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Abstract

This paper investigates the periodic initial value problem for the two-dimensional Burgers-Ginzburg-Landau (2D Burgers-
GL) equations, which can be derived from the so-called modulated modulation equations (MME) that govern the dynamics of
the modulated amplitudes of some periodic critical modes. The well-posedness of the solutions and the global attractors for the
2D Burgers-GL equations are obtained via delicate a priori estimates, the Galerkin method, and operator semigroup method.
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1. Introduction

In this paper, we consider the following two-dimensional Burgers-Ginzburg-Landau (2D Burgers-GL)
equations

Vit = WWixx + Wiyy + BVivix + Byaviy + Y (IAP)y, (1.1)

Vox = Viy, (12)
. 1

At = oA + (11 +ik2) (Axx + Ayy) + 81(v] +V3)2A — (2] A[* + s3(vi +v3))A, (1.3)

where the velocity components vi = vi(x,y,t) and v = v2(x,y,t) are real-valued functions, and A =
A(x,y,t) is the complex-valued function. (x,y) € Q, Q is a bounded domain in two-dimensional real
Euclidean space. The coefficients «, 3,7, 1o, 11, and pp are real constants, while s, s, and s3 are complex
constants. Similar to the derivation by the Cole-Hopf transformation in [17], the 2D Burgers-GL equations
(1.1)-(1.3) can be rewritten in another coupled form as

Ve = Av+B(v-VI)v+yV(AP), (1.4)
At = oA + (11 + i) AA + 51 [VIA — (s2] AP + s3v[2)A, (1.5)
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where v = {v{, w2}, |v| = \/v% +v§.

The Burgers-GL equations (1.4)-(1.5) in one-dimensional can be derived from the so-called modulated
modulation equations (MME) deduced by Harten [19]. In his study of the Ginzburg-Landau equation as
a modulation equation for the amplitude of a periodic critical mode in various applications, he found that
there is the less well-known possibility of an instability of non-sideband type for the family of periodic
solution of the Ginzburg-Landau equation besides the Eckhaus’ instability. And then he deduced three
so-called MME under the different coefficients of the original Ginzburg-Landau equation which consist
of the critical mode(s) with an amplitude modulated in space and time. One of the three MME:s is a real
gradient system of Kuramoto-Shivasinsky type derived with multiple scaling techniques [14]. Another is
a perturbed Korteweg-de-Vries derived for an Eckhaus’ instability by Bernoff [3]. The last one seems to
be a new result and has the form of Burgers equation coupled to the Ginzburg-Landau equation, which
is the Burgers-GL equations (1.4)-(1.5) in one-dimensional.

If there is no coupling term with A in Eq. (1.4), then Eq. (1.4) would be the well-known two-
dimensional Burgers equations [17], which is transformed by the Cole-Hopf transformation and is an
integrable generalization of the well-known Burgers equation [4]. Some researches have been done in
physical study and the mathematical analysis of the two-dimensional Burgers equations, such as the sta-
tionary solutions [13], the exact solutions [1], the numerical solutions [2, 20], and so on. Meanwhile, if
there is no coupling terms with v in Eq. (1.5), the Eq. (1.5) reduces to the well-known CGL equation,
which is considered as the generic modulation equation near the onset of instabilities in non-equilibrium
fluid dynamical systems, as well as in the theory of phase transitions and superconductivity [15, 16].
For some other results involved with the CGL equation, see [6, 7] and reference therein. However, lit-
tle progress has been obtained for the coupled Burgers-GL equations (1.4)-(1.5), Since Guo and Huang
studied the well-posedness and global attractors for one-dimensional Burgers-GL equations in [8] and [9].
Afterwards Huang continued to study the one-dimensional Burgers-GL equations in discrete version by
the finite difference method in spatial direction [11] and that with non-homogeneous term by the Leray-
Schauder fixed point theorem [12]. Subsequent to previous work in one-dimension Burgers-GL equations,
in this paper we are further going to consider the 2D Burgers-GL equations (1.1)-(1.3), with the periodic
boundary conditions

vix+Luy,t) =v(x,y,t), vix,y+L1t)=v(xy,t), (1.6)

Ax+Luyt)=Axyt), Alxy+Lt)=Axuyt), (1.7)

J v(x,t)dx =0, t>0, (1.8)
Q

and the initial conditions
v(x,y,0) =vo(x,y), Al(x,y,0) =Ap(x,y), (1.9)

where L > 0 is the period, and vo(x,y) and Ag(x,y) are given functions.

