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Abstract

The split variational inequality problem under a nonlinear transformation has been considered. An iterative algorithm is
presented to solve this split problem. Strong convergence results are obtained. (©2017 All rights reserved.
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1. Introduction

Let 3 be a real Hilbert space with its inner product (-,-) and norm | - [|. Let € C H be a nonempty
closed convex set. Let A : € — J and { : € — C be three nonlinear operators. Now we consider the
following variational inequality of finding u € € such that

(Aw, P(v) —P(u)) >0, WYvel. (1.1)

Denote the set of the solutions of (1.1) by VI(A,, C).
If P = [, then (1.1) reduces to the variational inequality of finding u € € such that

(Au,v—u) >0, WwecC (1.2)

Denote the set of the solutions of (1.2) by VI(A, C).

Variational inequalities have played a critical and significant part in the study of several unrelated
problems arising in physics, finance, economics, network analysis, elasticity, optimization, water re-
sources, medical images and structural analysis. For some related work, please refer to Ceng et al. [5, 6],
Cianciaruso et al. [12], Glowinski [13], Iusem [16], Korpelevi¢ [17], Noor [1], Qin and Cho [19], Qin and
Yao [20], Yao et al. [27, 29, 31, 32], Zegeye et al. [34], and Zhang et al. [35].
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Recently, the split feasibility problem has been studied extensively, see [2—4, 7-9, 24-26, 28, 33]. The
split feasibility problem is formulated as finding ¥ such that

PeC and VY(¥)e€Q, (1.3)

where € and Q are two closed convex subsets of two Hilbert spaces 3; and J(;, respectively, and 1 :
H1 — H; is a bounded linear operator. Such problems arise in the field of intensity-modulated radiation
therapy.

Special cases.

(i) If ¢ =Fix(S) and Q = Fix(T), then (1.3) reduces to the split common fixed point problem which was
first introduced by Censor and Segal [11]. The reader can refer to He and Du [14, 15] and Yao et al.
[30].

(ii) If € = VI(A, D) and Q = VI(B, €), then (1.3) reduces to the split variational inequality problem which
was studied in [10].

In the present manuscript, we focus on the following split variational inequality problem of finding a
point ¥ such that
Ve VIA,P,€) and P(¥) € VI(B,C). (1.4)

Remark 1.1. In the existing literature, the split problem that requires to find a point of an operator in
one space whose image under a linear transformation is a point of another operator in the image space.
However, in (1.4), the transformation 1 is nonlinear.

In order to solve (1.4), we introduce a new iterative algorithm. Under some mild assumptions, we
show the strong convergence of the presented algorithm.
2. Preliminaries

Let € be a nonempty closed convex subset of a real Hilbert space J{.

Definition 2.1. An operator ¥ : € — € is said to be L-Lipschitz continuous if there exists a constant L > 0
such that
19 (1) = d(uh)|| < Lfjw—uf|

for all u,uf € ¢.

Definition 2.2. An operator A : ¢ — H is said to be

(1) monotone if
<Au—AuT,u—uT> >0, vuulec

(2) strongly monotone if there exists a constant 4 > 0 such that
(Au—AuT,u—uT> > 6Hu—uT|]2, vu,ul € ¢
(3) inverse strongly monotone if there exists 1 > 0 such that
(Au—Aul,u—ul) > n)Au—Au'|?, vu,ul ec.
Let { : € — C be a nonlinear operator.
Definition 2.3. An operator A : C — H is said to be n-inverse strongly \p-monotone iff
(Au—Aul, () —b(uh) >l Au—Aul|?

for all u, u’ € € and for some 1 > 0.
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Let A : H — 2% be a set-valued operator. The effective domain of A is denoted by dom(A), that is,
dom(A) ={x € H: Ax # 0}.

Definition 2.4. A set-valued operator A is said to be monotone on H iff
(x—y,u—v) >0
for all x,y € dom(A), u € Ax and v € Ay.

