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Abstract

Two implicit iterative algorithms are presented to solve a general system of variational inequalities with the hierarchical
variational inequality constraint for an infinite family of nonexpansive mappings. Strong convergence theorems are given in
a uniformly convex and 2-uniformly smooth Banach space. The results improve and extend the corresponding results in the
earlier and recent literature. (©2017 All rights reserved.
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1. Introduction

Let X be a real Banach space with its topological dual X*, and C be a nonempty closed convex subset
of X. Let T: C — X be a nonlinear mapping on C. We denote by Fix(T) the set of fixed points of T and
by R the set of all real numbers. A mapping T : C — X is called L-Lipschitz continuous if there exists a
constant L > 0 such that

[Tx—=Ty[| <Lfx—yll, ¥xyeC

In particular, if L =1 then T is called nonexpansive; if L € [0,1) then T is said to be contractive.
The normalized dual mapping J : X — 2% is defined by

J(x) :={p € X*: (@, x) = HXHZ = H(pHZ}, Vx € X,
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where (-, -) denotes the generalized duality pairing; see e.g., [12] for further details.

Let U :={x € X: [|x|| = 1} be the unit sphere of X. The space X is said to have a Gateaux differentiable
norm, if the limit lim_,o+(||x + ty|| — ||x]|)/t exists for each x,y € U. The space X is said to have a
uniformly Gateaux differentiable norm, if the limit is attained uniformly for x € U. The space X is said
to be strictly convex if and only if for x,y € U with x # y, we have ||[(1 -A)x+Ay|| <1, VA € (0,1). Itis
well-known ([12]) that if X is smooth, then the normalized duality mapping is single-valued; and if the
norm of X is uniformly Gateaux differentiable, then the normalized duality mapping is norm to weak star
uniformly continuous on every bounded subsets of X. In the sequel, we shall denote the single-valued
normalized duality mapping by j.

Let X be a smooth Banach space. Let A, B : C — X be two nonlinear mappings and A, i be two positive
real numbers. The general system of variational inequalities (GSVI) is to find (x*,y*) € C x C such that

{<?\Ay*+X*—y*,J(x—x*)> > )
(MBX™ +y* —x*, J(x —y”)) >

The equivalence between the GSVI (1.1) and the fixed point problem in a Banach space is established by
Yao et al. [25]. The authors introduced two iterative algorithms for solving the GSVI (1.1) and proved
the strong convergence of the sequences generated by the proposed algorithms. Subsequently, Ceng et
al. [6] proposed Mann’s type algorithms for solving GSVI (1.1). It is worth mentioning that the system
of variational inequalities plays an important role in game theory and economics. Namely, the Nash
equilibrium problem can be formulated in the form of variational inequality; see e.g., [1, 7] and the
references therein.

Existing results. (1) If X is a real Hilbert space, GSVI (1.1) was introduced and studied by Ceng et al.
[10]. (2) If A = B, it was considered by Verma [22]. Further, in this case, when x* = y*, problem (1.1)
reduces to the following classical variational inequality (VI) of finding x* € C such that

(Ax*,x—x") >0, VxeC.

This problem is a fundamental problem in the variational analysis, optimization theory, and mechanics;
see e.g., [8, 11, 17, 24, 29-31] and the references therein. A large number of algorithms for solving this
problem are essentially projection algorithms that employ projections onto the feasible set C of the VI,
or onto some related sets, so as to iteratively reach a solution. In particular, Korpelevich [16] proposed
an algorithm for solving the VI in Euclidean space. This method further has been improved by several
researchers; see e.g., [13, 19] and the references therein.

In the case of Banach space setting, that is, if A = B and x* = y*, the VI is defined as

(Ax*,j(x—x%)) >0, VxeC. (1.2)

Aoyama et al. [2] proposed an iterative scheme to find the approximate solution of (1.2) and proved
the weak convergence of the sequences generated by the proposed scheme. It is also well-known (see
[2, Lemma 2.7]) that this problem in a smooth Banach space is equivalent to a fixed-point equation. In
[32], Zeng and Yao introduced an implicit method that converges weakly to a solution of a variational in-
equality. Ceng et al. [9] extended the result from nonexpansive mappings to Lipschitz pseudocontractive
mappings and strictly pseudocontractive mappings on H. Very recently, Buong and Phuong [5] introduced
two new implicit iterative algorithms, which converge strongly in Banach spaces without weakly continu-
ous duality mapping. These methods are two different combinations of the steepest-descent method with
the V-mapping, a composition, and a convex combination.

Our purpose in this paper is to solve a general system of variational inequalities with the hierarchical
variational inequality constraint for an infinite family of nonexpansive mappings in a uniformly convex
and 2-uniformly smooth Banach space. By utilizing the equivalence between the GSVI (1.1) and the fixed
point problem as mentioned above, we construct two new implicit iteration methods. Finally, under very
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mild conditions, we prove the strong convergence of the proposed methods by using V-mappings instead
of W-ones. Our results improve and extend the corresponding results announced by some others, e.g.,
Ceng et al. [7] and Buong and Phuong [5].

2. Preliminaries

Let X be a real Banach space and C be a nonempty closed convex subset of X. We write x,, — x
(respectively, x, — x) to indicate that the sequence {xn } converges weakly (respectively, strongly) to x. A
mapping J : X — 2X7, satisfying the condition

J(x) ={@ € X*: (x, @) = || and ||| = |Ix[},

is called the normalized duality mapping of X. We know that J(tx) = tJ(x) for all t > 0 and x € X, and
J(=x) = —=J(x).

Let U :={x € X : ||x|| = 1}. A Banach space X is said to be uniformly convex if for each ¢ € (0,2],
there exists & > 0 such that for any x,y € U, [|[*5¥| > 1— & implies |x —y|| < e. It is known that a
uniformly convex Banach space is reflexive and strictly convex. Also, it is known that if a Banach space X
is reflexive, then X is strictly convex if and only if X* is smooth as well as X is smooth if and only if X* is
strictly convex.

Proposition 2.1 ([14]). Let X be a smooth and uniformly convex Banach space, and let v > 0. Then there exists a
strictly increasing, continuous, and convex function g : [0,2r] =R, g(0) = 0 such that

gllx—yl) < x> =2(x,j(u) + [yl*,  Vxy € By,
where By ={x € X : ||x|| <1}

Here we define a function p : [0, 00) — [0, 00) called the modulus of smoothness of X as follows:

1
p(t) =sup{5(lIx+yll+Ix—yl) =1:xy X, [x| =1, |yl =

It is known that X is uniformly smooth if and only if lim_,o+ p(T)/T = 0. Let q be a fixed real number
with 1 < q < 2. Then a Banach space X is said to be q-uniformly smooth if there exists a constant ¢ > 0
such that p(T) < c19 for all T > 0. Takahashi et al. [21] reminded us of the fact that no Banach space is
g-uniformly smooth for q > 2. In this paper, we focus on only a 2-uniformly smooth Banach space.