In what follows, we are going to study the well-posedness and global attractors for the periodic initial
value problem via delicate a priori estimates and operator semigroup method. In our argument, we set
$2 = Sor +1ispi, where sp, and sp; are the real part and imaginary part of s, respectively. And we make
some basic assumptions as

x>0, >0 >0 s3>0 Isoil <V3spr, Re(sz)>0. (1.10)

The rest of paper is organized as follows. In Section 2, we briefly give some notations and prelimi-
naries. In Section 3, we establish a prior estimates for the solutions of the periodic initial value problem
(1.4)-(1.9). In Section 4, the well-posedness for the 2D Burgers-GL equations are obtained via the Galerkin
method and so-called continuity method. In the last Section 5, the existence of the global attractors are
obtained by constructing the uniform a priori estimates in time.
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2. Notations and preliminaries
For the mathematical setting, we introduce several function spaces and notations. We denote

LP (Q) = {V = {v11v2}|v1 € LP(Q)NZ elLP (Q)}I
WEP(Q) = v = {v1,vallvi € WEP(Q),v, € WEP(Q)),
where LP(Q) and W*P(Q)(k € NT,1 < p < 00) are the usual Lebesgue and Sobolev spaces, respectively.

When p = 2, we denote L? = LP(Q) and H* = W*?(Q) for simplicity. These two spaces are equipped
with the following inner products and norms:

2

2
vw) =) (vpw)= ; L} viuidx,

i=1

2 1,12
VP = ), Vlge=| ) DY
<k

Meanwhile, we introduce complex Sobolev spaces. In general, we denote by X, Y, - - -, the complexified
space of a function X,Y,---. For example, £? and H¥ are the complexified spaces of [2(Q) and H*(Q),
respectively. If A € L2 B € L%, we define

2

(A,B)zj ABay, AP =(AA), Al =| 3 IDAI2]
Q <k

where B denotes the complex conjugate of B. Furthermore, X,er denotes the set of all periodic functions
that are contained in the space X.
Without any ambiguity, we denote a generic positive constant by C which may vary from line to line.

Lemma 2.1 (Gagliardo-Nirenberg inequality, [5]). Let Q) be a bounded domain with 9Q) in C™, and let u be
any function in W™ (Q)NL9(Q), 1 < q,r < oo. For any integer j, 0 < j < m, and for any number a in the

interval j/m < a < 1, set
1 j 1 1
va(m) s el
P n T Mn q

If m —j —n/r is not a nonnegative integer, then
IDuf[ee < Cllufymr ull e (2.1)
If m —j —n/r is a nonnegative integer, then (2.1) holds for a = j/m. The constant C depends only on Q),1,q,j, a.

In the sequel, we will use the following inequalities for two-dimensional equations as the specific cases
of the Gagliardo-Nirenberg inequality:

%labelGNYoujieinequality2||Diu e < Cllul|&m|ul'™®, ma=j+1,

<
D)z < Clluffimllul=¢,  ma=j,
IDullps < Cllullfm[lull'™¢, ma=j+1/2

Lemma 2.2 (The uniform Gronwall lemma, [18]). Let g, h,y be three positive locally integrable functions on
[to, 00), such that y' is locally integrable on [to, 00), and which satisfy

d

dfliégy—kh, for t = to,
t+r t+r t+r
J g(s)ds < ay, J h(s)ds < ay, J y(s)ds < a3, for t > to,
t t t
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where 1, a1, ap, az are positive constants. Then

y(t+r)<<%+a2)exp(a1), for t>to.

