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Based on a linear operator, some new subclasses of analytic and univalent functions are introduced. The object of the
present paper is to derive inclusion relationships for these classes. Some applications of the inclusion results are also obtained.
(©2017 All rights reserved.

Keywords: Analytic functions, univalent functions, subordination, Hadamard product, linear operator.
2010 MSC: 30C45, 30C50.

1. Introduction

In this paper, we denote A the class of functions of the form
oo
flz) =z+ ) arz®',
k=1

which are analytic and univalent in the open unit disk U = {z € C : |z|] < 1}. For functions f and g given
by
g(z) =z+ Z byy1zt,
k=1

analytic in U, the Hadamard product (or convolution) of f and g is defined by

o0
(fxg)(z) =z+ ) aiqibrr1z®™.
k=1
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We say f is subordinate to g, written as f < g or f(z) < g(z) (z € U), if there exists a Schwarz function
w(z), which is analytic in U with w(0) = 0, |w(z)| < 1 such that f(z) = g(w(z)). In particular, if the
function g is univalent in U, then we have f(z) < g(z) if and only if f(0) = g(0) and f(U) C g(U). Denote
by P the class of all positive real part functions p(z), which satisfy the conditions R{p(z)} > 0 (z € U)
and p(0) = 1. Denote by Q the class of functions ¢(z) € P such that ¢(U) is convex and symmetrical
with respect to the real axis. Let ¢ € Q, Ma et al. [5] introduced the following subclasses 8*(¢), K(¢) and
C(d,P) defined by

8*(d) {f:fe/l and
f//( )

f/(z)

K(d) = {f feAd and 1+ <¢()ZGU},

and

e(¢, ) = {f:feAg(z)€8(¢) and 2 <o(z),zeU}.

For details, one can refer literatures [3, 10]. For a € C and c € C\ Z; where Z; ={...,—2,-1,0}, Saitoh
[9] introduced a linear operator £(a,c) : A — A defined by

L(a,c)f(z) = p(a,cz)xf(z), (feA zelU),
where @(a, c; z) is the incomplete beta function defined by

acz:Z(S , (ze ), (1.1)

where (a)x = a(a+1)---(a+k—1),k € N,a € C. The operator £(a,c) is an extension of the Carlson-
Shaffer operator [1]. Recently, Cho et al. [2] introduced a family of linear operators g Ma,c) : A — A as
follows

Ma,0)f(z) = ¢ (a,c;2) % f(z), (a,ceC\Zy, zeU), (12)
where ¢(*)(a, c;z) is the function defined in terms of the Hadamard product by the following relation
) (+) ) — z _
e(a,c;z) @ " (a,cz) = A onit A>-1,zel), (1.3)

where ¢(a,c;z) is given by (1.1). We can obtain from (1.1), (1.2), (1.3) that

— (A+1
o a,cz) =) AEDlehe, 1 e,
k=0

(D (a)k
and
A _ = (A+1)x(c)x ka1l
H (a/C) —Z+kZl(1)k(a)kak+1Z * , (Z S U) (14)

In this paper, we define a new linear operator Né(a, c): A — A as follows
N2 (a,¢)f(z) = (1—&)dMa,0)f(z) + &2(d(a,¢)f(2)), (z € U). (1.5)
From (1.4) and (1.5), we conclude that

1+ EK)(A+1)x(c)k S S
(De(a)x has

N} a, c)f(z) :z—l—Z ( (ze 1),



Y. Chen, X. Li, C. Qin, J. Nonlinear Sci. Appl., 10 (2017), 2689-2699 2691

and some identities
z(N2(a,0)f(2)) = A+ DN (a, ¢)f(z) — AN} (a, 0)f(2), (1.6)

z(N2a+1,0)f(z)) = aN}(a, c)f(z) + (1 — a)N}(a+1,¢)f(z).
We observe that
(1) N§(2, Df(2) = f(2);
(2) N3 (1,1)f(z) = zf/(2);
(3) Ngt(a, a)f(z) = Dnf(z) (n > —1), see [4];
(4) Ny (1 — 1, 2)f(z) = QFf(z) (1 < 2), see [8];
(5) Ng(é +2,1)f(z) =Fsf(z) (6 > —1), see [3].