Lemma 2.2 ([23]). Let q be a given real number with 1 < q < 2 and let X be a q-uniformly smooth Banach space.
Then

e+ yll9 < I+ ay, Ja(x) +2[xyll9, ¥y € X,
where « is the q-uniformly smooth constant of X and ] q is the generalized duality mapping from X into 2% defined
by
Jalx) = (@ € X" : (0,%) = X% ol = x|}, VxeX.
Let D be a subset of C and let I be a mapping of C into D. Then I is said to be sunny if
HII(x) + t(x —I1(x))] = 11(x),

whenever I1(x) +t(x —II(x)) € C for x € C and t > 0. A mapping II of C into itself is called a retraction
if I1? = I1. If a mapping IT of C into itself is a retraction, then I1(z) = z for each z € R(IT), where R(II)
is the range of I1. A subset D of C is called a sunny nonexpansive retract of C if there exists a sunny
nonexpansive retraction from C onto D.

Lemma 2.3 ([18, 26]). Let C be a nonempty closed convex subset of a smooth Banach space X and D be a nonempty
subset of C and I1 be a retraction of C onto D. Then the followings are equivalent:
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(i) IT is sunny and nonexpansive;
(i) [[TI0) = II(Y)[I* < (x =y, jUI(x) — II(y))), Vx,y € C;
(iii) (x —II(x),jly—1II(x))) <0,vx € C,y € D.

It is well-known that if X is a Hilbert space, then a sunny nonexpansive retraction Il coincides with
the metric projection from X onto C.

Lemma 2.4 ([27]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X.
Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be x-inverse-
strongly accretive and P-inverse-strongly accretive, respectively. For given x*,y* € C, (x*,y*) is a solution of
the GSVI (1.1) if and only if x* € GSVI(C, A, B) where GSVI(C, A, B) is the set of fixed points of the mapping
G:=IIc(I—-AA)Ic(I—uB) and y* = I1c(x* — uBx*).

Proposition 2.5 ([28]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X.
Let the mapping A : C — X be x-inverse-strongly accretive. Then,

1T =AA)x — (T=AA)y[* < [lx —ylf* + 2A(K*A — o) [ Ax — Ay][*.
In particular, if 0 < A < %, then I — AA is nonexpansive.

Lemma 2.6 ([27]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X.
Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be «-inverse-
strongly accretive and (-inverse-strongly accretive, respectively. Let the mapping G : C — C be defined as G :=
He(IT—=AA)Ic(I—pB). FOSAS Sand 0 < p < %, then G : C — C is nonexpansive.

Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space X. Let IIc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be
a-inverse-strongly accretive and (-inverse-strongly accretive, respectively. Let F : C — X be &-strongly
accretive and (-strictly pseudocontractive with 6 + ¢ > 1. Assume that A € (0, %) and p € (0, %) where
k is the 2-uniformly smooth constant of X (see Lemma 2.3). Very recently, in order to solve GSVI (1.1),
Ceng et al. [7] introduced an implicit algorithm of Mann'’s type.

Algorithm 2.7 ([7, Algorithm 3.6]). For each t € (0,1), choose a number 6 € (0,1) arbitrarily. Let the net
{x¢} be generated by the implicit method

Xt :tGXt+(1—t)HC(I—9tF)GXt, vVt e (0,1),
where x; is a unique fixed point of the contraction Wy =tG + (1 —t)I1c (I —6+F)G.

It was proven in [7] that the net {x{} converges in norm, as t — 0%, to the unique solution x* €
GSVI(C, A, B) of the following VI:

(F(x™),j(x—x")) >0, Vxe GSVI(C,A,B),

provided lim;_,+ 6y = 0.
Let F be a mapping with domain D(F) and range R(F) in X. F is called

(a) accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx—Fy,j(x—y)) =20,

where | is the normalized duality mapping;
(b) o-strongly accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that

(Fx —Fy,j(x —y)) = 8|[x —y||* for some & € (0,1);
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(c) a-inverse-strongly accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx —Fy,j(x —y)) > «||Fx — Fy||*> for some « € (0,1);
(d) C-strictly pseudocontractive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx —Fy,j(x —y)) < |x —y|> = ¢[x —y — (Fx — Fy)||*> for some € (0, 1). (2.1)
It is easy to see that (2.1) can be rewritten as
(I=F)x—(I=Fly,jlx—y)) > ¢lI-F)x— (I-Fy|?,

where I denotes the identity mapping of X. Clearly, if F satisfies (2.1) with { = 0, then it is said to be
pseudocontractive.

Let {Ti};° ; be an infinite family of nonexpansive self-mappings on C. Set F := ;- Fix(T;). In 2013,
Buong and Phuong [5] considered the following HVI with C = X of finding x* € J such that

(F(x*),j(x—x")) >0, VYxed. (2.2)

In the case of X = H, we have ] = I, and hence problem (2.2) reduces to the HVI of finding x* € J such
that
(F(x*),x—x*) >0, Vxeg. (2.3)

In [32], Zeng and Yao introduced the following implicit iteration. For an arbitrarily initial point xg € H,
define the sequence {xy 3> ; by

Xk = Brxk—1+ (1= Bic) [Tgxk — AP (Tpgxi)], Vk>1, (2.4)

where T, = Tumodn, for integer n > 1, with the mod function taking values in the set {1,2, ..., N}. They
proved the following result.

Theorem 2.8 ([32, Theorem 2.1]). Let H be a real Hilbert space and let F : H — H be an L-Lipschitz and n-strongly
monotone mapping. Let {Ti}]i\':1 be N nonexpansive mappings on H such that F # (). Let u € (0,2n/ I_Z),{?\k}iozl -
[0,1) and {Bx}3°_, C (0,1) satisfying the conditions ) ;1 A < coand 0 < a < fx < b < 1forallk > 1. Then
the sequence {x }}°_ defined by (2.4) converges weakly to x* € F which solves (2.3).

