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Abstract

This paper aims to investigate existence of solutions of several boundary value problems for fractional one-dimensional
p-Laplacian equation under controlled parameters. By employing fixed point theory and critical point theory, some new results
are obtained, which enrich and generalize the previous results. (©2017 All rights reserved.

Keywords: Fractional ordinary differential equation, boundary value problem, p-Laplacian operator, existence.
2010 MSC: 26A33, 34B15, 34G20.

1. Introduction

In recent years, fractional differential equations are viewed as useful mathematical models and applied
in many research fields (see [20, 24, 26, 30, 35]). For example, Leszczynski and Blaszczyk [24] made use
of a class of fractional differential equation to present the height of granular material falling over time in
a silo:

CDE. D% h*(t) +Bh*(t) =0, tecl[0,T],

where « € (0,1), CD%‘, and DY, stand for right Caputo fractional derivatives and left Riemann-Liouville
fractional derivatives respectively, h*(t) = hpeq — h(t), h(t) means dropping height for silo emptying,
hypeq is the initial bed height. Szymanek [31] used the following fractional differential equation to describe
the temperature profiles in a granular layer:

CDECDET(x) +AT(x) =0, x¢€la,bl,
which is associated with the following boundary conditions
T(Cl) = TO/ T(b) = Tl/ T/(a) = TZ/ T/(b) = T3'

Here, o € (1,2), CDg‘+ and CD{’)‘, represent left and right Caputo fractional derivatives, respectively.
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Thus, the study of fractional boundary value problems have attracted many scholars” attention. And
some classical nonlinear functional methods has been applied to investigate the existence of solutions
of fractional boundary value problems such as fixed point theorems (see [1, 13, 23]), coincidence degree
theory (see [16, 21]), etc. Recently, for boundary value problems involving {D$oD{ operator, Jiao and
Zhou [17, 18] have shown that critical point theory can be used to present existence of solutions for this
type operator with Dirichlet boundary conditions. For example, in [18], they considered the existence of
solutions of following system:

{ D (oDFu(t)) = VF(t,u(t)), ae. te[0,T], (11)

uw(0) =u(T) =0,

where (D and ¢D¥ left and right are Riemann-Liouville fractional derivatives, o € (0,1]. By employing
mountain pass theorem and the classical Ambrosetti-Rabinowitz condition, the existence of weak non-
trivial solutions was obtained for « € (%, 1]. After that, Torres [38] took further discussion of this type
problem in scalar case by using mountain pass theorem. Bonanno et al. [7] considered this type problem
with impulsive effects and proved existence of three solutions by using a critical point theorem given
in [6]. Furthermore, some scholars devoted to developing and perfecting fractional Soblev space (see
[5, 15, 19]).

On the other hand, initial value problems of fractional functional differential equations have also
attracted many scholars” attention (see [2, 4, 22, 29, 39]). For example, in [2], Agarwal et al. considered

the following initial value problem for a fractional neutral functional differential equation as follows:

{ CD(X(u(t) - g(t/ut)) - f(t/ut)/ te (tOI +OO)/ t0 2 O/
utg =,

where €D¥ is Caputo’s fractional derivative of order 0 < « < 1, g,f : [tg, 00] x C([-1,0],R™") — RT,
ue(0) = u(t+06), 0 € [-1,0], o(t) € C([-r,0],R™). Moreover, Bai [3] studied the existence of positive
solutions for a class of fractional functional boundary value problems by employing Guo-Krasnoselskii
fixed point theorem.

In fact, boundary value problems with p-Laplacian operator are classical problems in integer differ-
ential equations (see [6, 8, 11, 25, 27, 36, 37] and references therein). Naturally, fractional boundary value
problems with p-Laplacian operator have received much attention (see [10, 33] and references therein).
Note that in [10], Chen and Liu extended (1.1) to p-Laplacian case and obtained some existence results by
critical point theory.

Motivated by the works mentioned above, on one hand, we discuss existence of solutions of frac-
tional p-Laplacian Dirichlet boundary value problem with the general nonlinearity and two controlled
parameters by critical point theory:

tDFdp (0D u(t)) + b(t)dp (u(t)) = AMf(t,u(t)) + ng(t,u(t)), ae te(0,T),
(1.2)
u(0) =u(T) =0,
where o € (0,1], b(t) € L*[0,T], 1 < p < 00, Ppp(s) = Is[P=2s (s #£0), $¢p(0) =0, cbgl =bq, 1/p+1/9=1,
f,g : [0,T] xR — R are continuous; A > 0, > 0 are constants; ¢(D{ and {D§ represent left and right
Riemann-Liouville fractional derivatives respectively.

By giving the bound of parameters, we can ensure its existence of solutions. Note thatif p =2, A =
1, p =0, (1.2) implies (1.1) in scalar case. Moreover, if p =2, o« = 1, we have

DF (oD u(t)P~%Dgu(t)) = (DF(oD{fu(t)) = —u”.