3. A priori estimates

In this section, we derive some a priori estimates for the solutions of the periodic initial value problem
(1.4)-(1.9). Firstly we have

Lemma 3.1. Assume vg(x) € leger(Q), Ag(x) € L2

per(Q), and the assumptions (1.10) hold. Then for the solutions
of the problem (1.4)-(1.9), we have

hy[? _ pl e _
WP < (yyvOuZHquuz eot Moy oy 3.1)
Sor x0soy
IA]Z < [[AolPe t + Co(1—e™Y), (3.2)
and P2
. 2y[cCy
hmtsggo (IVIIZ + [|A]?) < 05y, + Ca = pd.
Furthermore, we have
t4+r | 2 2 2
vl 2 1 2 vl 2 2ky|IFCy
Vv|[2ds < C A C = LA , 3.3
[ Iwvitas < B (Core ol + Ca) + 1 (Il + ool ) + 20 (33)
and
t+r t+r t+r 1
J ||VA|]2ds+J J |A|4dxds+J J VPARdxds < = (Cor + [|Ag]|* + C2) (3.4)
t t Ja t Jo Cs

forall v > 0, where 0, Cy, and Cs are positive constants depending on the known parameters.
Proof. Multiplying (1.5) by A, integrating with respect to x over Q and taking the real part, we obtain

14
2dt||AHz+u1||VAH2—|—52TJ |A|4dx+Re(53)J VRIARdx = p0||A|]2+Re(sl)J WIARdx.  (35)
Q Q Q

According to the Holder’s inequality and Yong’s inequality with ¢, we have

1

2
p0||A|]2+Re(sl)J WIAPdx < pol|Al? + Is1] <J IvIQIAIde> A
Q Q

<

Re(33)J

2
|v|2|A2dx+< 1] +Ho> A (3.6)
Q

2Re(s3)

<

N — N~

1
Re(53)J IvlzlAzdx—i—szTJ IAl*dx + Cq,
Q 2 Q

where C; is a positive constant depending on py, s1, sz, s3, and |Q)|, the two-dimensional measure of Q.
Combining (3.5) and (3.6) together yields that

d
IR+ 20 [VAP + 520 | IAFax -+ Re(sa) | wRIAPGx < G,
Q Q

Noticing that [|A|? < 3sor [ |A[*dx +1QI/2s2r, we obtain

Ql _

Co. 7
o, 2 (3.7)

d 1
d—||AHZ+ A2+ 2w || VA|? + ZSZrJ A|4dx+Re(33)J WPIAPdx < Ci+
t Q Q
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By the Gronwall’s inequality, we have
AL < [lAolPe™" + Ca(1—e™), (3.8)

which concludes (3.2).
Next, we take the inner product of (1.4) with v in L?(Q) to have

1d
H\)Hz + || Vv|[* = Bb(v,v,V) —i—vJ V(IAP)vdx, (3.9)
2dt o
where
b(w,v,w) = J (U1V1xW1 + UViy Wi + UV W + UpvpyWa ) dxdy (3.10)
Q

for u = {uy, up}, v ={v1, v}, and w = {wy, w}, whenever the integrals make sense. Obviously, there holds
that b(v,v,w) = ((v- V)v,w). Actually, the form b is trilinear continuous on H'(Q). Generally, we have
the following inequalities giving various continuity properties of b(u,v, w) [18]

1 1 1 1
[[ul[2[[Vuf|2 ][V |Av][z fwl],
1 1
[[ul[z [[Aufz][Vv][fwll,

[b(u, v, w)| < Cyp x i 1 (3.11)
Rl Tvliwldlaw]d,
[ul[2 [Vl [[Vv[lw]]z[[ Vw2,
where Cy, > 0 is an appropriate constant.
First, according to the integration by parts and the Eq. (1.2), there holds
b(v,v,v) =0. (3.12)
Second, we have
v| VAN <[ ARITviax < Jalovf?+ v [, Atax. (3.13)
Q
Substituting (3.12) and (3.13) into (3.9), it follows
d e 2 _ WP J 4
— < — . 14
GV + el v < 20 | jartax (3.14)

