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1. Introduction

Let B (x) be the Bernoulli polynomials given by the generating function

t > tm
et_1eXt =y Bm(x)ﬁ, (see [1, 2, 7, 9, 15, 17]).
m=0 ’

For any real number x, we let
<x>=x—[x] €[0,1),

denote the fractional part of x.

Here we will consider the following three types of sums of products of Bernoulli functions and derive
their Fourier series expansions. Further, we will express each of them in terms of Bernoulli functions
Bm(< x >).

(1) oam(<x>) =2 i Br(<x>)Bm_k(<x>), (m>1);

(2) Bm(<x>) =3 o mrmmmr Br(< X >)Bmok(< x >), (m > 1);
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(3) Ym <X > Zk 1 mBk(< X >)Bm—k(< X >), (m > 2)

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [6, 8, 18]).
As to ym (< x >), we note that the following polynomial identity follows immediately from (4.3) and
(4.4).

m—1
) R — O S

k(m—Xk)
k=1 (1.1)
2 2 & 2
= += Z B 1cBic () + —Hm 1B (x), (M >2),
where Him = 30 1 are the harmonic numbers.
Simple modification of (1.1) yields
m—1 )
—— B Bom_ B Bom_
2 3k (em—2K) 2k (%) Bam—2xc (%) + 5——5B1 (x) Bam—1 ()
1 & 1 /2m 1
= kzl K <2k> BokBam 2k (x) + HHmelBZm (x) (1.2)
+ B1 (x) Bom—1, (m>2).
2m—1
Letting x = 0 in (1.2) gives a slightly different version of the well-known Miki’s identity (see [14]):
PSS
! 1 &1 /2 1 (9
m
= — — BoxBom— —Hy_1B >2).
m];2k<2k> 2kBom—2k + —Hom—1Bam, (m >2)
Setting x = 1 in (1.3) with By, = <1;121T;1> Bm = (21"™ —1) By = By (3), we have
S P
2k (2m —2k) kA
k=1 (1.4)

1« 1/2m\, = 1 =
=—> — BokBom—2k + —Hom-1Bom, (m=2),
m = 2k \ 2k m

which is the Faber-Pandharipande-Zagier identity (see [4]). Some of the different proofs of Miki’s identity
can be found in [3, 5, 14, 16]. Dunne-Schubert in [3] uses the asymptotic expansion of some special
polynomials coming from the quantum field theory computations, Gessel in [5] is based on two different
expressions for Stirling numbers of the second kind S; (n, k), Miki in [14] exploits a formula for the Fermat
quotient 4*=2 modulo p?, and Shiratani-Yokoyama in [16] employs p-adic analysis. As we can see, all of
these proofs are quite involved. On the other hand, our proof of Miki’s and Faber-Pandharipande-Zagier
identities follow from the polynomial identity (1.1), which in turn follows immediately the Fourier series
expansion results for Y, (< x >) in Theorems 4.3 and 4.4, together with the elementary manipulations
outlined in (1.2)-(1.4). The obvious polynomial identities can be derived also for oy (< x >) and Bm (<
x >) from (2.6) and (2.7), and (3.3) and (3.4), respectively. Some related works can be found in [10-13].
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2. Fourier series of functions of the first type
In this section, we consider the function
m
(< x >) = Z Br(< x >)Bm_k(< x >), 2.1)
k=0
defined on (—o0, 00) which is periodic of period 1. The Fourier series of am (< x >) is
Z A1(’1_m) eZTfiTLX/ (2'2)
n=-—oo
where
1
A;m) = J o (< x >)e 2Tinx g
0
1
— J ocm(x)e ZT(lnXdX
0
Then, we would like to determine the Fourier coefficients A™ in (2.2)
Casel:n#0,
1 .
Aglm) - [ocm(x) e—2711nx] 1
2min
1 Jl 1 (X)6727'[1TLX dx
2min Jp ™ ’
We note that o/, (x) = (m+ 1) —1(x). Indeed,
m
o (x) = ) (KBr—1(x)Bm—1c(x) + (M —K)Br (X) By _1c—1(x))
k=0
m m—1
=) KBi 1 (X)Bm k(x)+ ) (m—K)Br(x)Bm_11(x)
k=1 k=0
m—1 m—1
= D (kt DBr(x)Bmg—10) + > (m—K)Bic(x)Bm—ic—1(x)
k=0 k=0
m—1
=(m+1) ) Bi(x)Bm-1-k(x)
k=0
= (m+1Dom—1(x)
Hence
(m) 1 m+1 _ (m—1
= — 1) — .
An 2rin (atm (1) — ot (0)) + in An
Observe here that
Xm (1) — ot (0) =2Bm—1+ 8m2- (2.3)

