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Abstract

In this paper, Whitham-Broer-Kaup (WBK) equations with time-dependent coefficients are exactly solved through Hirota’s
bilinear method. To be specific, the WBK equations are first reduced into a system of variable-coefficient Ablowitz—Kaup-
Newell-Segur (AKNS) equations. With the help of the AKNS equations, bilinear forms of the WBK equations are then given.
Based on a special case of the bilinear forms, new one-soliton solutions, two-soliton solutions, three-soliton solutions and the
uniform formulae of n-soliton solutions are finally obtained. It is graphically shown that the dynamical evolutions of the
obtained one-, two- and three-soliton solutions possess time-varying amplitudes in the process of propagations. (©2017 All
rights reserved.
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1. Introduction

In nonlinear science, many physical phenomena such as fluid dynamics, plasma physics and nonlinear
optics are often related to nonlinear partial differential equations (PDEs). Researchers often investigate
solutions of such nonlinear PDEs (see for examples [17-21]) to gain more insight into these physical
phenomena for further applications. Since the celebrated Korteweg—-de Vries (KdV) equation was exactly
solved by Gardner et al. [13], finding exact solutions of nonlinear PDEs has gradually developed into one
of the most important and significant directions and many effective methods have been proposed such as
the inverse scattering method [1, 61, 66, 69], Hirota’s bilinear method [15], Backlund transformation [33],
Darboux transformation [31, 47, 64], Painlevé expansion [46, 59, 60], homogeneous balance method [44],
subsidiary equation method [12, 22, 67, 68], first integral method [4], residual power series method [23],
and the exp-function method [14, 55, 56].

As a direct method, Hirota’s bilinear method [15] proposed in 1971 has been widely used to construct
multi-soliton solutions of many nonlinear PDEs like those in [5, 16, 29, 32, 45, 62, 63, 65]. Besides, Hi-
rota’s bilinear method [15] and Darboux transformation [31] are two of the most powerful techniques for
constructing rogue-wave solutions [6, 28, 50] of nonlinear PDEs. The key step of Hirota’s bilinear method
is to convert the given nonlinear PDE into the so-called bilinear form. For such bilinear forms, there is
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no general rule to follow and one often tries to take some transformations like rational transformation or
logarithmic transformation. Recently, Hirota’s bilinear method was extended in a uniform way to all the
nonlinear PDEs contained in the isospectral AKNS hierarchy [10], the variable-coefficient KdV hierarchy
[58] and the modified KAV (mKdV) hierarchy [72]. When the inhomogeneities of media and nonunifor-
mities of boundaries are taken into account, the variable-coefficient PDEs could describe more realistic
physical phenomena than their constant-coefficient counterparts. Therefore, how to generalize the existing
methods to construct exact solutions especially soliton solutions [42, 43] of nonlinear PDEs with variable
coefficients is worthy of exploring. In the present paper, we shall extend Hirota’s bilinear method to con-
struct new multi-soliton solutions of the following new WBK equations with time-dependent coefficients
[30]:

ue +y1(tuuy +y2(thvx +vs(thuxx =0, (1.1)

Vi + V4(t)uxv + V4(t)u‘}x — VS(t)Vxx + V6(t)uxxx = 0/ (12)

where vi(t) (i = 1,2,---,6) are arbitrary smooth functions of t, which represent different dispersion
and dissipation forces. Given different vi(t) (i =1,2,---,6), equations (1.1) and (1.2) convert into some

well-known equations. If yi(t) = hy (i =1,2,---,6) are all constants, then (1.1) and (1.2) become the
generalized WBK equations [30]:

Ut + hjuuwy + hpvy + hguy, =0, (1.3)
vi + hauy v + hguvy — hsvey + hellxx = 0. (1.4)

When vi(t) = v2(t) =va(t) = =1, v3(t) =v5(t) = 1/2 and y4(t) = 0, equations (1.1) and (1.2) give the
approximate equations for long water waves [51]:

1
Ut — Uy —Vy + Euxx =0, (1.5)
1
vi — (uv)x — vax =0. (1.6)

When v1(t) =v2(t) =v4(t) =1, y3(t) = v5(t) = B and ys(t) = « are all constants, equations (1.1) and
(1.2) transform into the WBK equations in shallow water [52]:

Ut + Ul +Vx + Puxx =0, (1.7)

Vi + (W) + alxxx — Pvxx = 0. (1.8)