A monotone operator A on  is said to be maximal iff its graph is not strictly contained in the graph
of any other monotone operator on .
For every point u € X, there exists a unique nearest point in €, denoted by proj,[u] such that

lu— projeul] < fu—ul]|

for all uf € C.
The mapping proj, is called the metric projection of H onto C. It is well-known that proj, is a typical
firmly nonexpansive mapping and is characterized by the following property

(w— proje[ul, u’ — projo[ul) <0, vued, ul €€ (2.1)

Lemma 2.5 ([22]). Let C be a nonempty closed convex subset of a real Hilbert space H and A : C — H be a
&-inverse strongly monotone mapping. Then,

(1= 8A)u— (I —8ANT|? < [x —y|* +8(8 —2&) [Au—Auf|?, vu,ufec, (2.2)
where 6 > 0 is a constant.

Lemma 2.6 ([23]). Let {®on} C [0,00), {un} C (0,1), and {pn} be three sequences such that
Ong1 < (1—pp)@n+pn, V=1

Assume the following restrictions are satisfied

(i) 21 kn = 00;
(i) Timn o008 <00 Y37 lpnl < 0.

Then limy oo @n = 0.

Lemma 2.7 ([18]). Let {wn} be a sequence of real numbers. Assume {wn} does not decrease at infinity, that is,
there exists at least a subsequence {wn, } of {wn} such that wyn,, < wn, 41 for all k > 0. For every n > Ny, define
an integer sequence {t(n)} as

T(n) =max{i <n:wp, < Wy 1)

Then T(n) — oo as n — oo and for allm > Ny

max{wT(n),wn} < Wr(n)+1-

3. Main results

In this section, we study the split variational inequality problem and the convergence analysis of its
iterative algorithm.

Let H be a real Hilbert space and C C H be a nonempty closed convex set. Let { : € — C be a
weakly continuous and d-strongly monotone mapping such that its range R(1p) = C. Let A : € — H be an
n-inverse strongly \-monotone mapping. Let B : € — H be a &-inverse strongly monotone mapping.
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Remark 3.1. For u,v € €, since 1 is d-strongly monotone, we get

lu—v]2 < () —p(v), 1w —v) < () — (v [ [u—vl]

Then,
b(w) —bO)|| = d|lu—v|, YuvecC. (3.1)

In view of the assumptions on the operator 1\, we know 1! is single-valued and Lipschitz continuous.
Problem 3.2. The split variational inequality problem is to find 1t such that
e VI(A,p,C) and P(11) € VI(B,C). (3.2)

Denote the set of solutions of (3.2) by A, i.e., A = VI(A, ¥, €) N~ H(VI(B, €)). Throughout, we assume
A # (.

Algorithm 3.3. For given initial value xg € €, define the sequence {x,,} by the following form
Un = proje P (xn) — GuAxnl,

Vn = proj@[nnuﬁ(xn) + (1 —nn)(un —0nBuy)], (3.3)
ll)(Xn+1) =& (xn) +(1—=E&n)vn, n =0,

where ¥ : € — J is an L-Lipschitz continuous mapping, {nn}, {&n), and {0} are three real number
sequences in [0, 1], {Cn} is a real number sequence in (0, c0), and 0 < p < §/L is a constant.

Remark 3.4. The solution of the variational inequality of finding x* € A such that
(WD) —b(x*), (x) —(x*)) <O, Yx €A (3.4)
is unique. As a matter of fact, assume that both x* and X solve (3.4). Then,
(19(x*) — W), (X —h(x*)) <O and (ud(X) — (X), b(x*) — H(%)) <O.
Adding up the above two inequalities, we deduce

(WD(R) — B (X) — pd(x™) + b (x*), (x*) — (%)) < 0.

N

It follows that
[(x") —W(R)? < mEK) =R, bx) —H(R) < Wdx") =R P(x") — ()]
This together with (3.1) implies that
5l — || < W(x*) — W(R) | < wd(x*) =R < uLllx* —x].

We get x* = % immediately because of uL < 9. So, the variational inequality (3.4) has a unique solution
denoted by 1.

