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Abstract

In this paper, we introduce and analyze implicit and explicit iteration methods for solving a variational inequality problem
over the set of common fixed points of an infinite family of nonexpansive mappings on a real reflexive and strictly convex Banach
space with a uniformly Gateaux differentiable norm. Strong convergence results are given. Our results improve and extend the
corresponding results in the literature. (©2017 All rights reserved.
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1. Introduction

Let X be a real Banach space with its topological dual X*, and C be a nonempty closed convex subset
of X. Let T: C — X be a nonlinear mapping. We denote by Fix(T) the set of fixed points of T. A mapping
T:C — Xis called L-Lipschitz continuous if there exists a constant L > 0 such that

Tx—Ty| <Llx—yl, vxyeC

T is called nonexpansive provided L =1 and T is called contractive provided L € [0, 1).
The normalized dual mapping J : X — 2%’ is defined by

J(x) :={@ € X*: (x,0) = HXHZ = H(sz}, Vx € X,

where (-, -) denotes the dual pairing between X and X*, see e.g., [11] for further details.
Let U := {x € X : |x|| = 1} denote the unit sphere of X. The space X is said to have a Gateaux
differentiable norm, if the limit
po Ixtyl = |

t—0+ t

, (1.1)
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exists for each x,y € U. The space X is said to have a uniformly Gateaux differentiable norm, if the
limit (1.1) is attained uniformly for x € U. The space X is said to be strictly convex if and only if for
x,y € U with x # y, we have ||(1-A)x+Ay| < 1, for all A € (0,1). It is well-known in [11] that if
X is smooth, then the normalized duality mapping is single-valued; and if the norm of X is uniformly
Gateaux differentiable, then the normalized duality mapping is norm to weak* uniformly continuous on
every bounded subset of X. In the sequel, we shall denote the single-valued normalized duality mapping
by j.

Recall that the so-called classical variational inequality (VI) in Hilbert spaces is to find a point x* € C
such that

(Ax*,x—x*) >0, V¥xeC.

This problem is a fundamental problem in the variational analysis; in particular, in the optimization
theory and mechanics; see e.g., [13, 18-21, 33-38] and the references therein. A popular algorithm for
solving this problem is extragradient method introduced by Korpelevich [22]. This method has been
improved by several researchers; see e.g., [9, 12, 14, 27] and the references therein.

In case of Banach space setting, the VI is to find a point x* € C such that

(Ax*,j(x—x")) >0, VxeC. (1.2)

It is known ([1]) that (1.2) in a smooth Banach space is equivalent to a fixed-point equation, containing a
sunny nonexpansive retraction from any point of the space onto the feasible set, which is usually assumed
to be closed and convex. The sunny nonexpansive retraction is not easy to compute, due to the complexity
of the feasible set. To overcome this drawback in a Hilbert space, where the retraction is a metric pro-
jection, in [32], Yamada assumed that the feasible set is the set of common fixed points of a finite family
of nonexpansive mappings and introduced an explicit hybrid steepest-descent method. In this case, the
variational inequality defined on such feasible set is also called a hierarchical variational inequality (HVI).
Yamada’s method is subsequently extended and modified to solve more complex problems, containing
finite or infinite nonexpansive mappings (see, e.g., [3, 6, 40] and references therein). In [40], based on
the Yamada result, Zeng and Yao introduced an implicit method that converges weakly to a solution of
a variational inequality, involving a Lipschitz continuous and strongly monotone mapping in a Hilbert
space H, where the feasible set is that of common fixed points of a finite family of nonexpansive mappings
on H. In [7], Ceng et al. extended this result from nonexpansive mappings to Lipschitz pseudocontractive
mappings and strictly pseudocontractive mappings on H. Recently, in [4], Buong and Anh proposed a
strongly convergent implicit method, which is a modification of Yamada’s result.

In the case where the feasible set is that of common fixed points of an infinite family of nonexpansive
mappings on H, based on the W-mapping (see [29]) and Moudafi’s viscosity approximation method (see
[23]), in [16, 17], Kikkawa and Takahashi studied an implicit iteration scheme that converges strongly to a
solution of the stated problem. Recently, by using the W-mappings, Ceng and Yao [8] introduced relaxed
viscosity approximation methods for finding a common fixed point of an infinite family of nonexpansive
mapping in a Banach space. It was proven in [8] that the sequences generated by the proposed methods
converge strongly to a common fixed point, which solves some variational inequalities. In the meantime,
in [30], Wang et al. proposed a new implicit iteration method, which converges strongly to a common
fixed point for solving some variational inequalities in a Banach space with a weakly continuous duality
mapping. Very recently, motivated by the ideas above and based on a V-mapping, which is simpler
than the W-mapping, Buong and Phuong [3] introduced two new implicit iterative algorithms, which
converge strongly in Banach spaces without weakly continuous duality mapping. These methods are two
different combinations of the steepest-descent method with the V-mapping, a composition, and a convex
combination.

Our purpose in this paper is to solve a HVI for an infinite family of nonexpansive mappings on
a real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable norm. We
introduce implicit and explicit iterative algorithms for finding a solution of the problem, and derive the
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strong convergence of the proposed algorithms to a unique solution of the problem, by using V-mappings
instead of W-ones. Our results improve and extend the corresponding results announced by some others,
e.g., Ceng and Yao [8] and Buong and Phuong [3].

2. Preliminaries and algorithms

Let X be a real Banach space with the dual space X* and (-, -) be the dual pairing between X and X*.
For simplicity, the norms of X and X* are denoted by the symbol || - ||. A mapping J : X — 2%, satisfying
the condition

J) ={e €X": (x,0) = [o|* and [o| =[x]}, ¥xeX,

is called the normalized duality mapping of X. We know that J(tx) = tJ(x) for all t > 0 and x € X, and
J(—x) = —J(x). Throughout this paper, we denote the single-valued normalized duality mapping by j and
denote the fixed point set of a mapping T by Fix(T). In addition, we shall use the notations: “
and “—"” stand for the weak convergence, weak™ convergence, and strong convergence, respectively.

