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Abstract

In this paper, first, we introduce several types of the Ulam-Hyers stability, the well-posedness and the limit shadowing
property of fixed point problems in Ms-metric spaces. Second, we give such results for fixed point problems of Banach and
Kannan contractive mappings in Ms-metric spaces. Finally, we give some examples to illustrate the validity of our main results.
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1. Introduction and preliminaries

In 1922, Banach [1] proved a famous theorem, which is well-known as “Banach’s contraction principle”
or "Banach’s fixed point theorem”, to establish the existence of solutions for integral equations.

Theorem 1.1 ([1]). Let (X, d) be a complete metric space and T : X — X be a contractive mapping, that is, there
exists k € [0,1) such that

d(Tx, Ty) < kd(x,y),

forall x,y € X. Then T has a unique fixed point z € X, that is, Tz = z. Furthermore, for each xo € X, the sequence
{xn} defined by

Xni1 = IXn,

for all n > 0 converges to the fixed point z of T.
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Since then, because of its simplicity, usefulness and applications, it has become a very popular and
useful tool in solving the existence problems in many branches of mathematical analysis.

From Banach’s contraction principle, it follows that the contractive mapping is continuous. It is in-
spired to consider that do there exist some contractive conditions which need the mapping T has not to be neces-
sarily continuous?

The answer for this inquiry was provided by Kannan [5] in 1969 who proved “Kannan’s fixed point
theorem” for the following contractive mapping, which is called Kannan’s contraction.

Theorem 1.2 ([5]). Let (X, d) be a complete metric space and T : X — X be a contractive mapping, that is, there
exists k € [0, 3) such that

d(Tx, Ty) < kld(x, Tx) + d(y, Ty)],
forall x,y € X. Then, T has a unique fixed point z € X, that is, Tz = z.

In 1975, Subrahmanyam [12] proved that Kannan’s contraction characterizes the metric completeness,
that is, if every Kannan'’s contractive mapping has a fixed point, then a metric space (X, d) is complete.

Recently, some authors have introduced some extensions of metric spaces in several ways and studied
fixed point theory and applications in these metric spaces.

Especially, in 2012, Sedghi et al. [11] introduced the concept of S-metric spaces which is a space with
three dimensions and they studied the topological properties of S-metric spaces and showed the existence
and uniqueness of a fixed point for certain generalized contractive mappings in the setting of S-metric
spaces. In 2014, Mlaiki et al. [7] established an extension of S-metric spaces to partial S-metric spaces
and, also, they pointed out that every S-metric space is a partial S-metric space, but the converse is not
true. Recently, the concept of a partial S-metric space was extended to the concept of M-space by Mlaiki
et al. [8]. Moreover, they showed the existence and uniqueness of a fixed point for a self-mapping in
M;-metric spaces under Banach’s and Kannan’s contractive mappings, which are the generalizations of
Banach’s and Kannan’s fixed point theorems in the framework of partial S-metric spaces.

Theorem 1.3 ([8]). Let (X, ms) be a complete Ms-metric space and T : X — X be a self-mapping on X satisfying
the following condition:

ms(Tx, Ty, Tz) < kms(x,y,z),
forall x,y,z € X, where k € [0,1). Then T has a unique fixed point u € X, such that ms(u,u,u) = 0.

Theorem 1.4 ([8]). Let (X, ms) be a complete Ms-metric space and T : X — X be a self-mapping on X satisfying
the following condition:

ms(Tx, Tx, Ty) < Alms(x, x, Tx) +ms(y,y, Ty)],

forall x,y € X, where A € [0, %). Then T has a unique fixed point uw € X such that mg(u, u,u) = 0.

On the other hand, recently, some authors studied and extended the Ulam-Hyers stability, the well-
posedness and the limit shadowing property of for fixed point problems in various spaces (see [2—4, 6, 9,
10]).

In this paper, we first present various types of the Ulam-Hyers stability, the well-posedness and the
limit shadowing property of the fixed point problem in an Ms-metric space which is an extension of
a metric space. Second, we study the Ulam-Hyers stability, the well-posedness and the limit shadowing
property of the fixed point problem for Banach’s and Kannan’s contractive mappings in Ms-metric spaces.
Finally, we give some examples to illustrate the validity of our main results.

