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Abstract

In this paper, we introduce the concept of a-dominated multivalued mappings and establish the existence of common fixed
points of such mappings on a closed ball contained in left/right K-sequentially complete dislocated quasi b-metric spaces. These
results improve, generalize, extend, unify, and complement various comparable results in the existing literature. Our results not
only extend some primary results to left/right K-sequentially dislocated quasi b-metric spaces but also restrict the contractive
conditions on a closed ball only. Some examples are presented to support the results proved herein. Finally as an application,
we obtain some common fixed point results for single-valued mappings by an application of the corresponding results for mul-
tivalued mappings satisfying the contractive conditions more general than Banach type and Kannan type contractive conditions
on closed balls in a left K-sequentially complete dislocated quasi b-metric space endowed with an arbitrary binary relation.
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1. Introduction and preliminaries

The letters, Q,Q", R, R*,IN, and Ny will denote the set of all rational numbers, the set of all nonneg-
ative rational numbers, the set of all real numbers, the set of all nonnegative real numbers, and the set of
all natural numbers and the set of all nonnegative integer numbers, respectively.

A point x in a nonempty set X is called a fixed point of the mapping T : X — X if Tx = x. In metric
tixed point theory, imposition of a contractive condition on a mapping plays an important role for proving
the existence of a fixed point of a mapping (see, [6, 7, 14, 17, 23] and references therein).

Let (X, d) be a metric space. A mapping T : X — X is called:
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(BC) Banach contraction mapping [7] if for any x,y € X, there exists k € [0,1) such that
d(Tx, Ty) < kd(x,y);
(KN) Kannan contraction mapping [17] if there exists k € [0, ) such that
d(Tx, Ty) < k(d(x, Tx) + d(y, Ty))

holds for all x,y € X.

If either of the conditions (BC) or (KN) is fulfilled, then T has a unique fixed point provided that X is
a complete metric space. The mapping T satisfying the condition (BC) is continuous while the condition
(KN) does not ensure the continuity of a mapping T. This makes Kannan contraction mappings more
important than the mappings satisfying Banach contraction condition (BC).

On the other hand, the concept of a metric space has been generalized in several ways.

Definition 1.1 ([35]). Let X be a nonempty set and d : X x X — R™". Suppose that for any x,y,z € X, the
following conditions hold:

(d1) d(x,x) =0;

(d2) d(x,y) = d(y,x) =0 implies that x =y;
(d3) d(X/U) = d(y/X),

(dg) dlx,y) < d(x,z) +d(zy)

If d satisfies conditions (dy) to (d4), then d is called a dislocated metric on X. If d satisfies conditions (d),
(d2), and (d4), then d is called a quasi metric on X. If d satisfies conditions (d2) and (d4), then d is called a
dislocated quasi metric (dq metric) on X. If d satisfies conditions (d;) to (dy), then d is called a metric on
X.

In 1931, Wilson [34] introduced the notion of quasi metric space as a generalization of metric space. In
2000, Hitzler et al. [13] introduced dislocated metric spaces (metric like spaces). The notion of dislocated
topologies have useful applications in the context of logic programming semantics ([12, 13]). Combining
the concepts of quasi and dislocated metric spaces, Zeyada et al. [35] coined the notion of a dislocated
quasi metric space (quasi-metric like space).

Definition 1.2 ([2, 6, 18, 32]). Let X be a nonempty set and s > 1 a real number. Suppose that for any
x, Y,z € X, the mapping dqp : X x X = R™ satisfies the following conditions:

(dqi) dquv(x,x) =

(dq2) dgv(x,y) = dqb(y,x) =0 implies x = y;
(dgs) dqv(x,y) = dqbly,x);

(dqs) dqv(x,y) < s (dqv(x,z) + dqb(zy)).

If dqv satisfies conditions (dqp), (dq2), and (dq ), then dqp is called a quasi b-metric on X [32]. If
dquv satisfies conditions (dqz) to (dqs), then dgyp is called a dislocated b-metric on X [2]. If dqp satisfies
conditions (dqz) and (dqy), then dqp is called a dislocated quasi b-metric (or simply dq b-metric) on X
[18]. If dqp satisfies conditions (dqi) to (dqy), then d gy, is called a b-metric on X [6].

Czerwik [10] proved Banach contraction theorem for single and multivalued mappings in b-metric
spaces. Since then several fixed point results for various classes of single-valued and multivalued oper-
ators have been proved in the framework of b-metric spaces [10, 11, 29]. The concepts of quasi b-metric,
dislocated b-metric, and dq b-metric are more general than that of a b-metric.

Remark 1.3. In Definition 1.2, if s = 1, then

1. b-metric space is a metric space;



A.S. M. Alofi, et al., J]. Nonlinear Sci. Appl., 10 (2017), 3456-3476 3458

2. quasi b-metric space is a quasi metric space;
3. dislocated b-metric space (or b-metric-like space) is a dislocated metric space (or metric-like space);
4. dq b-metric space (or quasi b-metric-like space) is a dq metric space (or quasi metric-like space).

Note that a b-metric dqu : X X X — R™ is not necessarily continuous in each variable. Also, if b-metric
dqv is continuous in one variable, then it is continuous in the other variable (see [3]).

It is obvious that b-metric spaces, quasi b-metric spaces, and dislocated b-metric spaces are dq b-metric
spaces, but the converse does not hold in general.

Example 1.4 ([18, Example 2.3]). Let X = RR. Define dgp : X x X = R* by

ey M

daoley) = k—yP+ =+ 2,

where m,n € IN\{1} with n # m. Then (X,dqy) is a dq b-metric space with s = 2. As dqv(1,1) # 0,
(X,dqp) is not a quasi b-metric space. Note that dqy(1,2) # dqv(2,1). Thus (X, dquv) is not a dislocated
b-metric space. Also, (X, dqv) is not a dislocated quasi metric space.

Example 1.5 ([36, Example2.1]). Let X ={0,1,2}. Define dqp : X x X = R* by

2, x=y=0,

1

LY X = O/ - 1/
de(XIU) = 5 x =1 yy:O

%, otherwise.

Then (X, dqv) is a dq b-metric space with s = 2. As dqv,(1,1) # 0, (X, dquv) is not a quasi b-metric space.
Also dqv(0,1) # dqv(1,0) implies that (X, dqu) is not a dislocated b-metric space. It is obvious that
(X, dgp) is not a dislocated quasi metric space.

In view of the following proposition, some more examples of dq b-metric spaces can easily be con-
structed.

Proposition 1.6 ([26]). Let X be a nonempty set such that dq is a dg metric and dy is a b-metric with s > 1 on X.
Then the function dqp : X x X — R™ defined by

dqb(xly) = dq (le) +dp (le)
is dq b-metric on X.

Reilly et al. [28] introduced the concept of left/right K-Cauchy sequence and left/right K-sequentially
complete spaces (see [5]). We have the following definitions given in [33, 36].

Definition 1.7. Let (X, dqv) be a dq b-metric space. A sequence {x,} in (X, dqp) is called:
(a) dq b-converges to a point x € X if and only if

lim dgp(xn,x) =0= lim dgu(x,xn),
n—oo n—o00
in this case x is called a dq b-limit of {x,,} and we write x,, — x as n — oo;
(b) left (right) K-Cauchy sequence if Ve > 0, there exists ng € IN such that for all n > m > ny,
dqb(XmIXn) < e( dqb(Xn/Xm) < e).

The space (X, dqv) is called left (right) K-sequentially complete if every left (right) K-Cauchy sequence
in X dq b-converges to a point x € X.