Indeed,
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((Bx +01,x)(Bm—x + 01,m—k) — BkBm—x)

M

i
o

(Bxd1,m—xk +01,kBm—k +81,k01,m—x)

I\H/Ia

k=0
=2Bm_1+ 6m 7.
Thus, we have
m+1
AR = AT (2B Bim2)
m+1 1
- . n . (ZBm—Z + 6m,3) - 7.(2311171 + 6m,2)
2min \ 2min © 2min 2min
~(m+1Dm (e m+1 1
(2min)2 ~ (2min)2 (2Bm—2+8ms) = 2min (2Bm—1+8m.2)
(m + 1)m (m—3) 1
~ (2min)2 2mn An 2min 2rcin (2Bm=3+ Oma)
m+1 1
- (27TiTL)2 (2Bm72 + 6m,3) - F(ZBm—l + ZS111,2)

_(m—i—l m3 im—i—lkl

~ (2min)3 (2min)k (2B + 8m ic41)

k=1

1
(M4+Dm1 1) ~ M+

= Rrmm o A T L gy (2B Smn)
k=1
—1
_ 4w _2mZ Mm41cay  (m+1)moa
Qmin)m-1" Qmin)k ™ T 2min)m-1’
k=1
and
1 ! ,
A‘(n) — o (X)e727nnxdx
Jo
1 .
= | 2By(x)e 2™ *dx
Jo
1
— ZX 1) ZﬂlnXdX
1 1 '
:2J Xe—annde J e—annde
0 0
1
— 727ﬁnx 1 1 —27minx _ _i
_2{ Zmn }0+27cinjoe dx} o omin’
Hence
—1
A = 2t Umey 5 mt Dieag o (mt Dz
n (27in) —  (2nin)k Mok Dpin)mT

B (m+1)x 1
S22 mme P
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(2.4)
Then, we have the following theorem

Theorem 2.1. For n € IN U{0}, we have

A(m) mizBm/ fOI' m 2z 2/
0 0 , or m=1,
2
Proof. Let
1
Imn = J Bm(X)Bn(X)dX/
0
for m,n >

0. Then I;nn =In,m, lIop=1, Iino=0,form

1. We can show, by integration by parts, that
B
Ln = (—1)™ 1 (n’;::;, form,n > 1.

m

Thus, from (2.1) and (2.4), we have

mo ol

> ]

By (x)Bm—x(x)dx,
k=070

m—1

=Tom+ ) Dom 1+ Imo

1
——— (B ) ,
m+2< m+2 m,l>
where

5 |0, if m =0 (mod?2),
m=0"717 71, if m=1(mod?2).

From (2.3), we observe that

m(0) = am (1) <= 2B 1 +0m2=0
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As By = —%, Boni1 =0, forn >1,and (—1)™"!'By, > 0, for n > 1, we see that

2Bm—1+0m2 =0 (2Bim—_1 4+ 0mp2 # 0) <= m is an even positive integer 2.5)
(m is an odd positive integer). '

oam (< x >) is piecewise C*. In addition, am (< x >) is continuous for all even positive integers m and
discontinuous with jump discontinuities at integers for all odd positive integers m. We now recall the
following facts about Bernoulli functions By (< x >):

(@) form > 2,
eZTtinx

B =-m! —_—
m(<x>) m (2mtin)™

n=—oo,n#0

(b) form=1,

> enx [ Bi(<x>), for x¢€Z¢,
2min | O, for xeZ,

n=—oo,n#0
where Z€ is R — Z.

