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Abstract

In this paper, we consider a general non-autonomous Lotka-Volterra competitive model with random perturbations. Suffi-
cient conditions for stochastic permanence and extinction are established. Particularly, when these conditions are applied to a
stochastic logistic equation, these conditions are sufficient and necessary. Some figures are also worked out to illustrate the main
results. Some recent results are extended. Moreover, our results reveal that different types of stochastic noises have different
effects on the permanence and extinction of the population. (©)2017 All rights reserved.
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1. Introduction

In the natural world, it is a usual phenomena that several species compete for the limited resources.
Therefore it is important to study the multi-species competitive models. A famous non-autonomous
Lotka-Volterra competitive system can be expressed as follows

dxi(t)
dt

=xi () =) ay(tx(t), i=1,..,m, (1.1)
j=1

where x;(t) is the size of the ith population at time t, ri(t) is the growth rate of the ith species at time
t, aii(t) > 0 is the introspecific competition rate, and ai;(t) > 0 is the interspecific competition rate,
1,5 =1,2,..,n, i #j. Owing to its theoretical and practical significance, system (1.1) has been extensively
investigated and many important properties of the global dynamics of solutions have been obtained. For
example, persistence and extinction of (1.1) were considered in [1, 2, 35, 37]. Zhao et al. [38] investigated
permanence and global attractivity of model (1.1). Model (1.1) with time delay was analyzed in [13, 17].
[3, 15] studied the effect of impulses on model (1.1). Model (1.1) with stage structure was considered by
[24].

On the other hand, in the real world, population systems are inevitably affected by environmental
noises. Then it is important to study stochastic population systems to reveal the effect of random noise
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on the dynamics of the system. In fact, stochastic population models have been received great attention
recently, see e.g. [4, 6-12, 16, 18-23, 25-30, 32, 33, 36, 39, 40]. Particularly, under the assumption that the
growth rate r;(t) is affected by random noise, with

Ti(t) = ri(t) + Bi(t)Wa(t),

where W (t) stands for the white noise, Li and Mao [18] proposed and investigated the following stochas-
tic competitive model

dxi(t) = Xl < Z al] X] > dt + B ( ) ( )dW] (t)/ i= 1/ LY (12)

where Wi (t) is a standard Brownian motions defined on a complete probability space (Q,F,P). The
authors [18] investigated stochastic permanence, extinction, and global attractivity of model (1.2). From
then on, model (1.2) and its generalizations have been investigated by many authors. Bao et al. [7]
investigated model (1.2) with Lévy jumps. Jiang et al. [16] considered persistence and extinction of model
(1.2) in autonomous case.

However, model (1.2) is based on the assumption that only the growth rates r; are affected by the
stochastic noise. Then an important and interesting topic arises naturally: what happens if both r; and
ayj are perturbed by the stochastic noise? As a matter of fact, Bandyopadhyay and Chattopadhyay [6] has
pointed out that if the parameters in the models are assumed to be deterministic irrespective of environ-
mental fluctuations, there would be some limitations in mathematical modeling of ecological systems, at
the same time, it would be difficult to fit data perfectly and to predict the future dynamics of the system
accurately. May [34] has claimed that due to environmental noise, the birth rate, competition coefficients,
and other parameters in the system should be stochastic. Motivated by these, in this paper, we assume
that aj; is also perturbed stochastic noise, with

—ayj(t) + a5 (1) Wa(t).

Then model (1.2) becomes
dxi (1) = xi(t) (n(t) — Z ag;j (t)x; (t)) dt

+ Bi(t)xi(t) AW (t —|—Zo¢1] )xi(t)x;(t)dAWa(t), i=1,.., 7,

(1.3)

where Wi (t) and W)(t) are independent standard Brownian motions defined on a complete probability
space (Q,J,P); ri(t), ayj(t), Bi(t), and oy;(t) are continuous and bounded functions on [0, +c0) and
aijj(t) >0fori,j=1,..,n

In the investigation of population models, permanence and extinction are two important topics. How-
ever, as far as we know, no results related to permanence and extinction of model (1.3) have been reported.
The aim of this paper is to study these problems. We will show that when the noise is small, the popu-
lation system is stochastically permanent. At the same time, we will prove that a sufficiently large noise
will force all the populations become extinct. In particular, we shall establish the sufficient and necessary
conditions for stochastic permanence and extinction to a general stochastic logistic equation. Some recent
results will be generalized. Moreover, we will show that a different type of stochastic noise has a different
effect on the permanence and extinction of the population.