Throughout this paper, we denote by IN, R*, and R the sets of positive integers, nonnegative real
numbers, and real numbers, respectively. The following definitions, notations and lemmas are needed in
the following discussion.
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Definition 1.5 ([7]). Let X be a nonempty set. A partial S-metric on X is a function S, : X3 — [0, c0)
satisfying the following conditions: for all x,y,z,t € X,

(Spl) Sp(XIUIZ) = 0;

(sp2) x =y if and only if sp(x,%, %) = sp (Y, Y, y) = sp(x, %, Y);

(sp3) sp(x,y,z) <sp(x,x,t) +sp(y,y,t) +splz,z,t) —sp(t, t,1);

(sp4) sp(x,x,x) <splx,y,z);

(spd) sp(x,x,y) =sp(y,y,x).

The pair (X, sp) is called a partial S-metric space.

Note that every S-metric space is a partial S-metric space, but not every partial S-metric space is an
S-metric space.

Now, we give an example to show that a partial S-metric space needs not to be necessarily an S-metric
space.

Example 1.6. Let X = [0,1] and define a function s, : X3 - Rt by sp(x,y,z) = max{x,y,z} for all
x,Y,z € X. Then s, is a partial S-metric, but it is not an S-metric on X. Indeed, for any 0 < x < 1, we have
sp(x,x,x) =x #0.

Next, we present the definition of an M-metric space, but first we introduce the following notations
which are useful in the sequel:

(1) ms,,. = min{ms(x,x,x), ms(y,y,y), ms(z,z,2)}

(2) My, , . = max{ms(x,x,x), ms(y,y,Y), ms(z,z,2)}

Definition 1.7 ([8]). An M;-metric on a nonempty set X is a function ms : X> — R™* that satisfies the
following conditions: for all x,y,z,t € X,

(Mmsl) ms(x,x,x) =ms(y,y,y) = ms(z,2,z) = ms(x,y,z) ifand only if x =y = z;

(ms2) Msy 2 <mg(x, Y, z);

(ms3) ms(x,x,y) =ms(y,y,x);

(Mms4) (ms(x,y,z) —ms, ) < (Ms(x,x,t) —ms, )+ (Ms(y,y,t) —ms, )+ (Ms(z,2,t) —ms, ).

Then the pair (X, ms) is called an M-metric space.

Example 1.8. Let X = [0,00) and ms : X® — R be a mapping defined by
ms(x,y,z) = max{x,y,z} —min{x, y, z},

for all x,y,z € X. Then mg is an Mg-metric on X.

Example 1.9. Let X be a nonempty set and d be the ordinary metric on X. Define the mapping ms : X3
[0, 00) by

ms(x,y,z) = d(x,y) +d(x,z) + d(y, 2),
for all x,y,z € X. Then mg is an M¢-metric on X.
Example 1.10. Let X ={1, 2,3} and define a mapping ms on X by

ms(1,2,3) =6, my(1,1,2) =ms(2,2,1) =10, ms(1,1,3) =ms(3,3,1) =ms(2,2,3) =m,(3,3,2) =7,
ms(2,2,2) =9, my(3,3,3) =5, m,(1,1,1) =8.

Then my is an Ms-metric on X, but ms is not a partial S-metric since ms(1,1,1) £ ms(1,2,3).
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Example 1.11. Let (X, s) be an S-metric space with the S-metric s. Let ¢ : [0, 00) — [0, 00) be an injective
and nondecreasing mapping such that

dx+y+z) <Px)+dy) + d(z) —2¢(0).
Then mg(x,y,z) = d(s(x,y,z)) is an Mg-metric on X.

Proof. 1t is easy to prove that the conditions (ms1), (ms2), and (ms3) are satisfied. For the condition
(ms4), it follows that, for for all x,y,z,t € X,

d(s(x,y,2)) < b(s(x,x,t) +s(y,y,t) +s(z,z,1))
< O(sxx, 1))+ d(s(y,y, t) + d(s(z,zt) —24(0),
$(s(x,y,2)) = d(0) < (d(s(x,x,1)) = d(0)) + (d(s(y,y,t)) — $(0)) + (b(s(z,z,t)) — $(0)),
(Mms(x,y,2) —ms, ) < (Ms(x,x,t) —ms, )+ (Ms(y,y,t) —ms,, )+ (Ms(z,2,t) —ms, ).