When v1(t) = va(t) = 2, v2(t) = ve(t) = —1/2 and y3(t) = y5(t) = 0, equations (1.1) and (1.2)
degenerate into the Boussinesq—-Burgers (BB) equations [25]:

1
Ut + 22Uy — va =0, (1.9)
1
Vi — Euxxx +2(uv)y = 0. (1.10)

When v1(t) = v2(t) =1, v3(t) = v5(t) = 0 and y6(t) = 1, equations (1.1) and (1.2) change into the
variant Boussinesq equations [51]:
Ut +uuy +vx =0, (1.11)

Vi + (u\))x +Uxxx = 0. (112)

When v1(t) = v2(t) = va(t) = 2e(t), v3(t) = y5(t) = —(t), v6(t) = 0, equations (1.1) and (1.2) turn
into the variable-coefficient Broer-Kaup (BK) equations [53]:

Uxt — oc(t) [uxxx - 2(u-ux)x - 2VXX] =0, (113)
Vi + o(t) [vxx +2(uv)x] = 0. (1.14)
In 2014, Liu and Liu [30] obtained some symmetries and similarity reductions of (1.3) and (1.4) by apply-
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ing direct symmetry method. Based on the obtained symmetries, Liu and Liu [30] obtained some new
solutions including rational solutions, hyperbolic function solutions, trigonometric function solutions and
Jacobi elliptic function solutions of (1.1) and (1.2). As far as we know, there are no multi-soliton solutions
and other solutions of (1.1), (1.2), (1.3), (1.4) have been reported. By using the extend homogeneous bal-
ance method, Yan and Liu [51] obtained trigonometric function solutions, n-resonance plane solitary wave
solutions and non-traveling wave solutions of (1.5) and (1.6) and (1.11) and (1.12).

In recent years, most researchers focus on the constant-coefficient WBK (1.7) and (1.8). More specif-
ically, Yan and Zhang [52] obtained solitary wave solutions, periodic wave solutions and the combined
formal solitary wave solutions by introducing Riccati equation and a new generalized transformation.
Chen and Wang [7] obtained many trigonometric periodic and hyperbolic function solutions, trigono-
metric periodic and rational function solutions, hyperbolic and rational function solutions by proposing
multiple Riccati equations rational expansion method. Zhang [57] obtained solitary wave solutions, peri-
odic wave solutions and combined formal solitary wave solutions by using an improved Riccati equations
method. Chen et al. [9] obtained a series of exact solutions which include rational form solitary wave
solution, rational form triangular periodic wave solutions and rational wave solutions as special cases
by presenting elliptic equation rational expansion method. Mohebbi et al. [34] obtained numerical so-
lutions by proposing numerical schemes which are based on the fourth-order time-stepping schemes in
combination with discrete Fourier transform. Shen et al. [40] obtained solitary wave solutions, kink wave
solutions and periodic wave solutions by using bifurcation method. El-Sayed and Kaya [11] obtained
explicit and numerical traveling wave solutions containing blow-up solutions and periodic solutions by
using a decomposition method. Chen et al. [8] obtained more types of traveling wave solutions includ-
ing polynomial, exponential, solitary wave, rational, triangular periodic, Jacobi and Weierstrass doubly
periodic solutions by proposing a generalized method. Xu and Li [49] obtained some singular traveling
wave solutions by improving an auxiliary equation method. Jiao and Zhang [24] obtained exact traveling
wave solutions by proposing an extended method with a more general transformation. Xie et al. [48] ob-
tained four pairs of solutions which contain blow-up solutions and periodic solutions by using hyperbolic
function method and Wu elimination method. Mohyud-Din et al. [35] obtained explicit and numerical
traveling wave solutions which contain blow-up solutions and periodic solutions by using homotopy per-
turbation method. Rafei and Daniali [36] obtained explicit traveling wave solutions including blow-up
and periodic solutions by using variational iteration method. Song et al. [41] obtained kink-shaped so-
lutions, blow-up solutions, periodic blow-up solutions and solitary wave solutions by using bifurcation
method and qualitative theory of dynamic systems. Arshad et al. [2] obtained traveling wave solutions
in the form of solitons, bell and anti-bell periodic, bright and dark solitary wave by applying a modified
extended direct algebraic method. Lin et al. [27] obtained multi-soliton solutions by means of Wronskian
technique and symbolic computation.

