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Abstract
Let £, = (—A)% + V? be a Schrodinger type operator, where V # 0 is a non-negative potential and belongs to the reverse
_1
Holder class RHq for ¢ > n/2, n > 5. The higher Riesz transform associated with £, is denoted by R = V2L2 2 and its dual is

1
denoted by R* = £, > V2. In this paper, we investigate the boundedness of higher Riesz transforms and their commutators on
the generalized Morrey spaces related to some non-negative potential. (©2017 All rights reserved.
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1. Introduction
Let us consider the Schrédinger type operator
Ly =(—-A)?+V? onR"™ n>5,

where V is non-negative, V # 0, and belongs to the reverse Holder class RHq for some q > n/2, i.e., there
exists a constant C such that

1 yeay) < £
(1, voras) < ], v

for every ball B C R™.

Obviously, RHg, C RHg,, if g2 > qi. The most important property of the class RHq is its self-
improvement, that is, if V € RHg, then V € RHg . for some € > 0. We define the reverse Holder
index of V as qop =sup{q: V € RHg}.

The higher Riesz transform associated with £, is defined by R = V2L, /2 and its dual is defined by
R* =L, /292, The LP boundedness of the higher Riesz transforms has been obtained in [4] by Liu and
Dong.
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Theorem 1.1. Suppose V € RHq with 3 < q < n. Let % == — 2 pi=2
(i) If1 <p < po, then for all f € LP(R™)
[Rf[lLe (rn) < ClIf[lLe (rn).-
(ii) If p) <p < oo, then for all f € LP(R™)
[R* e (rn) < CIfflLe (rn)-

As in [10], for a given potential V € RHq with g > n/2, we define the auxiliary function

1
p(x):sup{r>0:rn2J V(y)dy gl}, x € R™.
B(x,r)

It is well-known that 0 < p(x) < oo for any x € R™.
According to [1], the new BMO space BMOg(p) with 6 > 0 is defined as a set of all locally integrable
functions b such that

1 J r\°
S — b(y) — bld <CQ+),
B, gm0 B o(x)

for all x € R™ and r > 0, where bg = ﬁ J b(y)dy. A norm for b € BMOg(p), denoted by [blg, is given
by the infimum of the constants in the inequalities above.

Consider the commutators associated with the higher Riesz transforms and b € BMOg(p), Liu et al.
in [6] showed that the commutators [b, R] and [b, R*] are also bounded on LP (IR™).

Theorem 1.2. Suppose V € RHq with 5 < q < n. Let b € BMOg(p), % =2 _2gpdp)=_Po..
(i) If 1 <p < po, then for all f € LP(IR™)
[[[b, RIf||Lp (rn) < Cblo||fl|Le (rn)-
(i) Ifpy <p < oo, then for all f € LP(R™)

|, R¥If||Lp (rn) < Clblo||fllLr (rn)-

The classical Morrey space was introduced by Morrey in [8], since then a large number of investiga-
tions have been given to them by mathematicians. Recently, many authors established the boundedness
of some Schrodinger type operators on the Morrey spaces related to the nonnegative potential V belong-
ing to the reverse Holder class (see [2, 5, 9, 11]). Motivated by these results, our aim in this paper is
to establish the boundedness for the higher Riesz transforms associated with Schrédinger operators and
their commutators on generalized Morrey spaces related to the certain non-negative potentials.

We now introduce the definition of generalized Morrey spaces related to the nonnegative potential V.

Definition 1.3. Let ¢(x,7) be a positive measurable function on R™ x (0,00), 1 < p < 00, « > 0, and
V € RH4. We denote by Mg‘;g = Mg‘;g(]R“) the generalized Morrey space related to the non-negative
potential V, that is, the space of all functions f € L} (R™) with finite quasinorm

X

T 1

gy = 5o (1+505) o0m ™l
X nr>

Remark 1.4.

(i) When « =0, and @(x,7) = rA"/P, Mg‘;(\;(]R“) is the classical Morrey space LPA(R™) introduced in

[8];
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(ii) when « = 0, and @(x, )P = ®(r)r T, Mg‘;g(]R“) is the generalized Morrey space LP*®(R™) (see

[71);

(iii) when ¢@(x,r) = v /49, M]‘;‘;g(]R“) is the Morrey space associated with Schrodinger operator
Mgg“,(lR“) studied in [2, 11].