Recently, in order to obtain the strong convergence, Buong and Anh [4] proposed the following implicit
iteration method:
xg =T, Tt:= T&T{{, -Tlt, te (0,1), (2.5)

where {TH}Y, are defined by
Th=1—-B)x+BiTix, i=1,..,N, Tly:=I—AuFly, x,y€cH, (2.6)

and proved that the net {x} defined by (2.5) and (2.6) converges strongly to an element x*. When N =1, X
is a real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable norm and T
is a continuous pseudocontractive mapping, Ceng et al. [6] proved the following result.

Theorem 2.9 ([6, Proposition 4.3]). Let F be a 6-strongly accretive and C-strictly pseudocontractive mapping with
0+ C > 1and let T be a continuous and pseudocontractive mapping on X, which is a real reflexive and strictly
convex Banach space with a uniformly Gateaux differentiable norm, such that F # (). For each t € (0,1), choose a
number pe € (0,1) arbitrarily and let {z+} be defined by

ze = t(I— wFze + (1 — ) Tzq. 2.7)

Then, as t — 07, {z¢} converges strongly to x* € F which solves (2.2).
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To find a common fixed point of an infinite family {T;}{° ; of nonexpansive mappings on a nonempty,
closed, and convex subset C in H, Takahashi [20] introduced a W-mapping, generated by Ty, Tx—1,--- , T
and real numbers oy, 0tx_1,- -+, &1 as follows:

Uk ki1 =1,
Uy = o TieUie i1 + (1T — o)1,
Uy k-1 = a1 Te—1 Uk + (1 — o)1,

Uxp = o ToUrs+ (1 —ax2)l,
Wk = uk,1 = Oquuk,z + (1 — 061)1.

By using W-mapping, in [15], Kikkawa and Takahashi introduced the following implicit algorithm:
1 1
Six=(1—-)Ux+ —f(x), and Ux = lim Wyx = lim Uy x. (2.8)
k k k—00 k—oo

Note that the method (2.8) contains the limit mapping U, and hence, it is difficult to implement.
In [5], motivated by methods (2.5) and (2.7), Buong and Phuong introduced a mapping Vi, defined by

Vie=VE, Vi=TTHlo7%, TP =1 —a)l+ Ty, 1=1,2,..k, (2.9)

where o
o €(0,1) and Z oy < 00. (2.10)

i=1

Buong and Phuong considered the following implicit methods:
Xk = Vk(I —)\kF)Xk, vk > 1,
and
Xk = Vil =AF)xic + (I=vi)Viexi,,  Vk =1,

where Ay and vy are the positive parameters.
We will make use of the following well-known results in the next section.

Lemma 2.10. Let X be a real normed linear space. Then, the following inequality holds:
eyl < IxIP 20y 5(x +y)), Yoy €X, Yilkty) €J0x+y).

Lemma 2.11 ([3]). Let C be a nonempty closed convex subset of a uniformly convex Banach space Xand T : C — C
be a nonexpansive mapping with Fix(T) # 0. If {xn} is a sequence of C such that xn, — x and (I —T)xn — y, then
(I—-T)x =vy. In particular, if y = 0, then x € Fix(T).

Lemma 2.12 ([27]). Let C be a nonempty closed convex subset of a real smooth Banach space X. Assume that the
mapping F : C — X is accretive and weakly continuous along segments (that is, F(x +ty) — F(x) as t — 0). Then
the variational inequality

x*e€C, (F(x%),j(x—x"))>0, ¥xeC

is equivalent to the following Minty type variational inequality:
x*eC, (F(x),jlx—x"))>0, VvxeC.
Lemma 2.13 ([7]). Let X be a real smooth Banach space and F : C — X be a mapping.

(a) If Fis C-strictly pseudocontractive, then F is Lipschitz continuous with constant 1 + %
(b) If F is d-strongly accretive and C-strictly pseudocontractive with &+ C > 1, then 1 —F is contractive with

constant ,/% € (0,1).
(c) If F is o-strongly accretive and C-strictly pseudocontractive with &+ { > 1, then for any fixed number

A € (0,1), I — AF is contractive with constant 1 — A(1 — %) € (0,1).
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3. Main results

In this section, we study the iterative methods for computing the approximate solutions of the GSVI
(1.1) with the HVI constraint for an infinite family of nonexpansive mappings. We introduce two im-
plicit iterative algorithms for solving such a problem. We show the strong convergence of the sequences
generated by the proposed algorithms.

The following lemmas and proposition will be used to prove our main results in the sequel.

Lemma 3.1. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach space
X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be «-inverse-
strongly accretive and (-inverse-strongly accretive, respectivelg. Let the mapping G : C — C be defined as G =
ITc(I—AA)Ic(I—uB), where 0 < A < % and 0 < p < 5. Let {Ti]U-f:1 be k nonexpansive self-mappings on

®2 K
C such that F = ﬂ]le Fix(T;) NGSVI(C, A, B) # 0. Let a,b and «i(i =1,2,--- ,k) be real numbers such that
0 <a<a <b<1,andlet Vi be a mapping defined by (2.9) for all k > 1. Then, Fix(Vi 0o G) = F.

Proof. First of all, according to Lemma 2.6 we know that G : C — C is a nonexpansive mapping for
O<A< Fand 0 < p< % Note that when k = 1 we have Fix(V;) = Fix(T!) = Fix(T;). We claim that
Fix(V; 0 G) C . Indeed, observe that for each z € Fix(V; 0 G) and p € F = Fix(T;) N GSVI(C, A, B),

lz—pll = IT' Gz~ T'p|| < |Gz —p[ = Gz~ Gp|| < [z—p],
which immediately yields
1Gz—pl| = [I[(1 — o) I+ 1 1] Gz —p| = [|(1 — &1)(Gz —p) + ca (T1 Gz — p) .

Since X is strictly convex and «; € [a,b] with a,b € (0,1), we obtain T{Gz—p = Gz —p, and hence
TGz = Gz. So, we get

z=T'Gz=[1—ax) [+ T1]Gz=(1—01)Gz4+ oyT1Gz = (1 — %1)Gz + %1 Gz = Gz,

which together with T;Gz = Gz, implies that T;z = z. Thus, z € Fix(T;) NGSVI(C, A, B) = J. In addition,
for each p € &, we have

(VioG)p =[(1—aq)[+ o T1]Gp = [(1—oq) [+ oy Thlp =P,

which implies p € Fix(V;j o G). So, we get F C Fix(V; o G). Consequently, Fix(V; 0 G) = F.
Next we shall give a proof for the case when k > 1. First, we show that J C Fix(Vy o G). Indeed, for
each p € F, we have
Tp=[1—o)I+xTilp=p, Vi=12---,k (3.1)

Hence, Vip = TIT?... Tkp = p. Consequently, (Vx o G)p = Vip = p. Now, we shall prove that Fix(Vy o
G) C J. Take any z € Fix(Vx o G) and p € J. It follows from (3.1) that

lz—p| = T'T?--- TGz —p||
=||TIT?... T*Gz — Tlp||
< T TGz —p|
= T2 T*Gz—T?p|

NN

[T T8 Gz —p|

= T ITRGz =T |
<|T*Gz—p|

= T Gz~ T*p)|
<liGz—pl

= |Gz Gp]
<llz—pll

(3.2)
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Therefore,
1Gz—pll = 11— o) + ot Tl Gz — ]| = (1 — ) (Gz —P) + eue (T Gz — ).