With the help of Riccati equation and its some special solutions, Khalfallah [25] obtained hyperbolic
function solutions and rational solutions of (1.9) and (1.10). By using the compatibility method, Yan and
Zhou [53] obtained many explicit solutions of the Boussinesq-Burgers (1.13) and (1.14), which include
solutions expressed by error function, Bessel function, exponential function and Airy function. As a
special case of Zhang and Zhang’s work in [70], n-soliton solutions of the variable-coefficient BK (1.13)
and (1.14) can be reached.

The rest of the paper is organized as follows. In Section 2, we first take appropriate transformations
to reduce (1.1) and (1.2) into the variable-coefficient AKINS equations. Then the variable-coefficient AKNS
equations are bilinearized so that we arrive at the bilinear forms of (1.1) and (1.2). In Section 3, starting
from a special case of the obtained bilinear forms, we construct one-soliton, two-soliton, and three-soliton
solutions of (1.1) and (1.2). Based on the obtained soliton solutions, we then summarize a uniform formula
for the explicit n-soliton solutions of (1.1) and (1.2). In addition, some spatial structures and propagations
of the obtained one-, two- and three-soliton solutions are shown by figures. In Section 4, we conclude this

paper.
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2. Bilinearization

For (1.1) and (1.2), we have the following Theorem 2.1.
Theorem 2.1. Suppose that

Ax
= qp—— 2.1
u ap A P ( )
2Y1(t) agy1(t) —2ys(t) [ A2 Axx
=— AB + qo A SVSU (D 22
R [ K A (Y 2t A ) (22)

where ag is an arbitrary constant, A and B are smooth functions of x and t, the time-dependent-coefficient WBK
(1.1) and (1.2) reduce then into the variable-coefficient AKNS equations:

1

Ay = anvl(t)(zAzB —Axx), (2.3)
1

By =5am (t)(—2AB% + Bxx), (2.4)

under the constraints
adyi(t) —4y3(t)

valt) =v1(t), vs(t) =v3(t), velt)= 472(1) (2.5)
sy Yi®ys(t) o vi(E)va(t)
v3(t) = Y10 Ya(t) = Y1 (0 (2.6)
Proof. We take the following transformations
u=a(t)(InA)y, (2.7)
v=">b(t)(InA)xx +c(t)AB, (2.8)

and substitute (2.7) and (2.8) into (1.1) and (1.2), here a(t), b(t) and c(t) are functions of t to be deter-
mined. A direct computation tells that if

agy1(t) —2ys(t) 2v1(t)

, c(t)=—q ,

220 V="
then (1.1) and (1.2) reduce into (2.3) and (2.4) under the constrains (2.5) and (2.6). Thus, the proof is
end. -

a(t) =ap, b(t) =ag

For the bilinear forms of (1.1) and (1.2), we have the following Theorem 2.2.

Theorem 2.2. Let (2.5) and (2.6) hold, the time-dependent-coefficient WBK (1.1) and (1.2) possess the bilinear
forms

1

Dig-f = zanyi(t [—Dig o %(Dif : f+29h)} ) 2.9)
1 h

Dih-f = 5a(m(t) [Dih f— ?(Dif : f+29h)] , (2.10)

where f = f(x,1), g = g(x,t), h = h(x,t), Dx and Dy are Hirota’s differential operators defined by
DIDYF(x, 1) - G(x, 1) = (0x — 0x/)™ (0t — ¢/ )" F(x, t) - G(x', t) vy v/t
Proof. In view of (2.3) and (2.4), we suppose that
A % B (2.11)

Equations (2.3) and (2.4) are then converted into

1 2f2 2g%h
fgt —ftg= EQO'Yl (1) (_gxxf+29xfx + fxxg — ;9 + Qf) ’
1 2f2h  2gh?
fhy — fth = 5071 (t) (fhxx —2f hy — fyxh + ]’; — 9f> ,

the bilinear forms of which are namely (2.9) and (2.10). It is easy to see from (2.1), (2.2) and (2.11) that if
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we take the transformations
—ay gxf—fxg /
fg