Our main results in this paper are formulated as follows.

Theorem 1.5. Let V € RHq with 5 < q <m,let a > 0, and let % = % — %, qo is the reverse Holder index of V.
Suppose (@1, @2) satisfies the condition

t<s<oo

Joo essinf@q(x, s)s% dt

n Ty < CO@Z(X/T)I (11)
T tr t

where cg does not depend on x and .

(1) If1 <p < po, then

| RE gy < Cllfllpsy -
(i) If py <p < oo, then

IR Fllpgy, < Cllflvgy -

Theorem 1.6. Let V € RHq with 5 < q < mn, let o« > 0, and let % = % — % Suppose b € BMOg(p) and
(@1, @2) satisfies the condition

essinfoq(x,s sP
JOO ( t) t<s<oo(P1( ) dt
te t

1+ ln; < coP2(x, 1), (1.2)

T

where cq does not depend on x and r.
(i) If1 <p <po, then

I Ry, < Clolollygy,

(i) Ifpy <p < oo, then

100, RV ellprgy, < Cllolifllygy

In this paper, we shall use the symbol A < B to indicate that there exists a universal positive constant
C, independent of all important parameters, such that A < CB. A = B means that A S Band B S A.

2. Some preliminaries
We would like to recall the important properties concerning the auxiliary function.

Lemma 2.1 ([3]). Let V € RH,, /». Then there exists constants C > 0 and 1y > 0 such that

1 r\v
L V(y)d <c<1+> .
rn—2 JB(x,r) 9/ p(x)
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Lemma 2.2 ([1]). Let V € RH,, /. For the auxiliary function p there exist C and ko > 1 such that

ko

1 x—yl\ x—yl\ T
¢ ot (1452 < oty) < cotu) (14 53) T,

forall x,y € R™.
Lemma 2.3. Suppose x € B(xq, 7). Then for k € IN we have

1 < 1

N ~ N/(ko+1)*
2kt 2kt
(1 + p(x)) (1 + p(m)’)

Proof. By Lemma 2.2 we have

(1 oky )N/(k0+l) '
p(xo)

We give an inequality about the new BMO space BMOg(p).
Lemma 2.4 ([4]). Let 1 < s < o0o,b € BMOg(p), and B = B(x, ). Then

1 L\ 2k \ &
<|2kB|LkB [b(y) — bgl dy) g[b]ek<1+p(x)> ,

forall k € N, with 0’ = (ko + 1) and kg is the constant appearing in Lemma 2.2.
Let K* be the kernel of R*, we have
Lemma 2.5 ([6]). Suppose V € RHq, we have the following results.

() If 5 < q <m, then for every N, there exists a constant Cn > 0 such that

—N
CN 1—|—|X_XZ‘ 2
K* (x,2)] < ( "”) q VI g )
B(

[x —z|n—2 2ix—z|/4) w—z"2 Ix —2z|?

(ii) When q > n, the term involving V can be dropped from above formula.

Let K be the kernel of R, then K has exactly the same estimates of K*, see [6].
Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 2.6 ([12]). Let f be a real-valued non-negative function and measurable on E. Then

-1
<eis€ig1f f(x)> = es:esgpf(lx).
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3. Proof of Theorem 1.5
To prove Theorem 1.5, we first investigate the following local estimates.
Theorem 3.1. Let V € RHq with 7 < q <mn.
(i) If1 < p < po, then for any f € LP (R™) we have

n [ |f
IR o (8 (xgr)) S T J Iflleeceiso) dt
’ 2r tr t

(i) if p) < p < oo, then for any f € Lgc(]R“) we have

n [ ||f
[R* (e (B (xor)) S TP L Iller B o) HLP(B(XO’”)E.
T

Proof. Since the proofs for the case 1 < p < pg and the case py < p < oo are very similar, we only prove
the case pj < p < co.
For arbitrary xo € R™, set B = B(xo, 1). We write f as f = f; + f2, where f1(y) = f(y)Xg (x2r) (y)- Then

