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Abstract

The purpose of this paper is to investigate some convergence theorems in fixed point theory for p-quasi-nonexpansive
multivalued mappings in modular function spaces using a faster iterative process. Examples are provided to validate our
results. (©2017 All rights reserved.
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1. Introduction and preliminaries

The fixed point theory in modular function spaces has recently received a good attention of re-
searchers, see for example Khamsi and Kozolowski [5] and the references therein. Dhompongsa et al.
[4] have proved that every p-contraction T : C — F,(C) has a fixed point where p is a convex function
modular satisfying the so-called A,-type condition, C is a nonempty p-bounded p-closed subset of L, and
Fo(C) a family of p-closed subsets of C. By using this result, they asserted the existence of fixed points for
multivalued p-nonexpansive mappings. Their results are existential in nature. Dehaish and Kozlowski
[3], for the first time, proved results on approximating fixed points in modular function spaces. How-
ever, these results are for single-valued mappings. Keeping in mind the importance and significance of
multivalued mappings, Khan and Abbas [6], recently initiated the study of approximating fixed points of
such mappings in modular function spaces. They approximated fixed points by convergence of a Mann
iterative process (a one-step process) applied on multivalued p-nonexpansive mappings in modular func-
tion spaces. Khan et al. [7] constructed a three-step iterative process for multivalued mappings in Banach
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spaces. This process is independent of both Mann and Ishikawa iterative processes in the sense that nei-
ther reduce to the other. Moreover, it is faster than all of Picard, Mann and Ishikawa iterative processes
in case of contractions [1]. In this paper, as an attempt to have a significant advancement in the work
of Khan and Abbas [6], we approximate fixed points of p-quasi-nonexpansive multivalued mappings in
modular function spaces using a three step iterative process. This will generalize, unify, and improve
many results in the contemporary literature.

Some basic facts and notations needed in this paper are recalled as follows.

Let Q be a nonempty set and X a nontrivial o-algebra of subsets of Q). Let P be a d-ring of subsets of
Q, such that ENA € P for any E € P and A € X. Let us assume that there exists an increasing sequence
of sets K, € P such that QO = UK, (for instance, P can be the class of sets of finite measure in a o-finite
measure space). By 14, we denote the characteristic function of the set A in (). By € we denote the linear
space of all simple functions with supports from P. By M., we will denote the space of all extended
measurable functions, i.e., all functions f : O — [—o00,00] such that there exists a sequence {gn} C &,
Ign| < [fl and gn (w) — f(w) for all w € Q.

Definition 1.1. Let p : M, — [0, 00] be a nontrivial, convex, and even function. We say that p is a regular
convex function pseudomodular if

1. p(0) =0;

2. pis monotone, i.e., |[f(w)| < [g(w)| for any w € Q implies p(f) < p(g), where f, g € Mo;

3. pis orthogonally subadditive, i.e., p(flaup) < p(fla) + p(flg) for any A,B € Z such that ANB # ¢,
f € My,

4. p has Fatou property, i.e., [fn(w)| T [f(w)| for all w € Q implies p(fy) T p(f), where f € M;
5. pis order continuous in &, i.e., gn € &, and |gn (w)| | 0 implies p(gn) | 0.

A set A € L is said to be p-null if p(gla) = 0 for every g € €. A property p(w) is said to hold p-almost
everywhere (p-a.e.) if the set {w € Q : p(w) does not hold} is p-null. As usual, we identify any pair of
measurable sets whose symmetric difference is p-null as well as any pair of measurable functions differing
only on a p-null set. With this in mind, we define

M(Q,L,Pp)={f e My : If(w)| < co p-a.e.},

where f € M (Q, Z, P, p) is actually an equivalence class of functions equal p-a.e. rather than an individual
function. Where no confusion exists, we will write M instead of M(Q, %, P, p).

Definition 1.2. Let p be a regular function pseudomodular. We say that p is a regular convex function
modular if p(f) = 0 implies f =0 p-a.e..

