,K) = 7K.
Proof of Theorem 1.8. Since K is not origin-symmetric, thus by Lemma 4.2 we know for T € (—1,1),
Gp(V5K) < Gp(K).

Choose ¢ > 0, such that ép((l + e)V;K) < ép(K). Therefore, let L = (1 + s)v;K, then L € 8 (L € 8T
when T = 0) and
Gp(K) > Gpl(L).

But from Lemma 4.3, we have for T € (—1,1),
+ _ o (TF =7 . np =1
p(Ip L/) _p(Ip (1+E)VPK,) - (1+£) P p(IpvpKl)

(@4
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Similarly, from Lemma 4.3, we obtain for T € (—1,1),

p(I, L) > p(L,7K, ). (4.5)
Notice that T € (—1,1) is equivalent to —t € (—1, 1), then by (4.5) we see for T € (—1,1),

p(I, L) > p(IpK, ). (4.6)
Because of fi(t), f2(t) > 0 for T € (—1,1), thus by (4.4) and (4.6) we obtain for 0 < p < 1,
£1(D)p(ITK, P + 2(T)p(ITK, P < f1(T)p(I; L, )P + Fa()p(I, L, )P,

This together with (1.5) and (1.8), we have for T € (—1,1),

p(IK, )P < p(I%L, )P,

ie.,
T T
[ KC L

Acknowledgment

This research is supported by the Natural Science Foundation of China (Grant No.11371224). The
authors are most grateful to the referees for the helpful comments and suggestions they gave to our

paper.

References

[1] Y.-B. Feng, W.-D. Wang, General Ly,-harmonic Blaschke bodies, Proc. Indian Acad. Sci. Math. Sci., 124 (2014), 109-119.
1

[2] Y.-B. Feng, W.-D. Wang, L,,-dual mixed geominimal surface area, Glasg. Math. J., 56 (2014), 229-239. 1

[3] R.]. Gardner, Geometric tomography, Second edition, Encyclopedia of Mathematics and its Applications, Cam-

bridge University Press, New York, (2006). 2.1

] C. Haberl, L, intersection bodies, Adv. Math., 217 (2008), 2599-2624. 1, 2.1, 2.1

] C. Haberl, M. Ludwig, A characterization of Ly intersection bodies, Int. Math. Res. Not., 2006 (2006), 29 pages. 1,1, 1

] C. Haberl, E. E. Schuster, Asymmetric affine L, Sobolev inequalities, . Funct. Anal., 257 (2009), 641-658.

[7]1 C. Haberl, E. E. Schuster, General Ly, affine isoperimetric inequalities, J. Differential Geom., 83 (2009), 1-26. 1

] C. Haberl, F. E. Schuster, J. Xiao, An asymmetric affine Pélya-Szego principle, Math. Ann., 352 (2012), 517-542. 1
] G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Reprint of the 1952 edition, Cambridge Mathematical Library,

Cambridge University Press, Cambridge, (1988). 3, 3

[10] Y.-N.Li, W.-D. Wang, The L,-dual mixed geominimal surface area for multiple star bodies, J. Inequal. Appl., 2014 (2014),
10 pages. 1

[11] Z.-F. Li, W.-D. Wang, General Ly,-mixed chord integrals of star bodies, J. Inequal. Appl., 2016 (2016), 12 pages. 1

[12] M. Ludwig, Minkowski valuations, Trans. Amer. Math. Soc., 357 (2005), 4191-4213. 1

[13] M. Ludwig, Intersection bodies and valuations, Amer. J. Math., 128 (2006), 1409-1428. 1

[14] E. Lutwak, Intersection bodies and dual mixed volumes, Adv. in Math., 71 (1988), 232-261. 1, 2.2

[15] E. Lutwak, The Brunn-Minkowski-Firey theory, I, Mixed volumes and the Minkowski problem, J. Differential Geom.,
38 (1993), 131-150. 1

[16] E. Lutwak, The Brunn-Minkowski-Firey theory, II, Affine and geominimal surface areas, Adv. Math., 118 (1996),
244-294. 1

[17] L. Parapatits, SL(n)-contravariant L,-Minkowski valuations, Trans. Amer. Math. Soc., 366 (2014), 1195-1211. 1

[18] L. Parapatits, SL(n)-covariant Ly,-Minkowski valuations, J. Lond. Math. Soc., 89 (2014), 397—414.