RO er (B(xor)) < IR (FILe (B (x0r)) T IR (F2) |1 (B (x0,r))-

Since f; € LP(IR™), then by the boundedness of R* on LP(R™) (p; < p < 00), it follows that

[R*(F e (B(xor)) S Il (B (x02r))

< 2 © dt
ST fllLe (B (xo2r)) J 3.1
T
<1t r’ HfHLP(E(xO,t)) at
2r tr t

To estimate || R*(f2)||Lr (B (x,,r)), ObVerse that x € B,y € (2B)¢ implies |x —y| = [xo —y|. Then by Lemma
2.5 we have

sup |ﬂz*(fz)(x)|<J IK* (%, y)F(y)ldy
(2B)¢

x€B(xo,1)
< J 1 If(y)l
~ N _yIn
(2B)e (1+ b:)o(;?l) Ixo —yl
1 f V2
+J N | (y)ll—z J (i)—z dzdy
(2B)e (1+ lt)o(?)ﬁ) Ixo —yl B(y,Ixo—yl/4) 12— Yl

= K1 + Ks.

By splitting into annuli and Holder’s inequality we get

S Z @] iy
(1+ (X))
1 o0
S T X2 T Ml g2
(1+ p(x)> k=1

e’} ok+14

1 -
KiE g Y 2 ey [ dt
(1+ 2r ) k=1 2k
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S

1 J‘X’ 1llLr (B (xot)) dt

)N/(k0+1) - th t

2r
(1 * 5(x0)

For Kj, by splitting into annuli, Lemma 2.3 and Holder’s inequality we get

1 J VZ(z)
|f IJ ————dzd
T )N 2k+1B ) B (xo2k+3r) [Z—ym—2 Y

2k
T om0

~

> 1
K2 S Z1 (2k+1p)n—2 (1

1 1 )
(2k+1~r)n72 < )N/(ko-H) J2k+1]3 If(y)IIQ(V XB(X0,2k+3T))(y)dy

A
M

2kt
T+ 55

i
L

1 1
(2k+1-r)n72 ok
(1 T p(XE))

where L(f)(y) = [gn hf;%dz is the Riesz potential. Since p} < p < oo, 1/pg = 2/qo —2/n, we can

A
M

2
N/ (ko+1) HfHLP(B(xO,ZkHT)) ”IZ(V XB(X0,2k+3r))||LP/(]Rn)/

i
i

select an appropriate number s such that 1/p’ = 2/s —2/n. Note that I, is bounded from [/2 to LP’, and
V € RHg, then by Lemma 2.1 we get

2 2
[T2(V XB(xo,2k+3r))”Lp’(Rn) SV XB (x,2%37) HLS/Z(IR“)

2/s
2 1
= [B(xo,2%"31)[5 (J \% (z)dz) 3.2
|B(X0,2k+31‘)| B (x0,2%+1T) ( )
< [B(xg, 25 1r)[5 0 ! J V(z)dz)Z
~ 0/ S " TR N
(2k+3y)n—2 B (x0,2%+37)
n k 21lp
< (@K <1+ 2 r) .
p(xo)
Thus, we get
= 1
k+1 =%
K2 3 Z(Z R 14 25r (N/(k0+1]7210)”fHLp(B(XO/2k+1T‘))
k=1 ( + P(X0)>
1 o0
k+1.\—%
N ) (N/(ko+1)—21p) Z(Z r) P||f”U’(B(><o,2'<+1rJ)
(1+ r) k=1
p(xo)
< 1 r" IfllLe (B (xot)) dt
~ (N/(ko+1)—210) I t
2r 2r tr
(1 + p(xO))