Under the condition [ vdx = 0, we have ||v|| < C,||Vv|| from the Poincaré’s inequality. Then from (3.14)
and multiplying 1s,, on both sides, there holds

d 1 2 XSor 2 h/| Sor J 4
pm <252rH"” )—i— 22 [IvI|© < |A|*dx. (3.15)
Meanwhile from (3.7), we have
VP a2 L VP e, YPsar J 14 Ivl Co
A A A 1
& (g ) + g+ D02 | jarta < 616

Combining (3.15) and (3.16) together yields that

d (1 2 Y242 1 s WP h?Ca
05 —|AlIIF ) €« —=,
dt( Sor|[V[|* + HAH + 252r||V|| s A O(

where 6 = min{&, 1} > 0. By the Gronwall’s inequality, we have

hy[? _ 2ly[>Cy _
vl < <|V0|2+HA0||2 oty MCa g oy (3.17)
Sor (X@Szr

which implies (3.1). Thus from (3.8) and (3.17), we have
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) 2ly[Cy
1 2 All? < —7=
im sup ([[v[[*+ [|A[]?) 05,

t—o00 0 T

+Cy = p3, (3.18)

We consider the space Eg normed by |[V]|g, = {||[v]|* + ||A||2}%, for all Y = {v, A}. Thus we deduce from
(3.8), (3.17), and (3.18) that the balls Bg, (0, p) of Eg centered at 0 of radius p > pg are positively invariants
and are absorbing in Eq for the semigroup S(t). We choose p{, > py and denote by By the ball Bg, (0, p;).
Any set B bounded in Ey is included in a ball B(0, R) of Eg. Then there holds S(t)B C By for t > to(B, p}),
where

1 2R? 4 [YPR2

ty = — In SELI (3.19)
min{1,0} " (p})? — pj
Finally, we infer from (3.7) and (3.8), after integration in t, that
t+r t+r t+r 1 t+r
J |VA|[*ds +J J |A[*dxds +J J WPIAPdxds < - (J Cods + HA(t)]2>
t t Q t Q C3 t (320)
1

<S¢ (Cor + || Ag|* + C2),

3

where C3 = min{2y,, %Szr, Re(s3)}. This concludes (3.4). Meanwhile, integrating (3.14) in t and combining
(3.20), we have

t+r ) 1 |,Y|2 t+r . )
[Tiwviras < 2 (] iataas+ pvioe)
t X\ & Jt Q

2ly[PCy
*20s5,

yl?
= 062C3

1 hy[?
(Car+ [Agl2+ Cy) + L <HV0|2+ LWL
X Szr

which concludes (3.3). Thus the proof of Lemma 3.1 is completed. O

Lemma 3.2. Assume vo(x) € H}l)er(Q),Ao(x) e KL

per(Q), and the conditions in Lemma 3.1 hold. Then for the
solutions of the problem (1.4)-(1.9), we have

a
IVVIP+ VAR < (2 +a) e, for t>to+r, V>0,

where a1, ay, and az are positive constants.

Proof. Taking the inner product of (1.4) with —Av in L?(Q), we have

14 Vv + o Av[2= —Bb(v,v, Av) — Y (V(IA), Av). (3.21)

Multiplying (1.5) by —AA, integrating with respect to x over Q and taking the real part, we have

1d _ _
——IVA|? 4 w||AA|* = uo||VA|> —Re | 51 J VJAAAdx | + Re ( (s2r +is2i) J APAAAdX
2dt Q Q
(3.22)
+Re <53J |v|2AAAdx) .
Q
Adding (3.21) and (3.22) together yields that
d
E(HVVH2 + [[VA[P) + 20| Av[* + 21 [| AA |
= 21| VA|> = 2Bb(v,v, Av) —2y(V(|A]?), Av) — 2Re <sl J |v|AAAdx> (3.23)
Q