Since X is strictly convex and oy € [a,b] with a,b € (0,1), we obtain TxGz—p = Gz —p, and hence
TGz = Gz. So, Gz € Fix(Ty) for each z € Fix(Vy o G). Moreover,

101 = ote—1)T + o1 T 1] TGz —p|| = ||[(1 — oxe—1) T+ o1 T—1]Gz — P
Now, from (3.2) it follows that
|Gz —p|| = [I[(1 — ax—1)I+ o1 Tk—1]Gz —p[| = [[(1 — xx—1)(Gz —p) + k—1(Tk—1Gz —p)||.

Again, since X is strictly convex and o1 € [a,b] with a,b € (0,1), we have Ty_1Gz—p = Gz—p, and
hence, Tx_1Gz = Gz. So, Gz € Fix(Tx_1). Similarly, we obtain Gz € Fix(T;) foralli=1,2,---,k. Thus, we

have
z=T" ... T*1T*Gz

=T T (1 — o )Gz 4 oy T Gzl
=T TR (1 — )Gz + o Gzl

=T'.. TGz
=Th - T2T Gz
=T'...Tk2G2

= Gz,

which together with T;Gz = Gz implies that T;z = z for alli =1,2,--- , k. Therefore, z € ﬂ}le Fix(Ty) N
GSVI(C, A, B) = 7. It means that Fix(Vy o G) C J. This completes the proof. O

Proposition 3.2 ([5, Lemma 3.2]). Let C be a nonempty closed convex subset of a Banach space X and let {T;}3° ; be
an infinite family of nonexpansive self-mappings on C such that the set of common fixed points F := ;= Fix(T;) #
0. Let Vi be a mapping defined by (2.9), and let o satisfy (2.10). Then, for each x € C and i > 1, limy 00 Vix
exists.

Now, we can define the mappings
Vix:= lim Vix and Vx:= lim Vix.
k—o0 k—o0

Lemma 3.3. Let C be a nonempty closed convex subset of a 2-uniformly smooth Banach space X. Let Ilc be a
sunny nonexpansive retraction from X onto C. Let the mappings A, B : C — X be o-inverse-strongly accretive and
[-inverse-strongly accretive, respectively. Let the mapping G : C — C be defined as G := I1c (I —AA)IIc(I—puB),
where 0 <A < S and 0 < p < % Let {T; )52 be an infinite family of nonexpansive self-mappings on C such that
F =2, Fix(Ti) N GSVI(C, A, B) # 0. Let Vi be a mapping defined by (2.9) and let «; satisfy (2.10). Then, for
eachx € Candi> 1, imy_ o VﬁGx exists.

Proof. Let p € 3 and x € C such that p # x. Then, for k > 1 with fixed k > 1, we have
Vi1 Gx— ViGx| = [TITH - TRTRH G =TT TRGx |

< T Gx — Gx||
= H(l —ot1)Gx + o1 T 1Gx — GXH

X1 [ Ter1Gx — Tie11Gp + Gp — Gx||

< 201 x— ]|
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By virtue of (2.10), we have lim m oo Z]"l n & = 0. So, for any ¢ > 0, there exists an integer ko > 1 with
ko > 1 such that, for any n, m with m > n > ko, we have

m—1 c
Z X1 < 57— 7-
= 2[x—pl
Therefore,
. _ m—1 ) ) m—1 m—1
[ViGx— ViG] < 3 Vi Gx—ViGx| < 3 ey iallx—pl) =2 —pl Y agi1 <
j=n j=n j=n

This implies that {ViGx}, for each fixed i, is a Cauchy sequence in the Banach space X and hence
limy oo VﬁGx exists. O

Here, we can derive the followings
V;OGX = lim VﬁGx and (VoG)x:= lim Vi Gx.
k—o00 k—o0

Lemma 3.4. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach space
X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be «-inverse-
strongly accretive and (-inverse-strongly accretive, respectively. Let the mapping G : C — C be defined as G :=
Ic(I—AA)Ic(I— uB), where 0 < A < % and 0 < p < % Let {T;}$° , be an infinite family of nonexpansive
self-mappings on C such that F := ;. Fix(T;) N GSVI(C, A, B) # 0. Let «; satisfy the first condition in (2.10).
Then, Fix(Vo G) = F.

Proof. Let p € F. Then it is obvious that Gp = p and Vip = p for all integers i,k > 1 with k > i. So, we
have Vi Gp = p for all integers i > 1. In particular, we have (V o G)p = VL Gp and hence F C Fix(V o G).
Next, we prove that Fix(V o G) C F. Now, let x € Fix(Vo G) and y € J. Then,

[VieGx — Vi Gy|| = [[ Vi Gx — Vi Gy
= [(1— o) (VEGx — Vi Gy) + o1 (T} Vi Gx — T1 VEGy) |
< (1— ) [[VEGx — VR Gy || + o |[VEGx — Vi Gy |
= |[VRGx— Vi Gyl

<[Vitex—Vvitiay||
< [ VEGx — VEGy||

< |Gx— Gy

< [x—yll,

which together with ||(V o G)x — (Vo G)y|| = ||x —y|| implies that
IVE,Gx— Vi, Gyll = IV Gx — Vi1 Gy | = [ Gx —y!.
Therefore, we have
11— ) (Vi 6x — V1 Gy) + o (T Vi1 Gx — T Vi Gy) | = VA Gx — V1 Gy | = [Gx—y|

for every i > 1. Since X is strictly convex, 0 < «; < 1, and y € F, we have Gx —y = T;VL1Gx —
T,VHGy = TiViHGx —y and Gx —y = ViHGx — ViFlGy = ViF1Gx —y, and hance, Gx = T; Vi 1Gx
and Gx = V;‘OHGX for every i > 1. Consequently, for every i > 1, we have Gx = T;Gx. In particular, when
i =1, we have that Gx = T1V§O Gx and Gx = Vgo Gx. So, it follows that

x=(VoG)x = (1—a)VEGx+ oy T; VA Gx = Gx,

which together with Gx = T;Gx, for all i > 1, implies that for every i > 1, we have x = Tix. It means that
xeF. O
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Now, we are in a position to prove the following main results.