Each dq b-metric dq, generates a topology on X whose base is the family of open balls {B4p(xo,T) :
xo € X, v > 0}, where Bqp(xo,7) = {x € X : max{dqp(x0,%),dqv(x,%0)} < 1}. The closure of By (%o, 1) is
denoted by B g [xo, T].
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Throughout this paper, we assume that a dq b-metric dqp, is continuous in one variable.

The development of metric fixed point theory for multivalued mappings was initiated by Nadler
[23] in 1969. He introduced the concept of set-valued contraction mappings and extended the Banach
contraction principle to set-valued mappings by using the Hausdorff metric. Since then various well-
known results for single-valued contraction mappings have been extended for multivalued mappings
(see, [9-11, 16, 19-21, 32] and references mentioned therein).

Arshad et al. [4] proved some results dealing with the fixed points of a mapping satisfying a contrac-
tive conditions on closed ball contained in a complete dislocated metric space. For more results in this
direction, we refer to [4, 5] and references mentioned therein. These results are very useful in the sense
that they require the contraction condition of the mapping only on the closed ball instead of the entire
space.

Consistent with [2, 3, 6, 8, 10, 11, 15, 18, 30, 32], the following definitions and results will be needed to
derive the main results.

Unless stated otherwise from now onwards, X denotes dq b-metric space equipped with dq b-metric
dqv with constant s > 1. Suppose that

P(X) ={A : A is a subset of X},
N(X) ={A : A is a nonempty subset of X},

(X)
(X)
B(X) ={A : A is a nonempty bounded subset of X},
CL(X) ={A : A is a nonempty closed subset of X},
C(X) ={A : A is a nonempty compact subset of X},
CB(X) ={A : A is a nonempty closed and bounded subset of X}.

Let S, T: X — N(X). A point x* € X is called:

(1) a fixed point of T if x* € Tx*;
(2) a common fixed point of S and T if x* € Sx* N Tx™.

We denote by F(T) the set of fixed point of T.
For A,B € CB(X) and x € X, define

dqv(A,B) =sup{dqv(x,B) : x € A},

dqv(B,A) =sup{dqv(y,A) :y € B},
and

Hqv (A, B) = max{d4u (A, B), 84 (B, A)},

where
dgv(x, B) = inf{dquv(x,y) : y € B}

The function Hqy is called the Hausdorff dq b-metric on CB(X) induced by d4y. Note that, Hgp (A, B) <
s(Hqv(A, C)+Hgp(C,B)). Also, Hgp (A, B) = 0 implies that A = B. Furthermore, (CB(X), Hqp) is complete
if (X, dqv) is complete.

A mapping T : X — CL(X) is said to be continuous at x € X if for every sequence {x,} in X with
T}gr;o daq(xn,x) =0, we have

lim Hgq(Txn, Tx) = 0.

n—o0

Definition 1.8. Let X be a nonempty set and « : X x X — R*. A mapping T : X — N(X) is called
ax-dominated on X if for each x € X, we have «(x,u) > 1 for any u € Tx.

T is a-dominated on A C X if for each x € A, we have «(x,u) > 1 for any u € Tx.
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Example 1.9. Let X = {0, 1, 2}. Define the mapping T : X — N(X) by

o [ B ifxen2)
{x 1,x}, otherwise,

and o : X x X = RT as:

axy) = €Y fx=y,
XY= 1, otherwise.

Note that, TO = {0,1}, T1 ={0,1}, and T2 = {1, 2}. Note that for each x € X, x(x,u) > 1 for any u € Tx and
hence T is a-dominated mapping on X.

Example 1.10. Let X = R". Define T : X — N(X) by
0,%], ifxel0,3],
Tx =< [3,x], ifxe(%,l],
{x}, otherwise,

and a: X x X = R™T as:
(x,y) = cosh(x +y), if x,y €10,1],
Y71 tanh(x2 +y?), otherwise.

Note that for any x € X, the set Tx is closed subset of X. Clearly, T is x-dominated mapping on [0, 1].
Indeed,

(1) if x € [0, 1], then Tx = [0, %] c[o, %] Hence «(x,y) = cosh(x +y) > 1forally € Tx;
(2) ifx e (% 1], then Tx = [5 (%,1 Hence «(x,y) = cosh(x+y) > 1forally € Tx;
(3) if x € (1, 0), then Tx = {x} C (1,00). Hence a(x,y) = tanh(x? +y?) < 1 forally € Tx.

We need the following analogous Lemmas [23] in the framework of dqp metric spaces. For sake of
completeness, we give the proofs.

Lemma 1.11. Let A, B € CB(X).If a € A, then dqv(a,B) < Hgu(A,B).
Proof. dqv(a,B) <sup{dqp(x,B):x € A} =04u(A,B) < Hgu(A,B). d
Lemma 1.12. If A, B € CB(X) and e > O, then for a € A there exists b € B such that dqv(a,b) < Hqu(A,B) +¢
Proof. Assume on contrary that there exists ¢ > 0 such that for any b € B, we have
dgv(a,b) > Hgp(A,B) +¢

Then,

dqv(a,B) =inf{dqp(a,b) : b € B} > Hgu (A, B) + & > 6qu (A, B) + & =sup{dqu(x,B) : x € A} +¢,
a contradiction. O

Lemma 1.13. Let A, B € CB(X) and p > 1. Then for every a € A, there exists b € B such that d(a,b) <
Hqu(A/B)'

Proof. Suppose that A =B and a € A. Then, we have
qu(A/B) = qu(A/ A) = 6qb(Az A) = Sup{dqb(X/X) MRS A}r

and hence
dgv(a, a) <sup{dqu(x,x) :x € A} = Hgp (A, B) < pHgp (A, B).
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Thus b = a satisfies dqp(a,b) < pHgw(A,B). Let A # B. Assume that there exists a € A such that
dgv(a,b) > uHgp (A, B) for all b € B. Then,

dgqv(a,B) =inf{dqv(a,z) : z € B} > uHgp (A, B).

Note that
Hqv(A,B) = 8qu(A, B) =sup{dqu(x,B) : x € A} > dqpv(a, B) > uHgu (A, B).

As Hqy is dislocated and A # B, Hqv (A, B) # 0. Thus n < 1, a contradiction. O

Lemma 1.14. Let A, B € C(X) and n > 1. Then for every a € A, there exists b € B such that d(a,b) <
Hqu(A/B)'

From the viewpoint of application of contraction mapping, it is possible that a mapping T defined
on the space X satisfies contractive condition on the subset Y of the space X rather than on the entire
space X. In addition, the contraction mapping under consideration may not be continuous. In this paper,
we establish the existence of common fixed points for multivalued «x-dominated mappings which are
assumed to satisfy contractive conditions only on a closed ball in dq b-metric spaces. We also obtain
certain fixed point and common fixed point theorems of multivalued mappings on a complete dq b-
metric space endowed with an arbitrary binary relation. We apply our results to prove the existence of
fixed point and common fixed point of single-valued mappings in the setup of dislocated quasi b-metric
spaces.

2. Main results

In this section, we present some results dealing with the existence of common fixed point for «-
dominated multivalued mappings satisfying certain contractive conditions on closed balls in the frame-
work of left K-sequentially complete dq b-metric spaces.

We start with the following result.