Assume first that m is an even positive integer. Then o (1) = ot (0), and thus o (< x >) is piecewise
C*, and continuous. Hence the Fourier series of o (< x >) converges uniformly to om (< x >), and

2 > o (m+1)
_ B ) kle - 2minx
Tm(<x )= DBt ) 2 Qmin)k Mk )€

n=—oo,n#0 k=1,k#m—1
2 o (m+1)k_1 00 e2minx
=——Bm+2 Y Bk ) : .
I K
m+2 ek Zm1 k! e om0 (27tin)
If m > 4 and m is an even integer, then we have
2 i 1)y
Am(<x>) = ——Bm+2 Z MBm,kBkkxﬂ
m+2 k!
k=2k#£m—1
Bi(<x>), for xe€ZS,
+2Bm1 X { 0, for xe€Z,

2 - (m+ 1)k
k=2k#£m—1

For m =2,

x(<x>)=

2
24+ 1)
By +2 Z wBZ—kBk(< X >).
k=2

2
242 k!

Thus we obtain the following theorem.

Theorem 2.2. Let m be an even positive integer. Then we have the following.

(@) > wtoBr(< x >)Bm_k(< x >) has the Fourier series expansion

m
Z Br(< x >)Bm_k(< x>)
k=0
2 > = m+ 1), .
Swpatmt 2 (22 | (27rin);<k B | €T
n=—oo,n#0 k=1k#m—1

forall x € (—o0, 00), where the convergence is uniform.
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(b)

i 2 i (m+1)x_1

E Br(<x >)Bm_k(<x>)=——Bn+2 E " Bm_xBk(< x >)
m+2 k!

k=0 k=2,k#m—1

(2.6)

2
m >Bm—kBk(< X >),

7 m—2
= 1)B L
(m+1) m(<x>)+2+m 0( K

forall x € (—oo, 00). Here By (< x >) is the Bernoulli function.

Assume next that m is an odd positive integer. Then o (1) # am(0), and hence am(< x >)
is piecewise C* and discontinuous with jump discontinuities at integers. Thus the Fourier series of
om (< x >) converges pointwise to am (< x >), for x € Z€, and converges to

2 (0 0) 4 o (1)) = o (0) + B 1+ 55m2

= (X‘m(o) + Bm—l/

for x € Z. Hence we get the following theorem.

Theorem 2.3. Let m be an odd positive integer. Then we have the following:

(a)

2 ( 1 > = (m+ 1) o
— = B+ —5m,1> + Y 2 Y e B |
+2 2 n=—oo,n=#0 k=1k#m—1 (27‘[11’1)
Yo Br(< x >)Bpk(<x>), for x€Z,
T Xkt BxkBm—k + Bm_1, for x € Z.

Here the convergence is pointwise.
(b)

m

2 1 (m+1)x
k=1k#~m—1
2.7)
m
=D Brl<x>)Bmk(<x>),
k=0
forx € Z°.
2 1 — m+ 1)y
2 (Bt ioma )2y mEUetp o pexs)
m+2 2 k!
k=1 kAm—1

m
= Z BxBm -k +Bm_1,
k=0

forx € Z.
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3. Fourier series of functions of the second type
In this section, we consider the function
— 1
Bm(<x>) = kZ_O mBk(< X >)Bm k(< x>),
defined on (—o0, —oo) which is periodic of period 1. The Fourier series of 3 (< x >) is
Z B%m)eZWinX’ (31)
n=—oco
where
1 .
BL™ = J Bm (< x >)e 2™ M dx
0
1 .
— J Bm(x) e—27nnx dx.
0
Then, we would like to determine the Fourier coefficients B%m) in (3.1). For this, we observe that
m
k m—k
= B B B Bk
810 = 3 { gy B 1B 0+ gy BB 106
m 1 m—1 1
= By _1(x)Bm_ B Bm_k_
m—1 1 m—1 1
= ) gk B Bmok1 00+ ) e g B} Bk (%) = 2Bm (%)
k=0 k=0
Casel:n#0
1
(m) _ 1 —2mwinx11l 1 J / —27inx
Bn = 2min [Brm(x)e Jot 2min Bm(x)e dx
_ 1 —27inx
- 2mn([3m( R
1 =
= 27'nn (Bm(1)— Bm(o))‘f‘aB
Observe that
ik 1
Bm (1) = Bm(0) = ];) aim o BrUBm—k(1) = BiBmi)
— 1
= Z o UBKk + 01k) (Bm—k + 81,m—k) — BkBm—«}
k!(m—k)! (3.2)