+2Re <(52r + isﬁ)J |A|2AAAdx) +2Re <S3J |v|2AAAdx> )
Q Q
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Now we need to majorize the right hand side of (3.23). Based on the results in Lemma 3.1, we have
2u0 | VA[? < 2H0C\|A||g{z||/\||% 1HN\HZJrC- (3.24)
From the property of b(u,v,w) in (3.11), we obtain
~2Bb(v,v, Av)| < 2BICu[[v]|* [TV Av]F < FlAvIP +Cal[ V™ (3:25)

According to the Gagliardo-Nirenberg inequality and Lemma 3.1, we have
[=2v(V(IAP), Av)| < 4iyll|A]| = [ VAl Av]
o
< 7 [AVIF + 16 EC A5 | ANIVA? (3.26)
x M1
< SlaviP+ EAA )R + sl A,

and

‘—ZRe <51 L} |v|AAAdx> < 2|sql||v||Lee [|A[|| AA||

< ELIAAIR + 41 PCIM e [V A1 (3.27)
< Flavi2+ELjanj?+c.
While by virtue of an inequality in [10] and under the condition [spi| < V/3s2y, we know that
2Re ((Szr +1is2i) Ll |A|2AAAdx) <0. (3.28)
For the last term in (3.23), we handle it as follows since Re(s3) > 0
2Re <53 JQ |v|2AAAdx> = —2Re(s3) Ll W VAFdx —2Re (53 JQ V(|v|2)AVAdx>

—2Re(s3) J W2V APdx +453|J V|[VVI[A|[VA|dx
Q Q

3.29
< Alssl[V ]l [AlLe= VY] [ VA (3.29)
1 1 1 1
< AssIClvIig VI A A VY[ VA]]
x M1
ZHAVII2 | AA|Z + Co|| VY| * + C7|| VA%
Combining (3.23)-(3.29), we have
d
SeUIVVIE+ IVAIR) 4+ &V 4w [AAJR € (Coot Co)F* 4 (Co 4 VAR +Cs o

< Co([|VV|* +[[VA|?)* + Cg,

where Cg = C4 + Cs5 + Cs + C7 and Cg are positive constants depending on the known parameters and
[[voll, | Aoll-

A priori estimates of v in L*(0, T; H(Q)) and A in L*®(0,T; H'(Q)), for all T > 0, follow easily
from (3.30) by application of the classical Gronwall lemma, using the previous estimates. We are more
interested in estimates valid for large t, then we apply the uniform Gronwall lemma (Lemma 2.2) to (3.30)
with y, g, h replaced by

IVVIZ+IVAL?, - Col[[WVI* + [VA|?),  Cs.
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Thanks to the estimates in Lemma 3.1, we estimate the quantities aj, a, az in Lemma 2.2 by a; = Coag,
=C d _ P C A 2 C 1 2 ﬂ A, 2 2y[*C,y 1 C A 2 C
a = Cgr, and a3 = (Car + [[Ao|l> + C2) + 5 ([Ivoll + - A0ll? ) + Fasis + & (Car + [|Ao||* + C2).

ox2C3 Sor o20sor

Then we obtain a
V]2 + [ VA|2 < (73 ta)e, for t>totT,

and tg as in (3.19). This completes the proof of Lemma 3.2. O]

Lemma 3.3. Assume vy(x) € Héer(Q),Ao(x) € H2

per(Q), and the conditions in Lemma 3.2 hold. Then for the
solutions of the problem (1.4)-(1.9), we have

|AV][ + |AA[* < (|Avo* + [AAp[[*)e t + C(1—e™Y), (3.31)

and
t+r t+r
J \|VAv|yzds+J [VAA|*ds < C, (3.32)
t

t
where C is a positive constant.