Theorem 2.1. Let (X,dqv) be a left K-sequentially complete dg b- metric space, xg € X, and o : X x X — R+,
Suppose that S, T : X — CB(X) are a-dominated mappings on B gy [xo, 7]. If

(i) for any x,y € Bqy[xo, 7] with a(x,y) = 1, we have
qu(sxl Ty) < Adqb(xly) + B[dqb(xl SX) + dqb(szU)], (21)
and
qu(TX/ SU) < }\dqb(xly) + B[dqb(xl TX) + dqb(yzsy)]/ (22)

where 0 < A+2p < 1;
(ii) there exists x| € Sxg such that
dqv(x0,x1) < k(1 —sk)r (2.3)

holds, where k = A+P

1_Bandsk<1;

(iii) either
(a) S, T are continuous; or
(b) for any sequence {xn} in Bqplxo, 7] with &(xn,xn11) = 1 for alln € No and xn — x € Bgu[xo, 7] as
n — oo, we have a(xn,x) > 1 for all n € Ny,

then S and T have a common fixed point x* € Bqplxo, v]. If, in addition, S and T are compact valued mappings,
then dqp (x*,x*) = 0.

Proof. Let xo be a given point in X and x; € Sxo. Note that,
dgo(x0,x1) < k(1 —sk)r

Hence x; € Bqu[xo, 7l. Choose ¢ > 0 such that
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€
1I-p

holds. Since x; € Sxo, and S is x-dominated mapping on Bgy[xo, 1], we have «(xp,x1) > 1. By Lemma
1.12, there exists x, € Txq such that

kdqp (x0,%1) + < K*(1—sk)r

dgb(x1,%x2) < Hgu(Sxo, Tx1) + ¢

It follows from (2.1) that

dgo(x1,%x2) < Adgp(xo,x1) + Bldgw(x0, Sx0) + dgp(x1, Tx1)] + ¢
< Adgo (x0,%1) + Bldgw (%0, x1) + dgqv (X1, %2)] + €
< (A+B)dgv(xo,x1) + Bdgv(x1,%2) + €,
that is, .
dgov(x1,%x2) < kdgo(x0,x1) + 1—p’
which further implies that
dgb(x1,%2) < K*(1—sk)r. (2.4)

Thus from (2.3) and (2.4), we have

dgo(x0,x2) < s{dqu(x0,x1) + dgp(x1,%2)}
< sk(1— sk)r + sk?(1 — sk)r
< sk(1—sk)r + (sk)?(1 — sk)r
< sk(1 —sk)r[1 + skl
< sk(1—sk)r[1+sk+ (sk)>+- -]

1
= (sk)(1— sk)r1 oK <,
which shows that x, € Bqp[xo, 7]. Choose ¢ > 0 such that
K2d g (%0, x1) + 7(1 +k) <K (1—sk)r

1-p
holds. By Lemma 1.12, there exists x3 € Sx; such that
dgb(x2,%x3) < Hgqu(Txq, Sx2) + €.
Since x; € Txy, and T is a-dominated mapping, we get «(x1,x2) > 1. It follows from (2.2) that

dgo(x2,%3) < Adqv(x1,%2) + Bldgu(x1, Tx1) + dgu(x2, Sx2)] + €
< Adgo(x1,%2) + Bldgw (x1,%2) + dgqu (X2, x3)] + €
< (A+B)dgu(x1,x2) + Bdgu(x2,x3) + €,

that is,
€ € € » €
dqv (x2,%3) < kdgv (x1,%2) + 7— B < k(kdqo (xo,x1) + 77— B) 15 < k7dgu(xo,x1) + ﬁ(l +k),
which further implies that
dgb(x2,x3) <K (1—sk)r. (2.5)

Thus from (2.3), (2.4), and (2.5), we have

dgb(x0,x3) < s{dqv(x0,%1) + dqu(x1,%3)}



A.S. M. Alofi, et al., J]. Nonlinear Sci. Appl., 10 (2017), 3456-3476 3463

< s{dqu(x0,x1) + s(dgv(x1,%2) + dgu(x2,%3))}
< sk(1 — sk)r + s2k?(1 — sk)r + s?k3(1 — sk)r

< sk(1 —sk)r+ (sk)?(1 — sk)r + s°k3(1 — sk)r
< sk(1 —sk)r[1 + sk + (sk)?]

< sk(1—sk)r[1 + sk + (sk)> +- - -]

= (sk)(l—sk)r1 e <,

which shows that x3 € Bqp[xo, 7]. Let xp; € Bgu[xo, 1] for some i € IN with xp; € Txp;_1 and

dqb (X211, %21) < K d g (%0, %1) t1 g 2122 kP < K1 —sk)r. (2.6)
p =0
Now choose ¢ > 0 such that
) 2i—1
K2 dgp (%0, x1) + T3 pZO kP < K2 (1 —sk)r. 2.7)

Since x; € Txpi—1 and T is a-dominated mapping on Bqp[xo, 7], we have o(x2;—1,%2i) > 1. By Lemma
1.12, there exists xpi 11 € Sx»; such that

dgv (x2i,%2i41) < Hgqu(Tx2i-1,Sx21) + ¢

It follows from (2.2) that

dgb (x21, X2141) < Adqu(x2i—1,%21) + Bldgp (x21—1, Tx2i—1) + dqb (X21, Sx21)] + €
< Adgo (x2i-1,%21) + Bldgw (x2i-1,%21) + dgqv (X21, X2i41)] + €
< (A+B)dgu(x2i-1,%21) + Bdgv (x2i, X2i41) + €,
that is, .
dqo (x21, %2i41) < kdgo (x2i-1,%21) + 7= B
It follows from (2.6) that
2i—1
dgb (%21, %2141) < kK*'dgp(x0,x1) t1 3 Z kP. (2.8)
p =0

Now by (2.7), we get .
dqv (x2i, %21 41) < K21 — sk)r.

Since x3i4+1 € Sxp; and S is a-dominated mapping on B gy [xo, 7], we obtain «(xzi,X2i+1) = 1. Now choose
¢ > 0 such that

K dgp (xo, x1) Z kP < K22 (1 —sk)r. (2.9)
By Lemma 1.12, there exists x2i12 € Txi41 such that
dgb (x2i+1,%2i42) < Hgo (Sxai, Txoi41) + €.
Using inequality (2.1), we have

dgv(x2i41,X2i4+2) < Adgw(x2i,X2i+1) + Bldgw (21, Sx21) + dqu (X211, Tx2i41)] + €
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< Adgov (x21, %21 41) + Bldgv (x21, X2141) + dgqv (X211, X2142)] + €
< (A+B)dgo (x2i, %2141) + Bdgv (X211, %21 42) + &,

that is, .
dgv(x2i41,X2i42) < kdgp(X2i, X2i41) + -’
using (2.8) which further implies that
. ;A
dqb (2141, %2112) < K2 d g (x0,%1) + —p Z kP,
p=0
Now by (2.9), we get .
dqu (X2i41, X2i42) < k22 (1 — sk)r.
Thus, for some j € Ny we have .
dab(xj,%j11) < KL —sk)r. (2.10)
Note that
dab (%0, Xj4+1) < sdgb(x0,x1) + s2dqp (x1,%2) + -+ - + 81 dgqo (Xj—1,%;) + 8' dgb (%}, Xj41)
< sk(1—sk)r+s2k3 (1 —sk)r + -+ K (1 — sk)r + /W T (1 — sk)r
< sk(1—sk)r+s2k%(1 —sk)r+ - - + I (1 — sk)r+ s THITH (1 — sk)r
< sk(1—sk)r {1 + sk 4 (sk)2 4+ (sk) 2+ (sk) 1+ (sk)j}
<sk(1—sk)r {1+ sk+ (sk)?+ -+ (sk)) 2+ (sk)) ' + (sk)) +--- }
1
< sk(l—sk)r{l_sk} <r,

which implies x;,1 € Bgu[xo, 7. Hence by induction, x,, € Bgp[xo, 7]. Also o(xn,Xn+1) = 1 and inequality
(2.10) can be written as
dqb(xn/ Xn+1) < kn+1(1 —sk)r

for all n € Ny. Now

dgb (Xn, Xn+m) < sdqv(Xn, Xn1) + Squb(xn+11xn+2) +-+ Sm_ldqb(xn+m—1rxn+m)
< sk™H 1 —sk)r + s2k™H2(1 — sk)r 4+ - - + s™TIKT™ (1 — sk
< sk™HH1 — sk)r 4 s2k™ P2 (1 — sk)r 4« - - 4 s™RYTTY(1 — sk
< sk™H1 —sk)r {1+ sk + (sk)> + - -+ (sk) ™2+ (sk)™ 1}
< sk (1 —sk)r {1+ sk+ (sk)? + -+ (sk)™ 2+ (sk)™ -}
1
< sk™HH(1—sk)r T S < skl