Thus, our main results enrich and generalize the previous results.
On the other hand, from our view, there are relatively few articles which investigated the existence of
positive solutions for boundary value problems of fractional delay differential equations with p-Laplacian
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operator. Hence, we consider the existence of positive solutions for boundary value problems of fractional
delay differential equations with p-Laplacian operator and a controlled parameter by applying Guo-
Krasnoselskii fixed point theorem:

SDP b, (SDXu(t)) —Aa(t)f(t,u(t—71)) =0, ae. te(0,T),

u(t) =0, tel-r0],

u/(T) =u”(0) =0,

dp (EDEu(t)) =0 = (dp (§DFU(L))) [t=1 = (dp ({DFU(t)))lt=0 =0,

(1.3)

where §D{ represents the left Caputo fractional derivative; 2 < «, 3 < 3,0 <1 < T; A > 0 is a constant;
f:10,T] x [0,00) — [0, 00) is continuous; a : [0, T] — [0, o) is continuous and a(t) 0.
2. Preliminaries

To begin with, we introduce the basic knowledge concerning with fractional integral and derivative,
fractional Sobolev space and variational structure.

Definition 2.1 ([20, 30]). Let f be a function defined on [a, b].
(i) The left and right Riemann-Liouville fractional integrals of order « > 0 for a function f are defined

by

1 t
I5f(t) = W)J (t—s)* (s)ds, telab),

b
BT = o | s— Ut eds, te la b,
provided the right-hand sides are pointwise defined on [a, b], where I'(x) is the standard gamma
function.

(ii) If x =n, n € IN, they become the usual definitions

1 t
(1) = r(n)J (t—s)™ " (s)ds, telabl,

b
tIpf(t) = F(ln) L (s—t)" (s)ds, te[abl.

Definition 2.2 ([20, 30]). Let f be a function defined on [a, b].

(i) The left and right Riemann-Liouville fractional derivatives of order « for function f denoted by
oD{f(t) and (D f(t), respectively, are defined by

dan dam
DEf(t) = dtinal?icxf(t)/ tDpf(t) = (—U“Qtl{ﬁ"‘f(t),

wheret e [a,b],n—1<ax<nandn € N.

(i) If x =n—1, n € N, they become the usual definitions

oD = (1), (DM = (—1)™M(t), tela,bl.

Definition 2.3 ([20, 30]). Let x > 0 and n € IN.
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(i) f x € (n—1,n) and f € AC™([a, b], R), then the left and right Caputo fractional derivatives of order

o for function f denoted by {D{f(t) and {D{f(t), respectively, exist almost everywhere on [a, b]
ADf(t) and {D{f(t) are represented by

CDEF(L) = oI D f(1), EDEA(E) = (—1) I (),
a“t dtin t“b — dtin

where t € [a, b]

(i) f x =n—1and f € AC" !([a, b],R), then gD{‘_lf(t) and %Dg_lf(t) are represented by

SO =), and {DFTH(Y) = (1)), tea bl

Proposition 2.4 ([20, 30]). Let n € Nand n—1 < o < n. If f is a function defined on [a,b] for which the
Caputo fractional derivatives (D f(t) and {D{f(t

t) of order « exist together with the Riemann-Liouville fractional
derivatives D{f(t) and (D{f(t), then

n—1

fi(a .
CDXf(t) = (t—a) ™, t b
o D{f(t) Zr (X+l a) € la, b],

, 2.1)
j=0

—.

n—1
CDYf(t) = (DIf(t (b—t)~%, ¢t ,bl.
(DBf(t) =+ JZOFJ_“H ) € [a,b]

Remark 2.5. Clearly, from (2.1) and (2.2), we can obtain {Du(t) = oDgu(t), {DFu(t) = (Dfu(t), t € [0, T]
by u(0) =u(T) =0.

(2.2)

Proposition 2.6 ([20]). We have the following property of fractional integration

b b
J [ ITf(t)]g(t)dt = J [t(Igg(t)If(t)dt, o >0,

a

provided that f € LP([a,b],R), g € L9([a, b, RN)andp > 1,q > 1, 1/p+1/q < l+aorp #1,q #1,
1/p+1/g=1+«.

Definition 2.7 ([15]). Let 0 < a < 1 and u,v € L'[0, T]. For any ¢ € C3°[0, T], we have

T T
J V(pdt:J u DT @dt,
0 0

so v is said to be a-weak fractional derivative for u and there exists left Riemann-Liouville derivative such
that v =oD{u.

In fact, by Proposition 2.6, we have

T T T
J @ oDXudt = J ed (oIl *u)dt = —J @ oIl *udt
0 0 0

T T
:—J utI]r_“(p/dt:J utD%(pdt.
0 0
On the other hand,

T T
J utD%(pdt:J oDIm* 117 *y DS pdt
0 0
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.
= J oDy %ol % (—I§ e )dt
0
.
=— JO @’ oI oDy %l “udt.

Since OI}[*“u € OI}[*“(LI), by [20, Lemma 2.5], we have

T T T
@'l *udt = J @ (oIl *u)’dt = J @ (DI *udt.