2. Main results

For the sake of simplicity, define

RY ={a=(aj,.,an):a;>0,1<i<n}, f*=supf(t), L = inf f(t).
>0 >0
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Lemma 2.1. If ) <mm all > 0, then for any given initial value x(0) € R, there is a unique solution x(t) to (1.3)
<iLjsn

on t > 0 and the solution will remain in RY almost surely (a.s.).

Proof. The proof is a slight modification of in [18] and therefore is omitted. O

From now on, we always suppose that min a > 0.
1<i,jsn

Definition 2.2 ([18]). If for all € € (0,1), there exists a pair of positive constants &; = &;(¢) and &y = &y (¢)
such that for any initial data x(0) € RT, the solution satisfies

limian{Ix(t)l > 5,1} >1—c¢, limian{Ix(t)l < E,z} >1—¢,
t—+o00

t—+o0
then model (1.3) is said to be stochastically permanent.

Lemma 2.3. Suppose that x(t) is an arbitrary solution of (1.3), then for every 0 <p <1, i=1,2...,n, thereis a
constant K = K(p) > 0 such that

limsup E [xf(t)] < K(p), t=0. (2.1)

t—+o0

Proof. The proof is standard but for the completeness of the paper we only give a brief one. Define

for x € R, where p < 1. Applying It6’s formula ([31]) results in
n n
(x) = et Z xPdt+e' Z {px‘f—ldxi +0.5p(p — 1)xf_2(dxi)2}

e prp[l/p—l—n ~ 3 au(t)x +05(p— 1B

j=1

n n n
+0.5(p (Z o ( x]> ] dt+e'p Z Bi(t)xf dwWi(t) +e'p Z Z O (t)xij dWs(t).
i=1 i=1j=1
n n n n
<e'p Z x? {1/}) +1i(t) — aii(t)Xi:| dt+e'p Z Bi(t)xFdW;(t) +e'p Z Z i (£)xPx; AW (1).
i=1 i=1 i=1j=1
n n n n
<e') Kilp)dtte'p) BilthfdWi(t)+e'p) D ay(th]xdWalt),

i=1 i=1 i=1j=1

(e NPT p P
= () ()

1

where

In other words, we have shown that

n n n

etE[fo(t)] <) xP0) +EJt e* ) Ki(plds=) xP(0)+) Ki(p)(e'—1).
i=1 i=1 0

i=1 i=1 i=1
Consequently
n n
limsup E [Z x?(t)} < Z Ki(p) =: K(p).
t—+o0 i=1

This completes the proof. O
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Now, let us impose an assumption.

(H1): minicicn b{ > 0, where b;(t) = 1i(t) — 0.5[3%(‘&), 1 < i < n. That is to say, the intensities of the
stochastic noises in the system are not too large.

Theorem 2.4. If (H1) is satisfied, then (1.3) is stochastically permanent.

Proof. Let
=3 xi, Vilx) = 1/U3(x)
i=1

for x € R%. It then follows from Itd’s formula that

n n n 2 n 2
dvi(x) = _UTX) Z X (rl(t) Z aij (t)x)) dt + U x) [(Z Bi(t)m) + (Z Z oc%] (t)xlx]> } dt
1 j=1 i=1 i=1j=1
u32( ) [Z Bi(t)xidWi(t) + Z Z o (£)xix; AWa )}
=1 i=1j=1

By (H1), there is a positive constant A satisfying

(20, 01> A e (B
Let
Vo(x) = (14+Vi(x)), x € RT.
Then
de(x)—LVz(x)dt—?\(l—i—Vl(x)))‘_luf(X)>< [ZB t)x dW; (t +ZZ% Jxix;dWa(t) |,
i=1 i=1j=1
where
LYalx) =ML = Va0 gy 3w (o) - Y asit
3 n n n
+ (14 Vi) g [; B[t} + ; ]; od; (t)xlx)]
A (t) (3 (t) 2
+2u6(x){<§& "1) *(;é“" "“‘J) H
AL+ V4 () 2{— 2 ix-r ) — —= ixr(t)
1 US(X) — ili US(X) — il
2 n n 2 n n
T ; ]Zl ay; (V%) + ™ ; ]; ai; (t)xix;
3 3 20 —1) o 2 Lo 2
+ o e H(;Bi“w +<;;°‘”(”’“"j> I}
- 2 &, | fax a4 max aj
<A1+ Vi(x)) {—u6(X)inri(t)+ U T e
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(2A+1) max (oc%j)u