Let U :={x € X : ||x|| = 1} denote the unit sphere of x. Recall that a Banach space X is said to be strictly
convex if (||[x+yl|)/2 < 1 for each x,y € U with x # y. If for each ¢ € (0,2], there exists & > 0 such that
for any x,y € U, [|[*52| > 1— & implies |[x —y|| < e. It is known that a uniformly convex Banach space
is reflexive and strictly convex. Also, it is known that if a Banach space X is reflexive, then X is strictly
convex if and only if X* is smooth as well as X is smooth if and only if X* is strictly convex.

*x 77
7

/AT
7

Definition 2.1. A mapping F with domain D(F) and range R(F) in X is called
(a) accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that

(Fx—Fy,j(x—y)) =0,

where | is the normalized duality mapping;
(b) o-strongly accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that

(Fx —Fy,j(x —y)) = 8|[x —y||> for some & € (0,1);
(c) a-inverse-strongly accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx —Fy,j(x —y)) > af[Fx — Fy||*> for some « € (0,1);
(d) C-strictly pseudocontractive [2] if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx —Fy,j(x —y)) < |x —y|* = ¢[x —y — (Fx — Fy)||*> for some ¢ € (0,1).
It is easy to see that the last inequality can be rewritten as (see [39])
(T=Fx = (I=Fy,jx—y)) > ¢lI-Fx— (I—Fy|?,

where I denotes the identity mapping of X. Clearly, if F is (-strictly pseudocontractive with ¢ = 0, then it is
said to be pseudocontractive. It is not hard to find that every nonexpansive mapping is pseudocontractive.

Let C be a nonempty closed convex subset of a smooth Banach space X and {T;}{°; be an infinite
family of nonexpansive self-mappings on C. Then we set F := ({2, Fix(T;). In 2013, Buong and Phuong
[3] considered the following HVI with C = X: find x* € F such that

(F(x*),j(x—x")) >0, VYxed. (2.1)

In the case where X = H, a Hilbert space, we have | = I, and hence problem (2.1) reduces to the HVI: find
x* € F such that
(F(x*),x—x") >0, Vxed. (2.2)



L.-C. Ceng, C.-F. Wen, ]J. Nonlinear Sci. Appl., 10 (2017), 3502-3518 3505

Assume that F = N, Fix(T;) is the set of common fixed points of a family of N nonexpansive mappings
Ti on H, and F is an L-Lipschitz continuous and n-strongly monotone mapping, i.e., ||[Fx — Fy|| < L|[x —y|
and (Fx —Fy,x —y) > n|jx —y||* for all x,y € H. Zeng and Yao [40] introduced the following implicit
iteration: for an arbitrarily initial point xg € H, the sequence {xy}}°_; is generated as follows:

Xk = Brxk—1 + (1= Bi) [Tugxie — AxuF(Tpgxi)l, Vk>1, (2.3)

where Tj) = Thumoan, for integer n > 1, with the mod function taking values in the set {1, 2, ..., N}. They
proved the followmg result.

Theorem 2.2 ([40, Theorem 2.1]). Let H be a real Hilbert space and let F : H — H be a mapping such that,
for some positive constants L and n, F is L- Lipschz'tz continuous and n-strongly monotone. Let {T;}} | be N
nonexpansive mappings on H such that F : ﬂ ~, Fix(T;) # 0. Let p € (0,2n/12), xo € H, My, € [0,1), and
{BxJ2_, C (0,1) satisfying the condition Y 3 1 Ax < oo, and let a < By < b,k > 1 for some a,b € (0,1). Then
the sequence {xi }}>_, defined by (2.3), converges weakly to x* € JF, solving (2.2).

It is well-known that if ) 7 ; Ak < oo, then A, — 0 as k — oo, and the inversion is not right. Recently,
in order to obtain the strong convergence and decrease the strictness of the condition on Ay, Buong and
Anh [4] proposed the following implicit iteration method:

=Th, Tr=T¢TYL---Tf, te(0,1), (2.4)
where {T{}N | are defined by
Tix=(1—-BY)x+BiTix, i=1,...,N, Tly:=(I—-AuFly, xyecH, (2.5)

and proved that the net {x}, defined by (2.4)-(2.5), converges strongly to an element x* in (2.2) under
the conditions on , [3;’; that are similar to Theorem 2.2, and A - 0ast — 0. When N =1, Xis a
real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable norm and T is a
continuous pseudocontractive mapping, Ceng et al. [5] proved the following result.

Theorem 2.3 ([5, Proposition 4.3]). Let F be a d-strongly accretive and C-strictly pseudocontractive mapping with
O+ ¢ > 1and let T be a continuous and pseudocontractive mapping on X, which is a real reflexive and strictly
convex Banach space with a uniformly Gateaux differentiable norm, such that F := Fix(T) # (0. For each t € (0,1),
choose a number ¢ € (0,1) arbitrarily and let {z.} be defined by

z¢ = t(I—pweFlze + (1 —t)Tzy. (2.6)
Then, as t — 07, {z¢} converges strongly to x* € F, solving (2.1).

Let C be a nonempty closed convex subset of a real Banach space X, {Ti}%°_; be a sequence of nonex-
pansive self-mappings on C, and {pyJ¥°_; be a sequence of nonnegative numbers in [0, 1]. The following
self-mapping Wy on C was considered and studied in [24, 25]:

Ukt =1,

Uy x = pr Ui k1 + (1 —pi)],
u]‘<,k—1 = pr—1Tk—1Ukx + (1 — px—1)L, 27)
Uy = poToUx 3+ (1 —p2)I,

Wi =U1 =p1TilUko + (1 —pq)L

Such a mapping Wy is called the W-mapping generated by Ty, Tyx—1,...,T1 and py, pk—1,...,p1; When
X = H, see Takahashi [29] for more details. To find a common fixed point of an infinite family {T;}{° ; of
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nonexpansive self-mappings on a nonempty, closed, and convex subset C in H, Kikkawa, and Takahashi
[16] proved strong convergence of a sequence {x; }}° ;, defined by the following implicit iterative scheme:
Xk = Yif(xe) + (1 —vi)Wixkx with 0 < p1 < 1and 0 < p; < b < 1, fori = 2,3,..., where f is a
contractive self-mapping on C. Subsequently, in [17], when C is a nonempty, closed, and convex subset of
a uniformly convex Banach space X with a uniformly Gateaux differentiable norm, they considered the
following strongly convergent implicit method:

Skx=(1— 1)Wx+ 1f(x), and Wx = lim Wyx = lim Uy 1x. (2.8)
k k k—00 k—oo

It is remarkable that the method (2.8) contains the limit mapping W, and hence it is quite difficult to

realize.