-
J u DY edt = —J
0 0

0 0

Define fractional type Sobolev space.
E¥P ={u e LP[0,T] : yD{u € LP[0, T},

with the norm .

llop = (] DFwCOP A+ |

.
hu(t)[P dt)l/p. 2.3)

Moreover, from [15], it is a reflexive and separable Banach space for 1 < p < oco. Furthermore, the
fractional derivative space E;"P is defined by the closure of C3°[0, T] in the norm of E*P. Clearly, Ej"P C
E*P is also a reflexive and separable Banach space. Noting if « = 1, E;"P can turn into the well-known

space Wé’p. By [19], we know that if % <a<landu e E;P, then u(0) =u(T) =0.
Let ||u/r = (fg Iu(t)lpdt)% and |[uf|oc = max¢ o] u(t)| be the norm in LP and C[0, T], respectively.

Lemma 2.8 ([18]). Let 0 < o < 1and 1 < p < oo. For all u € E5'F, we have

TCX
<—— oD% 1y 2.4
Il < frg gy oDl 24)
i 1 1,1
Moreover, if & > > and st g = 1, then
Tx—1/q o
oo < loDgu|re.

Mo)(q(ec—1) +1)1/4
Based on (2.4), we can consider €5’V with respect to the norm
LA 1/p o ap
IuWlep = (JO loD? u(t)|pdt) = [loDgu|e, Yu € EgF, (2.5)
and (2.3) is equivalent to (2.5).

Proposition 2.9 ([18]). Let 0 < « < 1and 1 < p < oco. Assume that « > % and the sequence uy, converges

weakly to win EgP, i.e., un — w. Then, un — win C[0,T], ie., |[lun —ul/, — 0, n — oco.
In this paper, we define new norm in E;"":
T

Jull = (L oD&u(t)Pdt + J

0

.
b(t)lu(t)P dt)l/p.

Lemma 2.10. If ess inf, (o) b(t) > —( ”?;H) )P, the norm ||u|| is equivalent to the norm ||\« p.
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Proof. Since ess infic[o 1] b(t) := 0 > —( ”%;H) )P, there exists w € (0,1) such that —5 < (1— w) (&P,

T(X
By (2.4), we can obtain

T T T
(1w | WDfulorar> (- @) [ oras <5 uora

Thus, for u € E;"P, we get

T T

oD% u(t)Pdt + GL u(t)Pdt > wlufff .

Il > j

0
On the other hand, we have

T o2

)
P < | oD%u(t)Pdt+ ||bl|L )Pt < (||bl|pe(——)P + 1)[[u|? ..
ulP < | DFuttde+ ol | hu(blPdt < (Iollus (g )7+ Dl

Hence, the norm |Ju|| is equivalent to the norm ||u/| «,p. O

Let v € E;"P. Multiplying the two sides of the (1.2) by v and integrating from 0 to T, we have
T

.
JO tD%(loD?u(t)IF"ZoDE‘u(t))v(t)dt+J0 b(t)u(t)P2u(t)v(t)dt

T T
= ?\J f(t,u(t))v(t)dt + uJ g(t,u(t))v(t)dt.
0 0

Note that

T T
L D (oD u(t)P?oDgu(t))v(t)dt = — L v(t)d [T *(lbD{u(t)P 2D u(t))]

-
_ L I (oD Eu(t) P 2D %u (b)) (t) dt.

In view of Proposition 2.6, we can get
-

.
L DF (oD u(t) P~ %D {u(t))v(t)dt = L (loDfu(t) P~ oD (t)) (oI~ *v/(t))dt

D
_ L D) P2 oD %u(t)oD&v(t)dt.

As a result, we give the definition of weak solution.

Definition 2.11. Let u € E;"P be a weak solution of (1.2) if
N

N
J IoD{"u(t)lp2oD§‘u(t)oD‘th(t)dt+J b(t)u(t)P?u(t)v(t)dt
0 0

T T
—AJ f(t,u(t))v(t)dt — p.J g(t,u(t))v(t)dt =0
0 0

holds for any v € Ej"P.
Define the functional I: Ej"? — R by
.

1 T
1(u)=||u||v—xj F(t,u(t))dt—uj Gt u(t)dt,
P 0 0
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where F(t,u) = [ f(t,s)ds and G(t,u) = [ g(t,s)ds. Based on the continuity of f, following [31], we
have I € Cl(Eo‘p R). For any v € E;"P, one has

(I'(w),v) :J

0

T T

Ing‘u(t)lp_2 oDfu(t)oDgv(t)dt + Jo b(t)u(t)P2u(t)v(t)dt
T

-
—AJ f(t,u(t))v(t)dt—uj g(t,u(t))v(t)dt.

0 0
Hence, the weak solutions of problem (1.2) are the corresponding critical points of I.

In order to obtain our main results, we need the following lemmas.
Definition 2.12 ([9, 12]). Let E be a real Banach space with its dual E* and I € C}(E,R).

(i) {un} C E has a convergent subsequence if I(u,,) is bounded and I'(un) — 0 as n — oo, then we say
that I(u) satisfies the Palais-Smale condition ((PS)-condition for short).

(i) {un} C E has a convergent subsequence if I(u,) = ¢, ¢ € R and
(1+ [lun DT (un)|les — 0, as n — oo,

then we say that I(u) satisfies the the Cerami condition at the level ¢ ((C).-condition for short).