With the operator Né(a,c), we introduce some function classes for some n (0 <1 < 1), y(= 0) and
for some ¢, € Q as follows

SIEm; ) = {f fed, in ( —n) < q>(z)}, (1.7)

exin ¢, p) = {f: €A, Ni(a,clglz) € 8" (), —n) <o)}, (18

1—m

and
Ry b, ) ={1: F €A, Nla,c)g(z) € 8" (),

1 N, c)f(z)  (NP(a,0)f(z)’
- _ — . 1.
1_n(u Va9 Y (N clota)) n) < olz)} (19)

In particular, for n = 0 in (1.7), we denote 83/;(0;$) = 83’;(d). Based on differential subordination
properties, we derive some inclusion relationships of above classes.
In order to derive our main results, we shall need the following lemmas.

Lemma 1.1 ([6]). Let the function h(z) be convex in U with R{ph(z) + v} > 0. If the function p(z) is analytic in
U with p(0) = h(0) =1, then

zp'(z)
Bp(z) +v

Lemma 1.2 ([6]). Let the function h(z) be convex in U and let P : U — C with R{P(z)} > 0 (z € U). If the
function p(z) is analytic in U with p(0) = h(0) =1, then

p(z)+ < h(z) = p(z) < h(z).

p(z) +P(z)-zp’(z) < h(z) = p(z) < h(z).

2. Main results

In this section, we state and prove our general results involving the function classes given by Section
1.

Theorem 2.1. Let A >0, R{a} >1—n, Né(a,c)f(z) %0 (ze U\{0}). Then

SYC M d) CSYEM ) C 8T EC(m; ). 2.1)
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Proof. First of all, let us suppose f(z) € S;’\L’fl, £(M; ¢). Then from definition of this class, we have

1 Z(Néﬂ(a,c)f(z))/
1-—m Né“(a,c)f(z)

—n) < $(2) 2.2)

Denote

(2.3)

A /
p(2) 1 (Z(Ng(azc)f(z)) _1'\)-

T 1-7 N} (a,c)f(z)

We can easily check that p(z) is univalent in U with p(0) = 1. From (1.6) and (2.3), we give another
identities that

!/

[(1—m)p(2) + N} (a, 0)f(z) = z(N}(a, 0)f(2)),

and
2(N}(a, ¢)f(z))’ z(N} (a,0)f(2)) + AN (a, )f(2)
1 — = =
(I—m)p(z) +n+A (@, 07(z) - 2 (a, <) o4
A+ 1N} (a, 0)f(2) '
N N}Ma, c)f(z )
Taking logarithmic and differentiating both sides of (2.4) with respect to z, we have
A-np'z) (O aof@)  (Niac)f(z) 25)
(1—-n)plz) +n+A N2 (a, 0)f(2) N}Ma,c)f(z) '
Then from (2.3) and (2.5), we get
(N2 (a,0)f(2) (1-n)zp'(2)
—(1-— +n+ :
N @ ofe L PE I G e
Hence, we have )
1 Z(Ng+1 (a,c)f(z)) zp'(z)
—n) = . 2.6
1—n< Nyt (a,c)f(z) n) Pl (1—m)p(z) +n+A 20
Thus from (2.2), (2.6), we obtain that
zp'(z)
. 2.7
L s G 1C) 27)
Because ¢(z) € Q is positive real part function, and
R{ (1 - +n+A} >n+2r>0,
from Lemma 1.1 and (2.7), it follows that p(z) < ¢(z), that is, f(z) € 8\'; (n; d).
Next, we will show that 83'; (n; ) C ngl’c (; d). Let f(z) € 83'¢(n; $), then from (1.7) we have
1 z2(N}(a,0)f(z)’
— . 2.
= PR n) < (z) (2.8)
Denote ( N )/
1 z(Ngla+1,c)f(z)
_ _ 2.
q(z) 1—n< N} a+1,c)f(z) ﬂ) 29)
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It is easy to check that q(z) is univalent in U with q(0) = 1. From (2.9), we give another identities that