Hence hrg dgb(Xn, Xny+m) = 0 and we get that {x,,} is a left K-Cauchy sequence in (Bg4p[xo, 1], dgp ).
n,m o

As every closed ball in a complete dq b-metric space is complete, so (Bqp[xo, 7], dqv) is left K-sequentially
complete, there exists a point x* € Bp[xo, 1] such that

lim dgp(xn,x*) = lim dgp(x*,xn) =0.
n—oo n—oo

Suppose that condition (iii) (a) holds. Note that

dqu(x*, 5x) < s{dqu (X", xan+1) + dqv (X2n+1, )} < s{dqu (X", xan+1) + Hgw (Sxan, SX™)}
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Taking limit as n — oo on both sides of above inequality, we obtain that dqu(x*, Sx*) < 0. That is,
dgv(x*, Sx*) = 0 and hence x* € Sx*. Similarly,

dqo(x*, Tx™) < s{dqu (X", X2n42) + dqb (Xons2, TX*)}
Taking limit as n — oo on both sides of above inequality, we obtain that dqp(x*, Tx*) < 0 gives that

x* € Tx*. Next, we suppose that condition (iii) (b) holds. As «(xn,x*) > 1, we have

*

dgo(x*, %) < s{dqv (X", Xan12) + dgb(x2n+2, Sx*)}
X", Xon42) + Hgo (Txan 11, SX™)}
* ) +Adgp (xon+1,X) + Bldgb (X2n+1, Txon41) + dgu (X, Sx*)1}
)

X, X2n+42
+Adgv(xan1,X7) + Bldgo (Xan+1, Xan+2) + dqw (x*, SX¥)1},

*
X, Xon+42

NN N
©
o
el
<

which implies that
(1—=sB)dgn(x",Sx™) < sdqu(X™, Xan+2) +sAdgp (X2n41,X") +sBdgp (X2n+1, X2n+2).

Taking limit as n — oo on both sides of above inequality, we obtain (1 —sfB)dqu(x*,Sx*) < 0. This implies
that dqp(x*, Sx*) = 0. Hence x* € Sx*. Similarly, x* € Tx*. Since § and T are x-dominated mappings on
Bgvlxo, 7], we have a(x*,x*) > 1. Now if S and T are compact valued mappings, then by Lemma 1.14
with p =1, we have

dgo(x*,x") < Hgu(Sx*, Tx*) < Adgp(x™,x") + Bldqe (x*, Sx™) + dqu (x*, Tx")],
which implies that (1 —A —2p)dqu(x*,x*) < 0 and hence dqp (x*,x*) = 0. O
Remark 2.2.

(i) Mappings S and T satisfying the contractive conditions (2.1) and (2.2) are not necessarily continuous.

(ii) The result also holds for the right K-sequentially complete dq b-metric space.

(iii) Mappings S and T satisfying the contractive condition (2.1) are Suzuki type contraction mappings
on a closed ball. Indeed, if for any x,y € Bqu[xo, 1] with %min{dqb(x, Sx), dqv(y, Ty)} < dgu(x,y),
we have

Hqou (Sx, Ty) < Adgo(x,y) + Bldgu(x, Sx) + dqu(y, Ty)l,

and define a(x,y) = dqv(x,y) — %min{dqb(x, Sx), dquv(y, Ty)} +1 for all x,y € Bgp[xo, 1], then we
have «(x,y) > 1, which further implies that

qu(SX/ TU) < }\dqb (X/y) + B[dqb(xr SX) + dqb (U/ TU)]
The following example supports Remark 2.2 (i).

Example 2.3. Let X = R". Define dqp : X x X = R* by dqp(x,y) = Ix —y[*. Note that (X, dquv) is a left
K-sequentially complete dq b-metric space with s = 2. If xg = % and r = %, then Byp[xo, 1] = [0, %]. Define
S,T:X— CB(X)and «: X x X — R* by

Sy — (3.3], ifx € [0, %],
] [x,x+1], otherwise,

nod 53] if x € [0, 3],
[x+1,x+3], otherwise,

and «(x,y) = 1if x,y € [0,3] and «(x,y) = % otherwise. Obviously S and T are a-dominated mappings

on By [xo, 7] but not on X — By [xo, 7). For x,y € Bgu[xo, 1], we have

X X1 [y Y x ypz2 1 1 1
qu(SX/TU) =Hgqp <[1, g} ’ [g,§}> = 373 = 9 |X—y|2 < gdqb(x,y) + 8 [dqb(x,Sx) +dqb(U,Ty)] .
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Hence, S and T satisfy the inequality (2.1) and similarly, we can show that S and T satisfy (2.2) on B4y [xo, 7]

withk = 3, A =}, and B = §. Now consider a sequence x, = 5 + % in X. Then there exists x = 1 such

that lim dqp(xn,x) =0 but
n—oo

2

4 1
£0.

lim Hgp(Sxn, $x) = lim Hgp <[1+1,3+1] , [1 1]) = lim ‘4_
n 2 n

n—oo n—oo 2 n gl 6 n—oo |3

Therefore, S is not continuous at % and similarly we can show that T is not continuous at % For xp = % and
2 .

% =x1 € Sxg = [11—6, %}, we have dqb(%, 11—2) = ]% — 11—2’ < k(1 — sk)r. For any sequence {x,} in B gy [xo, 7]

with o(xn,Xn41) = 1foralln € Ng and x,, — x € Bgplxo, 7] as n — oo, we obtain that o(x,x) > 1 for all

n € INy. Thus all conditions of Theorem 2.1 are satisfied. Therefore, x* = 0 is a common fixed point of S

and T in Bgp [xo, 7, then we have dqp (x*,x*) = 0 as Sx and Tx are compact sets for any x € X.

Example 2.4. Let X = R" and dqb(x,y) = x —yP* + ’3‘—2 for all x,y € X. Define the mappings S, T : X —
CB(X) by
2x .
Sx — {3}/ leE [0/1]/
{x+1}, ifxe (1,00),

and
Tx — 0,31, ifxel0,1],
] [x,2x], ifxe(1,00).

, then

N[—=

Note that (X, dqp) is a left K-sequentially complete dq b-metric with s = 2. If xo =  and T =
Bgulxo, 7] = [0,1]. Define « : X x X — R™* by

ﬁ, if x,y € [0,1] and x #y,
alx,y) =< 1, if x,y €[0,1] and x =y,
%, otherwise.