Lemma 2.13 ([28]). Let E be a real Banach space and 1 € C'(E,R) satisfies (PS)-condition. If 1 is bounded from
below, then ¢ = infg 1 is a critical point.

Lemma 2.14 ([12]). Let E be a real Banach space with its dual £*, and assume that ] € C'(E,R) satisfies

max{I(0),I(e)} < p<n < | iﬂlf I[(u),
ull=p

for some p >0, u <1 and e € E with ||e|| > p. Let ¢ > n be characterized by

¢ = inf max I(y(T1)),
yel' t€(0,1]

where ' ={y € C([0,1],E) : v(0) = 0,v(1) = e} is the set of continuous paths joining 0 and e, then there exists a
sequence {un } C E such that

I(up) = é=m, and (1+ [un])|T" (un)]

- — 0 asn — oo.

Lemma 2.15 ([14]). Let E be a real Banach space and P be a cone in E. Suppose that Q1 and Qj are open subsets
of E such that © € Oy C Q1 C Qy and let

T:PN(Q2\0Q;) =P,
be a completely continuous operator such that
) ITul] < [Jufl for w € PN0Qy, and || Tu|| > ||ul| for w € PN 0OQy; or
@) ||Tul] < [Ju]l for w e PNOQy, and || Tul| = ||u|| for u € PN 0OQ;.
Then T has a fixed point in PN (Qy \ Q).

3. The main results of (1.2)
Let R" = {x € R : x > 0}. The constant ¢ means the different constant in different parts. Define
h¥*(t) = max{+h(t),0}.

<a<l, ess infte[o,ﬂ b(t) > —( ”?jl) )P and the following conditions

Theorem 3.1. Assume that u € ES°P,

1
hold: P



T. E. Shen, W. B. Liu, J. Nonlinear Sci. Appl., 10 (2017), 23662383 2373

(g1) There exists a constant y € (1,p) and a function h(t) € L1([0, T], R™) such that

lg(t, w)| < yh(t)uY 1.

(f1)
f(t,u

lulp—1

lim sup =0, uniformly for t € [0, T].

Ju|—o0

2) There exists a function v € ESF such that
0

-
J F(t,v)dt > 0.
0

Then there exists a positive constant A, such that if X > A, the problem (1.2) has at least one nontrivial weak
solutions.

Corollary 3.2. If (£2) is replaced by the following condition in Theorem 3.1:

(f3) There exist constants k € (1,7y) and d, o > 0 such that for any t € [0, T],

F(t,u) > dlul*, |[ul<o.

Then the problem (1.2) has at least one nontrivial weak solution without limit to A.

Let us introduce some lemmas.

Lemma 3.3. Assume that (g1) and (£2) hold, % < o < Land ess inf g1 b(t) > —(r(%'f;fl) P, ifu, € Eg7P isa
critical point of I(u) such that I(u,) = infEéx,p I(w) = B, where B is the critical value, then ., is a nontrivial weak
solution of problem (1.2) for A > A,.

Proof. By (f2), there exists a function v € E;"P such that

-
J F(t, v(t))dt > 0.
0

From (g1), we have

Gl )l < Ju g, D)l < r VRO dr < h(Oh,
0 0
and
T T
I(v) = 1H\/Hp —AJ F(t,v(t))dt — uJ G(t,v(t))dt
P 0 0
1 T T
< HVHT’—AJ Flt, v(t)dt + 1 J RV dt.
P 0 0

Hence, we can find a
1 T
_aww+ukhmwmwa>0

T [ F(t,v(t)dt

If A > A, we have J(v) < 0. So, J(u.) = f < 0. Hence, u, is a nontrivial weak solution of problem
(1.2). O
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Lemma 3.4. Assume that (gl) and (£3) hold, % < o < 1and essinf,co b(t) > —(”?f{l))p, then the
conclusion of Lemma 3.3 is also true without limit to A.

Proof. Let up € E5'P \ {0} with |[ug||es < 1. Following (g1) and (£3), for 0 < r < o, we have

T

1 T
I(rug) = —||rup||P —?\J F(t, rup(t))dt — HJ G(t,rup(t))dt
p 0 0

T T

o (1)< dt + Y J h(b)uo(t)]Y dt.

rP
< Zuo(vlP —ka* |
P 0

0

Since k € (1,7v), for small enough v, we can get I(rup) < 0. Hence, J(u,) = < 0. Therefore, u, is a
nontrivial weak solution of problem (1.2). O

Lemma 3.5. If u € B, 1 < <1, es5 infyc o7y b(t) > —(ZSH)P, (F1) and (g1) hold, then T(w) is bounded
from below.

Proof. Based on (f1), for any ¢ > 0, there exists a constant & > 0 such that for t € [0, T],

F(tu) < §|u|P, ul > 6.