Let X be a real reflexive and strictly convex Banach space X with a uniformly Gateaux differentiable
norm. Let C be a nonempty closed convex subset of X. Let f : C — C be a contractive mapping, and
let {Ty}y° ; be a sequence of nonexpansive self-mappings on C such that the common fixed point set
F = Neo1 Fix(Tx) # 0. Let Wy be the W-mapping defined by (2.7) where {px}32; C (0,b] for some
b € (0,1). Recently, in order to find a common fixed point of an infinite family {T;};° ; of nonexpansive
mappings, Ceng and Yao [8] introduced a relaxed implicit viscosity approximation method.

Algorithm 2.4 ([8, (2)]). Let {o}3>_; be a sequence in (0,1) such that limy_,o o = 0 and {Bx}}3>; be a
sequence in [0, 1] such that limy_,, Bi/xx = 0. The sequence {zy }Y°_; is generated in the implicit manner

X = o F((1 = Br)xic + BreWixic) + (1 — aa )Wie (1 — Brc)xic + BrcWiexk),  Vk =1, (2.9)
where f: C — C is a contractive mapping with a contractive constant o € (0, 1).

It was proven in [8] that the net {x; }{° ; converges in norm, as k — oo, to the unique solution x* € F
to the following VI
(I=1)(x"),j(x—x%)) =20, VxedF. (2.10)

In the meantime, the authors [8] also proposed another relaxed explicit viscosity approximation
method.

Algorithm 2.5 ([8, (14)]). Let {ouc}° ; and {Bx}3_; be two sequence in (0, 1) with oy + By < 1, forallk > 1,
and {yxJ2_; be a sequence in [0,1]. Assume that limy_,oo xx =0, > 7 ; ax = 00, 0 < liminfx_, Px <
limsup, ,  Bx <1, limg_ o [Yk+1 — vkl =0, and limsup, , vk < 1. For arbitrarily given x; € C, let the
sequence {xiJ3_; be generated in the explicit manner

Yk = (1 —vi)xx + v Wik,
Xk+1 = (1 — o — Br)xi + o f(ys) + BxWiyk, Vk =1,

where f : C — C is a contractive mapping with a contractive constant o € (%, 1).

It was also proven in [8] that the sequence {xy }3°_; converges in norm, as k — oo, to the unique solution
x* € F to the VI (2.10) provided limy_,, Yk = 0 and By = B for some fixed 3 € (0,1).
In [3], motivated by methods (2.4) and (2.6), by introducing a mapping Vi, defined by

Vie=Vi, Vi=TTH..7% Ti=(1-a)l+oT;, i=1,2,...% (2.11)

where -
a; €(0,1) and ) o< oo, (2.12)

i=1
Buong and Phuong considered two implicit methods. In both methods, the iteration sequence {xy}>_; is

defined, respectively, by
Xk = Vk(I — )\kF)Xk, Yk > 1, (2.13)
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and
Xk = Yr(I=McF)xie + (T =vi ) Viexi,  Vk > 1, (2.14)

where Ay and vy are the positive parameters, satisfying some additional conditions. The authors [3]
proved the strong convergence theorems for the methods (2.13) and (2.14).
We will make use of the following well-known results.

Lemma 2.6 ([15]). Let X be a real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable
norm. Suppose that C is a nonempty closed convex subset of X, that T : C — C is a nonexpansive mapping with
Fix(T) # 0 and that f : C — C is a fixed contractive mapping. Let {x.} be defined by x¢ = tf(x¢) + (1 —t)Tx¢.
Then as t — 0, {x¢} converges strongly to a unique solution x* € Fix(T) to the following VI:

(I—f)(x*),j(x—x*)) =0, ¥x € Fix(T).

Lemma 2.7 ([10]). Let X be a real Banach space. Then for all x,y € X

@) [P +yll* < [XIP+2(y,j(x+y)) forall j(x +y) € J(x+y);
(i) x+yl? > x| +2(y,i(x)) for all j(x) € J(x).

Let LIM be a continuous linear functional on 1*° and s = (a1, ay,...) € 1°. We write LIMy ay instead
of LIM(s). LIM is called a Banach limit if LIM satisfies ||[LIM|| = LIMy1 = 1 and LIMyay+; = LIMyay for
all (a1, ap,...) € 1*°. If LIM is a Banach limit, then there hold the following;:

(i) forall k > 1, ax < ck implies LIMygay < LIMycy;
(ii) LIMyxax+m = LIMyax for any fixed positive integer m;
(iii) liminfy .o ax < LIMyayx < limsup, ,  ax forall (aj, az,...) € I*°.

Lemma 2.8 ([41]). Let a € R be a real number and a sequence {ay} € 1°° satisfy the condition LIMyayx < a for
all Banach limit LIM. If limsup, _, _(ax1m — ax) <0, then limsup, , ay < a.

In particular, if m =1 in Lemma 2.8, then we immediately obtain the following corollary.

Corollary 2.9 ([26]). Let a € R be a real number and a sequence {ay} € 1°° satisfy the condition LIMy ax < a for
all Banach limit LIM. If limsup, _, _(ax41— ax) <0, then limsup, ,  ax < a.

Lemma 2.10 ([5]). Let X be a real smooth Banach space and F : C — X be a mapping.

(a) If Fis C-strictly pseudocontractive, then F is Lipschitz continuous with constant 1 + %
(b) If Fis 6—strongly accretive and C-strictly pseudocontractive with & + ¢ > 1, then 1 —F is contractive with

constant /152 € (0,1).
c) If Fis 6-strongly accretive and C-strictly pseudocontractive with &+ ¢ > 1, then for any fixed number
A € (0,1), I — AF is contractive with constant 1 — A(1 — / %) € (0,1).