Zk‘ {Bk51m K+ Bmokd1k + 81,k81,m—1}

1 1 1 1

__t g ot gt s -1
m_1™ T o™ T o Ol T 1

(ZBm—l + 6111,2)-
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Hence,

gm) _ 1 p(m-1) 1

= — (2B _1+9d
" mn " 27Tin(m—1)!( m—1+dm2)

= L (?Bilm_m - %(ZBmfZ + 6m,3)>
min \ 7in 2min(m —2)!
1
- 2min(m—1)!
1 (m—2) 1 1

- (mn)ZB“ T 2(m—2)! (min)? (2Bm—2 +8m.3)

1 1
— ma(ZBm—l +8mp2)

1 1 _(m-—3) 1
~ (min)2 <7'(1an 2min(m — 3)! (2Bm—s + ém’4)>
1 1 1 1
. (9B -
(m—2)! (mn)Z( m-2+8m3) 2(m—1)! min

1 g(m-3) 1 1

T (min)3 " 2(m—23)! (mn)3(

1 1 1 1
- 2(m—2)! (min)2 (2Bm—2+8m3) — ma(28m71 +0m2)

(ZB m—1 + 6‘rn,Z)

(ZBm—l + 6711,2)

2Bmf3 + 6m,4)

m—1

_ 1 (1) 1 1
= WBH - ]; 2(m—k)! (ﬂin)k (ZBm—k +5m,k+1)/

and

S|

Bi' = | Bilx)e " ™¥dx

Jo

r1 .

= | 2Bji(x)e 2™ dx
Jo

r1 .

= | (2x—1)e 2™ dx
Jo

1 1
_ J Xe727nnx dx — J 6727'nnx dx
0 0

1
ominx 1 1 o
- _ [xe 27nnx]0+ : J e 27T1.TLXdX
in Jo

Thus

1

(m) 1 — 1 1
Bn' = —m 2By i+
" (mtin)™m Z 2(m—k)! (mn)k( m—k + dm,k+1)

1
m—1

1 1 1 1
T (min)m kzl (m—K)! (mn)kBm*k T2 (min)m1

o 1 1
- X (m—k)z(mn)kBm*k‘
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Case2: n =0,

Then, we have the following theorem.

Theorem 3.1. For n € IN U{0}, we have

M) _ %, for m =0 (mod 2),
0 0 , for m=1(mod2),
B 1
= ﬁ + Eém,lf for m > 1.
Proof. Let
m) _ [
B = | Bl
= Z k'(m—k)' J Bk(X)Bm—k(X)dX
k=0 J0
i 1
= k,m—k
£ Ki(m—Kk)!
2,0 %1 (D)< Bw
= —lom+
om 2 W R ()
B m—1 B
= 2 U
T k=1
_ B*”g‘, for m =0 (mod 2),
10 , for m=1 (mod?2)
Bm 1
T §5m 1,

From (3.2), we see that
Bm(0) = Pm(1l) <= 2Bm—1+8m2 =0.
As we saw in (2.5),

2Bm—1+0m2 =0 (2Bim_1+0mp2 # 0) <= m is an even positive integer
(m is an odd positive integer).

Bm(< x >) is piecewise C*. In addition, B (< x >) is continuous for all even positive integers m and
discontinuous with jump discontinuities at integers for all odd positive integers m.

Assume first that m is an even positive integer. Then 3,,(1) = B (0), and so Bm (< x >) is piecewise
C*, and continuous. Hence the Fourier series of 3., (< x >) converges uniformly to 3., (< x >), and

B, 11 -
Bm(<x>)= —_ + Z — Z o kBmfk p2minx

[ k=1k#Am—1 (m —Kk)! (7tin)

Bm i 2 e2minx

k=1k#m—1 ’ n=—00,n%£0
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If m > 4 and m is an even integer, then we have
B 1 m
Bm(<x>) = ﬁ +— > 2k<k>Bkak(< x >)
’ " k=2,k#m—1

1 _/m Bi(<x>), for xeZS,
+m'2<1>Bm1,x{ O,

for xeZ
B 1 —
= 7“'1 +— Z 2k (T) Bm_kBi(< x >).
m-oom k=2k#m~—1
For m =2,

2

B, 1 & /(2
[32(<X>) :2'-}—2';2 <k>BZ—kBk(<X>)-

Now, we obtain the following theorem.