Proposition 3.5. Let C be a nonempty closed convex subset of a real Hilbert space 7. Let A : € — H be an
n-inverse strongly \p-monotone mapping. Then,

[(W(x) — ¢AX) — (W(y) — CAY)|I* < [[W(x) —b()[|* + (¢ —2n)[[Ax — Ay[*>, vxye€ (3.5
Proof. In fact,
[(W(x) — CAX) — (W (y) — CAY) > = [[W(x) — b (Y)|]* — 2¢(Ax — Ay, b (x) — b (y)) + [ Ax — Ay|)?
[b(x) —b(y)||* — 2en||Ax — Ay|]* + [ Ax — Ay|)?
b (x) — W (y)||? + ¢(C—2n)|lAx — Ay]%

/N
x

N
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Theorem 3.6. Assume the following conditions are satisfied:

(C1): imn_yoonn =04and ) | Nn = oo;
(C2): 0 <lim, o &n < limn_yo0én < 1and 5 € (Ly,2n);
(C3): 0 < lim,,_,.in < HMnosooln < 21 and 0 < lim,,_,8n < HMp_seodn < 2&.

Then the sequence {xn } generated by (3.3) converges strongly to 0. € A which solves the variational inequality (3.4).

Proof. Note that @ € VI(A,,C) and P(1t) € VI(B,€). Using (2.1), we deduce P(1t) = proj.p(lt) —
Cn Al = proje [P (1t) — 8, B ()] for all n > 0. First, from (2.2), we have

[(n = 8nBun) — (W(0) = 8n B (1)) > < [ln — W(Q)]* + 8n (5n — 28) [ Bun — B (1)] 36)
< Jun — (@)% '
By (3.5), we get
[un —p(@)* = Hpro' W (xn) = CnAxn] — projelh () — G A2
< (W (xn) = EndAxn) — (B(0) — LnAD) |2
o 2 (3.7)
< Hw xn) = W[ + G (G —2n) [ Axn — AG
< W (xn) (a)|r2
and
H‘-b(XnJrl) — Cnt1Axng1 — (P (xn) — Grp1Axn) ”2
< W xns1) = W) 2 + Gt (Gt — 20) [ Axn 1 — Axn ||
From (3.1), (3.3), (3.6), and (3.7), we have
v —W(@)]] = [|proje Mmid (xn) + (1 —1n) (Un — SnBun )] — projeh () — sn B (0]
< n (B9 (xn) —W(®) + 50 B(1)) + (1 —1n) (Un — SnBun) — (Y(0) — 5n B (1))
< Mn |10 (xn) — WO (W) || +1n |13 (L) —Y(TL) + 0n Bﬂ) )|
+(1—nn)|I( un—é Bun) (Y1) — 5 Bap(1))]] 28
< 0 O 90) -5BYE] 0 V18 )
<nnuL/6||w(xn)fw(a)umnuus — (0 )+6n&p )+ (1= b (xn) — ()]
:[1—(1—uL/6)nn]||w(xn)—w(a)u+nn||uﬂ w( )+6 Bip(t)
< 1= (1= pL/8)nnl b (xn) — ()| +nn(\|ws( W[ + 28] B (w)])).
By combination of (3.6), (3.7), and (3.8), we obtain
v — ()12
< nn (19 (xn) — W (1) + 5n Bap(11)) + ( M) (Un — 80 Bun) — (P(1) — 5nBip(11))) |2
<M l|d(xn) — W (1) + S Bap(w)]|2 + )l unféniaun)—(w( ) = Sn B (1))
<M l|d(xn) — W (1) + S Bap(w)]|2 + ) [lun — (W) 39)
+ 8 (Sn — 28) [ Bun — B ()]
<N fl1d(xn) = W(Q) + Sn B (W)]* + (1 —nn) ([ (xn) — b (@) [

+ 8n (80 — 28)[|Bun — BU(W)|* + Cn(Gn —20) | Axn — AL
<M1 (xn) — W) + 80 B (0| + (1 —1n) W (xn) — W (W) ||

According to (3.3) and (3.8), we have

W (xn1) =0 < Enflb(xn) = W@ + (1 = En)flva — (D]
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< Enflb(xn) — H+ 1_£n)[1—(1—ML/5 b (xn) =P ()]
+ (1= &) ||H19 H+2£||93¢ 1)
= [l—(l—uL/é)(l—En Mn Hlb Xn) 0]l

|ud (1) —w(a)ll + 28] B ()]
(1= uL/8)(1— En)n 1—ul/s '