Combined with estimates of K; and K, we obtain

1 © |Ifllr (B(xot)) dt (3.3)
)(N/(ko+1)—210) n : :

sup |R*(f2)(x)| S

x€B(xq,7) (1 4 2r t

p(xo)
Taking N > 21y(ko + 1), then

* |Ifllee (B (xot) dt

IR e (B(xgr)) STP J
2r t

This completes the proof of Theorem 3.1. O
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Proof of Theorem 1.5. From Lemma 2.6, we have
1
. &= = esssup .
essinfi(xg, s)s? t<s<oo ©1(Xg,8)s?
t<s<oo
Note the fact that ||[f||Lp(p(x,,t)) is @ nondecreasing function of t, and f € Mp ¢, then
t \“ t %
(1 + 7)) IILP (B (xo,1)) _ <1 + m) IF1[LP (B (x0,1))
o S esssup = (3.4)
essinf infq(xg,s)s? t<s<oo ©1(xp,s)s®
(14 525) I
+ ) LP (B (xo,s))
< sup P S]] oy
0<s<oo @1(xp,s)s? P
Since « > 0, and (@1, @2) satisfies the condition (1.1), we get
JOO Ifllir (s xan dt J°° (14 5rka7) s 1xo) ESsinfer(xa )sF g
— = T = w A
2r te t 2r ess infeq(xo,s)s? < t ) tp ¢
s<oo X)
o0 essinf@q(xg,s)s v dt
|f||ngV J t<s<oo (X ——
P@1 tp t
o0 6551nf(p1(x0, )s% dt
Sy, (145 ) j &
T tr t
Sllagy, (14555) o2t
Then by Theorem 3.1 we get
x
T
R*() |y ev < su <1 + ) @2(x0, 7)Y PR* (1)
H HI\/lp,q)2 XOGR“If)r>O p(Xo) H HLP(B(xo,T))
* o ||f dt
< sup <1 +— > @2(X0,Y)1J Iler (8 1) HLp(i(XO't]) -
X0€R™, 10 p(xo0) or te t
<
< gy -
[l

4. Proof of Theorem 1.6

Let us start with local estimates.

Theorem 4.1. Let V € RHq with & < q < n,and let b € BMOg(p). If p| < p < 0o, then the inequalit
q 2 8N4 0 quatity

n [ f dt
rwmmwmmmmsmMﬁ‘Q+l)”hamm,
2r tr t

holds for any f € L . If1 < p < po, then the inequalit
Yy loc q Y

n [ dt
Hmmmmmmmsmwﬂ"Q+1)”mgmm,
2r tr t

holds for any f € L} (R™).
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Proof. We write f as f = f1 + f2, where f1(y) = f(y)Xg(x,2r)(y). Then

10RO o ey < BRI gy + 18 RIE

X() T XO/T)).

By the boundedness of [b, R*] on LP(R™) and similar to the estimate of (3.1) we get

16, R*1(f1) [|Le (B(xo,r)) S (Bl I fllLr (B (xg27))

n [ f dt
< [b]eTPJ <1+1 > [l (B(xot)) At
2r tr t

We now turn to deal with the term || [b, R*](f2) HU, )~ For any given x € B(xo, 1) we have

Xo,T‘

I[b, R¥If2(x) < [b(x) — bolIR* (f2) (x)| + [R*((b — bap ) f2) (x)I.

By (3.3) we have

. 1 % |If[|Lr (B (xo,t)) dt
sup [R*(f2)(x)[ S )(N/(k0+1)7210) J I e

x€B(x,7) (1 + _2r 2r t t

By Lemma 2.4,

n 2r \°
[ —b28[Lr (B(xor) < [PloT? (1 - p(Xo)) '

Then, taking N > (ko +1)(0 + 2lp) we get

" 1 r’ [fller (B (xo,)) dt

2r t% t

1o (x) = bap)R* (f2) (X) | Lp (B (xo,r)) S[bloT o\ (N/(ko+1)—215-0)
(1+585)

blor? J‘” (1+1 > Iflee 8 ixo. ) dt
2r t% t

AN

Let us estimate ||R*((b —b2g)f2)||1r(B(xor))- By Lemma 2.5 we have

sup |5R*((b—b213)f2)(x)|<J K*(x,9) (b(y) — bzp)f(y)ldy
(2B)¢

x€B(xo,1)

< J Ib(y)—szIN |f(y)|| y
~ JoB)e Ixo—yl\ 'Y [xo —y[™

(H o) )

[b(y) — bogl If(y) V2(z)
""J Y N n—2 J o dzdy
(2B)e <1+ Ixmﬂ) X0 =yl % JB(y,Ixo—yl/a) 2= Yl
p(x)

=1L+ L.