By the continuity of f, there exists a constant V. € LY([0, T, R") such that F(t,u) < V.(t) for (t,u) €
[0, T] x [=9, 8]. Thus, we have

F(t,u) < %Iulp FV. (1), for (t,w) € 0,T] xR

From (g1), we have

1 T T
I(u) = —|[ul|? —AJ F(t,u(t))dt — p.J G(t,u(t))dt
P 0 0

1 e (T T
>Huu"—xj Iu(t)lpdt—uJ (OO dt — A Ve|p.
P P Jo 0

Since the embedding E;"P < C[0, T] is compact, there exists a constant S such that |[u]|o < S|lu||. Hence,
we have

1 I3
I[(u) > I;Hqu —7\T5"5Hullp — uSY[[Rf e [[uf] — Al Vel|pr
Choosing ¢ = ﬁ, we can get

1
I{u) > EHqu — WSV Fufl” = Al Vel

Since 1 < y < p, we have I(u) — oo as ||u|| = oo, so I(u) is coercive. Therefore, I(u) is bounded from
below. O

Lemma 3.6. Ifu € EjP
(PS)-condition.

A< a1 essinfye g b(Y) > —(DSH)P, (F1) and (g1) hold, then T(u) satisfies the
Proof. Let{un} C E;"P such that {I(un)} is bounded and I'(u,,) — 0 as n — co. Since I(uy) is coercive, we
can get that {u,} is bounded in Ej"P. Based on the fact that Ej" is a reflexive Banach space, {un} has a

convergent subsequence (named again by {u,}) such that u,, — uin Eg"p, s0 Uy — u uniformly in C[0, T].
Thus, we have

-
J (f(t,un(t)) — f(t,u(t))) (un(t) —u(t))dt - 0, n — oo, (3.1)
0
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-
JO (g(t, un(t)) —g(t,u(t))) (un(t) —u(t))dt -0, n — oo, (3.2)

-
Jo b(t)(dp(un) — dp(u))(un —ujdt -0, n — oo. (3.3)

By I’(un) — 0 and u, — u, we can obtain
(I'(un) = '(uw),up —u) =+ 0, N — oo. (3.4)

Thus, we have

T

(U'(un) =T'(w), un —u) = | (bploDfun(t))—dpoDFu(t))) (0D un (t) —oDu(t))dt
0

)
+jb (p (n) — dp (W) (. — w)dt

T
j £t un (8)) — F(6 (V) (un(t) — (V) dt

]
uJ (£ un (8)) — gt w(t))) (wn () — u(t))dt.

Based on [34], we have

.
JO (dp (0D un (t))=dp (0D u(t))) (0D un (t) — oD u(t))dt

¢ fo loD%un(t) —oDSu(t)P dt, p =2,
> (3.5)

loD¥un (t)—oDf
IO (oD% (t |+|0D°}u( dt 1< P < 2.

If p > 2, then (3.1), (3.2), (3.3), (3.4), (3.5) yield that |jun —u|| = 0, n = oco. If 1 < p < 2, by holder
inequality, we have

P
T T 2 2
D% t) —oD%*u(t —
j oD (1) — oDFu(t)P dt < J oDFun(t) ZoDFW(O 4} " (1 4 ul ™
0 0 (oD (1) + oD Eu(t))? P

Thus, we can obtain that

N
J (dp (0D un (1)) =dp (0DTu(t))) (0D un (t) — oD u(t))dt

0
c T P
T 7 Ly loPEum —aDEutor at )
mn

Thus, we have |un —u| — 0, n — oco. Thus, un, — u in E5’P. Therefore, I(u) satisfies the (PS)-
condition. O

N

Proof of Theorem 3.1 and Corollary 3.2.
In view of Lemma 3.3 (or Lemma 3.4), Lemma 3.5 and Lemma 3.6, by Lemma 2.13, the conclusion of
Theorem 3.1 (or Corollary 3.2) is established immediately. O
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3.1. A special case

In this part, we consider a special concave-convex case as follows.

{ tDFp (0DFu(t)) + b (1) bp (u(t)) = Ama(t)u(t)™ 2u(t) + pyh(t)u(t)Y2u(t), ae. te(0,T),
u(0) =u(T) =0,

(3.6)
where a(t) € L1([0, T],R*)\ {0}, h(t) € C([0, T, R)\{0}, 1 <y <p <m.
Remark 3.7. Note that h(t) may be a sign-changing function.

Theorem 3.8. Assume that u € Eg"p, % < <1, ess infte[O,T] b(t) > —(%)P. Then there exists a positive

constant w* such that if u € [0, u*), the problem (3.6) has at least one nontrivial weak solution.

To begin with, we need the following lemmas.

Lemma 3.9. If ess inf o1 b(t) > —(—5<

ne 0, ur).

Proof. For u € Ey’P, we can obtain

)P, there exist constants p,n, u* > 0 such that 1 |aBmeg"P> n for

1 T T
I(u)zuuup—xj a(tnu(tnmdt—uj ROt dt
P 0 0
1 T T
>||u||P—AJ a(tnu(tnmdt—uj R (OO dt
P 0 0

1
> ];Hu\lp = AS™ [l ()™ = S [ Y

oo -
= Hu\IV(EHuHP Y= AS™ |l = uSY ).

