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Abstract

Let T be the multilinear square function with a kernel of Dini’s type and Tq be the vector-valued version of T. In this paper,
we obtain the weighted strong type and weighted end-point weak type estimates for the commutators of Tq respectively if the
kernels satisfies Llog L'-Dini type conditions. (©2017 All rights reserved.
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1. Introduction

Let K¢(x,Y1,...,Yym) be alocally integrable function defined away from the diagonalx =y; =--- =ym
in (R™)™*!. For any x ¢ ;2 suppfj, and each f; € CP(IR™), the multilinear square function is given by

m 2
- *° 2 dt
T(F)(x) = L 1]@) Koy, um) [T 0y - dym S
j=1

This kind of operator has important applications in PDEs and other fields, we refer to [2, 4-7, 9, 12, 13]
and the references therein. For instance, Fabes et al. [5] obtained a collection of multilinear Littlewood-
Paley estimates, which they then applied to two problems in partial differential equations. The first
problem is the estimation of the square root of an elliptic operator in divergence form, and the second is
the estimation of solutions to the Cauchy problem for nondivergence form parabolic equations.

In order to state our main results, let us recall some notations and definitions.

Suppose that w(t) : [0, 00) — [0, 00) is a nondecreasing function with 0 < @(1) < co. For a > 0, we say
that @ € Dini(a), if

! dt

|w|Dini(a) :J wa(t)i < 00.
0 t
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Suppose that there is a positive constant A such that the kernel K, satisfies the following conditions.

Size condition:
1
*° dt\? A
|K X, 7" |2> g
(L t(x Y1 ym)l" Sy

Smoothness condition:

A w( |z — x|
(Z]ﬂll |X_Uj|)mn 2)11 |X_yj|

1
00 dt\ 2
<J0 |Kt(Z/y1/"' /ym)_Kt(X/ylr"' /ym)|2t> < ); (11)

whenever |z —x| < 1 max;™, [x —yj|, and

1
00 dt) 2
<JO |Kt(X/91/---/UjI---/Um) _Kt(xlylx---rUj//-~-/Um)|2t>

A _ gyl
< w /
(Z?;1 ‘X*anmn (Z;il |X*Uj|

whenever [y; —yj'\ < %maxj"il Ix —y;l.
In this paper, we always assume that T can be extended to bounded operators from L9t x --. x L9 to
1

L4 forsome1<q,q1,'--,qm<oowith$+---+qim:a.

Remark 1.1. When w(x) = xY for some y > 0, the boundedness of multilinear square function were studied
by Xue et al. [12].

Remark 1.2. Let T be a multilinear square function with a kernel satisfying Dini(1) condition. Si et al.

[11] showed that T is bounded from L! x --- x L! to Lwo, Secondly, they obtained that, if each p; > 1,
then T is bounded from LP!(wq) X -+ x LPm(wy) to LP(vg) and if there is a p; = 1, then T is bounded

from LP1(wq) X -+ x LPm (W) to LP®(vg), where v = [ 1%, wp/]Dl (see Section 2 Definition 2.1 for the
definition).
The main purpose of this paper is to study the boundedness properties of vector-valued commutator

generated by T and BMO functions. Let b = (by,...,b) € (BMO)'. For any given positive integer
’&1 1 < 1 < m, the commutators associated with T are defined by

_ 00 m »d 1/2
manmz(L}LWWIﬁmu by (w5 Ke oy, [ 505y mm\t>.
j=1

j=1

The vector-valued version of the commutator T, can be defined by

o 1/4q
Tiig,q () 00) = Ty |q—<Z| g (fies -+ fad) (x )|q> ,

where f = (fy,..., fm) with f; = {f ), fori=1,---,m.
We get the following strong and end-point estimates for T,z

Theorem 1.3. Let 1/m < p < oo,% = i—l—---—i—ﬁ with 1 < p1,-+,pm < 00,1/m < q < oo and

$+---+qim:%with1<ql,'--,qm<oo.IfLBGAﬁ,‘5€ (BMO)landwsatisﬁes

_ o L 1.dt
mnmu[muzjwmu+mg)<m, (1.2)
0 t°t
then
T, (Ol (v CIImmeOIImfmmp,
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Theorem 1.4. Let 1/m < q < oo and $+---+qim = % with 1 < q1,-++,qm < o0. If @ € Aqq,... 1),
b e (BMO) and @ satisfies the condition (1.2), then

- m f 1/m
m({xelR“iTns,q( )(x) >tm}> <HJ W)wi(yj)duo /
=1

m

——
where @™ = Qo0 ® and O(t) = t(1 +log+ ).
Throughout this paper, C denotes a positive constant that is independent of the main parameters
involved but whose value may differ from line to line.
2. Proofs of Theorem 1.3 and Theorem 1.4
Let us begin with the definition of multiple-weights introduced by Lerner et al. [8].