Definition 1.3. The convex function modular p defines the modular function space L, as
Lo ={feM: p(Af) = 0as A — 0}

The class of all nonzero regular convex function modulars defined on Q is denoted by JR. Generally,
the modular p is not sub-additive and therefore does not behave as a norm or a distance. However, the
modular space L, can be equipped with an F-norm defined by

f
|fllp =inflc >0: p (oc) < o

In case p is convex modular,
f
|fllp =inflac >0:p <oc> <1}

defines a norm on the modular space L,, and is called the Luxemburg norm.
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Definition 1.4. Define L?) ={feL,:pl(f,.) is order continuous} and the linear space E,={f € L, : Af € L%
for every A > 0}.

Definition 1.5. A nonzero regular convex function modular p is said to satisfy the A;-condition, if
Sup,, > p(2fn, Dx) — 0 as k — oo whenever {Dy} decreases to ¢ and SUpP, > p(fn, D) — 0as k — co.

If p is convex and satisfies the Ay-condition, then L, = E,,.
The following uniform convexity type properties of p can be found in [5].

Definition 1.6. Let p be a nonzero regular convex function modular defined on Q.
(i) Letr >0, ¢ > 0. Define
Di(r,e) ={(f,g): f,g € Ly, p(f) <7 p(g) <7, p(f—g) > er}.
Let

f+g

51(r,e) = inf{l— %p(T) 1 (f,g) € Dl(r,e)} if Di(r,€) # b,

and 61(r,e) = 1if Dy(r,€) = ¢. We say that p satisfies (UC1) if for every r > 0,e > 0, d1(r,€) > 0.
Note that for every r > 0,D(r, €) # ¢ for € > 0 small enough.

(ii) We say that p satisfies (UUC1) if for every s > 0, € > 0, there exists n1(s, €) > 0 depending only upon
s and e such that 6;(r,€) >ni(s, e) > 0 for any r > s.

Note that (UC1) implies (UUC1).

Definition 1.7. Let L, be a modular space. The sequence {f,,} C L, is called:
e p-convergent to f € L, if p(f, —f) — 0 as n — oo;
e p-Cauchy; if p(fr, — fm) = 0asnand m — oo.

Note that p-convergence does not imply p-Cauchy since p does not satisfy the triangle inequality. In
fact, one can show that this will happen if and only if p satisfies the Ay-condition.
The p-distance from an f € L, to aset D C L, is given as follows:

dist, (f, D) =inf{p(f —h): h € D}.
Definition 1.8. A subset D C L, is called
e p-closed if the p-limit of a p-convergent sequence of D always belongs to D;
e p-a.e. closed if the p-a.e. limit of a p-a.e. convergent sequence of D always belongs to D;
e p-compact if every sequence in D has a p-convergent subsequence in D;

e p-a.e. compact if every sequence in D has a p-a.e. convergent subsequence in D;

p-bounded if
diam, (D) = sup{p(f —g) : f,g € D} < o0.

A set D C L, is called p-proximinal if for each f € L, there exists an element g € D such that p(f —g) =
dist, (f, D). We shall denote the family of nonempty p-bounded p-proximinal subsets of D by P, (D), the
family of nonempty p-closed p-bounded subsets of D by C,(D) and the family of p-compact subsets of D
by K, (D). Let Hy (-, -) be the p-Hausdorff distance on C,(L,), that is,

H, (A, B) = max  supdist, (f, B), supdisty(g,A) p, A,B e Cy(Lp).
feA geB

A multivalued mapping T: D — C,(X,) is said to be:
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(a) p-nonexpansive if

H,(Tf, Tg) < p(f—g) for all f,g € D.

<
(b) p-quasi-nonexpansive mapping if H,(Tf,p) < p (f —p) for all f € D and p € Fy(T).

Definition 1.9. Let p € R. The growth function w, of a function modular p is defined as:

Wp(t) =sup {F;((t:)), 0<p(f) < oo} forall 0 < t < oo.