__enigh a0a0Y1(t)*2Y3(t) <f§ gx fxx+gxx>
Oy, (t) 2 2v,(t) 2 g f g’

then (1.1) and (1.2) are converted into the bilinear forms (2.9) and (2.10). We complete the proof. O

u

3. Multi-soliton solutions
To construct multi-soliton solutions of (1.1) and (1.2) conveniently, we set
D2f-f+2gh =0, (3.1)

the bilinear forms (2.9) and (2.10) are then reduced into

1
Dig-f= —Eagyl (t)Dig -f, (3.2)

1
Dih-f = 5071 (t)D2h-f. (3.3)

Based on the bilinear forms (3.2) and (3.3) under the condition (3.1), in what follows we construct
multi-soliton solutions of (1.1) and (1.2). For this purpose, we suppose that

f=14e2® 4 ebf@ 4 4 I 4., (3.4)
g 289(1)+839(3) _|_'”_|_€2].+19(2).+1)+... , (35)
h=ehV) 4 nB) 4 4 PHhEFD L. (3.6)

0.06
0.04)
[u]
0.02
0.00 "

=50

Figure 1: Spatial structures of one-soliton solutions (3.18) and (3.19).

Substituting (3.4), (3.5), (3.6) into (3.1), (3.2), (3.3) and then collecting the coefficients of the same order
of ¢ yields a system of differential equations (SDEs)

1
g + anyl(t)gf&) =0, (3.7)
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1
h = Zaon (R =0, (3.8)
&+ gMrM =, (3.9)
1 1
90" + Sa0v1(t)g = Do+ jaovi (DM -1, (3.10)
1 1
hY = a1 (i = —[Dy = Z a1 (DI -2, (3.11)
ngi) _ —Dif(z) . £(2) _2(9(1)h(3) + 9(3)}1(1)), (3.12)
1 1
0" + Ja0v1(t)g:d = —[Di + a1 (D39 - £4) + g5, (3.13)
1 1
b = Sa0va (I = (D = g aoys (DI - 14+ nCI), (314)
£6) — _D2§2) 44 _ (gIRO) L gBIRB) 4 gGIR1)), (3.15)
and so forth.
[ul
O.ES ‘
\ | 7\\
W\‘\/\/U\‘/\/‘U » U L X
t=-3
lu| [u]
h ‘ 096
|| op2F 004
I L
~~ Nl Voo e oo
H“H‘-‘zo”‘f”‘z‘ow‘wmX T T T e e X
t=0 t=3
Figure 2: Dynamical evolutions of one-soliton solution (3.18).
If let 1
gV =t & =kx— Tk Jyl(t)dt, (3.16)
1
RO — e,y = lx + Sl J Yi(t)dt, (3.17)
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be two solutions of (3.7) and (3.8), then from (3.9) we have

1

£2) — e£1+m+913, ef3 — )
(k1 +11)2

[V]
14f

12f
of
o8f
06;

04l

V] VI

0.5—‘ oL

A : ‘
. NI L X L o U
0

-40 -2

Figure 3: Dynamical evolutions of one-soliton solutions (3.19).

It is easy to see that if g®) = h(®) = f4) = ... = 0, then (3.10), (3.11), (3.12), (3.13), (3.14), (3.15) and
those unwritten ones in above SDEs all hold. In this case, (3.4), (3.5), (3.6) are truncated into finite terms.
Further selecting ¢ = 1 and writing

f] =14 e tm+013 g1 = ebl, hy=em,
we then obtain one-soliton solutions of (1.1) and (1.2):

kg — lye&1tmi+0is
1+ e&1tmi+613 7

u=aqgp (3.18)

e&1tm

2v>(t)(1 + eb1tmi+013)2°

In Figure 1, the spatial structures of one-soliton solutions (3.18) and (3.19) are shown, where the
parameters are selected as k1 = 1, lj = 0.05, ap = 0.01, y1(t) = 0.5e05t*, Y2(t) = 205t v3(t) = 05t
We use Figures 2 and 3 to describe the corresponding dynamical evolutions of one-soliton solutions (3.18)
and (3.19) at times t = —3, t = 0 and t = 3. It can be seen from Figures 1-3 that one-soliton solutions
(3.18) and (3.19) possess time-varying amplitudes in the process of propagations.