Proof. We take the inner product of (1.4) with A%v in L2(Q) to have

3 AV|2 + «f[VAV|[2= Bb(v,v, AZv) +y(V(IA2), A%v). (3.33)

Multiplying (1.5) by A2A, integrating with respect to x over Q and taking the real part, we obtain that

1d — _
——[|AA|? + W |[VAA|? = wo||AA|? + Re slj VAA?Adx | —Re SQJ IAPAAZAdX
2 dt o IS}
(3.34)
—Re <53J IvaAzAdx> .
Q
Adding (3.33) and (3.34) together yields that
d
S AV]2 + [AAJP) + 26 [ VAV| + 240 [ VAA|?
= 21||AA[* +2Bb(v, v, A7) + 2y (V(IAP), A%) (3.35)
+ 2Re <51 J IleAzAdx> —2Re <32J IAIZAAZAdx> —2Re <S3J |V|ZAA2AdX> .
Q Q Q
From Gagliardo-Nirenberg inequality and previous lemmas, there holds
2 3 1 _ W 2
2uo | AT < 2u0CIA I3 [ALF < Z IVAA]" + C. (3.36)
While according the definition (3.10), we have
|—2Bb(v,v, A%)| = ‘—Zﬁ JQ (VivixAZV1 +Vav1y A%V1 491V A%Vs + Vovoy APvy ) dxdy|
< CJ (IVV2 + VIIAV]) [V Avldx
. (3.37)

< CUIVVlee [Vl (vl Av][e) [V Av]]
2 1 1 1 5 1
< CUVIEIVIE IV VI VI Vg VIOV Av]
X
!

< —|IVAv|* +C.

In the same way, by the Gagliardo-Nirenberg inequality and previous results, we obtain the following
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estimates
12y(V(IAP), A%)|< 4hyl [ o (IAA]IA] + [V A2) |V Avldx
<4lv\ ||AA||L4||A||L4+HVAHL"OHVAH HVAVII (3.38)
HAHwHAII HAllgflllAllz+||A||w||/\|| IVAIN[IVAV
“||VAv|y7~ W|VAA|2+C,
2Re (s1 [ MAAZAdX) < 2ls1(| \Allaloollv\/ll + [Vl [[VA[D[VAA]|
< 3 5
< 2IS1ICHA||9E3||AIIEIIVVIIIIVAAII (3.39)
+2[s1[Clv[[{p VI VA VAA]
< §IVAV|? + BVAA|?+C,
and

|—2Re (52 [ o IAPAAZAdX) |< 6lsol|A]% . [ VA VAA||

2
< 6ISZICHAH3{3HAH%HVAHHVMH (3.40)
< B VAA|? +C.

It is easy to handle the last term as follows

|—2Re (s3 [ |V|2AA2AdX)}< 2lss|( ZHVHLwllAchHV\)H + VIt ooHVAH IVAA]]

HVHHSHVH HAH%SHA\P+HvHH3HVH JIVAA]| (3.41)
“HVAVHZ HIVAA|? +C.

Then substituting (3.36)-(3.41) into (3.35), there arrives
(VP 4+ I8AIR) + & VAV + [ VAAJR < C. (642
Noticing that ||Av||? < «||VAV|?> + C and [|AA|? < w||[VAA|> + C, thus there holds
%(IIA\/II2 +AAJP) + AV + [|AA]? < €

Applying the Gronwall’s inequality concludes (3.31). Finally integrating in t in (3.42), we have (3.32).
Thus the proof of Lemma 3.3 is completed.
O

Generally based on the results of the previous lemmas and the mathematical deduction, we have the
following lemma for problem (1.4)-(1.9).