Observe that w,(t) < 1 forall t € [0,1]. Some properties of the growth function w can be found in [5].
Having the fact in mind that triangle inequality is not available in modular function spaces, the fol-
lowing theorem is very useful. It can be found in [2].

Theorem 1.10. Let p € R satisfy the Ay-condition. Let {fn} and {gn} be two sequences in L,. Then

lim p(gn) = 0 implies limsup p (fn + gn) = limsup p (fn)
n—0o0 n—oo n—oo
and

lim p(gn) = 0 implies liminfp (fn + gn) = liminfp (fy).
n—oo n—oo n—oo

A sequence {tn} C (0,1) is called bounded away from 0 if there exists a > 0 such that t,, > a for every
n € IN. Similarly, {tn} C (0,1) is called bounded away from 1 if there exists b < 1 such that t,, < b for
every n € IN.

The following lemma can be seen as an analogue of a famous lemma due to Schu in Banach spaces. It
can be seen in [5].

Lemma 1.11. Let p € R satisfy (UUC1) and let {t\} C (0,1) be bounded away from 0 and 1. If there exists R > 0
such that
limsup p(fr,) <R, limsupp(gn) <R, and lim p(tnfn +(1—tn)gn) =R,

n—oo n—oo n—o0
then
lim p(fn —gn) =0.
n—oo

Definition 1.12. A function f € L, is called a fixed point of T : L, — P, (D) if f € Tf. The set of all fixed
points of T will be denoted by F,(T).

The proof of the following lemma can be found in Khan and Abbas [6].
Lemma 1.13. Let T : D — P, (D) be a multivalued mapping and

PL(f) ={g € Tf: p(f — g) = dist, (f, Tf)}.

Then the following are equivalent

(1) f € Fo(T), thatis, f € Tf.
(2) PY(f) = {f}, that is, f = g for each g € P (f).
() 1 € F(PG(f)), that is, £ € PL(f). Further Fo(T) = F(PF(f)) where F(P; (f)) denotes the set of fixed points of
P, (f).
o}

The following definition can also be found in [6].

Definition 1.14. A multivalued mapping T : D — P,(D) is said to satisfy condition (I) if there exists a
nondecreasing function 1 : [0, 00) — [0, 00) with 1(0) =0, 1(r) > 0 for all r € (0, co) such that dist, (f, Tf) >
L(dist, (f,Fo(T))) for all f € D.
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We give the following example to show that a mapping T indeed satisfies the condition (I).
Example 1.15. Let the set of real numbers R be the space modulared as p(f) = [f*. Let D ={f € L, : 0 < f
< 2}, define T: D — P, (D) as:

TF = [o,”ll

2

Obviously D is a p-compact subset of R. Note that F,(T) =[0,1]. Let x = =y = % Define a continuous
nondecreasing function 1 : [0,00) — [0,00) by (1) = £ Note that dist, (f, Tf) > (dist,(f, Fo(T))) for all
f € D. Indeed, if f € F,(T) = [0, 1], then obviously

dist, (f, Tf) = 0 = l(dist, (f, Fo(T))).

o (o525

Udist, (f, Fp (T))) = Udisto (£, [0, 1])) = 1(If — 1]) = %

If f € (2,00), then

and

so dist, (f, Tf) > L(dist, (f, Fo(T))) for all f € D.

2. Approximating fixed points in modular function spaces

In this section, we prove a very important result which plays a vital role in establishing our result for
approximating fixed points of multivalued p-quasi-nonexpansive mappings in modular function spaces.
We will be using a three step faster iterative process [7].

Recall that a multivalued mapping T : D — C,(L,) is called p-quasi-nonexpansive if

Ho(Tf,p) < p(f—p) forall f € D and p € Fy(T).