By induction

9@ 26|
Hw(xn)—xp(aw<max{”¢(xo)_¢(ﬁ)”, 1D () ﬂ:/éiu (o H}

It follows that

o =1 < § b 0x) —0I@)] < § max { i) — pia ], IO AR,
Hence, {{(xn)}, {xn}, {un}, and {v,} are all bounded.
From (3.3), we have
P(xnt1) —V(xn) = (1 —&r) (v —P(xn)). (3.10)
Thus,
(WW(xnt+1) = W(xn), Y (xn) = (W) = (1 — &) (v — P (xn), W(xn) — (1)) (3.11)

Observe that

20 (xn1) =W (xn), W xn) = (@) = [ (xnr1) = W) — [ (xn) — (@)

3.12
— W (xni1) =W xn)| 12

and
2(vn = $(xn), Wxn) =H(0) = [va —b(@)[* = [ (xn) = W(@) > = v — b (xn) || (3.13)
By virtue of (3.11), (3.12), and (3.13), we deduce

(1) HZ— ||¢ ) = W2 = [ s1) — o) P
) o ) (3.14)
—(1—£n an W7 = [Wb(xn) =P @)[* = lvn — W (xn) |17
Combining (3.9), (3.10) with (3.14), we have
(1) = W) = [ (xn) — ()7
=(1-&)lllvn — LAL)||2 [b(xn) — (0 Hz [vin — b (xn) || 1_511 HVn_ll’(Xn)Hz
= (1= &n)[[[vn = b = [[$(xn) = ()7 = En (1 — En) an xn)[1? (3.15)
<(1-&n) [nn\luﬁ xn) = $(0) 4+ 8n Bib( u)H2 (1 —1m)|un — HZ
— W (xn) = W) 2] — En (1 — En)llvn — b (xn) |
Returning to (3.8), we get
v = ()]* < [T = (1= pL/8)mnl b (x o]
b () — H+2aHBw )l (3.16)
+(1—uL/5)nn( o2 )

Next, we consider two possible cases.

Case 1. Assume there exists some integer m > 0 such that {|[\}(xn,) —(1)||} is decreasing for all n > m.
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|| exists. From (3.15) and (3.16), we have

In this case, we know that limy 00 || P (xn)
2
|

~

En(l1— in)an —P(xn)
W12 = [ (xni1) — Y[ = [ (xn) — (@)

)2 — b (xn+1) —

- o (OO ”ﬂﬁéﬁgw rg

W2+ (1 —&n)[vn —
)2

— 0.

This together with (C2) implies that
lim_ [[ve — (x| = 0.

n—
Furthermore, it follows from (3.10) that
(3.17)

Tim (1) = () | = 0.

By the convexity of the norm and (3.9), we have
W = fén )—w( D)+ (1= E&n)(vn a)HZ
< anHll) Xn ||2 (1—&n)llvn —
< Enllb(xn 1|) )12+ 1 ( 1—£n ||w9 Xn)

) —
) —
+ (1 =1n) (1= &) [W(xn) — W (0)|?
) (3.18)
)

”q)(xn+l)_
)|
—P() + S B (1)

+(1=1n)(1 = &) (8n 2aHBun—Bw )12

En) Cn (Gn —21) [ Axn — A2

)
)
|19 (xn) — (1) + Sn B ()]
)
)

+(1—mn (1
< [ (xn)
+(1—nn)( —&En)on(8n
+ (1 =nn)(1 = &n)Cn(Gn —

||2 +T|T1 1 - (t—vn
—28) || Bun — Bip(a)|?

2n) || Axn — Au”z.

M) (1= En)Cn (20 — G AXn — AG)?
)12

Thus,
— () + 5B (1

(1—nn) (1 — &n)8n (28 — 83) || Bun — Bap(W)]* + (1 —
Hlb Xn) (ﬁ)Hz_ Hlb Xn+1) ( )‘ +nn(1_an)Hlv“9(Xn
Pl

<
< (Hq)(xn H + Hlb(xn+l) )H Hlb Xn+1) — II)(XH)H
(1= &n) ][0 (xn) — (0 )+6n3¢ )|I?