[(1-m)q(z) + N} (a+1,¢)f(z) = z(NP (a+1,¢)f(2))

and

1-m)q(z)+n+a-1=

Z(Né((l +1, c)f(z))
é(a—kl,c)f(z)
z(N}a+1,0)f(z)) + (a—1)N}(a+1,c)f(z)
N}Ma+1,c)f(z)
aNé(a,c)f(z)
N}a+1,¢)f(z)

/
+a—1
/

Taking logarithmic and differentiating both sides of (2.10) with respect to z, we have

(1-m)q'(2) (NMa,0)f(z)"  (NPa+1,0)f(z)

(1-m)q(z)+n+a—1  N}(a,c)f(z) N}Ma+1,¢)f(z)

Then from (2.9) and (2.11), we get

(1—m)zq'(z)
(1-mq(z)+n+a—-1

= (1-m)q(z) +n+

Hence, it follows that

zq'(z)
(1-m)q(z)+n+a—-1

1 (Z(Ng(a,c)f(z))/

s s LR

Thus from (2.8), (2.12) we obtain that

zq'(z)

A—ma) tnta—1*

q(z) +
Because of ¢(z) € Q and

m{(1—n)¢(z) +n+a—1} S RM+a—1}>0,

from Lemma 1.1 and (2.13), it follows that f(z) € S;El'c (n; ¢). Therefore, the theorem is proved.

If n =0, in view of (1.7) and (2.1), we get the following inclusion relation
8\i1e(d) C8YE(D).
Theorem 2.2. Let A > 0, Ng(a,c)g(z) #0 (ze U\{0}). Then
CYey ) C EEm; b, ) C et (m; b, ).

Proof. Suppose f(z) € G;;EL Ew(n ; ©,1). Then from (1.8), the subordination is satisfied

1 (Z(:Ng“(a,c)f(z))’

1 -7 Né“(a, C)g(Z) _ﬂ> < d)(Z),

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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where Ng“(a,c)g(z) € §*(). In view of (2.14), we get

2(N} " (a,¢)g(2))’ z(N}(a,c)g(z))’
N (a,c)g(2) <P(z) = (e, 092 <P(z), (2.16)
ie.,
N2 a,c)g(z) < 8* () = N2 (a,c)g(z) < §*().
Denote

1 z(N2 (a,0)f(2)’
=1 ( N (a,¢)g(2) -n).

We can easily check that u(z) is univalent in U with u(0) = 1. From (2.17), we give another identity that

u(z) (2.17)

[(1—m)u(z) +INE (a,c)g(z) = 2(N}(a, 0)f(z)) . (2.18)
Using the formula
(N}, 0)t(2)) =N la, ) (zF(2)),

and differentiating both sides of (2.18) with respect to z, we get

/

(1—nw'(2)N2(a, c)g(2) + (1 —n)u(z) +n](N2(a,c)g(2) = (N2(a,c)(zf'(2)) ",
which yields that

/

z(N}Ma, c)g(z))’ _ z(N}a,c)(zf'(2)))

1-— ! 1— = 2.19
(1—-m)zu'(z) + [(1 —=m)u(z) +nl NA(a, c)g(2) N2 (a,c)g(z) (2.19)
If we apply (1.6), (2.17), (2.19), then
Z(N}a,0)f(2)" (A 1DNF(a, 0) (2f/(2))
N} (a,c)g(z) A+ 1N} (a,c)g(z)
z(N2(a,¢)(zf'(2))) "+ AN (a, ¢) (' (2))
z(N}(a,¢)g(z))" +AN2(a, ¢)g(z)
2(N2(a,0)(zf'(2)) | ANM(ac)(2f(2))
_ N2 (a,c)g(z) Ni(ae)g(z)
Z(Né(a,c)g(z))/
Nlacgz) TN
zu’/(z
—(1-n B iz
Z(Né(a,c)g(z)) LA
N}a,c)g(z)
Hence ( - )/
1 z(Ng" (a,c)f(z) zu'(z)
- = + 2.20
-1\ N (a,c)g(z) n) =wE@ gy (220
where

from (2.16). We know that

1 B Qz)+A
%{Q(z) m A} _m{(Q(Z)H\)(Q(Z)H\)}
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1 A
“ QA REHN > e 2 0

Applying Lemma 1.2 and (2.15), (2.20), it follows that u(z) < ¢(z), that is, f(z) € €3’z (n; b, ).
The second part of the theorem is similar to Theorem 2.1. We omit it. O

Theorem 2.3. Let y >0, N} £(a,c)g(z) #0 (z € U\{0}). Then

Ry M, v; b, 0) CRYE(M, 0, ).