Theorem 2.1. Let p € R satisfy (UUC1) and Ay-condition. Let D a nonempty p-closed, p-bounded, and convex
subset of Ly. Let T : D — P, (D) be a multivalued mapping such that Pg is 4 p-quasi-nonexpansive mapping.
Suppose that Fo(T) # ¢. Let {fn} C D be defined by three step iterative process as:

frnir = (1—&)vn +awngn = (1 —B)un + Pwnhy = (1 —v)fn +vun, (2.1)

where un € PL(fn),vn € P} (gn), wn € PJ(hn), and 0 < &, B,y < 1. Then limy o p(frn —p) exists for all
p € Fo(T), and limy, _, o disty (fn, Py (fn)) = 0.

Proof. Let p € Fo(T). By Lemma 1.13, P} (p) ={p}, and F,(T) = F(P}). Now
p(fry1—p) =p[(1 —a)vn + own —p] = p[(1 — &) (va —Pp) + ax(wn —p)].
The convexity of p implies

(1— ) Hp(P} (gn), P (p)) + aHp (P) (ha), P} (p))
(1—=o)p(gn —p) + xp(hny —p).

p(fri1—p) < (1—oJp(vn —p) + ap(wn —p)

NN

Now
P(gn —P) = p (1= Bun +Pwn) —pl = p [(1 = B)(un —p) + Bwn —p)].

Again by convexity of p, we have

P(gn —Pp) < (1—B)p(un —p)+Bp(Wn—p)



S. H. Khan, M. Abbas, S. Alj, J. Nonlinear Sci. Appl., 10 (2017), 3168-3179 3173

(1—B)Ho(Py (fn), P} (p)) + BH, (P} (hn), P} (p))
(1—=B)p(fn—p) +Bplhn —p).

NN

Next,
p(hn —p) = p (1 —v)fn +yun —p)l.

Using convexity of p once again, we get

p(hn—p) =p[(1—v)fan +yun —p)l < (1 —v)p(fn —p) +vp(un —p)
< (1=y)p(fn—Pp) +vHo (P, (fn), P4 (p))
< (IT=v)p(fn—p) +ve(fan —p) = p(frn —Pp).
That is,
p(hn —p) < p(fr —p). (2.2)
Thus

Pp(gn —P) < (1—=B)p(fn —p) +Bplhn —p) < (1—=B)p(frn —p) + Bp(fn —p) =p(fr —P)

implies
p(gn —Pp) < p(fn—p). (2.3)

Hence

P(frr1 —pP) < (1—a)plgn —p) + xp(hn —p) < (1 —o)p(fn —p) + ap(fn —p) =p(frn —p).

This shows that limy, o, p(fn — p) exists for each p € F,(T). Suppose that
lim p(fn—p) =1L, (2.4)
n—o00
where L > 0. We now prove that lim;, o, dist, (fn, Pg(fn)) = 0. In view of
distp (fn, Pg(fn)) < p(fan—un),

it suffices to prove that
lim p(fn, —un) =0.

n—oo
Now
p(un —p) < Hy(Py(fn), Py (p)) < p(fn —p)
implies
limsup p(un —p) < limsup p(fn, —p)

n—o0 n—o0

and so by (2.4) we have
limsup p(un —p) < L. (2.5)
n—oo
Also from (2.2), we have
limsup p(hn —p) < limsup p(fn —p),
n—oo n—oo
so that
limsup p(hn, —p) < L. (2.6)
n—oo
Similarly, from (2.3) and (2.4)
limsup p(gn —p) < L.

n—oo
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Moving forward, the inequality

p(vn —P) < Hp(P)(gn), P} (P)) < plgn —P) < p(fn—p)

yields
lim sup p(vn —p) < limsup p(fn —p),
n—oo n—oo
so that
limsup p(vn —p) < L. 2.7)
n—oo
Similarly,
lim sup p(wn, —p) < L. (2.8)
n—oo
As
lim p(fnp1—p) = lim p[(1—a&)vn+oawn) —pl = lim p[(1—on) (v —p) +otn(wn—p)l =L, (29)
n—oo n—oo n—oo
from (2.7), (2.8), (2.9), and Lemma 1.11, we have
Iim p(vn —wn) =0. (2.10)
n—oo

Fix ¢ > 0. There exists ng € IN such that p(vi, —wn) < ¢ for all n > ng. Note that p(ax(vqa —wn)) <
Wo(x)p(Vn —wn) < p(va —Wn) < € and hence
Iim p(a(vn —wn)) =0.
n—oo
Again
P(frni1—p) =p (1= a)vn + awn) —pl = p[(vn —p) + x(wn —vn)l.