Let ,
y(t) = EtP*V —AS™t™ Y|a|1, t=0.

1

m—p

By simple calculation, we can find a p = [ SRS ] alo such that
m—p [ p—Y 17
B 2 2 Co o 1 A
Thus, there exists
= m—p i P—Y 1™ _
pSY[[t ([ (m =) [PAS™(m —v)lla]1]
If p € [0, u*), we can find a constant 1 > 0 such that I |aBme8"p >1. O

Lemma 3.10. If ess inf, (o) b(t) > —( r(ﬁjl) )P, there exists an e € Ey"P with ||e|| > p such that I(e) < 0.

Proof. Let s € R™\ {0}, for given u € E;"P, we have

1 T T
I(su) = —|su||P — AJ a(t)su(t)™dt — uJ h(t)[su(t)]Ydt
p 0 0

sP T T
= P =A™ | atthomdt— s | R
P 0 0
Since m > p >y, we have I(su) — —oo as s — oo. Hence, there exists an e € EjP with ||e]| > p such that
I(e) <O. O
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Lemma 3.11. If ess inf .1 b(t) > —( r(;m) )P, I(u) satisfies the (C).-condition.

Proof. Let {un} C Eg” such that I(un) — c and (1+ [[un|)[IT'(wn)[|(ger) — 0 as n — co. Then, there
exists a constant ¢ > 0 such that

Twn)l < ¢ (14 [un DT (wn) g < c.

Thus, we have

.
(m+1)c = ml(un) — (I'(un), un) = (2 —1) fun|” — u(m—7) L h(t)u(t)[¥dt

> [un [P — p(m =) SY IR e [,

which together with m > p > v yields that {u,} is bounded. By similar arguments as Lemma 3.6, I(u)

meets the (C).-condition. O
Proof of Theorem 3.8.
Based on Lemmas 3.9, 3.10 and 3.11, the conclusion of Theorem 3.8 is true. O

4. The main results of (1.3)

Let
E ={u(t) € C[—r,T] : u(t) > 0 and satisfies boundary conditions of (1.3)},

be equipped with norm |ju|| = sup{ju(t)| : t € [—7, T]}, it is clear that (E, ||-||) is a Banach space. To begin
with, we need the following important lemmas. The following lemma comes form Lemma 2.3 of Lan and
Lin [23].

Lemma 4.1 ([23]). Let o € (0,1). Then the following assertions hold.
(i) oIf maps AC[O, T] to ACIO, T].
(ii) Foreachy € ACI[O,T], oIfoD{y(t) =y(t) fora.e. t € [0, T].
The idea of Lemma 4.2 mainly comes from Theorem 2.4 and Remark 2.5 of Lan and Lin [23].

Lemma 4.2. Assume that y € AC[0, T] and w € AC3(0, T]. Then the problem

u(0) =u/(T) =u”(0) =0, 4.1)
$p (DEu(t))li=0 = (dp (FDFUt))) lt=T = (bp (§DFu(t)))"|t=0 =0,

is equivalent to the fractional integral equation

{ SDP b, (SDXu(t)) —y(t) =0, ae te(0,T), 2< B <3

_ 1 t  a—1 o 1 s _ \B-1 1 T B2
u(t) = o) JO (t—s)% gl P L (s—1) y(1)d1+7m3_1) L s(T—1)P2y(1)d1)ds .
1 T yoa—1 . 1 o \B-1 1 i _\Bp—2 '
+ Floa1) L t(T—5)* gl B L (s—1)Py(r)dr+ ] L s(T—1)P~2y(1)d1)ds.

Proof. If « =3 or B =3 or « = 3 = 3, it becomes integer derivative and the proof is normal and clear, so
we focus on the case of 2 < «, 3 < 3. First, base on basic proposition of fractional calculus, we have

t
$p(DTuU(t)) = F(lﬁ) Jo (t—s)Ply(s)ds + cq + cot + c3t?. (4.3)



T. E. Shen, W. B. Liu, J. Nonlinear Sci. Appl., 10 (2017), 23662383 2378

By boundary condition of (4.1), we can obtain ¢; =0,

R S P
= F(B—l)Jo(T s)P“y(s)ds.

Moreover, we know that

t
b (DT = oy L (t—5)Py(s)ds +cs.

From [32, Lemma 2.1], for p —2 € (0,1), we know that olff2 maps L(0, T) into F{)H(o, T) and
(dp (FDFu(t)” € FE72(0,T),

where
FB2(0,T) ={v € L(0,T) : oI} Pv € AC[0,T] and oI} Pv(0) = O}

Therefore, we have olf’fzy(t)\t:o =0. So, (dp (§DFu(t)))”lt—0 = c3 = 0. Moreover, for t € [0, T]
B—2

1 t B3 T
g eI < el

which together with finiteness of ¢, yields that max{($, (§D{u(t)))” : t € [0, T} is finite. Define

w(t) == ¢ (—1Jt(t—s)5_1 (s)ds + ! JTt(T—s)ﬁ_z (s)ds)
=29 o k re—1) Jo JLeIas);

Applying the operator ¢4 on both sides of (4.3), by proposition of ¢p4(—u) = —Ppq(u) for u € R, we can
obtain

1 t
u(t) = —=— J (t—s)* Mw(s)ds + cs + cs5t + cot?. (4.4)
By boundary condition of (4.1), we have ¢4 = 0 and

1 ! ox—2
Cs = m JO (T— S) W(S)ds.