This completes the proof. O

Example 1.12. Let (X, s) be an S-metric space with the S-metric s. Then the mapping m; defined by
ms(x,y,z) = as(x,y,z) +b for all x,y,z € X, where a,b > 0, is an M-metric since we can put ¢(t) =
at+b.

Remark 1.13. According to Example 1.12, from Banach’s contraction, that is, there exists k € [0,1) such
that

ms(Tx, Ty, Tz) < kms(x,y,z),

for all x,y,z € X, we have

bk—1
ms(Tx, Ty, Tz) = as(Tx, Ty, Tz) + b < kas(x,y,z) + kb = s(Tx, Ty, Tz) < ks(x,y,z) + ( q ),

which does not imply the ordinary Banach contraction in S-metric spaces (see [11]), that is, there exists
k € [0,1) such that

s(Tx, Tx, Ty) < ks(x,x,y),

for all x,y € X, where T is a self-mapping on X.

Conversely, the ordinary Banach contraction in S-metric spaces implies Banach’s contraction in M-
metric spaces. Thus this states that, even if the M-metric mg and the ordinary S-metric s have the same
topology, Banach’s contraction for the Ms-metric ms does not imply Banach’s contraction for the ordinary
S-metric s.

For example, let X be a nonempty set and d be the ordinary metric on X. Define two mappings
s: X3 [0,00) and ms : X3 — [0, 00) by

s(x,y,z) =d(x,z) +d(y,z), ms(x,y,z) =d(x,y)+d(x,z)+d(y,z)

for all x,y,z € X, respectively. Then s and ms are an S-metric and an M -metric, respectively. Obviously,
it follows that the S-metric s and the Ms-metric m; generate two topologies Ts and T, on X, respectively,
where

Bs(x, €):=={y € X:s(x,x,y) < e} ={y € X:dx,y) <€}
and
Bm,(x,€) :={y € X:ms(x,x,y) —ms,, ., <e}={y € X:2d(x,y) < €}
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form the base of 15 and T, respectively. Notice that s and T, are the same topology. However, by
Banach’s contraction in M-metric spaces, we have

ms(Tx, Tx, Ty) < kms(x,x,y) = d(Tx, Ty) < 2kd(x,y),
for some k € [0,1), which does not imply the ordinary Banach contraction in S-metric, that is,
s(Tx, Tx, Ty) < ks(x,x,y) = d(Tx, Ty) < kd(x,y),
for some k € [0,1).

Lemma 1.14. Let (X, mg) be an M-metric space. Then, for all x,y,z,t € X,

(1) ms(x,y,y) < ms(x,x,y);

(2) ms(x,y,x) <2ms(x,x,y);

3) ms(x, Y,z z) — Ms, y.z < (msg(x,x,2) _msxxz) (ms(y Y,z z) — msyyz)'

4 ms(x,y,z) —ms . < (Ms(x,x,y) —ms, )+ (Ms(z,2,y) —ms,, )

}) ms(x,y,z) —ms, . < (Msly,y,x) —ms, )+ (Mms(z,2,x) —ms,, )

6) ms(x,y,z) —ms, . < 3lMms(x,x,2) —ms, )+ (Ms(z,2,y) —ms,, )+ (Ms(y,y,%) —ms, )

7) (Msx,y,z ms,,.) < (Ms, o —ms, )+ (Mg —Msy )+ (Mg, —ms, ).

Proof. ( ) can be directly obtained from Definition 1.7. O

Remark 1.15. If mg is an Mg-metric on a nonempty set X, then two mappings m’, m? : X> — R* defined

by
m‘s/v (X/ U/ Z’) = mS (XI U/ Z’) - stx,y,z + M

Sx,y,z

and

* m(X/ /Z)_mx 27 X# #Z/
ms(XU,):{OS Y Sxy, X_i_z_o

for all x,y,z € X are two ordinary S-metrics on X. In fact, if m}’(x,y, z) = 0, then we have

ms(x,y,z) = 2ms,,. —M (1.1)

Sxy,z*

But, from equation (1.1) and (ms2), it follows that

ms,,. =M =ms(x,x,x) =ms(y,y,y) = ms(z,z,z).