We next construct two-soliton solutions of (1.1) and (1.2). Selecting

v =—apl2ap — agy1(t) + 2ys3(t)]

(3.19)

1
gl =eb tet2, azkm—E%ﬁJMHML (i=1,2),
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1
R —em pem, ny=lix+ anﬁ JVl (tdt, (i=1,2),

which satisfy (3.7) and (3.8), from (3.9), (3.10), (3.11), (3.12) we then have

£(2) = &1t Mi+013 4 oE1M2 01 4 efatnitO2 4 eﬁz+ﬂ2+924,
9(3) — &1 &4 M1 +012+013+623 + eﬁ1+iz+ﬂz+912+914+924,

3 +M14Mp+0134 01440 11412+ 023+024+0
h) — e&1Mi+mn2+0613+014+0631 4 oEr+M1+M2+023+602 4,

£(4) — eil+52+ﬂ1+ﬂ2+913+914+934+923+924+934,

where 1
01 _ 2 O3 _ 2 Bii42) — c s
e’2 = —(k;—ko), e =—(11—1), e’ =——8 ——  ({,j=1,2).
(k1 —k2) (L1 — 1) Kty (ij )
| u |l-l,;t| &
Figure 4: Spatial structures of two-soliton solutions (3.20) and (3.21).
If g = h() = f6) = ... = 0, then we can see that (3.13), (3.14), (3.15) and those unwritten ones in

above SDEs all hold. In this case, we truncate (3.4), (3.5), (3.6) into finite terms. We further select ¢ = 1
and write

g = el + e&2 + &1 &4 M1+612+013+623 + 651+£2+n2+912+914+924/
hy =eM +eM2 + eE1 NI+ +013+014+63 eﬁz+ﬂ1+ﬂ2+ez3+924+934,
fp=1+ e&1mM1+013 + e&1 M2 +01y + 214023 + &2t M2+02

+ ei1+£2+ﬂ1+ﬂ2+913+914+934+923+924+934,

and hence obtain two-soliton solutions of (1.1) and (1.2):

fy —f
u:a()gZx 2 2x 92

3.20
292 (320

V=

21t) g2hy N apy1(t) —2ys(t) <f§X P Toxx +92xx>, (3.21)

o) T 2n(y g e

The spatial structures of two-soliton solutions (3.20) and (3.21) are shown in Figure 4 by selecting
the parameters as k; = 1, kp = 0.3i, i = 4, L, = —1.2, qp = 0.008, v1(t) = 0.5¢"°%, y,(t) = 205,
ya(t) = €0t Figures 5 and 6 are used to describe the corresponding dynamical evolutions of two-soliton
solutions (3.20) and (3.21) at times t = —3, t = 0 and t = 3. Figures 4-6 show that two-soliton solutions
(3.20) and (3.21) possess time-varying amplitudes in the process of propagations.
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[ul

-40

-20
[u]
030}
0.25
020
0.15 -
0.10
0.05
—-40 -20 — 20 40
t=0
Figure 5: Dynamical evolutions of two-soliton solution (3.20).
[V
20
15
10
05
WMM‘M X
—40 -20 20 40
t=-3
[V [V
5 ; .8 j
ar 06|
3k
[ o4t
2
Al
1 L
I I I I X I I . JL l}k | I
—40 -20 20 40 —40 -20 20 40
t=0 t=3

Figure 6: Dynamical evolutions of two-soliton solution (3.21).



S. Zhang, Z. Y. Wang, J. Nonlinear Sci. Appl., 10 (2017), 2324-2339 2333

Similarly, we can determine three-soliton solutions of (1.1) and (1.2) as follows:

_ g3xf3—13x03
f3g3

2 gshs | agn(t) —2ys(t) (féx G5 faex 93xx>

ag =X 2ox
Ovo(t) 12 2y, (t) 2 g5 f3 g3

, (3.22)

V= (3.23)

f3=1+ &1t +01y + &1t M2+015 + &1t M3 +016 + &2 M1+02 + &2t M2+02s
4 82t M3 +006 4 oE34M1+034 | &3+ N2 +035 | oE3+M3+036
4 e&1t &N HM2 401240144015+ 024+005+045 | o &1+ E3+M14M3+013+014+016+034+036+046
+ &1 &3+ M2+ N3 +013+015+016+035+036+056 | oEa+Ea3+T1+M2+023+024+025+034+035+045
4 e&2t &3 N1 M3 +0234 0244026 +034+036+046 | &2+ E3+M2+M3+023+025+026+035+036+056

+ 651+<‘~2+53+ﬂ1+ﬂ2+ﬂ3+912+913+914+915+916+923+924+925+926+934+935+936+945+946+956,

g3 = e&1 4 ef2 4 e&s 4 p&1t &t E3 MM +012+013+014+015+023+024+025+034+035+ 045
4 e&1t & E3 MM +012+013+014+016+023+024+026+034+036+ 046
+ &1t &a+E3 N2+ M3+019+013+015+016+023+025+026+035+036 +056
4 &1t &M+ +014+00 | pE1+ &t M2+012 40154025 | p&1+E24M3+012+016+026
4+ &1t &3 M1 H013 40144021 4 oE1+E3 M2 +013+015+035 4 oE1+E3+M3+013+016+036