Since y € ACI0, T], clearly, w(t) € AC[0, T]. Note that

TB TB-1

L PRI
re+1)  re) M

tt B=1y(s)d L TtT B—2y(s)d
—J(—s) y(s)s+r(ﬁ_1)J (T—s)""y(s)ds

<

rB) Jo 0

Based on the fact that 1% 2 maps L(0, T) into F(‘)"*Z(O,T) and u”(t) € F(‘,"*Z(O,T), we have u”(0) =c, =0
and

To—2 TR(a=1) TB-1(qa-1)

q—1
r(“—l)((r(ﬁ-{—l))Q*lJr (T(B))a—1 Nyl

by basic inequality (a+ b)Y < 2Y(aY +bY) where a, b,y are positive number. Thus, we have

<297

1 t x—3
‘F(oc—Z) L (t—s)* “w(s)ds

max{u”(t) : t € [0,T]},

is finite. Therefore, if u(t) is a solution of (4.1), then u(t) satisfies (4.2). Conversely, by (4.4) and Definition
2.2, we have

u”(t) = —(oIf ?w(t))" = =D “w(t).
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Since w(t) € AC[0, T], by (ii) of Lemma 4.1 and 3 — « € (0,1), we can get, for a.e. t € [0, T],

{Dfu(t) = —012_“0D%_“W(t) = —w(t).

By the invertibility of ¢, repeating above process, we can obtain that for a.e. t € [0, T],

§DFdp (EDFu() =y(t).
By direct computation, it is clear that (4.2) satisfies the boundary conditions of (4.1). O
Assuming that all the first-order partial derivatives of f is continuous and a has a continuous deriva-

tive, following same way as Proposition 3.1 of Lan and Lin [23], we have y(t) = a(t)f(t,u(t)) € AC[0, T].
Thus, by Lemma 4.2, the unique solution of the problem (1.3) can be expressed as

T LA Galt,s)dbg([fy Gpls, E)alE)f(E,w(E, —1))dE)ds, 0<t<T, '
where

T,
T

t(T—s)d2 (t—s)o1 <
- 7 X S t g
Gé(t,S) _ { ri6e—1) (o)
<t<s<

<
~

t(T—s)2
(T—s) <

0
r6—1] - O<t

4

b is equal to « or B. It is clear that G5(t,s) > 0 for s,t € (0, T). For given s € (0, T), if s < t, we can get

0G;5(t,s)

B (T _ S)572 _ (t— 8)572
ot

- r6-1) >0,

for t € (0,T), so Gs(t,s) is increasing with respect to t and Gs(t,s) < Gs(T,s). If t <'s, Gs(t,s) is also
increasing with respect to t and

T—5)%2 T(T—s)2
Gs(t,s) < Gs(s,s) = S(F(é S)l) < (r(s S)l) ’

which is called again by G5(T,s). So, we have Gs(t,s) < Gs(T,s) for t € (0,T). On the other hand, for
s < t, we can obtain

HT—s)5 2 %(tis)é—l _ %Té_l(l B %)5—2 B 61st—1(% B %)5—1
t 1 t ts
> %T{’_l(l B %)5_2(f)6_2 B 61—1T5_1(T B TT)5—1
s s
_ (%)5—1?5—1[(1 _ T)zs—z _ H“_ T)é—l]
—(%)Ll{T(T s)°72 6i1(T—s)5_1].
For t < s, we have

t
(T 2= 7T 552>

o+ o2 tie2  tosar i+ 52
. TT(T s) (T) = (T) T(T—s)"""
Thus, we can obtain that Gs(t,s) > (%)5_165(15)
Define a cone P C E by
P={uekt:u

(> (2l te 0T
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Define the integral operator A : P — P by (4.5). Thus, the solutions of problem (1.3) are the corresponding
fixed points of A. If u € P, =t <t <0, itis clear that TP C P. If u € P, 0 <t < T, based on the properties
of Gs(t,s), we can get

T T
Auft) = A9 JO Ga(t,s)dnq(jo Gp (s, £)alE)F(E, u(E—1))dE)ds
t T T
>(T)°‘—1Aq—1j Ga(T,s)qaq(J G (s, £)a(E)f(E, w(E —1))dE)ds
0 0
t T T
> ()% sup Aq—lj Ga(t,s)cbq(j Gp (s, £)a(E)F(E, u(E—1))dE)ds
te[0,T] 0 0
t

> (1) Al

Therefore, AP C P. It is easy to verify that A is a completely continuous operator by Arzela-Ascoli
theorem. So, the operator A is well-defined. Let us introduce some signs as follows:

f(t,u) f(t,u)
= limsup max fo = liminf min
w0+ tel, T dp(u)’ u—0+ telo,T] dp(u)’
f(t,u) f(t,u)
° = lim sup max , Too = liminf min ,
u_mp tel0,T] pp (1) u—oo te[0,T] Pp(u)
T ' E—1 axp—ax—p+1
Mi= sup | Galt,s)bal| Gp(s, Elale)(“F )™ o7 laeds
t€l0,T] T

T T
Nl—J Ga(T,smq(J G (T, £)a(£)dE)ds

0

T T
Ny — J Ga(T,smq(L G (T, £)a(£)dE)ds

0
Theorem 4.3. Let fo, > 0, f0 < oo hold, then problem (1.3) has at least one positive solution if

1 1
fooMP 1 FONP !