Clearly S, T are a-dominated mappings on B4y [xo, 7] but not on X — B4y, [xo, 7] and satisfy the inequalities
(2.1) and (2.2) on Bgp[xo, 7] with k = %, A= %, and f = %. Also, for xg = % and % = x1€ Sxp = {2%},
we have dqb(%,%) = % < %(1 —2(%))% = % = k(1 — sk)r. For any sequence {xn} in Bgy[xo, 1] with
o(xn,Xn41) = 1 for all n € Ng and x, — x € Bgplxo, 7] as n — oo, we obtain that «(xn,x) > 1 for all
n € INy. Thus all the conditions of Theorem 2.1 are satisfied. Hence x* = 0 is the common fixed point of

Sand T in Bgplxp, 7]. As Sx and Tx are compact sets for each x € X, we have dq1,(0,0) = 0.

Corollary 2.5. Let (X, dqp) be a left K-sequentially complete dq b-metric space with xg € X and o : X x X — R™.
Suppose that S : X — CB(X) is o-dominated mapping on B qp [xo, 7] and for any x,y € Bqplxo, 7l with «(x,y) > 1,
we have

Haw (S%, Sy) < Adqu (x,y) + Bldqn (x, $x) + dqu vy, Sy,

where 0 < A+ 23 < 1. If there exists x1 € Sxg such that
dgo(x0,x1) < k(1—sk)r,

where k = ;‘f—ﬁ and sk < 1, then S has a fixed point x* € Bqplxo, v] provided that S is continuous or for any
sequence {xn} in B gy [xo, 1] with o(xn,Xn41) = 1 for all m € No and xn — x € Bqyp[xo, 7], we have o(xn,x) > 1

for all n € INo. Moreover, if S is compact valued, then dqp(x*,x*) = 0.
Proof. If S =T in Theorem 2.1, we obtain x* € B4y [xo, 7] such that x* € Sx* and dqp (x*,x*) = 0. O

Corollary 2.6. Let (X,dq) be a left K-sequentially complete dq b-metric space, xo € X, and « : X x X — R™.
Suppose that S, T : X — CB(X) are o-dominated mappings on B qyv [xo, 7] such that for any x,y € Bqyplxo, 7] with
a(x,y) =1, we have
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x(x,YyJHqo (Sx, Ty) < Adqu(x,y) + Bldgw(x, Sx) + dqu(y, Ty)l,

and
(%, Y)Hqu (Tx, Sy) < Adgp(x,y) + Bldgw(x, Tx) + dqu(y, Sy,

where 0 < A+ 203 < 1. If there exists x1 € Sxg such that

dqb(XOI Xl) g k(l - Sk)T/
where k = % and sk < 1, then S and T have a common fixed point x* € By [xo, 7] provided that either S, T are
continuous or for any sequence {xn} in X with o(xn,Xxn41) = 1 for all n € N and x, — x € Bqyp[xo, 7], we have
o(xn,x) = 1 for all n € INg. Moreover, if S and T are compact valued, then d gy, (x*,x*) = 0.

In Theorem 2.1, the condition (2.3) restricts the conditions (2.1) and (2.2) to B4y [xo, 7]. If we relax the
condition (2.3) and consider the conditions (2.1) and (2.2) for all elements x,y in X, then we have the
following result.

Theorem 2.7. Let (X, dqv) be a left K-sequentially complete dq b-metric space and « : X x X — R™. Suppose that
S, T: X — CB(X) are a-dominated mappings on X such that for any x,y € X with «(x,y) > 1, we have

Hqp (Sx, Ty) < Adgo(x,y) + Bldqu(x, Sx) + dquv(y, Ty)l, (211)

and
qu(TX/ SU) < )\dqb(X/y) + B[dqb(xr TX) + dqb(y/ SUH/ (212)

where 0 < A+2p < 1. If either S and T are continuous or for any sequence {xn} in X with &(xn,Xn41) = 1 for all
n € Ng and xn, — x € X, we have &(xn,x) = 1 for allmn € Ng. Then S and T have a common fixed point x* € X.
Moreover, if S and T are compact valued, then dqp(x*,x*) = 0.

Proof. Fix xg € X and choose r > 0 such that

dgov(x0,x1) < k(1 —sk)r

for x1 € Sxg, where k = % and sk < 1. The result then follows from Theorem 2.1. O

Example 2.8. If X = Q" and dqp(x,y) =[x — yl2 + l%l + %, then (X, dquv) is a left K-sequentially complete
dq b-metric space with s = 2. Define the mappings S, T : X — CB(X) by

s _ | XxeQTB<? <), ifxeQh {0},
T ifx =0,

and
(xeQt4<x? <5}, ifxeQt—{0},
Tx = X .
{3} if x =0.

Define o : X x X = R* as a(x,y) = In(x+y+e) if x,y € Q7 —{0} and «(x,y) = 1 otherwise. Clearly,
the mappings S, T are a-dominated mappings on X and satisfy inequalities (2.11) and (2.12) for any
x,y € X. Moreover, for any sequence {x,,} in X with &(xn,Xn41) > 1 for all n € Ny and x,, — x, we have
o(xn,x) = 1 for all n € INy. Thus, all conditions of Theorem 2.7 are satisfied and we obtain x* in X such
that x* € Sx* N Tx* = {x* € QT4 < (x*)? < 5}U{0}. As S and T are not compact valued, dgvo(x*,x*) =0
does not hold for some x* € Sx* N Tx*. For example, 2 € Q" —{0}and 2 € S2NT2 ={y € Q"4 < y? < 5}
but dgp(2,2) =22+ 2 + B =142 20
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Corollary 2.9. Let (X, dqp) be a left K-sequentially complete dq b-metric space, and « : X x X — R*. Suppose
that S : X — CB(X) is x-dominated mapping on X such that for any x,y € X with «(x,y) > 1, we have

Hqv (Sx, Sy) < Adgv(x,y) + Bldgu(x, Sx) + dqw(y, Sy)l,

where 0 < A+ 23 < 1. If S is continuous or for any sequence {xn} in X with &(xn,Xn+1) = 1 for all n € Ng and
Xn — X € X, we have o(xn,x) > 1 for all n € INg. Then S has a fixed point x* in X. Moreover, if S is compact
valued, then dqp(x*,x*) = 0.

Proof. The result follows from Theorem 2.7. 0

Corollary 2.10. Let (X, dqv ) be a left K-sequentially complete dq b-metric space with xg € Xand S, T : X — CB(X).
Suppose that for any x,y in Bqp[xo, 7], we have

qu(SXI TU) < Adqb(X;U) + B[dqb(xl SX) + dqb(y/Ty”r

and
Hqu(Tx, Sy) < Adgw(x,y) + Bldqu(x, Tx) + dqu(y, Sy)l,

where A+ 23 € [0,1). If there exists x; € Sxg such that

dgb(x0,x1) < k(1—sk)r,

where k = }1‘“3 and sk < 1, then S and T have a common fixed point x* in B gy, [xo, 1]. Moreover, if S and T are

compact valued, then dqp (x*,x*) = 0.
Proof. If we define «(x,y) = 1 for all x,y in Bqp[xo, 7], then the result follows from Theorem 2.1. O

Corollary 2.11. Let (X, dqv) be a left K-sequentially complete dq b-metric space with xo € X and S : X — CB(X).
Suppose that for any x,y in B qp[xo, 7], we have

qu(sxr SU) < )\dqb(xry) + B[dqb(X/ SX) =+ dqb(ylsy)]r (213)
where A+ 23 € [0,1). If there exists x; € Sxg such that

dgo(x0,x1) < k(1—sk)r,

where k = ?“L—B and sk < 1, then S has a fixed point x* in qu[x(), r]. Moreover, if S is compact valued, then

8
dgv(x*,x*) = 0.