3. Iterative algorithms and convergence criteria

In this section, we study iterative methods for computing approximate solutions of a HVI for an
infinite family of nonexpansive mappings. We introduce implicit and explicit iterative algorithms for
solving such a problem, and derive the strong convergence theorems for the sequences generated by the
proposed algorithms.

The following lemmas will be used to prove our main results in the sequel.

Lemma 3.1 ([3, Lemma 3.1]). Let C be a nonempty closed convex subset of a strictly convex Banach space Xand let
{Ti}_,, k > 1 be k nonexpansive self-mappings on C such that the set of common fixed points F := NE_, Fix(T;) #
0. Let a,b and ai, 1=1,2,...,Kk, be real numbers such that 0 < a < &y < b < 1, and let Vi be a mapping defined
by (2.9) for all k > 1. Then, Fix(Vk) =7
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Lemma 3.2 ([3, Lemma 3.2]). Let C be a nonempty closed convex subset of a Banach space X and let {T;}3° | be an
infinite family of nonexpansive self-mappings on C such that the set of common fixed points F := (7=, Fix(Ty) # 0.
Let Vi be a mapping defined by (2.9), and let o; satisfy (2.10). Then, for each x € C and i > 1, limy 0, Vi x exists.

Remark 3.3.
(i) We can define the mappings

Vix:= lim V{x and Vx:=V.lx= lim Vix, VxeC.

k—o00 k—o00

(ii) It can be readily seen from the proof of Lemma 3.2 that if D is a nonempty and bounded subset of
C, then the following holds:

lim sup |[Vix—Vix||=0, Vi>1.
—)OOXeD

In particular, whenever i = 1, we have

lim sup ||Viex — Vx| = 0.

k—o0 x€D

Lemma 3.4 ([3, Lemma 3.3]). Let C be a nonempty closed convex subset of a strictly convex Banach space X
and let {Ti}$° | be an infinite family of nonexpansive self-mappings on C such that the set of common fixed points
F =2, Fix(Ti) # 0. Let o satisfy the first condition in (2.12). Then, Fix(V) = .

Lemma 3.5 ([28]). Let {xn} and {zn} be bounded sequences in a Banach space X and let {o } be a sequence in [0, 1]
such that

0 < liminf o < limsup oy < 1.
k—o00 k—s 00

Suppose that xi.11 = xxxx + (1 — i )zy, forall k > 1, and

lim sup(||zi 41— zi || — [[xk41 —xx]]) <O.
k—o0

Then limy _, ||z — xk|| = 0.

Lemma 3.6 ([31]). Assume that {ay} is a sequence of nonnegative real numbers such that
a1 < (T—vyi)ak +yvkde, k=1,

where {yy} is a sequence in [0,1] and {0y} is a sequence in R such that

@) Z?:l Yk = 00/
(ii) limsup, . dx <0or ) 3 ; lykdkl < oo.

Then, limk_mo Ay = 0.
Now, we are in a position to prove the following main results.

Theorem 3.7. Let X be a real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable
norm, let T be 5-strongly accretive and C-strictly pseudocontractive with &+ ¢ > 1, and let {Ti}{° , be an infinite
family of nonexpansive mappings on X such that F := ({2, Fix(Ty) # 0. Let {Vi )32, be defined by (2.11) and
(2.12). Let {Ax}32 4 € (0,1, {vxJpq € (0,1) and {Bx )34 C [0,1] such that limy oo Y =0, limy_o Bk =0
and limsup, _, _ Br/(Axyx) < oo. Let {xy >, be defined by

Xk = Yi(I=AF) (1 = Br)xic + B Viexi) + (1 = v ) Vie((1 = B )xic + B Viexx),  Vk = 1. (3.1)
Then {xy }3°_; converges strongly to a unique solution x* € J to the following VI:

(F(x*),j(x —x*)) >0, VxeT. (3.2)
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Proof. Consider the mapping Uix = yic (I —AcF) (1 — Bi)x 4+ B Viex) + (1 — v ) Vic((1 — B )x + B Vix), for
all k > 1 and x € X. Then, from Lemma 2.10 (c), it follows that for each x,y € X,
[Uex — Wiyl = [y (T = AMeF) (1T = Bre)x + Bre Viex) + (1 —vi) Vie (T — Brc)x + B Viex)
— (T =2AF) (1= Br)y + B Viey) + (1 —vi) Vi (1 = Br)y + B Vacy)l ||
= [y [T =AM F) (T = Bre)x + B Viex) — (I = AF) (1 = Bi)y + B Viy)l
+ (T —=v1) Vi (1T = Br)x + Bre Viex) — Vi (1 — B )y + B Viey)]
<Y1 =MD [[((1 = Br)x + B Viex) — (1 — Br)y + B Viy) |
+ (1 =y [[((1T = Br)x + B Viex) — ((1 = B )y + B Viy) ||
(I =y AD[I((1 = Br)x + B Viex) — (1= Br)y + B Vy) |
(I=vAD (1= Br) (x = y) + Bre(Viex — Viey) ||
(I =viATD(1 = Br) [Ix =yl + B[ Vaex — Viey|[]
(I=viAD X —yll,

N IN

where t=1—,/ % € (0,1) (due to 8 + ¢ > 1). Since yxAkT € (0,1), Uy is a contraction of X into itself.
By Banach'’s contraction principle, there exists a unique element xy € X, satisfying (3.1).
Next, we divide the rest of the proof into several steps.