— 0 (by (C1) and (3.17)).
i —Nn)(1—E&n)on

En)(1—Mn)Cn(2n — Cn) > 0 and liminf, (1
)| =0. (3.19)

(2 —64) > 0, we

Since liminfy o (1 —
limp o0 [[Axn —AU|| =0 and limp_e [|Bun —Bp(0

obtain
Set zn =P (xn) — CnAxn — (P(1t) — Cr A for all n. Using the property (2.1) of projection, we get
lun = (@)% = [[projeb(xn) — GnAxn] — projelb(1) — CnAd|?
< (zZn, Un — (1))
= 2zl i — ()]~ 20— + ()}
— Cn(Axn — A}

W% = [P (xn) —

()] + flun —

< i{Hll) Xn -
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= L[ B2 + 1 — ()~ 1) — 1
— il Axn = AR + 20 ($(xn) =, Axp —AR) }.
It follows that
[m = W@ < b (xn) = W@ = [ (xn) = wn | + 280 [0 (xn) — wn || [ Axn — Af]. (3.20)
Set z/, = un — 0 Bun — (P(1) — 5, BYP(11)) for all n. We also have
v =W (0)[1* = [[projeMnid(xn) + (1= nn) (n — 80 Bun )] — proje b (i) — 5n Bp(w)]|?
<< (1D (xn) = W(Q) + 8B (QW) + (1 —Mn)zp, v — (1))
= §{||ﬂn(li19(xn) —P() + 5B (1) 4+ (1 =)zl |2+ [[vn — b
— M (19 () = (@) + S B () + (1 —nn)zfy —vn + (W]}

()2
ol

1
< {19 (xn) = (@) + S B ()| + (1 — 1) — ()
+ v = W2 = [Mn (19 (xn) — () + S Brp(11) — zp,)
+ U —Vn — on(Bu, —BP(i H}
1
= 5 {m D (xn) = W (@) + 8 BY(E)|* + (1 —1n) un — ()|

+vn = (@) = [[un —vn > =13 13 (xn) — (@ )+6nB¢(aJ—za||2
+ 28N (Bun — B (1), ud(xn) — Y(Q) + 8n B (1) —z,)
— 82 || By, — B ()||* + 281 (W — Vi, Bun B (1))

— 21 (Un — Vi, 1O (xn) — (@) + S0 B (1) — ) }-

It follows that

[V — W] < A flud(xn) — W) + 8 BY() > + (1 — 1) un — (@)
+25nnn”3un_3¢ ”Huﬁ Xn lb( )+5 'Bll)( )_ZT/1H
_”un_Vn||2+25n||un_"n||HBun_BII) ||

+ 2Nn fun — v [|[[10 (xn) — W (1) + 5, B (1) —z/ ||

(3.21)

In the light of (3.18), (3.20), and (3.21), we derive

[ (xn1) — (1) HZ
<an||w(xn) W2+ (1—&n)[[vn —
< b (xn) = ||2+T1n||u19 (xn) — (0 )+6 B[ = (1—=nn) [0 (xn) —un |17
—(1—=&n) ||un VnHZ"‘ZCan) (xn) —un|[[[Axn — AU + 280 [[un —va||[[Bun — B (1|
+ 2807 [ Bun — B (@) |10 (xn) — B(1) + S B() — zp |
+ 2Mn|[un — va || (xn) — Y(Q) + S0 B () —zy, |

()2
ol

Then,

(1T —nn) b (xn) unHZ +(1—=¢&n) ||un_"nH2
< (b lxen) = V@) + [ (xn1) = (WD W (xny1) — b xn) ||
+ 20 [ b(xn) — un||[[Axn — AﬁH +25 [un = vn[[|[Bun — B (1)
281 [ B — B ()19 () — () + S Bb() — 24
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+ 2Nn f[un — val[|ud(xn) — W () + Sn B (1) — 2, |
[0 (xn) — () + 85 B (1) 2
— 0 (by (C1), (3.17), and (3.19)).
Therefore,
limp o0 [[W(Xn) —unl| =0 and limp_ e |Jun —val| =0. (3.22)

Now, we prove limy, s o0 (ud (1) — P (1), vy — P (1)) < 0. Choose a subsequence {vy,} of {v,} such that

Timin o0 (KO(0) — (1), v — (@) = lim (WD) — (), v, — (). (323)

1—00

Since {xn,} is bounded, there exists a subsequence {Xm].} of {xn,} which converges weakly to some point

z € C. Without loss of generality, we may assume that x,, — z. This implies that {(x,) — P(z) due to
the weak continuity of 1. Thus, vy, — 1(z) by (3.22). Next, we show z € VI(A,,C). Set

Au+Ne(u), uwee,
Ru =
0, uéeC.