Example 2.12. If X = R" and dqu(x,y) = x —yl?, then (X, dqv) is a left K-sequentially complete dq
b-metric space with s = 2. Define the mapping S : X — CB(X) by

SX_{ [O/%]/ leG [0 }
(2, %], leG(z,OO)

Ifxo=1, & =% €Sx =10, 112] and r = i, then Byp[xo, 1] = [0, %]. Define o : X x X — R as a(x,y) =2
if x,y € [0, 1] and oc(x,y) = 3 otherwise. Clearly, the mapping S is a-dominated mapping on X. For
A =B = § and k = §, the mapping S satisfies inequality (2.13) for any x,y € X. Thus, all conditions of

Corollary 2.11 are satlsfied and § has a fixed point x* = 0. Also, dq1(0,0) = 0.

Corollary 2.13. Let (X, dqv) be a left K-sequentially complete dq b-metric space and S : X — CB(X). If for any
X,y in X, we have
qu (SX/ SU) < )\dqb (Xry) + B [dqb (X/ SX) + dqb (9/ Sy)]r (214)

where A+ 2B € [0,1), then S has a fixed point x* in X. Moreover, if S is compact valued, then dqy(x*,x*) = 0.
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Example 2.14. If X = R* and dqp(x,y) = x —yl?, then (X, dqv) is a left K-sequentially complete dq
b-metric space with s = 2. Define the mapping S : X — CB(X) by

[0,%], ifxel0,1],
SX:{{gf if x € (1, 00).

Define o : X x X = R* as «(x,y) = 2 for any x,y € X. Clearly, the mapping S is a-dominated mapping
on X. For A = %, B = %, and k = 2, the mapping S satisfies inequality (2.14) for any x,y € X. Thus, all
conditions of Corollary 2.13 are satisfied and S has a fixed point x* = 0. Also, d41,(0,0) = 0.

Remark 2.15. Note that, dislocated quasi metric, dislocated b-metric, quasi b-metric, partial b-metric, b-
metric, dislocated metric, quasi metric, partial metric, and ordinary metric versions of our results are also
new in the literature.

3. Applications on a complete dq b-metric space endowed with an arbitrary binary relation

In this section, we study the necessary conditions for existence of common fixed point of mappings
defined on left K-sequentially complete dq b-metric spaces endowed with an arbitrary binary relation R.
Let us recall the following definitions and known results.

Definition 3.1 ([22, 31]). Let X be a nonempty set. A subset R of X? is called a binary relation on X. For
each pair x,y € X, we say that “x is R-related to y ” or “x relates to y under R” if and only if (x,y) € R
and (x,y) ¢ R means that “x is not R-related to y” or “x does not relate to y under R”.

Notice that X?> and () being subsets of X? are binary relations on X, which are called universal relation
(or full relation) and empty relation, respectively.

Definition 3.2 ([1]). Let R be a binary relation defined on a nonempty set X. Then any pair of points x,y
in X is called R-comparative if either (x,y) € R or (y,x) € R, which is written as [x,y] € R.

Definition 3.3 ([22]). A binary relation R defined on a nonempty set X is called (i) reflexive if (x,x) € R
Vx € X; (ii) irreflexive if (x,x) ¢ R for some x € X; (iii) symmetric if (x,y) € R implies (y,x) € RVx,y € X;
(iv) antisymmetric if (x,y) € R and (y,x) € R imply x =y, Vx,y € X; (v) transitive if (x,y) € R and
(y,z) € Rimply (x,z) € R Vx,y,z € X; (vi) preorder if R is reflexive and transitive; (vii) partial order if R
is reflexive, antisymmetric, and transitive.

We set
v ={(xy) € Xx X:[x,yl € R}

Definition 3.4 ([1]). Let X be a nonempty set and R a binary relation on X. A sequence {x,,} C X is called
R-preserving if (xn, xn+1) € R Vn € No.

Definition 3.5. Let X be a nonempty set, and R a binary relation on X. A multivalued mapping T : X —
N(X) is called R-dominated mapping on X if for each x € X, we have (x,u) € R for any u € Tx. In
particular T is R-dominated mapping on A C X if for each x € A, we have (x,u) € R for any u € Tx.

Theorem 3.6. Let (X, dqp,R) be a left K-sequentially complete dq b-metric space endowed with R with xo € X and
S, T: X — CB(X). Suppose that the following conditions hold:

(i) Sand T are R-dominated mappings on B gy [xo, 1];
(ii) there exist some constants A, § satisfying 0 < A+ 2P < 1 such that for any (x,y) € Bgplxo, 7] X Bgquv[xo, 71N
VR, we have
Hqu (Sx, Ty) < Adgo(x,y) + Bldqw(x, S%) + dqu (y, Ty)l, (3.1)

and
qu(TX/ SU) < }\dqb(xly) + B[dqb(xr TX) + dqb(UrSU)]/ (32)
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(iii) there exists x1 € Sxq such that
dgo(x0,x1) < k(1—sk)r

A
holds, where k = 1 t E
(iv) either S and T are continuous or for any sequence {xn} in Bqyv[xo, 7] such that {x,} is R-preserving and
Xn — X € Bqgplxo, 1], we have (x,x) € R for all n € Np.

and sk < 1;

Then S and T have a common fixed point x* € Bgplxo,v]. Moreover, if S and T are compact valued, then
dgb(x*,x*) =0.
qb ’

Proof. If we define the mapping « : X x X — R™ by

o ]-r if (X/U) € VR,
alxy) = { 0, otherwise,

then, all the conditions of Theorem 2.1 are satisfied and hence we have the result. O
Remark 3.7. Similar result as the above theorem can be established if the binary relation R is R-reversing.

Example 3.8. Let X = [0,1] and dgp : X x X — R™ be defined by dqb( ) Ix — yl It is clear that
(X, dqv) is a left K-sequentially complete dq b-metric with s = 2. As dqp(1,0) £ dqp(1, 2) + dqb(Z,O), S0
(X, dgp) is not a metric space. Define the mappings S, T : X — CB(X) by

x ; 1
Sy — {2, b ifxel0 3],
{Z} otherwise,

and .
_ [0/ %]/ 1f X € [0/ j]l
Tx= { X}, otherwise.

,X] = 11—2, and r = %, then Bgp[xo, 1] = [0, %].

N

Define a binary relation R ={(x,y) € [0, 2]2 cy < xhIf, xp =
Note that, for any (x,y) € R, we have

X 1
qu(SX/TU) 3 % = §dqb(xry) < }\dqb(xzy) + B[dqb(xr Sx) + dqb(U/TU)];
and
2 1
Hqv(Tx, Sy) = ‘f — 3| = gdav(xy) <Adqu(x,y) + Bldqv(x, Tx) + dgv(y, Sy)l.
Thus S and T satisfy inequalities (3.1) and (3.2) for A = 5 and 3 = for any x,y € Bguvlxo,7]. Also, S
and T are R-dominated mappings on Bqp[xo, 7l. For k = fﬁ = é, we have, dqp(xo,x1) < k(1 — sk)r.
The mappings S and T are continuous. Indeed, let {x,,} be a se quence in Bgplxo, 7] such that x,, —

x € Bgulxo,7]. Then, Hqy (Sxn, Sx) = Hqv ({0, 3+1,{0, 3}) = ’— — 5 — 0 as n — oo. Similarly, we have

Hgo(Txn, Tx) = 0 as n — oo. Thus, all the conditions of Theorem 3 6 are satisfied on B4y, [xo, T]. Moreover,
x* =0 is a common fixed point of S and T and d(0,0) = 0.