Definition 2.1 ([8]). Let 1 < py,- -, pm <oo,and 1/p =1/p1+ -+ 1/pm. Given & = (w1, -+, W), set
vo =11 wp/ Pt We say that @ satisfies the A5 condition if

SuP(IQIJ ﬁw%fﬁ('l@kwi”) <

1

e

when p; =1, <|1Q| IQ w?pi,) " is understood as (infg wi) L

Definition 2.2. For 1 < 1 < m, the maximal operators J\/[ (If] q) and M(If] q) are respectively defined

by

L(logL)

1
M e (700 = sup T o ogtro 11 5 JQ la,

QBX] =1 j=1+1

and

M(Iflg)x) = sup | = 3 J 5l

QBX] =1

where the supremum is taken over all the cubes containing x.
We can control multilinear square function by using maximal operators in the following way.

Lemma 2.3 ([11]). Let @ € Dini(1) and 0 < & < -~ For any compact supported fj,j =1,...,m, we have

=

MET(F)(x) < CM(F)(x).

The above lemma can be used to establish the vector-valued inequalities for multilinear square func-
tion. The vector-valued multilinear square function T4 associated is defined by

1/q
Ta(Ax) x)lq = <ZIT fiie -, )(an) :

where f = (fr, ..., fm) with f{ ={fy 3 fori=1,--- ,m.

Theorem 2.4. Let 1 < py,-- -,pm<oo,1<q1,-~-,qm<ooand0<p,q<oosuchthat%: 4+
1 1 = — “ e _ T 1111
g q1+ +qm.5uppose that @ € Dini(1), then we have

1
P1
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i) If1<p1,..pm <oocand w € Ap, N---NA,,,, then

LG cH|||f|q]||LpJ

(ii) If at least one p; =1 and w € A4, then

AGIE, chf 451127 (o

Proof. By using Lemma 2.3 and a standard argument, we can deduce that
ITHlLe () C||1_[M e (w

We apply the extrapolation theorems ([3, Theorem 2.1]) to (Tf, [[;Z; Mfj) € J, then by the vector-valued
inequality for the Hardy-Littlewood maximal operator M ([1, Theorem 3.1]) we get the conclusion of
Theorem 2.4. O

To prove Theorems 1.3 and 1.4, we need the following preliminary lemmas.

Lemma 25. Let0 < d <1/m, 1/m<q<ooand1l/q=1/q1+ -+ 1/qm with1 < q1,- -+ ,qm < o0. If @
satisfies the condition (1.2), then
M (Tq (7)) (x) < CM(Iflq) (x)

holds for any smooth vector function {fi}3°_, and any x € R™.

Proof. For any fixed x € R™, let Q be a cube which contains x with side length 1(Q). We decompose
f = -FO+Z&,5‘(7A6f0(/ where f0 = fXS\/ﬁQ = (f1X8\/T1Q/"' /meSﬁQ) and & = (o1,...,0m), ® = 0 or oo.

1/
Set C = Mq = (Zk>1 ‘Ck|q> q. Then we have
1 A (u)® —|CJ]® )é ( 0)(y)[° >(1S <1 Sy D )é
<|Q|JQ"T‘*(”(”” dy) < |Q|J o) ay) + |Q|JQ\ S T ) -l ay

&, &40
For U, we apply Kolmogorov’s inequality and Theorem 2.4 to get

= U + Uy.