[19] Y.-N. Pei, W.-D. Wang, A type of Busemann-Petty problems for general Lp-intersection bodies, Wuhan Univ. J. Nat. Sci.,
20 (2015), 471-475.

[20] Y.-N. Pei, W.-D. Wang, Shephard type problems for general Ly,-centroid bodies, ]. Inequal. Appl., 2015 (2015), 13 pages.
1

[21] C. M. Petty, Geominimal surface area, Geometriae Dedicata, 3 (1974), 77-97. 1



Z. H. Shen, Y. N. Li, W. D. Wang, J. Nonlinear Sci. Appl., 10 (2017), 3519-3529 3529

(22]
(23]
(24]
[25]

[26]

F. E. Schuster, T. Wannerer, GL(n) contravariant Minkowski valuations, Trans. Amer. Math. Soc., 364 (2012), 815-826.
1

F. E. Schuster, M. Weberndorfer, Volume inequalities for asymmetric Wulff shapes, ]. Differential Geom., 92 (2012),
263-283. 1

X. Y. Wan, W.-D. Wang, L,,-dual geominimal surface area, (Chinese) J. Wuhan Univ. Natur. Sci. Ed., 59 (2013), 515-
518. 1

W.-D. Wang, Y.-B. Feng, A general Ly,-version of Petty’s affine projection inequality, Taiwanese J. Math., 17 (2013),
517-528. 1

W.-D. Wang, Y.-N. Li, Busemann-Petty problems for general Ly,-intersection bodies, Acta Math. Sin. (Engl. Ser.), 31
(2015), 777-786. 1,1, 1,2.1,2.2,4.1,4.3

W.-D. Wang, Y.-N. Li, General Ly -intersection bodies, Taiwanese J. Math., 19 (2015), 1247-1259. 1,1, 1,1, 3.3, 3.4, 3.5
W.-D. Wang, T.-Y. Ma, Asymmetric Ly-difference bodies, Proc. Amer. Math. Soc., 142 (2014), 2517-2527.

J.-Y. Wang, W.-D. Wang, General Ly,-dual Blaschke bodies and the applications, J. Inequal. Appl., 2015 (2015), 11 pages.
22,22

W.-D. Wang, J.-Y. Wang, Extremum of geometric functionals involving general Ly,-projection bodies, ]J. Inequal. Appl.,
2016 (2016), 16 pages.

T. Wannerer, GL(n) equivariant Minkowski valuations, Indiana Univ. Math. J., 60 (2011), 1655-1672.

M. Weberndorfer, Shadow systems of asymmetric Ly, zonotopes, Adv. Math., 240 (2013), 613-635. 1

W. Weidong, Q. Chen, L,-dual geominimal surface area, J. Inequal. Appl., 2011 (2011), 10 pages. 1

W. Weidong, W. Xiaoyan, Shephard type problems for general Ly,-projection bodies, Taiwanese J. Math., 16 (2012),
1749-1762. 1

L. Yan, W.-D. Wang, General Ly,-mixed-brightness integrals, J. Inequal. Appl., 2015 (2015), 11 pages. 1

D.-P. Ye, Ly, geominimal surface areas and their inequalities, Int. Math. Res. Not. IMRN, 2015 (2015), 2465-2498. 1
D.-P. Ye, B.-C. Zhu, J.-Z. Zhou, The mixed Ly, geominimal surface areas for multiple convex bodies, Indiana Univ. Math.
J., 64 (2015), 1513-1552. 1

E. Yibin, W. Weidong, L. Fenghong, Some inequalities on general Ly,-centroid bodies, Math. Inequal. Appl., 18 (2015),
39-49. 1

B.-C. Zhu, N. Li, J.-Z. Zhou, Isoperimetric inequalities for L, geominimal surface area, Glasg. Math. ]J., 53 (2011),
717-726. 1

B.-C. Zhu, J.-Z. Zhou, W.-X. Xu, Affine isoperimetric inequalities for L, geominimal surface area, Real and complex
submanifolds, Springer Proc. Math. Stat., Springer, Tokyo, 106 (2014), 167-176.

B.-C. Zhu, J.-Z. Zhou, W.-X. Xu, L, mixed geominimal surface area, ]. Math. Anal. Appl., 422 (2015), 1247-1263. 1



	Introduction and main results
	 Blaschke bodies
	-dual mixed volumes
	General -dual Blaschke bodies

	Proofs of Theorems 1.5–1.6
	Busemann-Petty type problems