Step 1. We show that {xy}}°; is bounded. Indeed, take an arbitrarily given p € J. Then, by Lemma 3.1,
we have Vip = p, and hence || Vixi —p|| < ||[xk —pl|- So, by Lemma 2.10 (c) we get
% — PII* < viell (T = AF) (1= Br)xx + B Viexi) — 1>
+ (1 =y Vi (1 = B )xac + BicViexie) — p 12
= Vi [[(T=AF) (1 = Bic)xk + BrcViexi) — (I— AF)p — AF(p)|?
+ (1 =y Vi (1 = B )xac + BicViexie) — p 12
< Yill(T=AF) (1= Br)xac + BicViexie) — (1= A F)pll + Al [F(p) 112
+ 1=y (1= Br)xie + B Vi) — >
< Yrl(T = A [((1 = Bi)xi + B Viexi) — pll + Awl|F(p) |12
+ 1=y (1= Br)xic + B Vi) — >
= V[T = A0 [ ((1 = Brc)xic + BrcViexic) — pll + At - T H[F(p) |1
+ (1= [ (1= Brc)xic + Br Vi) — pI?
< Yrl(1 = A [((1 = Bi)xi + B Viexi) — P> + At HIF(p) 1]
+ 1=y (1= Br)xic + B Vi) — >
<yl =Mt i =PI+ M )P+ (1 =y [xi —pl?
= (1=yi A [xi = I + vihet H[F(p)I%,
Therefore, ||xx —p|| < [|[F(p)||/T, which implies the boundedness of {x > ;. So, the sequences {Vixi}%° 4,

Ui, IViyry, and {F(yx )}, where yyx = (1 — By )xi + B Vixi, are also bounded. Since yy — 0 as
k — oo, and the following relation holds

% = Vieyiell = vicll (T = McFyie = Vil < vic(llyie = Vil + Ml Fyid 1D < vicllyiell + [IVieyae | + TFyic) D,

we obtain from the boundedness of {yx 3> ;, {Vikyxlrr; and {F(yi )}y, that |[xi — Viyi|| = 0 as k — oo.
Note that ||[yx — xi|| = P/ Vikxk — xk|| and

[x — Viex || < [[xk — Vieyll + [[Vieyke — Viexl| < lxe — Vieyell =+ Iy — x|
= | — Viey|l + B[ Viexie — xx||-
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So, from ||xix — Vkyx|| = 0 and By — 0 as k — oo, it follows that

lim ||xk —yk||=0 and lim |[x — Vx| = 0. (3.3)
k—o00 k—o00

Step 2. We show that LIMy [[xx — Vzn > < LIMy|[xk — zn||? for any Banach limit LIM, where for each
n > 1, z,, is a unique element in X such that z,, = %(I —F)zn +(1— %)Vzn.
Indeed, in terms of Lemma 2.10 (b) we know that I — F is contractive with constant 1/% € (0,1).

Utilizing Lemmas 2.6 and 3.4, we conclude that {z,, } converges strongly to a unique solution x* € Fix(V) =
J to the following VI:
(I—(I—=F))x*,jx—x")) >0, Vxed. (3.4)

Since the VI (3.4) is equivalent to the VI (3.2), we know that {z,,} converges strongly to a unique solution
x* € J to the VI (3.2). Moreover, since Vi is a nonexpansive mapping for each k > 1, V is a nonexpansive
mapping on X. Note that xi = v (I —AcF)yx + (1 —vi)Viyk, where yx = (1 — Bi)xi + B Viexk. Also,
observe that for each k,n > 1

Xk = Vznl|| = [[vl(I =AxFlyx — Vzul + (1 —vi) (Vikyx — Vzo)||
<Y(IT=AxFyx — Vzu || + (1 =¥ [[Viyk — Viezn|| + (1 —=vk) [ Vizn — Vza ||
< vy = Vzul + AFlyid ) + [[yx — znll + [ Vizn — Vza || (3.5)
< Yilllye = V| + [[Flyi) ) + (1 = Br){[xk — zn | + Br[[Viexk — zn [ + [ Vkzn — Vzn |
< Yilllye = Vzn|[ + [[Flyi) ) + Brl[[Viexk — zn | + Xk — zn || + [[Vizn — Vza .

Furthermore, from Remark 3.3 (ii), we deduce that if D is a nonempty and bounded subset of X, then, for
e > 0, there exists kg > i such that for all k > kg

sup ||Vix — VEix| < e. (3.6)
xeD

Taking D ={zn : n > 1}, {xx : k > 1}, respectively, and setting i = 1, from (3.6) we have

|Vkzn — Vzn | < sup [|[Vikx — Vx| < e and ||Viexxk — Vxi|| < sup [|[Viex — Vx| < ¢,
xeD xeD

which immediately imply that

lim ||[Vixk — Vxk|]| =0 and lim ||Vkzn —Vzn| =0, Yn>1 (3.7)
k—o00 k—o0

Since v, — 0 and B — 0 as k — oo, from (3.5) and (3.7) we obtain
LIMy|[xi — Vzn ||* < LIMy|[x — zn || (3.8)

Step 3. We show that LIMy (F(x*),j(x* —xx)) < 0. Indeed, since z,, = %(I —Flzn +(1— %)Vzn, we have

1 1
Xk —2zZn = —(xk = (I=F)zn) + (1 — =) (xk — Vzn),
n n
that is,
1 1
(1—=)(xk = Vzn) =xx —zn — —(xx — (I =F)zn). 3.9)
n n
From Lemma 2.7 (ii) and (3.9) it follows that
1., 2 2 2 .
(1= 2Pl = VanlP > xic— 2l = = (xic— 2n + 20 — (1= Flzn, j(xi — 20))

) ) (3.10)
= (1—2)|Ixk — zn|* + = (F(zn),j(zn — xx)).
n n
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Combining (3.8) and (3.10), we have
1, 2 2 2, 2 .
(1- ) LIMy [}k —zn | > (1 — E)LIMkHXk —zn|*+ ELIMk<F(zn)/)(Zn —Xk)),

and hence

1 2
—LIMy[[x —zal* > =
n n

LIMy (F(zn),j(zn —xx))-

This implies that %LIMkak —zn||?> > LIMy(F(zn),j(zn —xk)). Since z, — x* € Fasn — oo, by the
uniform Gateaux differentiability of the norm of X we have

LIMy (F(x™),j(x* —xy)) < 0. (3.11)

Step 4. We show that LIMy||x; — x*||*> = 0. Indeed, since xi = Vi (I — McF)yx + (1 —vi)Viyx, where
Yk = (1 — Bx)xk + Bk Vkxk, we have

Xk — (I =AxF)xk = v [T =M Py — (I = AxF)xi] + (1T —vi) [Vieyx — (T— A F)xyd
= Yil(I=AFyi — (I = AF)xicd 4 (1 —vi) [Viyk — Viexe + Viexke — xxc + x5 — (T = M F)xd,

which hence implies that

1— 1—
YR (Vieyre — Viexye) — v:k

AF(xi) = xx — (T =AcF)xk = (I = AFlyx — (I — A F)xi + (T— Vi )xk.