By [35], we know that R is maximal {-monotone. Let (u,w) € G(R). Since w — Bu € Ne(u) and x, € €,
we have (P(u) —P(xn), w—Au) > 0. Noting that u, = proj.p(xn) — (nAxn], we get

<11)(u) —Un,Un — N)(Xn) - CnAXn)> 2 0.

It follows that
(W) — un, u“_C‘l)(X“)

+ Axn) = 0.
Then,
(W) =P (xn),w) = (Wb(u) —P(xn,), Av)

> (1) — b, ), Au) — <w(u) A, ”“_‘l’("“)> () — g Axn)

Cn,y
— () — e, ) At — A, + (B(12) — (), Axn,) o
_ <1|)(u) i, ““_C“’("‘”> () — tng )
= _<11)(u) — Uny, unl_clb(xnl)> - <1b(xni) _U'Tlil‘AXTli>-

Since [P (xn,) —un,|| = 0 and P(xn,) — P(z), we deduce that (P(u) —\P(z),w) > 0 by taking i — oo in
(3.24). Thus, z € R~!0 by the maximal {-monotonicity of R. Hence, z € VI(A, ¥, ).
Next, we need to prove P (z) € VI(B, C). Set

Rlv — Bv+ Ne(v), vedi,
o, v ¢&C.

By [21], we know that R’ is maximal monotone. Let (v, w) € G(R’). Since w — Bv € Ne(v) and v, € €, we
have (v —v,, w—Bv) > 0. Noting that v, = projoMnud(xn) + (1 —1n)(un — 6nBun )], we get

(v —vn,vn — Mamd(xn) + (1 —Mn) (un — 31 Bun)l) > 0.

It follows that
Y Un g () — un zsnvsun)> >0,

v_\)n
T On
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Then,
(V—=vn, W) = (v—vn, Bv)
> (v—vn,Bv)— <v —Vn,, vnié_ tny > — (v—vn,Bun,)
ny
Nn;
+ T<v Vi, WO (X ) — Un + 00, Bug,)
ng
Vi, — Un,
- (V —Vnys Bv— Bvﬂi> + <\) —Vnys ani> - <V —Vny, 6“1 > (3.25)

— (v—vn, Bun,) + %W — Vg, B3 (Xn,) — Un, + On, Bun,)

ny

Vi, — Un,
> —(Vv—vn, — LY —(v—vn,Bu,, —Bvy,)
6n 1 1 1

1

+ ?%(v Vi, O(xn,) —
ny
Since ||Vn; —Un,|| = 0 and v, — U(z), we deduce that (v —1(z),w) > 0 by taking i — oo in (3.25). Thus,
¥(z) € R0 by the maximal monotonicity of R’. Hence, ¥(z) € VI(B, €). Therefore, z € A.
From (3.23), we obtain

Un; + On, Bun,).

im0 (1O() — (0, v — () = lim (k9(Q) — (), P lxn,) (1)

(3.26)
= (WO (1) — (1), Pb(z) — (1)) <O0.
Note that
an - 1,:L)||2 = |pr0]e Mnud(xn) + (1 —1n) (Un — 0 Bun ]—proj@[ll)( 1) — (1 —mn)onBP (1t ||2
< Mn (W (xn) — (W) + (1 —1n)zp, Vo — (1)
<M p@(xn) —9(Q), v — (1)) + N (Wd () — Y (0), v — Y (1))
+(1—mn Hun dnBun — (P() —dn B (0t ))”an_ll)(a)”
< Mnlpfxn = fff[van =Y @) +nn (13 (0) — (1), v — (1))
+(1_1”]11)”un_ll)(ﬁ)HHVn_lb(ﬁ)H
<M (KL/8)[[W (xn) — W (W[ [[va — Y ()| + 1 (O (Q) — W (1), vin — (1))
+ (1 =nn) [ b (xn) =Y @) [[[[vn — W (W]