1
1 ® \® _
(J To () (y) dy) < ClITg ()12 (0 CH J 1£5lq, (2)dz < CM(IfT)(x).
QlJg 11Ql
For U,, we choose ¢ = Z&,o@é@ c% where c& = T(ff‘ﬁf .- ,fﬁl“,l)( x). It is obvious that U; < &,&7&5112&,
where :
1 s N
Next, we estimate the typical term U5 with oy = -+ = ¢ = oo and 141 = -+ = & = 0. Let

Q =253,/mQ\25%2/mQ for s =1,2,--- . For x,y € Q and any y; € Qs withj #1+1,--- ,m, one has

1/2 5
ly —y;l = 25y/nl(Q), then (fgo Ki(y,g) — Kt(x,g)|2 %) < ;‘%QW We have the following estimates

|T(f%)<,/ g ﬁ/ f(()1+1)k e f(()m)k)(y) - T(fﬁ{/ Tty %].i/ f(()1+1)k e f((]m)k)(XNq
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1
2

00 1 m 2dt
J ‘J(]Rn)m y Yi,-- /ym Hf] H y] dy‘
j=1

j=1+1

00 1 m dt %
2
(1] Lo T s
j=1

j=1+1

o0 L a2 L m
J(IR“\&/TTQ)’“ <J0 Kely, §) —Kele Gl t> H|f]k yill T o (y;)ldy

j=1+1
(e )
|
l j= =11Y— 1J) mnH|f y) |q)dy1 dy
(RM\8yRQ) (ZJ Jy— y]|) T

q

Q>1/q

i, (yj)|qjdyjj

m l

- 1
ey w2 [T [ i) [ o
SZ1 j=1+1 2543./mQ Yj qj y) |2 s+3) \/>Q‘m (2543 /mQ)t l:[ U) qj Yj

m
1
< Cl@| \_Dini ] |J 15 (yj)lq; dy;
LlogL D1mj:1 2(S+3)n|\/ﬁQ| 2543 /HQ 1\ Iy /145 )

< C|m|LlogL1—DiniM(|ﬂq)(X)

Since 0 < & < 1/2, by Holder’s inequality, we obtain that

o=

1 - . N .
<|Q| JQ |T(f1k/ . ,flk/ f(()1+]]k e f(()m)k)(y) - T(flkl s, T f(()lJrl)k . f(()m)k)(xngdy)

1
C@ JQ |T(f%1, .. ,f(ﬁi, f?lJrl)k .. f(()m)k)(y) — T(f%’a e, %’i/ f(()l+1)k .. f(()m)k)(XquU

< C|m|Dini—LlogL1M(|ﬂq)(X)-
Hence the proof of Lemma 2.5 is complete. O

For positive integers m and j with 1 < j < m, we denote by C" the family of all finite subsets
o={o(1),---,0(j)} of {1,---,m} of j different elements.

Lemma 2.6. Let 0 < 8 < ¢ < 1/m. If w satisfies the condition (1.2), then

1
ME (T, %) <cH|b]-||BMo( o (Il )(x)+M£(Tqﬂ(x)>
j=1

1-1
+CY > TTibidlsmoMe(Trmo, qf)(x)

j=1oceji€o

holds for any smooth vector function {fi};°_, and for any x € R™, where ¢’ ={1,--- ,1}\ o.

—

Thg(f)(z) —c

Proof. For any cube Q centered at x, we can obtain that
5 1/8
oo (A2 az)

1 slaz) <1
<|Q|JQ d"‘) gcQ|JQ .

C<(1g| JQ ‘(bl(z) ) (u(2) = A)T(A(2)

5 1/6
dz>
q
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+CZZ< J <H|b AlenbU,,q_tz)>5dz>l/é

i=1 0‘6(‘31 ALY
5 1/6
dz)

q

(g a2 0 -2

=1+ 11+ 1],

where C = ‘ ‘ and A; = \S\FQ\I&FQ j(z)dzforj=1,---,1
Now we give the estimate for the above terms.
We can choose 1 < pq,---,p1 < oo with é+~~-+
inequality gives

ﬁ"'% = 3. Since 0 < § < ¢ < 1/m, Holder’s

1
1< C]JIbjlemoMe(Tf)(x).
j=1
Similarly, we have

-1
n<c) Y [liblemoMe(Tmo ,qf)(x)

i=lgecljeo

Next, we estimate III. Let & = f;xl- -fem and f = f_o + Z _)"ﬂ‘ , where f = f]xs\fQ and & =
(x1,...,0tm), xi = 0 or co. Then, we have
1 1
]T(H(bi( DA —¢| < T([bs4) M) )
i=1 q i=1
1 1
+C Z |(T(H(b1( i) = A)f))(z) — (T(H(bl( i) = A))) (x)g,
&, &40 i=1 i=1

wherec = 3 (T([Tizy(bil+) = A" - 3 (x)
&, &40
By using Kolmogorov’s inequality and Theorem 2.4, we obtain that