Note that

j Ib(y) — bas IF(y)ldy < J
2k+1]3

b(y) — byesrlIF(y)ldy + by bzg|j f(y)ldy
2k+lB 2k+1B

2k
p(xo0)

e/
< [ ] (1 + ) (zkr)?Hﬂ|LP(B(XO,2k+1T))'

(4.1)

(4.2)
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Then, by Lemma 2.3 we get

e¢]
k _n
° Z )N/(ko+1)—e' (2%7) 7 ||f||LP[B(X0,2k+1T))

o0
S blo ) K2 7P [Ifllir (B (xp2xir)
=1

> 2 IfllLr (B (xot)) dt

(xo0,t))
S[b]eZkJ —

k—1 2kr tr

Note that 2%r < t < 2811, then k &~ In . Thus,

o0 2k+1

f
g5 [t hmcon
k=1 J2%T T tP
o0 f xo,t)) dt
< [b]ej <1+1 > I ||U’(li ot) dt
2r tr t

Choosing p and § such that p > p, and 1/p’ =2/5—2/n, then

o]

2k
p(xo)

1
L3 Z 2k+1r n— 2( >N/(ko+1)
k=1

< J 1b(y) — ba IF(y) T2V, 1)) (y)dy
2k+lB

2kr
p(xo)

~
—_

> 1 1
S Z (2k+1p)n—2 (1+ )N/(kg+1)

10 =128 ) Il p (B (xg 2615 T2 (VAXB (g 2531)) 1o (Rn)-

Since I, from L3/2 to P is bounded, and V € RHg, by (3.2) we have

I2(v2x kt3p)) | Lo < (2Kl 2 1Jr2k+1 2L
20 XB (o2 JlILe! (R olxo) )

b3
Letv = J’—p—piﬁ, then

[(b—b2B)fl|Lp (B xo2xt1r)) S IfllLe (B(xg2x 1)) 1D = B2B [l Ly (B (xg 25417

But

2kr o
k+lp|s—35
06— b2)ll (B (xp241r)) S [blokI2H1BIP <1+ p(Xo)> '

Then

= [blek

0 k+1,—2

L2 SZ o N oo e 2 1) P Ifllie (B (xp2rin)
=t (1 + p(xO))

OO f X t
s[bJeJ <1+1 >””HBt)>d
2r tp t
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Thus,
R n (% t\ [Ifllee (B (xo 1)) dt
[R*((b—b2B)f2)|1r(B(xer)) S [DloT? J (1 +1n> B et) 2 (4.3)
2r T tr t
Combining (4.1), (4.2) and (4.3), the proof of Theorem 4.1 is completed. O]

Proof of Theorem 1.6. Since f € M%,'Xl/ and (@1, @2) satisfies the condition (1.2), by (3.4) we have

n

X

. .

Joo <1+lnt> HfHLp(E(XO’t))g B Joo (1—1—7(,()(0)) HfHLv(BExO,t)) <1+ln t) fggggtpl(xo,s)sla dt
2r T tr t P

£ \Ten ot
(1+585)

2r essinf@q(xg, s)s T
t<s<oo

A

o0 t gggggcm(xO,S)sf dt
||f||Mg/¥ 1+ln; . X n T
ThJ2 (1+ ) te

p(xo0)

- essinf , i
INETE e
T taq t

T

T
—x

@2(xo,T).

T
< fllagey (1
S ||Mp;¥1 < + p(XO))

T
< | F||p g e 1

Then from Theorem 4.1 we get

[0
* T —1.— *
1o, R¥(A) | ev S sup (1+ > ©2x0,7) 7P| b, RO o 5 xe)

p/®2 xgER™,r>0 p(XO)
X o
t\ ||f dt
> <P2(X0,T)_1J <1+1n> [fller @ o.0) HLP(E(XM))*
2r T tr t

S [blg  sup (1

+
xg€ER™, >0 p(xo)

< [b]erHMg;)p/l-
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