3 (BH™

E 3 ma (s 2] S Bt —— )
= A1+ Vi(x) 2{— Uﬁz(x) ;xf [bi(t)—?\ﬁ%(t)] + VI (x )1<mi,?én agj

+ Vi(x) [31r<nia<xn([3%)u+(2A+1)1$?én( 1]) ]—i—VOS( )18?%(“(1{;4-313?2“(0%)”}
<M1+ 2 -2V min b A max (B + Vi) max ot

FVi(0[3 max (B3 +(2A+1) max ()] +VE%00 max ati+3 max ()" .

Let v be sufficiently small such that

0 <0.5v/A < min bl —A max (oc%)“.
1<ign 1<ign

Let
Va(x(t)) = ¥ Va(x(t)).

An application of Itd’s formula, gives

dVs(x) = ‘VthVZ(X)dt + thdVZ(X)

n

A1 2 X[ZB( Jxi AW, (t —}—ZZO(U Jxix; W (t )}

= LVz(x)dt —Ae¥ (1 + Vi(x)) TE

i=1 i=1j=1
where
LVi(x) < )\e"t(1+V1(x))7‘Z{V(l—l—Vl(x))z/?\—ZVlz(x)[ min b} —A max (B2)"]
1I<igsn 1I<ign
1.5 PARTE 2 \u
2 2 1 2.
VIS max Vil |3 max (B + (2A+1) max (o)
+V92(x) max a¥+3 max (a2 )"
1<ij<n 7 I<ijsn Y
:)\e"t(l—i—Vl(x)))‘2{—2V12(x)[ min bl —A max (B?)* —0.5v/A]
1<isn 1<igsn
1.5 PARTE 2 u
SVI0) max a4 Vil ){312%(61) H2A), max (o) +2v/?\]
0.5 2 yu _ vt
SV max ali+3 max (o) +v/A}—e T00),
where
_ A=2) 2 : L_ 2yu _
1) = AL+ Va(x)) { 2V min b} —A max (3" —05v/N
15 2 u 2 \u
+V;7(x) max a1)+V1( )[3113&?“(&) +(2}\+1)1£11,?én(aﬁ) +2v/7\]

1<i,jsn
+ V¥ (x) max a¥+3 max (&))" +Vv/Ap.
1 ( )1<1)\n Rl 1<1)\n( 1)) /

Clearly, J(x) has an upper bound in R}, so we define C; := sup J(x) < +oco. Consequently,
x€RT

Al 2 {ZB( Jxi AW, (t +ZZ“U )xix;dWa(t )]

dVz(x(t)) < Clthdt — )\th(l +Vi(x)) u3(x)
i=1j=1

i=1
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Integrating both sides of the above inequality and then taking expectations, we have

A
E[Va(x(t))} _ E[evtmvl(x(tw] < <1 +v1(x(0))> L Cet

That is to say,
limsupE [V{‘(x(t))} < Cq/v.

t—+o00

Thanks to
n A A 0.5A
(Z xi(t)> < <n max xi(t)> = n)‘< max x%(t)) < nMx())N.
= 1<ign 1<ign

Then we have
limsup E [Ix(t)”‘} <n?Cy/v=:C.

t—+o0

For arbitrary fixed ¢ > 0, denote &; = 05/A /CO5/A according to Chebyshev’s inequality ([31]), one can
see that

P{Ix(t)l < al} < E%AE[l/Ix(t)IZ)‘].

Consequently, ltimjian{Ix(t)l > E,l} >1—c¢.
—+00
To complete the proof, it suffices to prove that for arbitrary fixed ¢ > 0, we can find a constant & > 0
such that ltim ian{lx(t)l < & ¢ = 1—e. In fact, by (2.1) and Chebyshev’s inequality, one can prove this
—+00

assertion easily. 0
We are in the position to study the extinction of (1.3).