By using Theorem 1.10, we have

liminfp [(vy, — p) + a(wn — vy )] = lim infp(vy —p).
n—oo n—oo
That is,
L= lim infp(vyh —p). (2.11)
n—o0

From (2.7) and (2.11), we have
lim p(vn —p) =

n—o0

Again by using (2.10) and Theorem 1.10, we have
L =liminfp(vy —p) = liminfp [(vih —Wn) + (Wn —p)] = liminf p(wy, —p).
n—oo n—oo n—oo

But
p(wn —p) < Hp (P)(hn),Ph(p)) < p(hn—p).

Therefore
L < lim infp(h, —p). (2.12)
n—oo

From (2.6) and (2.12), we have
lim p(h, —p) =L.
n—oo
That is,
lim p[(1—v)(fn—p)+v(un—p)l =L

n—o0

Thus from (2.4), (2.5), and Lemma 1.11, we have
lim p(fn, —un) =0.

n—oo

Hence limy, _,o disty (fn, Py (fr)) = 0. -
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Now we are going to present our convergence result for approximating fixed points of multivalued
p-quasi-nonexpansive mappings in modular function spaces using three step iterative process (2.1) as
follows.

Theorem 2.2. Let p € M satisfy (UUC1) and Ay-condition. Let D a nonempty p-closed, p-bounded, and convex
subset of Ly. Let T : D — Py(D) be a multivalued mapping such that P} is p-quasi-nonexpansive mapping.
Suppose that F,(T) # ¢. Let {fn} be defined as in Theorem 2.1. Then {fn,} p-converges to a fixed point of T.

Proof. From p-compactness of D, there exists a subsequence {fy,, } of {fn,} such that klim (frn, —q) =0 for
—00

some q € D. To prove that q is a fixed point of T, let g be an arbitrary point in Pg(q) and f in Pg(fnk).
Note that

o(979) < p(I ) 4 p( Tty 4 o129
< 30(a— )+ 50(Fn, — 1+ 0(F— o)
< p(q—"fn) +distp(fn,, p(fnk))+d15tp( o (), g)
< p(q—fn,) +disty(fn,, p(fnk)) (PT( ), Pa(q))
< p(q—fn,) +disty(fn,, P (fnk)) p(q— fnk)
This gives p(q — g) = 0 using Theorem 2.1. Hence q € F (P ) o(T). That is, {f} p-converges to a
fixed point of T. O

Theorem 2.3. Let p € M satisfy (UUC1) and Ay-condition. Let D a nonempty p-closed, p-bounded, and convex
subset of L,. Let T : D — P, (D) be a multivalued mapping with F,(T) # ¢ and satisfying condition (1) such that
P) is p-quasi-nonexpansive mapping. Let {f} be defined as in Theorem 2.1. Then {f} p-converges to a fixed point

of T.
Proof. From Theorem 2.1, limn o p(frn — p) exists for all p € F(Pg) =Fo(T). If nlgrgo p (fn —p) =0, there
is nothing to prove. We assume T}gréo p (fn —p) =L > 0. Now from Theorem 2.1, p (frn41 —p) < p (frn —Pp)
so that

disty (fny1, Fo(T)) < disty (fn, Fo(T)).
Hence limy,_, « dist, (fn, Fp(T)) exists. We show that limy, _, disty (fr, Fo(T)) = 0. By using condition (I)
and Theorem 2.1, we have

lim U(dist,(fn, Fp(T))) < lgll dist, (fn, Tf) =0.
n o0

n—oo

That is,
lim U(dist,(fn, Fp(T))) =0.

n—oo
Since | is a nondecreasing function and 1(0) = 0, it follows that 1i_r>n dist, (fn, Fo(T)) = 0.
n 0
Next, we show that {f,} is a p-Cauchy sequence in D. Let ¢ > 0 be arbitrarily chosen. Since
limy, o0 dist, (fn, Fo(T)) = 0, there exists a constant ng such that for all n > ngy, we have

dist, (fn, Fo(T)) < %

In particular, inf{p (fr, —p) : p € Fo(T)} < % There must exist a p* € F,(T) such that

P (fno _p*) <E&.