In Example 3.8, the relation R is a partial order but Theorem 3.6 holds for any relation RX.

Definition 3.9. Let X be a nonempty set. Then (X, dqp, <) is called a partially ordered dq b-metric space
if (X, d) is a dq b-metric space and (X, <) a partially ordered space.

Definition 3.10. Let (X, dqv, =) be a partially ordered dq b-metric space. We say that T : X — CB(X) is
<-dominated mapping if for each x € X, we have x < u for any u € Tx.

Definition 3.11. Let (X, dqv, =) be a partially ordered dq b-metric space. A sequence {x,} C X is called
=<-preserving if xn, < xn41 for all n € INp.
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Corollary 3.12. Let (X, dqv, <) be a partially ordered left K-sequentially complete dq b-metric space with xg € X,
and S and T be =<-dominated mappings on Bqy[xo,r]. Suppose that there exist some constants A, satisfying
0 < A+2B < 1 such that for any (x,y) € Bqplxo, 7] X Bqu[xo, 1] N /<, the following conditions hold:

Hqu (Sx, Ty) < Adgp(x,y) + Bldgw(x, SX) + dgu (y, Ty)l,
and
Hgo(Tx, Sy) < Adqu(x,y) + Bldgw (x, Tx) + dqu(y, Sy)l. (3.3)

If there exists x1 € Sxo such that
dqb(x0,x1) < k(1 —sk)r, (3.4)

+ B

T are continuous or for any sequence {xn} in Bqy[xo, ] such that {xn} is <-preserving and xn — x € Bqp[xo, 7],
we have xn, = x for all n € No. Moreover, if S and T are compact valued, then dqp(x*,x*) = 0.

where k =

and sk < 1, then S and T have a common fixed point x* € Bqyplxo, 7] provided that either S and

Example 3.13. Let X = R* and dqp : X x X = R™ be defined by dqu(x,y) = Ix—yl2 + ‘i’—;. As dqp(2,0) £
dqv(2,1) +dqv(1,0), so (X, dqv) is not a metric space. Define the mappings S, T : X — CB(X) by

Gy — { 0,3, ifxel03],
otherwise,

and
oo [ 03, ifxel03],
{3} otherwise.

Define a relation < as < ={(x,y) €0, %]2 :y < x}. Note that (X, dqp, =) is a partially ordered left K-
sequentially complete dq b-metric with s = 2. If, xg = %, x| = %, and r = %, then Bgp[xo, 7] = [0, %]. Note
that, for any x <y, we have

yi2, v

X 1 1
Hgo(Sx, Ty) = ’E T4 + 256 < idqb(x,y) + 1% [dqb(xlsx) + dqb(U/TU)]

= Adqv (%, y) + Bldgu (x, Sx) + dqu(y, Ty)],

and
2

X 2 1
Hau (T Sy) = |5 — 2| + 2 < zdavloy) +

1
E [dqb(xl TX) + dqb(yl Sy)]

= }\dqb(xly) + B[dqb(xl Tx) + dqb(U/SU)]

Thus S and T satisfy inequalities (3.3) and (3.4) on By, [xo, 7] for A = % and p = 11—6. Also, S and T are =<-
dominated mappings on By [x, 7]. For k = % = %, we have dgp (%o, x1) < k(1 —sk)r. For any sequence
{xn} in Bgp[xo, 7] such that {x,} is <-preserving and x, — x € Bqp[xo, 7], we have x, < x for all n € INj.
Thus, all the conditions of corollary 3.12 are satisfied on Bqp [xg,T]. Moreover, x* = 0 is a common fixed

point of S and T and d(0,0) =0.

4. Application to single-valued mappings

In this section we obtain several common fixed point results of single-valued mappings in the setup
of left K-sequentially complete dq b-metric spaces. These results extend, unify and generalize the results
in [33, Theorem 2.2] and [4, Theorems 2.1 and 2.3], respectively.

Theorem 4.1. Let (X, dqv) be a left K-sequentially complete dg b-metric space with xg € X and o : X x X — [0, 00).
Suppose that f,g : X — X are a-dominated mappings on Bqy[xo, 7] such that for any x,y € Bqplxo, 7] with
a(x,y) =1, we have
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dqb(fx, gy) < Adquv(x,y) + Bldgu (x, fx) + dqu(y, gy)l,
and
dquv(gx, fy) < Adqu(x,y) + Bldgw(x, gx) + dquv(y, fy)l,

where 0 <A+2p3 < 1. If
dqb(Xo,fX()) k(l —Sk)

holds, where k = %, then there exists a point x* € Bqyp[xo, 7] such that x* = fx* = gx* and dqp(x*,x*) =0
provided that f, g are continuous or for any sequence {xn} in B gy [xo, 1] with o(xn,Xny1) = 1 for all m € Ng and
Xn — X € Bgplxo, 1], we have «(xn,x) > 1 for all n € No.

Proof. Define S, T : X — CB(X) as Sx = {fx} and Tx = {gx}. Note that S and T satisfy all the conditions of
Theorem 2.1 and hence have a common fixed point x* in B 4y [xo, 7. Thus, x* = fx* = gx* and dqu (x*,x*) =
0. a

Example 4.2. Let X = Q% and dqu(x,y) =[x —yP+ 35- Then (X, dqp) is a left K-sequentially complete dq
b-metric space with s = 3. Define the mappings f,g: X — X by

o[ 3 ifxeunx, (%, ifxe01nX,
T\ 2x, ifxe(1,00)NX, 9= 3x, ifxe(1,00)NX.

Define o¢: X x X = R™ as:

2x+y+1 if x,y€l[0,1]NX,
if x,y e (1,00)NX.
[0

If xg = % and v = 2, then Bgblxo, 7] 1] N X. Note that f, g are x-dominated mappings on B gy, [xo, 7].

Also, A = % and p = 15 give that k = % % and
1 1 11 1 1 1..1
dqb(XO/fXO) = dqb(2 fZ) dqb(ilz) = EV) < 1(1—3(*))* k(1 — sk)
When x,y € (1,00) N X. Also,
1
dgb(fx, gy) = dqp(2x,3y) = |2x—39|3+ﬁ > Zdgv(xy)+ 35 [dqb(x x) + dqu(y, 9y)]

= Adqb(x,y) + B [dqv(x, fx) + dqu (Y, gy)]

and

3x 1 1
dqb(gx, fy) = dqu(3x,2y) = [3x — 2y|3—|— 0 > 6dqb(X y)+ 15 [dqb(x gx) +dqb(y,fy)}

=M (%, y) + B [dqv(x, gx) + dqu(y, fy)] -

So the contractive conditions do not hold on X — By [xo, 7]. However, for any x,y € Bqu[xo, 7], we have

dqv(f, gy) = dav (5, 3) = |

>3 — < Mdqp(x,y) + B [dqo(x, x) + dgu(y, gy)]

and
dgo(gx, fy) = dqb (7—7( + o5 SMav(xy) +B [dqv(x, gx) + dqu(y, fy)] .