Theorem 3.2. Let m be an even positive integer. Then we have the following.

@ >, WBKK x >)Bm_k(< x >) has the Fourier expansion

> k!(ml_k)!Bk(< X >)Bm (< x >)

k=0
B - - 1 1 i
—_m Z Z : mk | € 7TLT1X’
! AT K
m n=—o00,n%#0 k=1k#m—1 (m —kj! (min)
for all x € (—o0, 00), where the convergence is uniform.
(b)
m m
1 B 1 m
Y o Bu(<x>)Bmok(<x>) =54+ — > 25 B Br(<x>), (3.3)
k!(m—k)! m!  m! k
k=0 k=2k#m—1

forall x € (—oo, 00). Here By (< x >) is the Bernoulli function.

Assume next that m is an odd positive integer. Then f,(1) # Bm(0), and hence B (< x >) is

piecewise C* and discontinuous with jump discontinuities at integers. Thus the Fourier series of (<
x >) converges pointwise to B, (< x >), for x € Z¢ and converges to

1 1 1
3 (Br0)+ Brn(1)) = 5 (Brm(0)+ Brn(0) + (- (2B 1+ 52
= Bunl0) +

— = Bm_1,
(m—1) ™1
for x € Z. Hence we have the following theorem.

Theorem 3.3. Let m be an odd positive integer. Then we have the following.

(a)
— 4 *6m1 + Z — Z . mek | e Tinx
! ' m — k)! k
m. 2 n=—oo,n#0 k=1k#m—1 ( k) (7T1TL)

Z{(n:() mBk(< X >)Bm7k(< X >),
2 ko k!(mlfk)!BkBm—k +

for x e Z°€,
mBm_l, for
Here the convergence is pointwise.

x € Z.
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(b)

2 k

B 1 1 — K [m
T St > 2 Bm—kBi(< x >)
k=1k#m—1 (3.4)

— Z k'(ml—k)'Bk(< X >)Bm k(< x >),
“— Kkl [

forx € Z°.
B 1 1 e m
7“.14-56”1/1—%7' Z Zk(k>Bkak(< X >)
m: m: k=2k#m—1
m
1 1
= — BB _ ——B1,
D im i BkBme gy B
k=0
forx € Z.
4. Fourier series of functions of the third type
In this section, we consider the function
m—
m(<x>) Z k(<X >)Bm k(< x >),

defined on (—oo, —oo0) which is periodic of period 1. The Fourier series of ym (< x >) is

Z C_ELm) eZm’.nx, (41)

n=—oo

where

1 1
cim = J Ym (< x >)e MM dx = J Ym (x)e 2T dx.
0

Next, we would like to determine the Fourier coefficients C%m) in (4.1). For this, we observe that

m—1
Ym(x) = k(ml_k){kBk—l(X)Bmk(X) + (M —Kk)Bi(x)Bm—x-1(x)}

k=1
m—1 1

= Bi_1(x) 1p Bm—k-1(x)
P —— Kk—1(x Z K(x k-1
m—2 1

= 1 Bx(X)Bm-1-k(x Z Bk )Bm—1-x(x)
k=0

=2 B+ Z (i i) BB 1 (x)

2

= ——Bm_ 1( )Jr(m*lh/m—l(x)-
m—1
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Casel:n#0,

Observe that

and

Denoting f(l) B (%)

as one can see

C

n

(m) _

1 —2minx1l 1 Jl / —27inx
= d
Zﬂin[ m(x) ) 2min Oym(x)e x
1 1 ! m—1 _(m-1)
— B 27nnxd C
e Y1) =m0 + s | Bl Mol
m—1 1
Ym(1l) —=ym(0) = ﬁ(Bk(l)Bm—k(l) —BxBm—x)
K1 m— )
m—1
= Km—K) ((Bx 4 01,k) (Bm—k +81,m—k) — BkxBm—x)
k=1
m—1 1 (42)
= ———— (Bxd1,m—k + 01,k Bm—k +01,x81,m—x)
= k(m—k)
1 1
B R L R
2 1 1
= 1 om-1 + m5m,2 = 7_1(28m—1 +0mp2),
! ) 1 ) 1 2min (! -
J Bm 1( ) — ﬂlnxdx_i [Bm(x)e_ ﬂlnx]o J Bm( ) — Ttlnxdx
0 m m Jo
1 2min (! .
— - B (1) = B0+ 7 | Bm(x)e 2T
m m 0