Now for m,n > ng, we have

2 2 2

Hence {f,,} is a p-Cauchy sequence in a p-closed subset D of L,, and so it must converge in D. Let

o —f 1 1 . .
p(*"‘”) <op(fagm—P )+ 2p(fn—p*) < p(fn, — ") <&
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lim f,, = q. Finally, q € F,( T) now follows from Theorem 2.2. O

n—oo

Example 2.4 ([8]). Let (X, |.||) be a normed space, then ||.|| is a modular. But the converse is not true.
Example 2.5 ([8]). Let (X, |.||) be normed space. For any k > 1, ||.||* is a modular on X.
In the following example, we verify our Theorem 2.2.

Example 2.6. Let the real number system IR be the space modulared as

o(f) = If*,k>1

LetD={feL,:0<f<1}.Define T:D — Py(D) as

2f+1
- o, 271,
Obviously D is a nonempty p-compact, p-bounded, and convex subset of L, = R which satisfies (LC1)
condition. As p(f) = %,k >1is homogeneous of degree k, so (UUC1) holds. Note that F,(T) = [0 %] #+

¢. Let « = p =y = 5. Observe that P} (f) ={f} when f € [0,3]. Incase f ¢ [0, 3],

Pl (f) = {9 € Tf: p(f —g) = dist, (f, Tf) = dist, <f' [O' TD }

2f 41
{gETf If—gl® —dlstp< [0 :])}
2 +1° _|2f—1]"
{geTf If—gl* ‘ 1 1 }
2f—1
~{geTrir—a= 2]
2f—1 1
= gETf:f—g:T becausef>gforallgewaherefE(E,l].
_2f+1

Next, we prove that Pg(f) is p-quasi-nonexpansive for all f € D. The case of f € [O, %] is trivial. Thus, we
take f € (%,1}.

Ho (PT (1), PT(p)) = H, <2f+1 ) |2l

—p| < |f—
1 4p’|p|

for all f € (1,1]. Finally, we generate the sequence (2.1) and show that it converges strongly to a fixed

point of T. Choose f; =1 € D = [0,1]. Then P} (f;) = 2l 2“2“ =3+ and g € Pl(f) =
{% + }1}. That is, u; = % + %. Let hy = (1 —7v)f1 + yu;. Then

11,3 o f2m+1) _ f2G+9+1] _f1 03
P2ty Pp(hl)_{ 4 }_{ 4 2716

Choose wy € Pg(hl) = {% + %}, that is, wy = % + %. Let g1 = (1 —B)ug + Bwi. Then

1 111 3. 1 7 g 2g1 +1 20+ %)+1| 1 7
2T Tala e Tty Peled = { 3 } { s 1276

(
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Choose v; € Pg(gl) :{% + 614}, v = %—I— 14 Let f, = (1 — «)vq + cowq. Then
1

2716 2 128 2 4
2

2fy + 1 (34 %) +1 1 19
rpie - {2t} - 2R 2

Now ChooseuzePg(fz) {2 256} that is, ugz% 256 Let h, = (1 —vy)fs +vuy. Then
11 19 11 19 1 57
h (2 2y 20
2= 2(2+128)+2(2 256) 2 5127
PT(ny) = { 22t 1] _ 23+ s6)+1| 1,5
p 2] = 4 - 4 “ 121024

Choose wy € P (hy) = {2 + 1024} that is, wy = 5 1y 1024 Let g = (1 — B)uy + Pwy. Then

11 19 1 57 1 133

1
92 = 2(2 ﬁ 2 1024) 2+2048
2(3 +5055) +1

2!
e 2 409 -

Choose v, € Pg(gz) = {% + %},vz > 1y 4103936 Let f3 = (1 — «)vy + cowy. Then

fom i 3¢, LA 57, 1 el 1.1
372272096 2271024’ 278192 27 6

2
Continuing in a similar way, fs < %—1— ,f5 < % + 110,...,1%1 < %4— % This shows that {f,} converges

strongly to a point of F,(T) = [0, 1].