Consequently, for x* € J we conclude that

1—vyx

A (F(xk), i (xc —x™)) = (I = AFlyx — (T —AF)xg, j(xie —x*)) + (Vicyke — Viexa), j (xc — X))

IR Vi~ (1 Vi e — )
Yk

. . 1—
< (T=AcFlyx — (I =AeF)xi, j(xc —x™)) + w

(Vikyx — Viexx), j (xe — x™))
1—vr

< I =AkF)yie = (T = AcF)xac[[[xie — x| + Vicyxe — Viexae|[xie — x|

1—vk

< (1 =MDy — xacllxie — x| + [yie —xxcl[[xic = x|
1 *
= (— =MDy — xk [ xx — x|
Yk
Bk *
< ——[Vaexie = x| I — X7,
Yk

which immediately leads to

Bl Ve — il llxie — x°[1- (3.12)

(Flxi), e —x) < 3 75

On the other hand, utilizing Lemma 2.10 (b) we get

(Flxi), j(xic —x*)) = ((T— (1= F))x, j (xic — x¥))
= [Jxk —x* P+ ((I— (I—F)x*, i — x*)) + (I = F)x* — (I— F)x, j(xi —x*))

- (3.13)
> (1= /S o= xR (RO, s — )

= Tllxic — x>+ (F(x*), j(xic — x7).
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It follows from (3.12) and (3.13) that

F(*), 306" — xi0)) + <2 [V — el xic — x* -

2
xk —x*|° <
H H = 7\k'Yk

Al

This together with (3.3), (3.11), and limsup, _, AE;k < oo, implies that LIMy||xj — x* |?> < 0, that is,

LIMy |[xc — x*||* = 0.

Step 5. We show that limy_,« [[Xkx — x*||*> = 0. Indeed, from LIMy||x —x*||> = 0, it follows that there
exists a subsequence {xy,} of {xi} which converges strongly to x* € F. Noting that ||xx — Vxi|| < |xi —
Viexx|| + || Viexk — Vx|, we deduce from (3.3) and (3.7) that

lim ||xx — Vx| =0.
k—o00

Now assume that there exists another subsequence {xm,} of {x\} such that x,,, — % € Fix(V) = F (because
|Ixk — Vxi|| — 0 as k — c0). Then we have that ||F(xm,) —F(X)|| — 0 as i — co. We claim that % is a solution
in F to the VI (3.2). Indeed, since for any p € F the sequences {xmm, —p} and {F(xm,)} are bounded and j
is norm to weak* uniformly continuous on bounded subsets of X, we obtain that as i — oo

[(F(xm), i (xm; —p)) — (FR),§ (& = pD)I < [F(xm) — FR)[[[[xm; — Pl + [(F(X), j(xm; —p) =i (X —p))| = 0.

In addition, repeating the same arguments as those of (3.24), we obtain that for any p € &

T R R [ )
kYK

which immediately yields

(F(%),j(& —p)) = lim (F(xm,),j(xm; —p)) < 0.

i—o00

That is, * € F is a solution of the VI (3.2) and hence & = x* by uniqueness. Therefore, each cluster point
of {x} equals x*, and so {xi} converges strongly to x*, which is the unique solution of the VI (3.2) in J.
This completes the proof. O

Whenever 3y = 0 for all k > 1, Theorem 3.7 reduces to Buong and Phuong’s Theorem 3.2 in [3].

Corollary 3.8 ([3, Theorem 3.2]). Let X be a real reflexive and strictly convex Banach space with a uniformly
Gateaux differentiable norm, let F be 6-strongly accretive and (-strictly pseudocontractive with 6+ ¢ > 1 and let
{Ti)$°., be an infinite family of nonexpansive mappings on X such that F := ({2, Fix(T;) # 0. Then, the sequence
(X1 Iy, defined by (2.11), (2.12), and (2.14) with {yy}_; C (0,1) and {\i} C (0, 1] such that vy — 0, as k — oo,
converges strongly to a unique solution x* € JF to the VI (3.2).

Proof. Putting By = 0 in Theorem 3.7, we know that the iterative scheme (3.1) reduces to (2.14). In this
case, limsup, ,  Bir/(AxYk) =0 < oo. Thus, utilizing Theorem 3.7, we obtain the desired result. O

Theorem 3.9. Let X, F,{T;}{°, and J be as in Theorem 3.7. Let {V\.}° ;| be defined by (2.11) and (2.12). For
arbitrarily given x1 € X, let {xyJ3°_, be defined by

Yk = (1= PBr)xi + B Viexi, X1 = (1 — vy — 0 )xx + v (I = APy + 0 Vky, Vk > 1, (3.14)

where (M} € (0,1], {Bx); € [0,1], {yvxlx, € (0,1), and {81 }3° 4 C (0,1) such that yi + 6 < 1, for all
k > 1. Assume that:

(i) imyeo Yi/Ak =0, > %1 YrAk =00 and 0 < liminfy_, 8k < limsup, . ok <1;
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(ii) limy_ oo |Br+1 — Bkl = 0and limsup, ,  Bx < 1.
Then there hold the following:
@ limy o [[XK41 — x| =0;
(IT) the sequence {xy Jn._; converges strongly to a unique solution x* € J to the VI (3.2) provided klim B/ Ac=0
— 00
and 8y = o for some fixed o € (0,1).

Proof.