=[1—(1-Lp/dMnlb(xn) =W @) [|[[vi — (W] + nn (pd () =P (@), v —P(Q))

< F I ) @) + 5 o — )P+ 00) — () v — ()
It follows that

v — W) 1> < [1— (1= Li/8Mal | (xn) — W) 1> + 200 (D (1) — (1), v — (1))
Therefore,
[ (xng1) = W)[Z < Enllb(xn) = W@ >+ (1= En)[[vn — (@)
< E,nHII) xn) — (1 )HZ (1—-&n)1— (1_ ul/d)nn Hll’ Xn) _ﬂr’(ﬂ)Hz
+2(1— an)nn<uﬁ(ﬂ) —P(),vn — >
= [1— (1—puL/8) (1 — En)nnl b (xn) — (W) (3.27)
+2(1 = EnNn (1O(Q) — (1), v — (1))
)

=[1—(1—puL/8)(1 = Ennnl [P (xn) — (W)
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2

+ (1 —ul/8)(1—E&nnn <1—},LL/5

(9 (1) —w(a),vn—w(a»).

We can apply Lemma 2.6 to (3.27) to conclude that {(x,) = V(1) and x,, — .

Case 2. Assume there exists an integer ng such that || {(xn,) — P (0)|| < [P (xny+1) — ()] At this case,
we set wn = {||[W(xn) —P(0)|}. Then, we have wy, < wn,4+1. Define an integer sequence {t} for all
n > ny as follows:

T(n) =max{l e Nlng <1< n,wy < w1}

It is clear that T(n) is a non-decreasing sequence satisfying

lim t(n) = o0
n—oo

and
Wr(n) < Wr(n)+1s

for all n > ny.
By the similar argument as that of (3.26) and (3.27), we can prove that

Ty o0 (1O(0) — (1), Ve () — (1)) < O (3.28)

and 5 5
Wr(n)+1 <O-(1—pL/d)(1- Ev'c(n))T]T(n)}('ufr(n)
2 A A A (3.29)
+ (1= uL/8)(1 — &r(n) Mr(n) m(uﬁ(u) —P(W), Ve (n) — (W) ).
Since Wy (n) < Wr(n)4+1, We have from (3.29) that
” 2

Drin) S T8

(W () — (W), Ve () —P(Q)). (3.30)

Combining (3.28) with (3.30), we have L
hmn—)oow't(n) <0,

and hence

n—oo

From (3.28) and (3.29), we also obtain

mn—)oow”[(n)—)—l < ﬁn—mowﬂr(ny

This together with (3.31) implies that

T}E)%O Wr(n)+1 = 0.

Applying Lemma 2.7 we get
0<wn < max{wT(n]/ wT(n)+1}-

Therefore, w,, — 0. That is, x, — 1. This completes the proof. O
Algorithm 3.7. For given initial value xg € €, define the sequence {x,,} by the following form
Un = proje[xn — CnAxnl,

Vn = ProjeMnpd(xn) + (1 —Mn)(un — dnBun)], (3.32)
Xn+1 = Enxn + (1 - an)vn/n >0,

where ¥ : € — X is an L-Lipschitz continuous mapping, {nn}, {&n}, and {dn} are three real number
sequences in [0, 1], {Cn} is a real number sequence in (0, o), and 0 < p < 1/L is a constant.
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Corollary 3.8. Assume the following conditions are satisfied:

(C1): limp eomn =0 anizn Mn = 00
(C2): 0< himn—woan < liimn—woan <1 -
(C3): 0 <lim,,_,,Cn < limp_00Cn <2nand 0 < lim,,_, . On < limp_00dn < 2€.

Then the sequence {xn} generated by (3.32) converges strongly to 1. € VI(A,C) N VI(B,C) which solves the
following variational inequality

(1) — 1,9 —1) <0, V9 € VI(A,C)NVI(B,C).
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