Ae( ). (4.6)

Proof. Based on (4.6), there exists an ¢ > 0 such that

L <AL !

(foo —e)MP ! (f0+e)NP—T
Let ¢ be fixed. By 0 < 00, there exists an r; > 0 such that
f(t,u) < (fo—i-s)d)p(u), for0 <u<m.

Set Q1 ={u € E: ||u]| < r1}, then for u € PN 9Q;, we have

T T
JAu| < A9 JO GW(T,swq(L Gp (T, £)a(E)F(E, (e — 7)) dE)ds

T T—7

Ga(T,swq(L Gp (T, &+ T)alt+ 1)y ((E))dE)ds
T—7
Ga(T,swq(L Gp(T, &+ T)alE +1)dE)ds Jul

< )\q—l(f0+s)q—1J
0
.
< )\q—l(f0+e)q—1J
0
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T T

ch(T,S)d>q(J Gp (T, £)a(E)dE)ds [u]

T

— )\qfl(fO + E)qfl J
0
< [l

Next, by fo, > 0, there exists an ¥, > 0 such that
f(t,u) > (foo —€)Pp(u) for u > 7.
Set Qp ={u € E : ||u|| < 2}, where m; = max{F,,2r1}. Then for u € PN 0Q,, we have

T T
JAu] = A9 sup J Ga(t,s)cbq(J Gp (s, £)alE)F(E, u(E—1))dE)ds

telo,T]JO 0

T T—7
> A9 (f — )9 sup J Ga(t,s)cbq(J G s, &+ T)a(E + 1)y (u(E))dE)ds
t€[0,T]J0 0

T T _

> A9 (fo — )9 sup J ch(t,s)(l)q(J Gpls Ela(e) =Ty —av+lgg)ds |
t€[0,T]J0 T T

> [[ul].

Thus, by the first part of Lemma 2.15, T has a fixed point u € PN (Qs\ Q1). Then the problem (1.3) has
at least one positive solution. O

Theorem 4.4. Let fop > 0, f*° < oo hold, then the problem (1.3) has at least one positive solution if

1 1

€ ( ,
foMP 1 foND !

). 4.7)

Proof. Based on (4.7), there exists an ¢ > 0 such that

1 1
o T SAS T
(fo—e)MY (f° +e)NY
Let ¢ be fixed. By fy > 0, there exists an r3 > 0 such that

f(t,u) > (fo—e)pp(u), for0<u <rs.

Set Q1 ={u € X: ||u]| < r3}, then for u € PN 9Q;, we have

T T
JAw] = A9 sup J Ga(t,s>c|>q(j G (s, £)alE)f(E, w(E —1))dE)ds
te[0,T1Y0 0

T T—7
> A (g —g)a! supj Ga(t,s)d)q(j Gp (s, & +T)alE + 7)o (u(E))dE)ds
te[0,T]1J0 0

T T

—T

> fo -9 sup | Galtsoal| Gpls @)alE) ("I P ag)as fu]
te[0,T]1J0 T

Next, from f* < oo, there exists an 74 > 0 such that

f(t,u) < (f° +¢e)dp(u) for u > 74.
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Case (i): Suppose that f is bounded. We can choose M > 0 such that f(t,u) < M for t € [0, T] and

u € [0,00). Let
.

Ga(T,swq(j Gp (T, £)a(£)dE)ds),

-
T4 = max{2r3, A9 IM a1 J
0

0
and Q; ={u € E: |Ju|]| < r4}. Then for u € PN 09Q,, we have
T

)
HAuH@“J G(x(T,s)«bq(j G (T, £)a(E)F(E, w(E —1))dE)ds

0

Ga(T,swq(J Gp (T, £)a(£)dE)ds

Case (ii): Suppose that f is unbounded. We can choose 14 > max{2r3, T4} such that f(t,u) < f(t,r4) for
te [0, T]and u € (0,14). Let Qp ={u € E : ||u]| < v4}. Then for u € PN 0Q,, we have

T

)
|Au] < A9 L Ga(T,san(J G (T, £)alE)f(E, w(E—1))dE)ds

0
< A‘“J
0

T T

Ga(T,s)d>q(L G (T, £)a(E)f(E, r4)dE)ds

T T

Ga(T,s)qaq(J Gp (T, £)a(E)dE)ds |[u]

SAITL(Fo )t J
0

0
<yl

Thus, by the second part of Lemma 2.15, T has a fixed point w € PN (Q; \ Q). Then problem (1.3)
has at least one positive solution. O
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