Proof. If v = 0, the result is obvious. Now let us consider the case of y > 0. Let f(z) € Rf\‘,’g m,v; o, V).
Then from (1.9), we have

A)f(z)  (Np(a,0)f(2)’

L (qoyiledtE 1) <) 2.21)
1—n Ni(a,c)g(z)  * (N}(a,c)g(z)’ ’
where Ng(a, c)g(z) € 8*(Y), i.e.,
Z(Né(a,c)g(z))/
NA(a, c)g(z) <WY(z), (P(z)€Q)
Denote N, c)f(2)
_ 1 la,c)r(z B
s(z) = 1_H(N2(G/C)g(z) ) (2.22)
The function s(z) is univalent in U with u(0) = 1. From (2.22), we get
[(1—n)s(z) +nINE(a,¢)g(z) = N}(a, c)f(z). (2.23)
Differentiating both sides of (2.23) with respect to z, we get
(1—m)s’(2)NE(a,¢)g(2) + (1 —m)s(z) +nI(NE(a,¢)g(z)) " = (NE(a,0)f(2)),
which yields that
(1—n)s' (2N} (a,¢)g(z)  (N}(a,c)f(2))’
1— +1+ ; = - 2.24
Bt (e 09 @) (V2 (a,0)g(2) 224
If we apply (2.23), (2.24), we find that
NMa,o)f(z)  (N2(a,0)f(z) 2s'(2)
1— =(1-— 1— , 2.25
( Y)N)\( Jo2) +v (Ve c)9(z))’ (I1—m)s(z) +n+(1—m)y Pz (2.25)
where ( N )/
o Z Na( Ic)g(z)
P(z) = NA(a, c)g(z) <P(z),
and
R{P(z)} >0
Hence, from (2.21) and (2.25) we have
s(z) —i—yZ;((ZZ)) < d(z). (2.26)
We know that -
Yol YP(z) | _ v
n { " } o { P(Z)P(Z)} — R P() >0
Applying Lemma 1.2 and (2.26), it follows that s(z) < ¢(z), i.e., f(z) € RyE(n,0; d, ). O
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3. Applications based on above classes

In this section, we define another subclasses of above classes introduced in Section 1, and apply
Nunokawa’s Lemma to derive further inclusion relationships.

For 0 < a < 1, and ¢(z) = (1££)% in the classes Sy ), e d, ), RyE(M,v; d, ), we denote
88yE M, o), 8€3s (M, o, ), SRYz (M, v, &, ) defined by the followings

z(Ngta,c)f(z))’_n)‘ ey,

a,c _ . -
SS9 (n, o) = {f fe A, ‘arg( a0 <5 (3.1)
z(N} (a,c f(z))l T
SCYC(m, &) = 1f: f A, Ni(a, $* (W), S — =1
e e p) = {f:feA, Na,clglz) € "), |arg ( Nia90 n)| <5}
and
SRy, o 0) ={F: F €A, Na,c)g(z) € 8* (W),
Npa,0)f(z)  (Ni(a,c)f(z)’ o
arg ( (1 —7) & +v £ - <=7
’ g( Ng(a,c)g(z) (Ng(a,c)g(z))/ )’ 2 }
Lemma 3.1 ([7, Nunokawa’s Lemmal). Let the function p(z) given by
p(z) =1+ ) pz",  (pm #0),
k=m
be analytic in U with p(z) # 0 (z € U). If there exists a point zg (|zo| < 1) such that
X
larg{p(2)ll < - (l2l <z0)),
and o
|arg{p(zo)ll = -,
for some « > 0, then
zop'(z0) _ 2ilarg{p(zo)}
p(20) us ’
for some
—1
1> m(a+a ) o m,
2
where [p(z9)]"/* = +ia (a > 0).
Theorem 3.2. Let A > 0, R{a} > 1—mn, N}(a,c)f(z) #0 (z € U\{0}). Then
SS;\lflla(n/ G) - 882:2 (n/ (X)/
where s
Fat)
o=+ 2 tan ! ( mcxcos‘( 2 )5 ), (3.2)
s T+ mosin(5>)
forsomer >0,meNand 0 <d < «.
Proof. Suppose f(z) € 8837}, ; (n, o). Then from (3.1), we have
z(Né(a,c)f(z))/ o
— — < <1). .
‘arg( a0 n))< =, (0<n<1,0<o<1) (3.3)