Theorem 2.5. If limsupt~! J“S bi(s)ds < 0, then the population x;(t), represented by model (1.3) goes to extinc-
t—+o00
tion a.s.,ie., lim xi(t)=0 as., 1 <i<n
t—+o0

Proof. By virtue of 1td’s formula,

n n 2 n
dlnx; = |:bi(t) — Z aij (t)xi — 0.5 < Z i (t)X]’> :| dt + Bi(t)dWq(t) + Z Xij (t)X]‘ dWr(t), 1<i<n
j=1 j=1 j=1

Integrating both sides from 0 to t,

t n n 2
Inx;(t) — Inx; (0) :L [bi(s)—Zaﬁ(s)xi(s)—0.5<Zocij(t)xj(s)> }ds
j=1 j=1

+M;i(t) +Ni(t), 1<i<n.

(2.2)

Here
mn

t t
Milt) = | Bu(saWAls), Nuft) = | 3 als)y sawats), 1< i<,
j=1

Clearly, M;(t) is a local martingale with quadratic variation
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It then follows from the strong law of large numbers for local martingales (see, e.g., [31]) that
lim M;(t)/t=0 as.,1<i<n (2.3)

t—+o0

At the same time, )
t n
(Ni(t),Ni(t)) = L (Z i (8)%; (s)) ds.
j=1

According to the exponential martingale inequality (see, e.g., [31]), one can observe that

P{ sup [Ni(t) —1(Ni(t),Ni(t)>] > 2lnk} <1/K%, 1<i<n.
0<t<k 2

Thanks to the Borel-Cantalli lemma (see, e.g., [31]), for almost all w € Q, there exists a random integer

ko = ko(w) such that for k > ko,
sup [Ni(t)—1<Ni(t),Ni(t))} <2Ink, 1 <ig<n
0<t<k 2

Therefore,

t n 2
N;(t) < 21nk+0.5j (Z ocij(s)xj(s)> ds
0 \i5

for all 0 < t <k, k > ko almost surely. When these inequalities are used in (2.2), we have

t n n 2
Inx;(t) —Inx;(0) = J [bi(s) — Z aij(s)xi(s) — O.5<Z o (8)x; (s)) } ds
j=1 j=1

0

t n 2
+M;i(t) +2Ink + 0.5J (Z o (8)x; (s)) ds
0 \i=

t
gJ bi(s)ds+M;(t) +2Ink, 1<i<n
0

for all 0 <t <k, k > ko almost surely. That is to say, for0 <k—1 <t <k,

¢ 2Ink ¢ mink
bi(s)ds+?+Mi(t)/t<t_1J bils)ds + 2
. -

t HInxi(t) —Inx;(0)] < t_lj
0

According to (2.3),
t
lim sup t1nxi(t) < lim sup t! J bi(s)ds.
t—4o00 t—+4o00 0

That is to say, if lim sup t1 f; bi(s)ds <0, then lim x;(t) =0.
t—+oo =00

+ M, (t)/t.

O

Remark 2.6. Biologically, Theorem 2.5 means that sufficiently large stochastic random noises can force the

species become extinct.
Remark 2.7. Li and Mao [18] have studied model (1.2) and have shown that
(A) if (H1) is satisfied, then (1.2) is stochastically permanent;

(B) if limsup t1 f; bi(s)ds < 0, then x;(t), represented by model (1.2), goes to extinction a.s., i.e.,

t—+o0

Iim xi(t)=0 as, 1 <ig<n
t—+o0

Clearly, model (1.2) is a special case of model (1.3) (i.e., «ij(t) = 0 for all 1 < i,j < n). Therefore our

Theorems 2.4 and 2.5 extend the results of [18].
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To finish this section, we consider the following stochastic logistic equation:
dx(t) = x(t) <r - ax(t)> dt 4 Bx(t)dW;(t) + ax?dWs(t), x(0) =xo > 0, (2.4)

where a > 0. By Theorems 2.4 and 2.5, we obtain the following sufficient and necessary conditions for
stochastic permanence and extinction.

Corollary 2.8. For Eq. (2.4):

(@) if r—0.5p2 < 0, then the population x(t) is extinctive a.s.;
() if r—0.5B2 > 0, then the population x(t) is stochastically permanent.