Step 1. The proof of conclusion (I). First, we claim that {x; }}° ; is bounded. Indeed, take an arbitrarily
given p € J. Then, observe that

XK1 =Pl = [[(1 —vx — d)xx + Vi (I = AF)yx + 5 Viyx —p |
< (T=vik— o) =l +vill(T=AcF)yx — pll + o[ Viyx —pl|
= (T =y = &i)llxk =PIl + il (I = AkF)yx — (I = AF)p — AF(p) || + Okl Vieyx — |
< (T—=vi =8 ) I =PIl +vil(1 = AT [y —pll + A lIF(P) I + x| [yx — Pl

< (1 —vie— 8o — I+ viemaxiys — pl, TPy 5,y
< (L= vi— 80k —pl + wk+ak)max{|yk—p||,”T”},
and
lyx =PIl = [[(1 = Bi) (xkk = P) + B (Viexik = )| < (1= Bi)|Ixk — | + Bl Viexk — p/|
< (1—=Bw)lxk —pll + Brllxk —pll = |Ixx —p|l-

Combining these two inequalities, we have

[F(P)|

XK1 =Pl < (T —=vx—0k) XKk — Pl + (vi + &) max{|lyx —pll, }

F
< (1= vi— 8 vk — Pl + (vic + 81) max(xic —pl, 1y

T
F
< max{]jxi — pf, TPy

By induction,
e —pll < maxs —pll TP v

Hence it follows that {xy} is bounded, and so are {Vixy}, {yx}, {Vkyx}, and {F(yx)}.
Second, we claim that limy_,q ||Xk4+1 — Xk || = 0. Indeed, define a sequence {wy,} by

Xk+1 = Prxk + (1 —pr)wy, Vk =1,
where p =1 — vy — 0y, for all k > 1. Then we have

Xk+2 = Pk+1Xk+1  Xk+1 — PxXk

Wit — Wi =
e K 1—pr+1 1—px
_ Yt (U= A Fyiein + 81 Vieriyierr vl = APy + 8 Vicye
1-— Pk+1 1— Pk (315)
Ykt (I =AeriPyesr v —AFlyk Ok+1
= - + (Vi1 — V1Y)
1—pr41 1—px 1—pr+1

Yk+1
— ——— Vk41Yx,
1—pry1 Y

+ Viet1yk — Vieyk + ka

1
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and
[yrs1 =Ykl = 11— Brg )Xkt + Brer1 Vier 11 — (1= Br)xi — Bre Vi |

< (1= Bra) it —xill + 1Brg1 — Brelllxxl
+ Bt Vier X1 — Viexa | + Bies1 — Bl Viex |

< (= Bry) st —xill +1Brg1 — Buellxxll (3.16)
+ Brr1(IVierixierr — Vier el + [ Vierxae — Vi) + 1Bxs1 — Bl Viexke |

< Pt =Xl Bt = Brellxill + Brer1 Vi 1xk — Viex | + 1Bk 1 — Bl Viexke|

< Ikt = xk L+ 1Brr1 — BrllPxll + o1 B 1l Tk — il + 1Brr1 — Bl Viex |

= [Pxr1 = xill + 1Br1 — Bl (Pxacll + [[Viexx 1) + o1 B T 1% — xxc -

Combining (3.15) with (3.16), we obtain

[Wicr1 —wil| = [P — x|
Y Y
< %(H(I—MHF)UkHH + [ Vierryl) + (1T = APyl + [ Viexe )
Plt1 1—py
o
+ 1k7;<11”vk+19k+1 — VicrYi |l + Vi 19k — Vieyk || = [1xk41 — x«||
— P+
v
< T (L= A il + Vi) + 725 (11— APyl + [ Vieyil)
Pk+1 Pr (3.17)
5 )
+ 1k7+1{||xk+1 — X || F 1Bx1 — Brl([xxc || + [ Viexk]|)
— Pk+1

+ o1 Bt [T X — Xkl + o1 [ Ter1yx — Yl — X1 — x|

Yi+1 Yk
< ——(lyrsall + IF ) | + [Vierryl) + (el + [[F i) [T+ Viey D
1—pri1 1—pxk
)
+r—— k;kl 1{|f3k+1—f~’>k|(\|xk||+||V1<Xk||)+f><1<+1||Tk+1Xk—XkH}+C>61<+1||Tk+11;lk—yk\|~
— P+

Thus, from (3.17), limy_,+ & = 0, and conditions (i), (ii), it follows that (noticing the boundedness of

{xx} and {yx})
lim sup([[wi+1 —wi|| = [[x41 = xkl)) < 0.
k—o00

Since limy_, Yk = 0 and 0 < liminfy_,, 8% < limsup, _, 8 <1, we have

0 < liminfpy < limsuppx < 1.
k—o0 k—s 00

Thus by Lemma 3.5 we get limy_, ||[Wx —xk|| = 0. Consequently,

lim ||xx41 —xk]| = im (1 —py)||lwx —xk]|| = 0. (3.18)
k—o00 k—o00

Step 2. The proof of conclusion (II).
Suppose that limy_,+ B /A = 0 and dx = o for some fixed o € (0,1). In this case, conditions (i), (ii)

are still satisfied. Let {z}%°_; be defined by z,, = %(I —Flzn+(1— %)Vzn. Then {z,} converges strongly
to a unique solution x* € J to the VI (3.2). Observe that for each k,n > 1
XK1= Vzn| = [[(1 = vk — 0)(xk — Vzn) + Vi (1 = AkF)yx — Vzn) + o(Vieyx — Vza ) ||
< (1=vx —0)|xk = Vzn | + v/ (I = AkFlyx — Vzn ||
+ o([[Vikyk — Vizn || + [[Vikzn — Vzn )
< (T=vk—0)|Ixk = Vzn| + v/ (I = AcFlyx — Vza ||
+0(l[yk —znll + [[Vizn — Vzn||) (3.19)
< (1=vx —0)|xk = Vzn | + v/ (I = AkF)yx — Vzn ||
+oflxi = zn || + [lyx —xill + [[Viezn = Vza |)
= (1—=vx —0)[lxk = Vzn | + V[ (I = AFlyx — Vzu ||
+ o([xx — zn | + BrlVixk — xk || + [[Vkzn — Vzal|)
< ek + (1= 0)|xk = Vzn | + ofxx —zn|,
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where €1 = Vi ||(I = AcF)yk — Vzn ||+ o(Bx || Vikxk — Xi || + || Vizn — Vzn||). Repeating the same arguments
as those of (3.7) in the proof of Theorem 3.7, we obtain limy_, || Vkzn — Vzn|| = 0. Since limy_, vk =
limy o P = 0, we know that e, — 0 as k — oo. From (3.19) we get