Theorem 3.5. Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be «-
inverse-strongly accretive and (-inverse-strongly accretive, respectively. Let F : C — X be &-strongly accretive
and C-strictly pseudocontractive with & + ¢ > 1. Assume that A € (0, %) and n € (0, 2) where x is the 2-
uniformly smooth constant of X. Let {T;};°, be an infinite family of nonexpansive self—mappmgs on C such that
F =2, Fix(T;) N GSVI(C, A, B) # 0. Let (Vi be defined by (2.9). Let {xy}3>_, be defined by

Xk = Hc(I=AF)VidIc(I—=AA)Ic(I—uB)xyx, Vk=>1,

where My € (0,1] and Ay — 0.as k — oo. Then {x1 }}°_; converges strongly to a unique solution x* € J to the
following VI:

(F(x*),j(x —x*)) =20, Vxedg. (3.3)
Proof. Let the mapping G : C — C be defined as G := IIc(I—AA)IIc(I — puB), where 0 < A < -% and
O<pu< B . Note that the implicit iterative scheme can be rewritten as

xk = e (I—AF)VieGxy, Yk > 1. (3.4)

Consider the mapping Uyxx = IIc(I —AcF)ViGx, for all x € C. From Lemma 2.13 (c), it follows that for
each x,y € C,
[Uex — Uyl = [[ITc (1= AcF)VicGx — I (I — A F) Vi Gy ||

< (T =AF)VieGx — (I = A F) Vi Gy ||
< (1 —AcT)||VikGx — Vi Gy||

< (1=AT)[|Gx — Gy

< (T=AT)[x—yl,

where 1 = 1— ,/% € (0,1) (due to 8+ ¢ > 1). From Ay € (0,1], we get 1 —Axt € (0,1). So, Uy is a
contraction of C into itself. By the Banach’s Contraction Principle, there exists a unique element xy € C,
satisfying (3.4).

Next, we divide the rest of the proof into several steps.

Step 1. We show that {xy}}° ; is bounded. Indeed, take an arbitrarily given p € J. Then we have Vyp =p
and Gp = p. Hence, by Lemma 2.13 (c) we get

[xx =Pl = [TTc(I—AxF)VieGxy —p|
< I = AF)VieGxy —p|
= (1= AF)VieGxie — (I—AF)p — AcF(p)]|
< (1= ATV Gx — pl| + Ak |IF(p) ]|
< (T =AT)[|Gxi — | + Ac[[F(p)]|
< (1 =MD [l =l + Ac[F(P)].-

(3.5)

Therefore, ||xx —p|| < ||F(p)||/T, which implies the boundedness of {x\}> ;. So, the sequences {Gxy}¥_;,
(Vi Gxy 21, and {FViGxy }¥_; are also bounded. Since A, — 0, we get

ka — VkGXkH = an(l — AkF)VkGXk — VkGXkH § H(I — }\kF)VkGXk — VkGXkH = )\kHF(yk)H — 0.
Step 2. We show that ||x — Gxy|| — 0 as k — oo. Indeed, for simplicity, put q = Ilc(p — uBp), ux =
Il (xx — uBxy), and v = Ilc(ux —AAuy). Then vy = Gxy for all k > 1. From Proposition 2.5, we have

wk — q||* = || c(xx — uBxx) — ITe (p — uBp)|I* < [[xk —p — w(Bxk — Bp)|?

(3.6)
< x —pl> —2u(B — «2w)||Bxi — Bp|1%,
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and
Ivie = plI> = [[TTc (we — AAwg) — e (g —AAG)[* < luk — g — A(Awe — Aq) | 57
< Jwe — qff* — 22 (& — K2A) | Awy — Aq .
Substituting (3.6) for (3.7), we obtain
[vic = pII* < [xi — I —20(B — *w)|[Bxi — Bp||* — 2A(a — K*A) | Ay — Aq|>. (3.8)
From (3.5) and (3.8), we have
I} —plI* < [(1=AD)[|Gxic — Pl + Al [F(p) 117
F
— (1~ M) G — | + A F P2
_ 2 IF(P)II* HZ
< (1 }\kT)HGXk ” +7\
2 F)[I* H2
< [1Gxi —pI” + Ak
2 2 2 2 2 [F(p)]?
< [Pac =Pl = 2u(B — W) [Bxic = Bp " — 2A(a — k"A) A — Aq|I” + A,
which immediately yields
L2 - 2 2 - 2 HF(P)HZ
20(p — k%10) [Bric— BpP + 2\~ k) A — Ag]? < Al - E-
So, from A € (0, %), k€ (0, %), and A — 0 as k — oo, we deduce that
lim ||Bxx —Bp||=0 and lim ||[Aux —Aq| =0. (3.9)
k—o0 k—ro0
Utilizing Proposition 2.1 and Lemma 2.3, we have
e — ql* = |ITe (xic — uBxx) — ITc (p — uBp) >
< (ke — uBxx) — (p — uBp), j(uk — q))
= ((xx =P, j(uk — q)) + w(Bp — Bxy, j(uk — q))
1
< 5 llx —pl*+ llwe — qll* — g1 (i —wie — (p — @) D] + 1l Bp — Bxc[ [ — g,
which implies that
[we — gl < [} =PI — g1([xk —we — (p — q)[1) + 21| Bp — B[ [[wic — g (3.10)

Similarly,

vk — plI* = [TTc (uk — AAuy) —ITc(q —AAQ) |
< (ux —AAug — (g —AAQ),j(vic —p))
= (ux — q,j(vik = p)) +A(Aq — Auy, j(vic —p))