Sxy,z

So, by equation (1.1), we have that ms(x,y,z) = ms(x,x,x) = ms(y,y,y) = ms(z,z,z) andsox =y = z.
We can get the inequality property in the definition of an S-metric from Lemma 1.14 (7) and (m4).

2. Topologies for M s-metrics

It is clear that each M-metric ms on X generates a topology Tm, on X. The set
{Bm.(x,€):x € X, e >0},
where
Bm,(x,€) :={y € X:ms(x,x,y) —ms, ., <€},

for all x € X and € > 0, forms a base of Tr,.
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Definition 2.1. Let (X, ms) be an M -metric space. Then:

(1) A sequence {xn}in X is said to be convergent to a point x if

T}E}(}o(ms (an Xn, X) - men,xn,x) =0.

(2) A sequence {xn} in X is called an M-Cauchy sequence if lig (ms(n, Xn,Xm) —ms,_ . ... ) and

n,m—o00
lim (M

mn, M —00

(3) An M;-metric space is said to be complete if every ms-Cauchy sequence {x,} in X converges, with

respect to T, to a point x € X such that

exist and finite.

Sxm,xn,xm Sxn,xn,xm )

nlglgo(ms (Xn, Xn,X) — men/xn,x) =0, nlgréo(M

Lemma 2.2. Let (X, mg) be an M-metric space. Then:

SXn,Xn,X

— Mg, x) = 0.

(1) {xn} is an Ms-Cauchy sequence in (X, ms) if and only if it is an S-Cauchy sequence in the S-metric space
(X, mg").
(2) An Mg-metric space (X, ms) is complete if and only if the S-metric space (X, my”) is complete. Furthermore,

im my’ (xn, xn,x) =0 = lim (ms(xn,xn,x)—ms ) =0, lim (M =0.

s — Mg )
n—oo n—oo n—oo Xn,Xn,x XT,X1,X

Proof. 1t obviously follows from the definitions of M-Cauchy sequence, M-completeness, S-Cauchy
sequence and S-completeness. 0

Meanwhile, the above assertions are true for mj.
Lemma 2.3. Assume that xn — x and yn — Yy as n — oo in an Mg-metric space (X, mg). Then
lim mg(xXn, Xn, Yn) —Ms, o0 = Ms(X,%,Yy) —Mms, -

n—oo

Proof. We have

[(ms (Xn, Xn, Yn) — msxn,xn,yn) —(ms(x,x,y) — Msy vy )i

< 2/ms (Xn, Xn, X) — msxn,xn,x| +2Ims(Yn, yn,y) — Msy i ynyl

O
From Lemma 2.3, we can deduce the following lemma.
Lemma 2.4. Assume that xn, — X as n — oo in an Mg-metric space (X, ms). Then
Tllgréoms (Xn/ me) - men,xn,y =Ms (X’ X’y) - mSX/X/‘J’
forally € X.
Lemma 2.5. Assume that xn, — x and xn, =y as n — oo in an Mg-metric space (X, ms). Then, ms(x,x,y) =
M, - Furthermore, if ms(x,x,x) = ms(y,y,y), then x =y.
Proof. By Lemma 2.3, we have
0= lim ms(xn,Xn,Xn) —Ms, . =Mms(x,%y) —ms, .
n—oo AMET o
O
Lemma 2.6. Let {xn} be a sequence in Ms-metric space (X, ms) such that there exists v € [0,1) such that
mg (Xn+1/Xn+1zXn) < Tmg (Xn/XTU anl)/ (21)

forall n € IN. Then we have
(1) lim mg(xn, Xn, Xn-1) =0;
n—o0

(2) LIm mg(xn,Xn,xn) =0;
n—oo
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(3) n }Tllgoomen,xn,xm = 0’

(4) {xn}is an Ms—Cauchy sequence.