e 2mnxdx by o™ we have

plm) _ M j(m—1) 1
" Zmn P 2min ™
1 5 B 1 5
2mn Zmn n " 2min ™2 2min ™!
_ (m—2) _m 1
(Zmn) " (2mtin)2 2min ™
_mm—1) /fm—=2 (m-3 1 5 m 1 5
 (2min)2 \ 2min T 2min ™ (27rin )2 2min ™!
~ m(m—1)(m—2) (m_g)_m(m—l) .m 5 1
(27in)3 m Qmin)?® "™ 2min)22 ™ 2min ™!
— m!
(Zmn 1pn g 2mn mk T T in)m’
that pg) = 27t1n Thus, for n #£0,
m—1_(m-1) 1 2(m—2)!
o (2Bmq 4 Oma)— oS
2min 27cin(m—1)( m-1+8m2) (2min)™



T. K. Kim, D. S. Kim, L.-C. Jang, G.-W. Jang, J. Nonlinear Sci. Appl., 10 (2017), 2798-2815

2811

-m—1/m—-2_(m_2 1 2(m—3)!
" 2min <2mn Cn 2min(m — 2) (2Bm—2+3m.s) (2min)m1
1 2(m—2)!
= (PB._ s 4
2min(m —1) (2Bm—1+8m2) (2min)™
(m—1)(m—2) (m—2) m-1 1
= ———(2Bm—
(27in)2 Cn m—2 (2min)2 7(2Bm—2+5m;3)
1 1 2(m—1)(m—3) 2(m—2)!
- 2B.. _ _
1 2 2Bmo1FOm2) (2min)™ (2min)™
~(m—=1)(m—-2) fm—38_(m-3) 1 2(m—4)!
(27tin)2 27in Cn 2min(m — 3) (2Bm-—3+0m.4) (27tin)m—2
m—1 1 1 1 2(m—1)(m—3)!
m—2 (2mtin)2 (2Bm—2+0ms) = 75 (2B +8m2) (2min)m
2(m—2)!
C (2min)™
~ (m-1)(m-2)(m—-3) (m-3 (Mm—1)(m-—2)
= (2min)? Cn (m —3)2min)3 2om-3+ om4)
m—1 1
- 2m—1)(m—2)(m—4)! _ 2(m—1)(m—3)! _ 2(m—2)!
(27tin)™ (27tin)™ (2mtin)™
(m—1)! " m—1)e 2(m—1) "= 1
e v— w(2Bnx +0m k1) — p
- (2min)m— 2¢ = k)(2min)k ’ (27in)m = m-k

and

1
Cg) _ J ‘Yz(X)QiZTHnXdX
0

1 1
i 1 .
= J Bq (X)ze*ZWI“XdX = J <X2 — x4+ 4> e*Z?Tl‘I’LXdX
0 0

1 2 1 27t ' 1 27t
=—— XT—x+ = e T = J (2x —1)e ™" dx
2min 4 o 2min Jp

1 1 ) 1 )
i (_ i [(ZX o 1)6—27't1nx](1) + i J Ze—annx dX)

" 2min 2min 2min Jg
B 2
 (2min)?’
We note that
1 1
4= H .-
g tyto g =Hna -1,

where Hi, =1 + —|— +o L is the harmonic number. Thus we have the following theorem.
Theorem 4.1. For n 7é 0,

m—2

(m) _ _M _ (m—1)k1
G = (27tin)™ Hm—t kzl (m—k)(Zﬁin)k(ZBm*k+5m,k+1)-
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Case2: n =0,

Then, we have the following theorem.

Theorem 4.2. For m € IN U{0}, we have

2 _
(m) ~5Bm, for m =0 (mod?2) 2 1
= - = - > )
Co { 0 ) for m=1(mod?2) - Bm+26m,1 , for m>1
Proof. Let
m) _ [
e = | ymtex
m—1 1 1
= B Bm— d
i | BB
k=1
5 1 () By
= 2 K m o) emk D km—k (1)
k=1 k=1 K
-1 B
- m (_1)k 1
- m
= km—=Kk)(%)
_ %Bm, for m =0 (mod2),
0 , for m=1 (mod?2),
2 1
~ w2 (Bm a0 1)

From (4.2), we see that
1
Ym(l) _Ym(o) = (ZBmfl + 5111,2) .
m—1

As we saw in (2.5),

2Bm—1+0m2 =0 (2Bim—_1+0mp2 # 0) <= m is an even positive integer

(mis an odd positive integer).