Lemma 3.4. Assune vo(x) € HE.,(Q), Ag(x) € I,

per( )(k > 3), and the conditions (1.10) hold. Then for the
solutions of the problem (1.4)-(1.9), we have

V]2 + 1A 50 < C,

where C is a positive constant depending on the known parameters and ||vo||gx, || Aol 5cx-

4. The local solutions and global solutions

In this section, we will obtain the existence and uniqueness of the local solutions and global solutions
for the periodic initial value problem (1.4)-(1.9). Firstly, we adopt the Galerkin method to construct
the approximate solutions for the problem (1.4)-(1.9). Let wj(x)(j = 1,2,---) be the unit eigenfunctions
satisfying the equation

Awj+Mw; =0, j=1,2,---, wjecH(Q)NLHQ),
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with periodicity w;(x) = wj(x+Lei)(i = 1,2) and Aj(j = 1,2,---) is the corresponding eigenvalues
different from each other {w;(x)} consists of the orthogonal base in [2(Q). Thus the approximate solutions
can be written as

m m

vt =) gimw;(x), Am(x,t) =) hjm(t)w;(x).

j=1 j=1

According to the Galerkin method, these undetermined coefficients gjm (t) and hj, (t) have to satisfy
the following initial value problem of a system of the ordinary differential equations

(th/ w]) = (X(Avml w]) + B((Vm : V)Vm/ w)) +‘Y (v(|Am|2)/ w]) 7

(Amt, wj)= to(Am, w;) + (11 + i2) (AAm, wj) + s1([Viml|Am, w;)
—$2(|AmPPAm, wj) — s3(lvimPAm, w;),
with initial conditions
vin(%,0) =vom (x),  Am(x,0) = Aom(x),

where0<t<Tandj=1,2,---,m.
We assume that
HZ..(Q) Fher (Q)
vom(x) —> wvo(x), Aom(x) — Aglx), m — oo.
Similar to the proof of Lemmas 3.1, 3.2 and 3.3, we can establish the estimates of the solutions of the
problem (1.4)-(1.9) which are uniform for m. By using the compact principle, we can prove the following.

Theorem 4.1 (Local existence). Assume that vo(x) € H%er(Q),Ao(x) € J—C%er(Q), and the conditions (1.10) hold.
Then the periodic initial value problem (1.4)-(1.9) possesses the periodic local solutions v(x,t) and A(x,t), which

satisfy
v(x,t) € L0, to; H2..(Q)), vi(x,t) € L0, to; L2..(Q)),

per per
Alx, ) € L2(0,10; Hper (Q)),  At(x,t) € L(0, to; Hper(Q)),

where to depends on HVO(X)HHéer and HAO(X)H:}%H.

Theorem 4.2 (Global existence and uniqueness). Suppose the conditions of Theorem 4.1 fulfill. Then there exist
unique global solutions v(x, t) and A(x,t), which satisfy

vix, 1) € L2(0, T HZ, (Q)),  vilx,t) € L0, T; 12,(Q)),

Alx, 1) € 120, T; Hper (Q)),  Atlx,t) € L2(0, T; £30,(Q)),

for the periodic initial value problem (1.4)-(1.9).

Proof. From Theorem 4.1 we know that the local solutions for the problem (1.4)-(1.9) exist and to de-
pends on ||vg(x) ]\ngr and ||Ao(x) Hg{rzm. According to the priori estimates in Section 3 and by the so-called

continuity method, we can obtain the global solutions for the problem (1.4)-(1.9) easily.
O

More generally, we have the following existence and uniqueness theorems of the global smooth solu-
tions from Lemma 3.4.

Theorem 4.3 (Existence and uniqueness for global smooth solutions). Suppose that vo(x) € H‘ger(Q),
Ap(x) € %]ger(Q)(k > 3) and the conditions (1.10) hold. Then there exist unique global smooth solutions v(x,t)
and A(x, t), which satisfy

v(x,t) € L®(0, T;HE,(Q)), vi(x,1) € L0, T HEZA(Q)),

Alx, 1) € 1000, T; HEL(Q)),  Aclx,t) € L2(0, T;352(Q)),

for the periodic initial value problem (1.4)-(1.9).
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5. The existence of global attractor

In this section, we construct the global attractor for the problem (1.4)-(1.9). We first note that by
Theorem 4.2, there exists a dynamical system S(t)(t > 0) which maps Hf)er(Q) X J{Iz)er(Q) to H%er(Q) X
le%er(Q) such that S(t)(vo, Ag) = (v(t), A(t)), the solutions of problem (1.4)-(1.9). Firstly from Lemmas