Ixi1 = Vzn | < ( X1 = Vzn | + 0ljxi — zn [)?

o)
ex2((1 —0)|xk — Vzn|| + o||xk — zn]]) + €]
(1 — 0 xic = Vzn | + 0% [xic = zn| +20(1 = 0)[xic = Vzn|[[xic = znll +7 (3:20)
< (1= 0 = Vzn [? + 0%[[xic = zn|* + 0(1 = 0) ([[xic = Vzn* + [ — zn[[*) + 7
= (1—0)[xk — Vzn|* + o|xk — zn ||* + Tk,
where 1y = €1 [2((1 — 0)||xk — Vzn || + 0||xx —zn||) + €x] = 0 as k — .
Repeating the same arguments as those of (3.8) in the proof of Theorem 3.7, we obtain LIMy|xx —
Vzn ||> < LIMy ||xx — zn ||*>. For any Banach limit LIM, from (3.20) we derive

LIMy|[xic — Vzn ||* = LIMy || Xk 1 — Vzn||? < LIMy|[xic — zn ||*-

Observe that x —z,, = %(xk —(I—=Fzn) +(1— —) (xk — Vzn). By the same arguments as those of (3.11)
in the proof of Theorem 3.7, we can get

LIMy (F(x*),j(x" —xx)) < 0. (3.21)
On the other hand, from (3.18), it follows that

lim [(F(x"),j(x" =xir1)) = (F(x™), j(x" =x))l = 0,

k—o0

which together with (3.21) and Lemma 2.8, yields
lim sup(F(x*),j(x* —xi)) < 0. (3.22)

k—o0
Finally we show that xx — x* as k — co. From Lemma 2.7 (i) and (3.14) with 0y = o, we have

X1 —x 2 = (1= vk — 0) (x —x*) + Y (I = McF)yx — x*) + o(Vieyr — x5 |2

< (1 =vie — 0) (i = x*) + o (Vieye —xF) [P + 21 (I = McFlye — X%, j (xiee1 — x7))
< (1 =vi— o) xie = x| + ollyr = x* 17 + 2yi{(T = APy —x*, j (xic 41 — x¥))
< (1 =vi)?[x = x* | + 2vic[{(T = APy — (1= AcF)xe, j (xiep1 — x¥))
(T =MF)xie — (T = AF)x™, (a1 — %)) + (T = AeF)X™ — %7, j(xk1 — X))
< (1=l = x*|2 + 2y [(1 = M) [y — x| [[xae1 — x|
+ (1= At Pac = x| [[xap1 = x|+ (T = MF)x™ —x*, (11 —x7))]
< (T=vi)? e =P + v (1= M 3 —x* 1> + [P — x*|7]
+ 2y [(1 = A ™) Bie [ Viexie — X [[xie41 = X7 || 4 A (F(x™), 5 (X — xc41))],
which implies that

(1—vi)? +vK(1— A1)

i —x*|2 < [P —x*|1?
1 —;/k(l —)\kT) (323)
+3 _Ykgk_ Tl [(T = Aet) Bre [ Viexie — xac[[[xie1 — X[ + Ak (F(x7), 5 (™ — xie1)).

Observe that forall k > 1
(T—vi)? +vk(1=At)  1T—(1 =Mty + vk — 2yl — (1= AT +v2

1 —vi(1—AxT) B 1 —vi(1—=AxT)
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_ o = (=N Vi
T—vk(I=A1)  1T—vK(1—AkT)
2
Yk
<1—2v1—(1—A
Vil — (1= AeT)] + T vl 7t
2
Y
=1—2vkA .
VAT 1T —vyx(1—AxT)
Then it follows from (3.23) that
2yx Yk
2 ~ 2 *1|2
- (1—2y5A - 2 —
et =1 < (1= 2vhee) o =P+ 22 (X |
+ (1= M) B[ Viexie — X[l xaer1 = X[ + M (F(x7), 5 (x" —xx41))]
1 3.24
= (1 —Zyk)\kT)HXk—X*H2+2’Yk?\k’t . )[%||Xk—x*||2 (3.24)
+ 2 (L) Vo = e =+ (FO, 5067 = i)

Since limy_y oo Y /A = limy_.o P /Ax = 0, we deduce from (3.22) that

’ 2R i =2 4 R (1= [ Vi —xaclxien — x|+ (Fx), (3" —xie41)
1m su

K00 T— 1Yk (1 — A1)

~X

Noticing > 74 YAk = oo, we get > 74 2YkAxT = oo. Therefore, according to Lemma 3.6 we conclude
from (3.24) that limy_, « ||xx —x*|| = 0. This completes the proof. O

Whenever 3y = 0 for all k > 1, Theorem 3.9 reduces to the following.

Corollary 3.10. Let X, F, {T;}{°,, and JF be as in Theorem 3.7. Let {Vi}X°_, be defined by (2.11) and (2.12). For
arbitrarily given xq € X, let {x\ }}°_; be defined by

Xkt1 = (1 —=vk — 0 )xk + Vi (I = AF)xy + 0k Viexy,  Vk > 1, (3.25)

where M X 1 € (0,11, {vi}¥ € (0,1), and {8}y C (0,1) such that yi + & < 1, for all k > 1. Assume
that im0 Yi/Ak =0, 351 YAk = 00, and 0 < liminfy_, o 8 < limsup, ., dx < 1. Then there hold the
following:

(D limyoo [[Xp1 —xi[[ = 0;
(I) the sequence {xy}3_, converges strongly to a unique solution x* € J to the VI (3.2) provided oy = o for
some fixed o € (0,1).

Proof. Putting y = 0 in Theorem 3.9, we know that the iterative scheme (3.14) reduces to (3.25). In this
case, we have that limy_, [Bx+1 — Bkl = 0 and limsup, ,  Bx < 1. Thus the condition (ii) in Theorem 3.9
is satisfied. In the meantime, it is easy to see that limy_,, Bx/Ax = 0. Consequently, utilizing Theorem
3.9, we derive the desired result. O
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