1
< Sl = afl? + [vie = pl* = galhwi = vic + (p — @) )] + Al Aq — A [[[vic = ]
which implies that

vie =pII* < luk — dl* = g2([[wk —vic + (p — q)|}) + 22| Aq — Aw||[[vic = p]- (3.11)
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Substituting (3.10) into (3.11), we get

vic = p* < [xk —pII* — g1 ([lxk — we — (P — q)|1) — g2([lwx — vic + (p — )|

(3.12)
+2uBp — Bxic|[[[wk — g + 2A|Aq — Awgc][[[vi — p]|-
From (3.5) and (3.12), we have
= plI* < (1 =MD |Gxic — pll + Al [F(p) |17
2
< (1= MG — I+ TR
F 2
< G~ p 42 TP
< e =plP = g1l —we — (p — @) — gal|we —vic + (p— q)])
F 2
+ 200 Bp — B e — all + 271 Aq — A v —pll + P
which hence leads to
1l —we = (p— q)I) + g2lluc —vie + (P — q)||)
F 2
< 20Bp — B s — | + 2\ Aq — Au vy~ pll + I I
From (3.9), Ay — 0 as k — oo, and the boundedness of {uy} and {vy}, we deduce that
lim gi([xxk —ux—(p—q)]) =0 and lim go(llux —vk +(p—q)|) =
k—o00 k—o00
Utilizing the properties of g; and g, we conclude that
lim ||xk —ux—(p—q)||=0 and lim |[jux —vk+(p—q)|| =0. (3.13)
k—o0 k—o0
From (3.13), we get
e —vill < [Ixk—u = (p—q)[| + luk —vik+ (p—9q)[ = 0 as k — oo.
That is,
lim |[xx — Gxk| =0. (3.14)
k—o00
This together with ||xi — VicGxk|| — 0, implies that
lim ||xx —yk|[=0 and lim |xx — Vixk| =0. (3.15)
k—o00 k—o00

Step 3. We show that w., (xx) C F, where
W (xx) ={x € C:xx, — x for some subsequences {xy,} of {xy}}.

Indeed, we first claim that ||x — Vx| = 0 as k — oo. It can be readily seen from Lemma 3.3 that if D is
a nonempty and bounded subset of X, then, for ¢ > 0, there exists ko > i such that for all k > kg

sup ||[ViGx — VL Gx|| < ¢
xeD

Taking D = {x : k > 1} and i = 1, we have

HVkGXk—VGXkH < sup HVkGX—VGX” <e¢
xeD
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So, it follows that
klim HVkGXk — VGXkH =0. (316)
— 00

Similarly, by Proposition 3.2, we also have
lim HVka — VXkH =0. (317)
k—ro00

Since Vi is nonexpansive for all k > 1, V is a nonexpansive self-mapping on C, and hence Vo G is also a
nonexpansive self-mapping on C. Noting that

H(VO G)xk—kaH ‘VGXk—VkGXkH + HVkGXk—VXkH

<
< HVGXk —VkGXkH + HVkGXk —VkaH + HVka —VXkH
< HVGXk —VkGXk” + HGXk —Xk” + HVka —VXkH,

from (3.14), (3.16), and (3.17), we obtain that

lim |[(Vo G)xx — Vx| =0. (3.18)

k—o00

Also, noting that ||xx — Vxi|| < ||xx — Viexk|| + || Vikxk — Vxk||, from (3.15) and (3.17), we get
lim |[xx — Vxk|| =0,
k—o00

which together with (3.18), leads to

lim |[xx — (Vo G)xk| =0,
k—o00

Since X is reflexive, there exists at lease a weak convergence subsequence of {xi}, and hence w., (xx) # 0.
Take an arbitrary p € w,,(xx). Then there exists a subsequence {xy,} of {xi} such that xx, — p. Since X is
uniformly convex and V and G are two nonexpansive self-mappings on C, by Lemma 2.11 we know that
p € Fix(Vo G) = F (due to Lemma 3.4). This shows that w, (xy) C F.

Step 4. We show that w., (xx) = ws(xx), where
ws(xk) ={x € C:xy, — x for some subsequences {xy,} of {xi}}.

Indeed, by Step 3 we know that w,,(xx) C JF. Take an arbitrary p € w, (xk). Then there exists a
subsequence {xy, } of {x«} such that xy, — p. Utilizing (3.4) and Lemmas 2.3 and 2.13 (c), we have

o = pI* = (o —p,ilbac—p))
= (xk — (I=AF)yk, j(xk = p)) + (T = AcF)yx —p,i(xk —p))
= (ITc (I = AMeFyk — (I = APy, i (I =M Fyx —p)) + (I = APy —p,j(xk —p))
<A{(T=AFlyx —p,j(xk — )
= ((I=AFlyx — (I =AF)p,j(xk —p)) — Ak (F(p), j(xk —P))
< I =AF)yx — (T = AF)p|l[[xx = pll = Ak (F(p), i (xic — P))
< (T=MO [y —pllixk —pll = M (Flp), i (xk —p))
< (

1—
= (1 =MD VieGxxe — pll X — pll = Ak (F(p), i (xic — P))
1= At |Ixc = plI> = Ak (F(p), i (xi — p)),

where t=1— % € (0,1). It turns out that

I —PI2 < S (FP), i (p — xi0). (3.19)

A
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Thus, we can substitute xy, for xi in (3.19) to get

%, = PIP < =(F(p),i(p —xx,))- (3.20)

Al

Consequently, the weak convergence of {xy,} to p together with (3.20), actually implies that xi, — p as
i1 — 00, and hence p € ws(xx). This shows that w,, (xx) = wg(xk).

Step 5. We show that each p € w(xx) solves the variational inequality (3.3). Indeed, from (3.4), we have

xkx = Ic(I—MF)yx — (I = AxFlyx + (I —AcFlyx
= xx = c(I—=MF)yx — (I = APy — (T = Ak F)xie — (I = MeFyse) +xie — McF(xic)

= Flixid) = 3 [Te(T— APy — (1 APy — (1 AFxi— (1~ Ayl

k

Hence, utilizing (3.4) and Lemma 2.13 (c) we obtain that for each z € F,

(Fixk), jxic — 2)) = Alkmcu—myk (1= APy — 2))
- Alk«l AP — (T= APy j(x — 2))
= }\1k<HC(I —MFyk — (I = APy, jITc (I = AkFlyx —z))
- }\1k<(1_7\kF)Xk— (I—=AFlyx,jlxx —2)) (3.21)
< —7\1k<(1—)\kF)xk (= APy ja— 2))

— _)\lk<xk —yk,j(xk —Z)> + <F(Xk) - F(yk)/j(xk _Z)>

—;km o O — 2)) 4 [FCxe) — i) e — 211

N

Now we claim that (I —AcF)xx — (I —AcFlyk,j(xk —z)) < 0. Indeed, we can write yx = Vi.Gxi. At the
same time, we note that z = ViGz. So,

(xk =Y, i (xk — 2)) = (xk — ViklGxxc — (2 — Vi Gz), j(xx — 2)).
Since I — Vi G is accretive (due to the nonexpansivity of Vi G), we deduce immediately that
Xk =Yk, j(xk —2)) = (xi — VikGxi — (z— Wk Gz), j(xk — 2)) > 0.