Thus, all the conditions of Theorem 4.1 are satisfied. Moreover, x* = 0 is a common fixed point of f and
g in Bgplxo, 7} and dqv(0,0) = 0.
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Corollary 4.3. Let (X, dqv) be a left K-sequentially complete dq b-metric space and « : X x X — R*. Suppose
that £, g : X — X are o-dominated mappings on X such that for any x,y € X with x(x,y) > 1, we have

dqb(fxl QU) < Adqb(X;U) + B[dqb(x’l fX) + dqb(U, gy)]/

and
dqov(gx, fy) < Adqu(x,y) + Bldgw(x, gx) + dquv(y, fy)l,

where 0 < A+2p < 1. If, either f, g are continuous or for any sequence {xn} in X satisfying &(xn,xn+1) = 1 for
allm € Ng and xn, — x € X give that «(xn,x) > 1 for all n € Ny. Then f and g have a common fixed point
x* € Xand dqp (x*,x*) = 0.

Corollary 4.4. Let (X,dqp) be a left K-sequentially complete dq b-metric space with xo € X and oc : X x X —
[0,00). Suppose that f : X — X is «-dominated mapping on Bqy [xo, 1] such that for any x,y € Bqyp[xo, 7] with
a(x,y) =1, we have
dqb(fxr fy) < )\dqb(xry) + B[dqb(xz x) + dqb(yr fy)l,
where 0 < A+23 < 1. If
dqb(XO/ on) < k(l - Sk)T

holds, where k = %, then f has a fixed point x* in Bqy[xo, 7] and dqv(x*,x*) = 0 provided that either f is

continuous or for any sequence {xn} in Bqp[xo, ] with o(xn,xn41) = 1 for all n € Ng and x, — x € Bgp[xo, 7]
imply that «(xn,x) > 1 for all n € Ny.

Corollary 4.5. Let (X, dqv) be a left K-sequentially complete dq b-metric space and o : X x X — R™*. Suppose
that f : X — X is a-dominated mapping on X such that for any x,y € X with «(x,y) > 1, we have

dqb(fxl ﬁJ) < Adqb(xly) + B[dqb(xl fX) + dqb(U/ﬁJ)],

where 0 < A+ 203 < 1. If, either f is continuous or for any sequence {xn } in X with &(xn,xn+1) = 1 foralln € Ny
and xn — x € X imply that o(xn,x) > 1 for all n € No, then f has a fixed point x* € X and dqy, (x*,x*) = 0.

Proof. Fix xg € X and choose v > 0 such that

dqb(XO/ fXO) < k(l - Sk)rl

where k = % The result follows from Corollary 4.4. O

Theorem 4.6. Let (X, dquv, R) be a left K-sequentially complete dg b-metric space endowed with R with xo € X
and f, g : X — X be R-dominated mappings on Bqy [xo, 7]. Suppose that there exist some constants A,  satisfying
0 < A+2B < 1 such that for any (x,y) € Bqvlxo, 7] X Bgulxo, ] N 7%, we have

dgo(fx, gy) < Adgo(x,y) + Bldgu(x, fx) + dqu(y, gy)l,

and
dgv (g%, fy) < Adgov(x,y) + Bldgu(x, gx) + dqu (y, fy)l.
If
dgv (%0, fxo) < k(1 —sk)r

holds, where k = }1\ +B

and sk < 1, then f and g have a common fixed point x* in Bqp[xo, 7] and dqu(x*,x*) =0

provided that either f and g are continuous or for any sequence {xn} in Bqy [xo, 7] such that {xn} is R-preserving
and xn — x € Bqu[xo, 1], we have (xn,x) € R for all n € Nj.

Proof. The result follows from Theorem 4.1. O
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Corollary 4.7. Let (X, dqv, =) be a partially ordered left K-sequentially complete dq b-metric space with xo € X,
and f and g be =-dominated mappings on Bgplxo,]. Suppose that there exist some constants A, satisfying
0 < A+2B < 1 such that for any (x,y) € Bqplxo, 7] X Bgu[xo, 1] N 7=, we have

dqo(fx, gy) < Adgov(x,y) + Bldgw(x, fx) + dquv(y, gy)l,

and
dqb(gx, fy) < Adqv(x,y) + Bldgu(x, gx) + dqu(y, fy)l.
If
dqb(Xo, fxg) < k(1 —sk)r

holds, where k = }1\+ B

provided that either f and g are continuous or for any sequence {xn} in Bqp[xo, 7] such that {xn} is <-preserving
and xn — x € Bgu[xo, 1], we have x,, < x for all n € INy.

and sk < 1, then f and g have a common fixed point x* in Bqp[xo, 7] and dqu (x*,x*) =0

Proof. The result follows from Theorem 4.6. O

Example 4.8. Let X = R™. Define dqp : X x X — R by dquv(x,y) = |§ —y‘2. Define the order < on X as
x 2y if dge(y,y) < dgqu(x,x) for all x,y € X. Then (X, dqp, =) is a partially ordered left K-sequentially
complete dq b-metric space with s = 2. Let f, g : X — X be defined by

o { X, ifxel2),

e ifxeD?,
x+3, ifx€(2,00), =

x+1, ifx € (2,00).

Forxg =1, r=1,A = %, and p = %, we have k = %, Bgvlxo, 71 = 10,2], and dgu (%o, fxo) = 614 < % =

k(1 —sk)r. Clearly, f and g are <-dominated mappings and the contractive conditions hold on B4y [xo, 7].
Therefore, all the conditions of Corollary 4.7 are satisfied. Moreover, 0 is the common fixed point of f and
g and dq1(0,0) = 0.

Corollary 4.9. Let (X, dqv, <) be a partially ordered left K-sequentially complete dq b-metric space, and f and g be
=-dominated mappings on X. Suppose that there exist some constants A, 3 satisfying 0 < A+ 2 < 1 such that for
any (x,y) € =<, we have

dqb(fx, gy) < Adgqw(x,y) + Bldqu(x, x) + dgqu(y, gu)l,

and
dqov(gx, fy) < Adqu(x,y) + Bldgw (x, gx) + dquv(y, fy)l.

Then f and g have a common fixed point x* in X and dqv(x*,x*) = 0 provided that either f and g are continuous
or for any sequence {xn} in X such that {xn} is <-preserving and xn, — x € X, we have xn = x for all n € INj.

If in Corollary 4.7 we choose g = f, then we obtain the following result.

Corollary 4.10. Let (X, dqv, =) be a partially ordered left K-sequentially complete dq b-metric space, and f be
=-dominated mapping on B qyv [xo, T]. Suppose that there exist some constants A, 3 satisfying 0 < A+2p < 1 such
that for any (x,y) € Bqu [xo, 1] X Bqplxo, 71 Ny <, we have

dqb(fx,fy) < )\dqb(x,y) + B[dqb(x, fX) + dqb(y,fy)].

I
dgv (%0, fxo) < k(1 —sk)r

A
holds, where k = 1 +E
that either f is continuous or for any sequence {xn} in Bqy[xo, 1] such that {x,} is <-preserving and xn — x €
Bgu[xo, 7], we have x, < x for all n € No.

and sk < 1, then f has a fixed point x* in Bqy[xo,r] and dqp(x*,x*) = 0 provided
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If in Corollary 4.9 we choose g = f, then we obtain the following corollary which in turn generalizes
results in [24, 25, 27].

Corollary 4.11. Let (X, dqv, =) be a partially ordered left K-sequentially complete dq b-metric space, and f be
=-dominated mapping on X. Suppose that there exist some constants A, 3 satisfying 0 < A+ 23 < 1 such that for
any (x,y) € V=, we have

dqo(fx, fy) < Adgu(x,y) + Bldgw (x, fx) + dgp (Y, fy)l.

Then f has a fixed point x* in X and dqp (x*,x*) = 0 provided that either f is continuous or for any sequence {xn }
in X such that {xn} is <-preserving and xn — x € X, we have x, < x for all n € IN.

Proof. The result follows from Corollary 4.9. O
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