Y. Chen, X. Li, C. Qin, J. Nonlinear Sci. Appl., 10 (2017), 2689-2699 2697

It follows that there exists a function ¢(z) given by

o) = (172)" €,
such that ( - )/
1 ,z(NY " (a,c)f(z)
1—n N?;rl(a,c)f(z) —n) < ¢(z). (3.4)

Let function p(z) defined by
(3.5)

A /
o(2) 1 (Z(Na(a,c)f(z)) B )

“1-q N2} (a,c)f(z)
Based on analysis in Theorem 2.1 and also from (3.4), (3.5), we know that p(z) < ¢(z). Because ¢(z) € Q,
we have p(z) # 0. Therefore, the argument arg{p(z)} is well-defined.

Now, let us prove Theorem 3.2 by contradiction. Suppose there exists a point zy(|zg| < 1) such that

larglp(z)l < Ty (12l < [z0)),

and _—
|arglp(zo)ll = -~
for some a > 0, then applying Lemma 3.1 we have

zop'(z0) _ 2ilarg{p(zo)} (3.6)
p(zo0) us ’
for some
1> mm;a_l) >m,

where [p(z9)]"/* = +ia (a > 0). From (2.6), we get

z(Né“(a,c)f(zo))/ _ zop' (z0)
org N (a, ¢)f(z0) =) = (P o )
B zop’(20)
_arg<p(z°)(1+pm)[(1—n)p(z@)+n+M)>
_ zop'(20)
= arg(p(zal) +arg (14 s = o)

We denote

(I—=n)p(zo) +n+A= +7\ireiin75,

z(N}(a, c)f(z0))’
N2 (a, ¢)f(zo)

forsomer >0and 0 < & < o
In case of arg{p(zo)} = 5%, from (3.6) we have

z(N}*1(a,0)f(z0))’ ot lo s
ar —n)=—+arg(l+—eT'2
d N} (a, ¢)f(z0) n)=g e )
T 1 loccos(T‘s)
> - T2 7
-2 +tan <r+locsin 7‘2))

It is obvious that the function G(1) given by

G(l) = 410( COS(%?—[) ’
T+ lacsin( 757
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is increasing. Hence, applying (3.2), we get

zZ(NM1(q, 0)f(z))’
argp(zo) = arg( (NSH(G c)f(zz)) —Tl)

moccos( 25) ) _ o
r+masin(%X)/ 27

> B—|—tan*1<
-2

In case of arg{p(zo)} = —75*, with the same method we have

2(N}(a,0)f(20))"
N2, )( 0)

argp(zo) = arg

_j
~—

OC i
:—7 +arg (1———e¥'7)
T 1( moccos(%‘s)

<™ i )=
o2 r+masin(%X)/ 2

Therefore, we obtain a contradiction of the condition (3.3). So there is no point zyp € U such that

larg{p(zo)} = =%, that is, |arg{p(z)}] < Z* for all z € U. Therefore, f(z) € 88y (1, ). Therefore, the
g 2 & 2 3
theorem is proved. O

With the same method, we can obtain the following Theorem 3.3 and Theorem 3.4.

Theorem 3.3. Let A > 0, Né(a,c)g(z) #£0 (ze U\{0}). Then

Se;ng(n/ O-llll)) C Se;\lfg(n/ (XIII))I

where

2,/ maocos( 7TZ—’1)
0] = &+ —tan ( )
T )

1+ ma sm(%

forsomer; >0, me Nand 0 < & < «.

Theorem 3.4. Lety >0, N (z) #0 (z € U\{0}). Then

89%;‘\‘,’2(11,% 02, ) C SRYE(M, 0, o, ),

where

max cos( 75 782

2
crzzoc—kftan*l ( m
s Tz—i-mocsm(T)

forsomery; >0,m e Nand 0 < & < «.
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