Furthermore, utilizing Lemma 2.13 (a), we get ||F(xx) — F(yx)|| < (1+ %) |Ixk —yx/||- Thus, it follows from
(3.21) that

(Fixi), joae —2)) < (14 i)nxk—yuuxk—z« (3.22)

Since F is &-strongly accretive, we have
0 < 8flxi — 2] < (F(xie) — F(z), j(xic = 2)).
Therefore,
(F(z),j(xic —2)) < (F(xx), j(xx —2)). (3.23)
Combining (3.22) and (3.23), we get

(F(2) il —2)) < (1+ i)uxk—yknnxk—zn. (3.24)
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Take an arbitrary p € ws(xx). Then there exists a subsequence {xy,} of {xi} such that x}, = p as i — oo.
According to Steps 3 and 4, we know that p € ws(xx) (= ww(xk) C F). Replacing xi in (3.24) with xy,,
and noticing that as i — oo, xi, —yx, — 0 (due to (3.15)), we have the Minty type variational inequality

(Fz),jlp—2)) <0, Vz€eT,
which is equivalent to the variational inequality (see Lemma 2.12)
(F(p)ilp—2)) <0, VzeT.

That is, p € F is a solution of (3.3).

Step 6. We show that {xy} converges strongly to a unique solution in J to the VI (3.3). Indeed, we first
claim that the solution set of (3.3) is a singleton. Indeed, assume that p € J is also a solution of (3.3).
Then, we have

(F(p),i(p—p)) <O.
Note that
(F(p),ilp—p)) < 0.

So, by the 6-strong accretiveness of F, we have

(F(®),ip—p)) + (F(p),ilp—P)) <0 = (F(p) —F(p),i(p—p)) <0 = 5[[p —pl* <0,

Therefore, p = p. In summary, we have shown that each cluster point of {x} (as k — o) equals to p.
Consequently, xj. — p as k — oo. O

Theorem 3.6. Let C,X,IIc,A,B,F, {1115, 3,5, (, A, and p be as in Theorem 3.5. Let {Vi }X°_; be defined by (2.9)
and (2.10). Let {x\ }}°_; be defined by

xk = YilIc(I—=AcF)xi + (1 =y ) Vil Ic (T = AA)Ic (I — uB)xy, Vk > 1,

where {yy} and {A} are sequences in (0,1] such that Ay — 0 and vy, — 0 as k — oo. Then {xyJ3_; converges
strongly to a unique solution x* € J to the VI (3.3).

Proof. Let the mapping G : C — C be defined as G := IIc(I —AA)IIc(I—uB), where 0 < A < -% and
O<pu< % Note that
Xk = kaC(I — AkF)Xk + (1 —Yk)VkGXk, vk > 1. (325)

Consider the mapping Uix = yiIIc(I—AF)x + (1 —vx)VkGx forall k > 1 and x € C. Then, from Lemma
2.13 (c), we have that for all x,y € C

[Uex — Uyl = [[vi e (T—AF)x + (1 —yx) Vi Gx — IywI T (I — APy + (1 —vi) Vi Gyl
= |[yxlIc(I—AF)x — I (I— APyl + (1 —vi) [Vie Gx — Vi Gyl ||
< YT (T=AF)x — I (T = APyl 4 (1 —vi) [ VieGx — Vi Gy ||
< Yi[[(T=AMcF)x — (I = APyl + (1 —vx)[|Gx — Gy|
<Y =AMt x =yl + (1 =vi)[x =yl = (1 = viAcT)[x — Y|
with yxAxt € (0,1). So, Uy is a contraction on C. By the Banach’s Contraction Principle, there exists a
unique element xx € C such that xx = Uyxy; that is, there exists a unique element x; € C, satisfying

(3.25).
Next, we divide the rest of the proof into several steps.
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Step 1. We show that {xy}3° ; is bounded. Indeed, take an arbitrarily given p € J. Then we have Vyp =p
and Gp = p. Hence, by Lemma 2.13 (c) we get

[xx — Pl = [[viITc (I —AF)xi + (1 —vi) Vi Gxi — p |1

< il e (T=McF)xie —p|? + (1= vi) [ VieGxie — p |2
< Vil (T= AP = pl? + (1 = vi) [ Gxie —p >
= Vil (I=AF)xi — (I = AcF)p — AcF(p) |12 + (1 —vi) | Gxic — p I (326)
< yil(1 =Mt [ =l + M IF) 17 + (1 = i) |G — p 2 .
<yl =Mt e = I + At FP) [P+ (1 —vi) |G — pl
< Yi(1 =M i =PI+ vichet H[F(p) H2 (1 =vi)xk —plP?
= (1 =it [ = I + vicdit [F(p) 1>
Therefore, ||xx —p|| < [|F(p)||/T, which implies the boundedness of {x}%> ;. So, the sequences {Gxy}¥ ;,

{VicGxi J_ 1, and {F(xx )} are also bounded. Observe that
e — VieGxi || = vie[TTc (T—AMeF)xi — VieGx || < yel[xi — VieGxae — AeF(xi) ||
<vllxk — VieGxa || + vl [FOad I,

which implies that ||xi — Vi Gxi|| < vi||[F(xi)|l/(1 —vx). Since yx — 0 and {F(xx)} is bounded, ||xx —
ViGxy|| — 0 as k — oo.

Step 2. We show that ||xj — Gx|| — 0 as k — oo. Indeed, for simplicity, put q = Ilc(p — uBp), ux =
ITc (xx — uBxy), and vi = Il¢c(ux — AAuy). Then vy = Gxy for all k > 1. By the same arguments as those
of (3.8), we obtain

[vic = pI? < [P — pIIP —2u(B — &*1) | Bxic — Bp|* — 2A (& — k*A) | Ay — Aq||*. (327)
Combining (3.26) and (3.27), we have
I — P < yicl(1 = Aw) |rxk—p||2+m ) + (1= vi) |erk—p||2
< vicllxe =l + T HIFE) P+ (1 =yl HXk—PH2 u(B — k?w)[|Bxi — Bp|>
—2A(a — K2A) | Aug — Aq|*]
=[x =PI + vt P = 2(1 = i) (B — k) [Bxic — Bp||* + Ao — k?A) [ Awie — Aq] ],
which immediately leads to
2(1 = i) (B — k) [[Bxic — Bp > + Al — &*A)||Aux — Aq*] < vier [ F(p)|I*.
Since A € (0,-%), ne (0, %), and yx — 0 as k — oo, we deduce that
kh_r)r;o |IBxx —Bp||=0 and kh_r)r;o |Aux —Aql| =0. (3.28)