In the following example, we verify our Theorem 2.3.

Example 2.7. Consider the modular space L, = R equipped with the norm ||.||, that is, p(f) = [f| and
D ={fel,:1<f<oo}. Obviously D is a nonempty p-closed and p-convex subset of L, = IR. Define
T:D — Po(D) by

f
Tf={11+].
i

Then FD(T) - [1,2] .Let ox = {3 =v = %
Define a continuous nondecreasing function 1 : [0,00) — [0,00) by l(r) = ;L Note that dist, (f, Tf) >

U(dist, (f, Fo(T))) for all f € D as follows.
If f € Fo(T) = [1,2], then obviously

dist, (f, Tf) = 0 = U(dist, (f, Fo(T))).

If f € (2,00), then we have

dist, (f, Tf) = dist, <f, [1,1 + ;D _ 'f_ (1 n ;) ‘ _f=2

2
f—2
4
)

and
L(dist, (f, Fo(T))) = U(dist,(f, [1,2])) = L(If —2[) =

So dist, (f, Tf) > l(disty(f,Fp(T))) for all f € D and hence the condition (I) is satisfied. Next note that
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P, (f) = {f} when f € [1,2]. If f € (2, 00), then
PL(f) ={g € Tf: p(f — g) = dist, (f, Tf)}
= dist, <f, [1, 1+ f )
2_
. [ f
=inf{p(f—h):he [1,1+ 2]}
_ £ |f
f
={geTf:lg—fl=5-1}
={g=1+ E} because f > g for all g € Tf where f € (2,00).
Now Pg is p-quasi-nonexpansive because
T T f f
To generate the sequence {f,,} of Theorem 2.3, we proceed as follows.
Choose f1 =3 € D = [1,oo),Pg (f1) = 1+% = { %} and u; € Pg (f1) = {%}. That is, u; = % Let

h; = (1 —vy)f1 +yw. Then

Choose wy € Pg (hq) = {%}, that is, wi; = %. Let g1 = (1 —f)ug + Bwi. Then

g1=x(3)+

227 "2'87 7 16’

15 119 39 - g1 312_7
— .  —

Choose v; € P} (g1) ={Z}}, thatis, vi = }. Let f, = (1 — a)vy + awy. Then

171 1.19 147 19
=t T T et

1
<24z P fa)=1 ——1
+ 5 () =1+ +&

Choose u; € Pg (fp) = {%}, that is, uy = 128 Let h, = (1 —vy)f2 +yuy. Then

_E(EHE(@
27264’ " 2'128

Choose wy € Pg (hy) = {181} that is, wp, = 10821 Let g» = (1 —f3)uz + Bwy. Then

512 51

) =

569  _t 3% 1081
P, (ha) =1+ {5172}

256" P 2

1275 1 1081 2181 2181

)+ 5

g2 == ( 5 m) =

2128

PT(g)_1+92_1+1024

1024 ° 2

Choose v, € Pg (g2) = {2222} thatis, vy = 2222 Let f3 = (1 — at)vo + awy. Then

204877

2048°

; _1(4229)+1(1081)_8553_2+ 361 _, 1
57 2'2048" " 2'5127 T 4096 © " 4096 3’
In a similar way,
fu =2+ 6859 _, 1

260144 T W

147

= — ={—1L
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130221 1
2+

fs =2+ Te777216 <25

1
fn<2+*.
n

This gives that limn_,o fn =2 € Fo(T) = [1,2]. Hence we have the result.
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