Remark 2.9. Corollary 2.8 reveals an interesting and important result: different types of stochastic noises
have different effects on the permanence and extinction of the population. Note that the permanence
and extinction of species depend only on the value of T — 0.5p2. Therefore, the stochastic noise on T is
unfavorable for the permanence of the population while the stochastic noises on a has no impact on the
permanence and extinction of the population.

3. Example and numerical simulations

In this section we use the Milstein method (see, e.g., Higham [14]) to substantiate our main results.
For simplicity, we choose n = 2.
Consider the discretization equations:

(k+1) (k) (k)

KD =53 e (kAL — ag (kA — app (kA | At

SHUZOMS
2 1
o2, (kAt)
g P (™) - DA
o, (KAL) (1) (k)
— . X
Mra(kAt) — ag (kAt)x ™) — ag (kA At
B3(KAL) (i)
2 2

2
o5, (kAL
+ a21(kAt)x§k}x§k)vAtn(k) 4 2 (2 )xgk)xék)

0, (kAt)
oo (kA (x VA 4+ 222 ()P ()P 1),

+ By (kAt)x VA ) 4 ()2 —1)At

+ o (kA (x{)2VAM ) 4

+ o (kAt)x % VA ) (M )2 —1)At,

KD )y (ke

+ Ba(kAat)x ) Vaty ™M) + (v)2—1)At

(M2 —1)At

where vy, and ny, k = 1,2, ...,n, are the Gaussian random variables N(0, 1).

In Fig. 1, we choose r1(t) = 0.36 +0.01sint, 1p(t) =0.334+0.05sint, a;1(t) = 0.2+ 0.01sint, axn(t) =
0.22 +0.01sint, ap(t) = 0.1 4+0.02sint, ax;(t) = 0.05+0.02sint, 11(t) = 0.5+ 0.2sint, ap(t) = 0.3 +
0.1sint, op1(t) = 0.740.12sint, and «xp(t) = 0.46 +0.3sint. The only difference between conditions
of Fig. 1 (a) and Fig. 1 (b) is that the values of B% and [3% are different. In Fig. 1 (a), we choose
B%(t) /2 = B%(t) /2 =0.2140.02sin t, then (H1) holds. In view of Theorem 2.4, system (1.3) is stochastically
permanent. Fig. 1 (a) confirms this. In Fig. 1 (b), we choose B%(t)/Z = 0.38 + 0.02sin t, B%(t)/Z =
0.4 +0.02sint, then limsup t~! fs bi(s)ds = —0.02 < 0 and limsup t~! f;; ba(s)ds = —0.07 < 0. By virtue

t—+o0 t—+o00

of Theorem 2.5, both x; and x; go to extinction. See Fig. 1 (b).
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Figure 1: Solutions of system (1.3) for n = 2, r1(t) = 0.36 +0.01sint, r2(t) = 0.33 4 0.05sint, aj;(t) = 0.2+ 0.01sint, ax(t) =
0.22 +0.01sint, ajp(t) = 0.1+0.02sint, ap;(t) = 0.05+0.02sint, o71(t) = 0.5+ 0.2sint, x1p(t) = 0.3+ 0.1sint, xpq(t) =
0.740.12sint and ap(t) = 0.46+0.3sint, x;(0) = 0.55, x»(0) = 0.4, and step size At = 0.001. The horizontal axis represents
the time t. (a) is with B%(t)/Z = ﬁ%(t)/z =0.21+0.02sint; (b) is with B%(t)/Z =0.38+0.02sint, B%(t)/z =0.4+0.02sint.

4. Conclusions and further research

This paper is devoted to the permanence and extinction of a general Lotka-Volterra competitive model
with random perturbations. We show that when the noise is sufficiently small the population system is
stochastically permanent; at the same time, we prove that a sufficiently large noise will force all the popu-
lations become extinct. Particularly, for a stochastic logistic equation, sufficient and necessary conditions
for stochastic permanence and extinction are established. Some recent results are generalized.

Some interesting topics deserve further investigation. One could study more realistic but more com-
plex models, for example, stochastic systems under regime switching (see e.g., [30, 40]), or with Lévy
jumps (see e.g., [29]), or with reaction-diffusion ([5]). Also it is interesting to study n-dimensional stochas-
tic food chain model or cooperative system, and we leave these for future work.
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