Ym(< x >) is piecewise C*. In addition, ym (< x >) is continuous for all even positive integers m and
discontinuous with jump discontinuities at integers for all odd positive integers m. Assume first that m
is an even positive integer. Then ym (1) = Y (0), and thus ym (< x >) is piecewise C*°, and continuous.
Hence the Fourier series of ym (< x >) converges uniformly to v, (< x >), and

2 s 2(m—1)! "2 o(m—1)_ :
'Ym(< X >) = W8m+ Z {()Hm—l . Z ( ( )k 1)kBm—k} eZT['LTLX

et (2min)™ = (m— k)(2min
2 2 o0 e27ﬁnx
=—B —H —m! —_—
m2 ™ * m X m Z (27rin)m

n=—oo,n+#0
2 m—2 1 m oo eZﬂinx
— _ B —k!
+mZ mk<k> mok Z (27tin)k
k=1 n=—oo,n=#0




T. K. Kim, D. S. Kim, L.-C. Jang, G.-W. Jang, J. Nonlinear Sci. Appl., 10 (2017), 2798-2815 2813

If m > 4 and m is an even integer, then we have

2 2 2 1 /m
Ym(<x>) = =5Bm+ —Hpn 1Bm(<x>)+ — > — | )BmoiBr(<x>)
k=2
+£ 1 m B " Bi(<x>), for xeZS,
mm—1\1/ ™1 0, for x € Z,
2 2 2% 1 /m
= WBm+HHm,1Bm(<X>)+H _k<k)Bkak(<X>),

for all x € (—o0,00). For m =2,
2
Yal<x>) = 2732 + H;Ba(< x >).

Hence, we obtain the following theorem.
Theorem 4.3. Let m be an even positive integer. Then we have the following.

(@) > o, ﬁBkk X >)Bm_k(< x >) has the Fourier expansion

Z mBk(< X >)Bm7k(< X >)

2 > 2(m—1)! 2 2(m—1)k g .

— 78 _7]_[ = B B 7‘[1TLX,

m2 m+ Z { Qmin)m ™! Z (m—k)(2min)k ™ ¢
n=—oo,n#0 k=1

for all x € (—o0, 00), where the convergence is uniform.
(b)

— 1
—B B
- 4.3)
2 2

ERRN

m—2 1 m
Z — Bm—kBi(< x >),
= m—k\k

forall x € (—oo, 00). Here By (< x >) is the Bernoulli function.

Assume next that m is an odd positive integer. Then ym (1) # ym(0), and hence ym(< x >) is
piecewise C* and discontinuous with jump discontinuities at integers. Thus the Fourier series of v, (<
X >) converges pointwise to ym (< x >), for x € Z¢ and converges to

(0 +ym(1) = 2 (mm yml0)+ 2
1

=vYm(0) + mBm—lz

1
Bm—1+ 5m,2>
m—1

for x € Z. Hence we have the following theorem.

Theorem 4.4. Let m be an odd positive integer. Then we have the following.
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(a)

2 1 > 2(m—1)! 2 o(m—1)k g o
= B *6 _7]_[ = B o TIINX
m2 ( m+2 m’1> * Z { Qmin)m ™! Z (m—k)(2min)k ™ ¥ ¢
n=—oo,n#0 k=1
_ { Tknll mBk(<X>)Bm k(<X>), for XGZC,

e 11 k(m k)BkBm k + —1Bm-1, for x € Z.

Here the convergence is pointwise.

(b)
2 1 2 2 &
W(Bm+§6m’l)+EHm_le(<x> . m< )Bm_kBk(<x>)
k=1
(4.4)
m—1 1
= Z mBk(< X >)Bm k(< x>),
k=1
forx € Z¢
2 1 2 2 —
— (Bm + 26m,1) + —Hm1Bm(<x>)+ — Z ( >Bm_kBk(< X >)
m m m = m
m—1
1 1
= — BB — B
K(m—K) kBm—k + m_1oml
k=1
forx € Z.
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