[¢] 0 0 0 0 (8] +&3+M3+023+026+0
+e€2+£3+ﬂ1+ 23+024+ 34+e£z+£3+ﬂ2+ 23+025+ 35_,_652 E3+M3+623+026 36,

hy = e 4 eM2 4 e &1 &M+ N24M3+012+014+015+016+024+025+026+045+046+056
+ &1t &3+ N1+ 12+ N3+ 013+ 014+015+016+034 0354036 +045+046+056
+ e£2+53+ﬂ1+ﬂ2+ﬂ3+923+924+925+926+934+935+936+945+946+956
+ &1 M1 M2+0144+015+045 + &2 1M1 M2+024+025+645 + e&3 M M2+034+035+045
+ &1t N1 +N3+014+ 016+ 046 + &2t M1+ M3+024+02+ 6046 + e &3t N1+ N3 +034+036+046

+12+N3+015+016+0 Ex+12+M3+025+026+0 E3+M2+M3+035+036+0
+€E'1 N2TM3 15 16 56+e 2T T2T1N3 25 26 56+e 3T N2 TT3 35 36 56’

where

1 1 .
& = kix — ank% JVl (t)dt, mi=Tlix+ anl% Jw(t)dt, (i=1,23),
eeii :—(ki—kj)Z, (l< ) :2;3)1
1
Qi) = ——— —_ ({,j=1,2,3),
e (ki + ;)2 (L] )
edimim = —(1; - ;)4 (i<j=23).

Selecting k; =1, ko = 031, ks =2i, 1, =2, 1, =1, I3 = —1.5, ag = 0.005, 1 (t) = 0.5e5", y,(t) = 2¢%5"
and y3(t) = eO'StZ, we show in Figure 7 the spatial structures of three-soliton solutions (3.22) and (3.23).
In Figures 8 and 9, the corresponding dynamical evolutions of three-soliton solutions (3.22) and (3.23) are
described at times t = —3, t = 0 and t = 3. From Figures 7-9 we can see that three-soliton solutions (3.22)
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and (3.23) possess time-varying amplitudes in the process of propagations.

0.08
0.06 |

[ ] 004
002}

Figure 7: Spatial structures of bright and dark three-soliton solutions (3.22) and (3.23).
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Figure 8: Dynamical evolutions of three-soliton solution (3.22).

Generally speaking, if we take

1
g =ebtpefo e, &=k ank%Jvl(t)dt,

1
h =empemq...pet, =1+ anl%Jyl(t)dt,

2

Z“ s n
fa= ) Zi(we= 4+ ) w0y,
u=0,1 1<i<
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Figure 9: Dynamical evolutions of three-soliton solution (3.23).
2n n
> mi&
gn= ) Za(wem T+ > w6y,
1=0,1 1<i<j
2n m
> &
hn= ) Zs(we= "+ Y 6y,
=01 1<i<j
1 1 .
& = kix — ank% JYl(t)dt/ ni = Lix+ anl% JYl (t)dt, (i=12---,n),
E,n+] :n)/ (jzllzlln)/
1
0. : ..
€ 1(]+n):_7/ 1 :1/2/"'/n/
(ki + ].]' )2 ( ) )
% = (ki — k)%, ePumiim = (L, —4)?, (i<j=23--,n),
we can give uniform formulae of n-soliton solutions of (1.1) and (1.2) as follows:
fo—f
u = ap InxTn nxgn , (3.24)
fngn
2Y1 (t) gnhn apyl (t) - 2V3(t) <f$1x 9121x frixx 9nxx>
=—a a — = - + , 3.25
a0 B 0T 200 (B @ fa o 62)
where the summation 3 ,_; refers to all possible combinations of each p; =0,1 fori=1,2,---,n, and
Z1(Ww), Zo(n) and Z3(p) denote that when we select all the possible combinations y; (j =1,2,- - ,2n) the

following conditions hold, respectively:
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n mn n n n mn
D= tnri, D M=) Mat+l D) A=) g
=1 = =1 i—1 =1

To the best of our knowledge, the obtained one-soliton solutions (3.18) and (3.19), two-soliton solutions
(3.20) and (3.21), three-soliton solutions (3.22) and (3.23) and n-soliton solutions (3.24) and (3.25) are new,
they have not been reported in literature.