3.1, 3.2 and 3.3, we have the uniform a priori estimates in time, which implies
V), + 1A |5, <K, V=t (5.1)

where K is a positive constant.
In what follows, we are going to show that the semigroup S(t) : Hl%er(Q) X J—C}%er(Q) — H}%er(Q) X

le%er(Q) is compact for large t. That is

Lemma 5.1. Assume that the conditions of Theorem 4.2 hold. Then for the solutions of the problem (1.4)-(1.9), we
have
IVAV|? + [VAA|? < C, Vit=to,

where the constant C depends on the known parameters and the data ||v0||H%er, HAOHnger'

Proof. Similar to the proofs in previous lemmas, we take the inner product of (1.4) with A3v in L?2(Q) and
(1.5) with A’A in £?(Q). Adding the two equations together and majorizing each term with previous
estimates, we have

d
a(vanz + |[VAA|?) < C(||[VAV|? +|[VAA||?) + C. (5.2)

Applying (3.32) in Lemma 3.3, integrating (5.2) in t and by the uniform Gronwall lemma, we obtain
that
[VAV[Z +[[VAAIZ <€,V t> to, (5.3)

where the constant C depends on the known parameters and the data HVOHH%H, HAOHH}%H. Thus the proof
of Lemma 5.1 is completed. O

In order to prove the existence of global attractor of problem (1.4)-(1.9), we need the following result:

Theorem 5.2 ([18]). We assume that H is a metric space and that the nonlinear operator S(t) of H into itself for
t > 0 satisfied
S(t+s)=S(t)-S(s), Vs, t=>0, S(0)=1 (Identityin H).

And also S(t) is continuous and uniformly compact for large t. That means for every bounded set B, there exists t,

which may depend on B that |J S(t)B is relatively compact in H. We also assume that there exists an open set U
t>1g

and a bounded set B of U such that B is absorbing in U.

Then the w-limit set of B: A = w(B) = (| U S(t)B is a compact attractor, which attracts the bounded set of
s>0t>s
U. It is the maximal bounded attractor in .

Theorem 5.3. Assume that the conditions of Theorem 4.2 hold. Then there exists a global attractor A C H2,,.(Q) x

per
%ger(Q) for the periodic initial problem (1.4)-(1.9), i.e., there is a set A such that

(1) S(t)A=A,t e RT;
(2) tlim dist(S(t)B, A) = 0, for any bounded set B C Héer(()_) X i]-(i’;er(Q), where
—00

dist(X,Y) = sup inf [|[x —y]e,
xeX YEY

and S(t)(vo, Ao) is a semigroup operator generated by the problem (1.4)-(1.9).
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Proof. On account of the result of Theorem 5.2, we will prove this theorem by checking the conditions in
Theorem 5.2. We observe that (5.1) shows that the ball

B — {(V,A) c H2

2,0(0) x 9t Q) V) a2, <K, AWz, < K}

per

is an absorbing set of S(t) in Hf,er(Q) X ﬂff,er(ﬂ). In addition, Lemma 5.1 implies the dynamical system

S(t) is uniformly compact for large t. Thus, according to Theorem 5.2, we can conclude that the w-limit

set of B: A = w(B) = () U S(t)B is a compact attractor on HI%er(Q) X J{I%er(Q), where the closure is
s>0t>s

(Q) x H2,.(Q). This completes the proof of Theorem 5.3.

S H2
taken in H per

per
O

Generally by induction and the estimates in Lemma 3.4, we have the following result.

Theorem 5.4. The semigroup of the nonlinear operators {S(t)} determined by the periodic initial problem (1.4)-(1.9)
has a compact connect global attractor A in HY,(Q) x 3X,.(Q), which attracts all bounded sets of HX,.(Q) x

per per per
%‘p‘er(Q),for allk > 0.
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