1 l AN !
<|Q| J ‘Tq H (1) —Ai)lw)(Z)‘ dZ> < CHTq(H(bi('i) _)\i)]EU)HLl/mm(Q’%)
i=1

i=1

CHIQIJ itz 'q]dZH|Q|J fi2lla,dz

j=1+1
<C H ||b]||BMOM]_(1OgL)(|ﬂq)(x)
j=1

Now, the arguments in Lemma 2.5 can be applied. If 6y =--- =0y = oo and a1 =+ =y =0, by
the Minkowski inequality and the smoothness condition (1.1), we have
! !
‘T(H(bim SN 0 0@ = T 00 = ADEL, 5 0 o) (0
i=1 i=1

1
h g T 2 dt
S C‘<J ‘J(Rn)mmt(z'y)_Kt(x’y)”H(bi(y |H|f)k ;)| H |5 (y;)1dg]| >
i=1

0 j=1+1

q

q
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0

< C *© K - K -\ (2 dt 1/2 L f f d Zdt
X (R | t(Zry) - t(X/y) T |1_11: |H| jk y] | H | ik y] ‘ y}
1=

j=1+1 q
- | — M) (Y1)lgy - fLy)lqudys - - dyr 15
< CZJ (2 [Ti (|Z |_|i Ul_i_q|1Z 1 |1)JTIT111(11 Y1 Yt H J 15yl dy;
k=1 (Qi)t Y1 Ym j=1+1 8Q
[es) i~ 1 m
b5 (y;) — A1l (yj)lg; dy; J 15 (yj)lq; dy;
g ZklfQI JHLM\/HQ ’ ,EL 2643 /mQ ’
00 1 1
I T Ib311e M 11 a1 ) 26 j 151, du;
PR JHl PHlos 2RV QJFIL 20 /nQl oo g
< C|w‘l_log L!'—Dini H ||bj ||BMOM1L(1Og L) (|ﬂq ) (X)
j=1
where in the last inequality we used the fact that @ satisfies the condition (1.2).
For the other cases, the estimates are similar. Then we proved Lemma 2.6. O

By modifying the proof of Theorem 3.1 in [10], we get the following.

Lemma 2.7. Let 0 < p < 00,1/m < q < o0, and $+'--+qim = % withl < q1,--+,qm < oo. Suppose that
be (BMO)Y, w € Ay and @ satisfies the condition (1.2), then

P
|, Mg o cHnb o |, (Mg (7a)00)) wixla, @)

and

1 ,
sup ————w (Y € R™: [T fly)l > t™
g ({9 R a1 > )

1
Csup W(U <{y < R™: M}_(logL)Uﬂq)(U) > tm}> ,

>0 @™
hold for any smooth function f with compact support.

The following multiple weighted estimates for Mlm og1) Can be found in [10].

Lemma 2.8 ([10]). Let 1/m < q < coand 1 < qi,-+,qm < 00 With & = o=+ + 5.

(i) Let 1/ m<p<ooand1 < py, - ,pm < oo with % = % 44 p%’ and & satisfies the Ay condition.

Then
1 _ P 1/p r p l/pj
(J P g ()00 Vw(x)d") < C( 5l 00 o )dx> .

(ii) Let @ € A(y,... 1). Then

ol A m T oo fila () v
v | 4% € R™: M} 01 (1flq)(x) > <C(]]| o (—Jwjly)dy; |,

j1 IR
m
_ + (m)
where ®©(t) = t(1+1log™ t) and © =Qo---00.
Proof of Theorem 1.3. Combining (2.1) and Lemma 2.8, we get Theorem 1.3. O

Proof of Theorem 1.4. Using the properties of function ®, Lemma 2.7, and Lemma 2.8, we can obtain Theo-
rem 1.4. Since the arguments are almost the same as the proof of Theorem 3.16 in [8], we omit the details
here. O
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