By the same arguments as those of (3.12), we get

vie=plI? < e =pl? = grlllxx —wic = (p — @)) = g2(llur —vic + (p — @)
+ 2u/[Bp — Bxic[[[wic — qll + 2A[|Aq — Awc[[[vic = pl-

Combining (3.26) and (3.29), we have

(3.29)

% =PI < Yil(1 = A [} — P> + Mt F(P) 1]+ (1 —vi) [|Gxic — pI?
< viellxe—pl> + T HFE)IP + (1 =)l HXk—P||2—91 ([xk —we —(p—9q)|))
— @ ([ux —vic+ (p—9q)|) +2u||BP—BXk||||uk—qH+27\HA0|—/\uk||||Vk—P||]
< =PI+ vt HIFP)I? = (1= vi)lg1 ([xk —we — (p— q)[])
+ g2 ([ — vic + (p — @) D] + 24| Bp — Bxic || [[uk — ql| + 2A|Aq — A [[[vic — pl|,
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which immediately yields
(1 =v)lgrlxk —wx — (P — @) + g2([xe — v + (p — q)]|)]
<yt (P74 2ulBp — Bxacll[lwi — gl + 2A|Ag — Augc || [[vic = pl-
Since v — 0 as k — oo, and {uy} and {v} are bounded, we deduce from (3.28) that
lim gi([[xk —uxk—(p—q)[) =0 and lim go(|wx —vik+ (p—q)l]) =0.
k—o00 k—o00
Utilizing the properties of g; and g», we conclude that
lim |[xk —ux—(p—q)||=0 and lim |jux —vk+(p—q)|| =0. (3.30)
k—o0 k—o0
From (3.30), we get
[xk = vl < [[xk —wk = (p—q)[[ + [wk —vk + (p—q)| = 0 ask — oo.

That is,
lim ”Xk — GXkH =0.
k—o0

This together with [|xi — VicGxk|| — 0, implies that
k11_r>r01o Ixk —yx||=0 and kh_r}rgo |Ixk — Vikexk || = 0.
Step 3. We show that w., (xx) C &, where
W (xx) ={x € C:xx, — x for some subsequences {xy,} of {xy}}.

Indeed, by the same arguments as those of Step 3 in the proof of Theorem 3.5, we can obtain w,, (xx) C J.

Step 4. We show that w., (xx) = ws(xx), where
ws(xx) ={x € C:xg, — x for some subsequences {xy,} of {xi}}.
Indeed, by Lemma 3.1, we have ||Vi,Gxy — z|| < ||x —z|| for any fixed z € F, and hence

%k — 2l = [[yidTe (T — MeF)xi + (1 —vi) Ve Gxy — 2|2
= V[T (I—AF)xx — (I —MeF)xi, j(xx — 2))
+ A(T=F)xx + (1 = A)xk — z,j(xk — 2] + (1 — v ) (Vi Gxk — 2, (xk — 2))
= Vi [(ITc (I —AF)xe — (I = AMeF)x, j (I e (T — Ak F)xy — 2))
+ (I (T =McF)xx — (T = AF)xk, j(xk —2) —j(IIc (I — AkF)xi — 2))
+ A (IT=F)x + (1 = A )xk — z,j(xk — 2] + (1 — v ) (Vi Gxk — 2, (% — 2))
< Yl (T—AxF)xic — (T = AF)xac[[[i(xic — 2) = j(ITc (I — AcF)xic — z) |
+ Ak (I =F)xi + (1T =AM )xk — z,j(x — 2))] + (1T = yi) (Vi Gxxe — 2, j (xk — 2))
< YlHIc(T—AF)xic — (T=AF)xac[[[i(xic — 2) = j(ITc (T — AF)xic — z) |
F AT =F)xie — 2, i (x5 — 2)) + (1= M) e — 2?1 + (1 —vi) || xie — 2
<y ([TTe (T—AF)xie — x|l + A [FOa) D5 (i — 2) =TT (T = AF)xi — 2) |
+ Vi (I = F)xi — z,j(xk — 2)) + (1 — yiAi)|[xi — z|?
L 2viA[F(xi) i (e — 2) = (T e (T — M F)xe — 2) ||
+ VA (I = F)x — (1= Flz—F(2),j(xx — 2)) + (1 = yicAi) [ xx — z||*
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Therefore, by Lemma 2.13 (b) we get
i — 2] < (1 =0 [xic — 2|2 = (F(2),j (xic — 2)) +2[[FOxac) [ (i — 2) =TT e (1= AkF)xic — 2,

which immediately leads to

Al

Ixk —z)* < =((F(2),j(z—xk)) + 2|[Fxi) [ i (i —2) =i TIc(I—MF)xi —2)|)), Vz €T, (3.31)

where 1 =1—,/ % € (0,1). Note that the uniform smoothness of X guarantees the uniform continuity
of j on every nonempty bounded subset of X. Hence it is easy to see that

lim [[j(x —z) —j(ITc (I —AxF)xx —2z)|| = 0.
k—o0

Now, take an arbitrary p € w, (xx). Then there exists a subsequence {xy,} of {xx} such that xix, — p.
In terms of Step 3, we know that p € w,,(xx) C F. Thus, we can substitute xy, for xi and p for z in (3.31)
to get

Ik~ I < LR, 30 — k) + 2 F a0, — p) — 3T (1= M P, —p)). - (3:32)

Consequently, the weak convergence of {xy,} to p together with (3.32), actually implies that x, — p as
1 — o0, and hence p € ws(xx). This shows that w,, (xx) = wg(xk).

Step 5. We show that each p € w(xx) solves the variational inequality (3.3). Indeed, take an arbitrary
P € ws(xk). Then there exists a subsequence {xy, } of {xi} such that x, — p as i — oo. According to Steps
3 and 4, we know that p € ws(xk) (= ww(xk) C F). Replacing xi in (3.32) with xy,, and noticing that
Xk; — P, we have the Minty type variational inequality

(F(z),j(z—p)) <0, Vze7,
which is equivalent to the variational inequality (see Lemma 2.12)
(F(p),jlp—2)) <0, Vzed.

That is, p € JF is a solution of (3.3).

Step 6. We show that {xy} converges strongly to a unique solution in J to the VI (3.3). Indeed, by the
same arguments as those of Step 6 in the proof of Theorem 3.5, we derive the desired conclusion. This
completes the proof. O
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