4. Conclusions

Based on (3.2) and (3.3), a special case of the bilinear forms (2.9) and (2.10) under the condition (3.1),
we have successfully extended Hirota’s bilinear method to the new time-dependent-coefficient WBK (1.1)
and (1.2). As a result, new one-soliton solutions (3.18) and (3.19), two-soliton solutions (3.20) and (3.21),
three-soliton solutions (3.22) and (3.23) and the uniform formulae of n-soliton solutions (3.24) and (3.25)
are obtained. For the existing solutions in [2, 7-9, 11, 24, 25, 27, 30, 34-36, 40, 41, 48, 49, 51-53, 57, 70],
some of them can be recovered as special cases of the results obtained in the present study. Here we take
the following solutions [48]

u = —kv/ o+ B2cothk(x — At +c¢) + A, 4.1)
v =22V ot + B2(B + v x+ B2)esch>k(x — At +¢) + A, (4.2)

as the first example. In this case, we select y1(t) = 1, y2(t) = 1, y3(t) = B, ap = 2y/a+ % k =
k+M/(2v/ax+p?), 1 =k—A/(2y/«+ B?) and set the integration constants of (3.16) and (3.17) as In4k? /A,
then a direct computation shows that the one-soliton solutions (3.18) and (3.19) arrive at solutions (4.1)

and (4.2). In the second example, we select y1(t) =1, v2(t) = 1, va(t) = B, ap = -2/ ax+ B2, k1 =4,
l; = —2 and set the integration constants of (3.16) and (3.17) as —013/6v/2, then the one-soliton solutions
(3.18) and (3.19) give the known solutions [27]

u = 2v2[tanh(x + 6v/2t) — 3],

v = —8(v2 — 2)sech?(x + 6V/2t).
The third example is based on (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), (2.11), (3.2) and (3.3). Setting v1(t) =1,
v2(t) =1, y3(t) = B, ag = —2v/ &+ B2, from (2.1) and (2.2) we then have

u=—-2va+pZ(InA)y, (4.3)
v=—4(c+BIAB+2 [+ B(B+v/a+ B2)| (InA), (4.4)

where A and B satisfy the constant-coefficient AKNS equations
Ar = —V o+ BH2ATB — Axx), (45)
By = —oo+ P2(—2AB2 + Byy). (4.6)

In view of (2.11) and (3.1), we reduce (3.2) and (3.3) as

Dig-f=—va+p2Dig-f, (4.7)
Dih-f = /o + p2D2h - f. (4.8)

With the help of (2.11), (4.3), (4.4), (4.5), (4.6), (4.7), (4.8), we can obtain the following multi-soliton solu-
tions [27] expressed by double Wronskian determinants

u=-2va+p2|In <2M>] ,
X

IN—1,M—1]
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NN N2 _— N2
V:16((X+ [52) /|\ /\| /|\ /\| +2|:O(—|— f)([.))—i- x + 62):| In 2% ,
N—T,M_1|[N— ;M1 N-LM-1])] .

under the linear Wronskian conditions

Pijx = _k)’ Pi,  Pjt = -2 V &+ Bz(pjxx/

w]x:k)ll)], Il))t :qu))xxl (j:1,2,,N+M+2)’

where the double Wronskian determinant is defined as
WNM(@;1p) = det(p, 0, -, 0N To;p, 0, -, dM ) = IN— ;M —1],

with @ = (@1, @2, , onima2) " and ¥ = (P, Pa, -, Inyma2) '

In the procedure of extending Hirota’s bilinear method to (1.1) and (1.2), one of the key steps is to
reduce (1.1) and (1.2) to the bilinear forms (2.9) and (2.10) by the transformations (2.7), (2.8) and (2.11). It
is graphically shown that the dynamical evolutions of one-soliton solutions (3.18) and (3.19), two-soliton
solutions (3.20) and (3.21), three-soliton solutions (3.22) and (3.23) possess time-varying amplitudes as
Serkin et al. [37-39] reported in the process of propagations. Recently, fractional-order differential calculus
and its applications have attached much attention [3, 26, 54, 71]. How to construct multi-soliton solutions
of nonlinear PDEs with fractional derivatives through Hirota’s bilinear method is worthy of study.
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