Proof. From the equation (2.1), we have
M (Xn, Xn, Xno1) < T (X1, Xn—1, Xn—2) < T2 (Xn-2, Xn—2,Xn—3) < -+ < 1M (x1, %1, %)

and so lim mg(xn,Xn,Xn—1) = 0, which implies that (A) holds. From (ms2) and (1), we have

n—oo
lim LIS < lim mg(xn, Xn, Xn—l) =0,
n—oo noAM AN —1 n—oo
that is, (2) holds. Clearly, (3) and (4) hold. O

Theorem 2.7. The topology T, is not Hausdorff.

Proof. Let x,y,z € X be such that a := ms(x,x,x) < ms(z,2,2z) = %b < b:=ms(y,y,y) with

b k
5<35< ms(y,y,y) < Ms, ., =b, T=2ms(x,x,y) —a—b >0,
max{ms(x,x,z), ms(z,z,y)} < (2ms(x,x,y) — k)%.

Without loss of generality, we assume that, for each € > 0, € < r. Now, we need to prove that the
intersection of the following neighborhoods is not empty:

Uy ={zeX:ms(x,x,2) —ms, . <€}, Vy={zeX:ms(yy,z) —ms,, . <el
To prove z € Uy, we have

mg(x,x,z) < (2mg(x,x,y) —k)

~

ms(x,x,z) —ms, . < (2ms(x,%,y) — k)

S|lo=3|m

—a< (2ms(x,x,y) —k—a)% < (2ms(x,x,y) —a—b)% =€

and, for any z € Vy, we also have

€
ms(y,y,z) < (2ms(x,x,y) —k);,
€ a+b
ms(y,y,z) —ms,,, < (st(x,x,y)*k);* >
€ a+be
2 7 Ny _k - -
< (2ms(x,x,y) )r T
a+b. e €
< (2ms(x,x,y) —k— 2 );< (st(x,x,y)—a—b);ze_

So, we can find x,y € X such that, for all nonempty neighborhoods Uy of x and Vy of y, U, NV, # 0.
This completes the proof. O

3. Main results

3.1. On fixed point problems under Banach’s contractive condition in Ms-metric spaces

In this section, we introduce the concepts of the Ulam-Hyers stability, the well-posedness and the limit
shadowing property of the fixed point problem in Ms-metric spaces. Then we study the corresponding
results for the fixed point problem under Banach’s contractive condition in Mg-metric spaces.
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Definition 3.1. Let (X, ms) be an M-metric space and T : X — X be a mapping. The fixed point problem
x=Tx (3.1)

is said to be Ulam-Hyers stable if there exists ¢ > 0 such that, for any € > 0 and for each w* € X which is
an e-solution of the fixed point problem (3.1), i.e., w* satisfies the inequality

mS (W*/W*/TW*) < el
there exists a solution x* € X of the equation (3.1) such that
ms(x*, w*, w*) < ce.

Definition 3.2. Let (X, ms) be an M -metric space and T : X — X be a mapping. The fixed point problem
of T is said to be well-posed if the following conditions hold:

(1) T has a unique fixed point x* of T;
(2) for any sequence {xn } in X with li_r>n Ms(Xn, Txn, Txn) = 0, we have 1i_r>n ms(x*, Xn,xn) = 0.
n o n o0

Definition 3.3. Let (X, ms) be an M-metric space and T : X — X be a mapping. The fixed point
problem of T is said to have the limit shadowing property in X if, for any sequence {xn} in X with

Iim mg(xn, Txn, Txn) = 0, it follows that there exists z € X such that Iim mg(T"z, X1, X ) = 0.
n—oo n—oo

Theorem 3.4. Let (X, mg) be an Mg-metric space and T : X — X be a Banach contractive mapping with constant
k € [0,1). Then the following assertions hold:

(1) the fixed point problem of T is Ulam-Hyers stable;

(2) the fixed point problem of T is well-posed;

(3) the fixed point problem of T has the limit shadowing property in X.

Proof. From Theorem 1.3, it follows that T has a unique fixed point x* € X with mg(x*,x*,x*) = 0.

Next, we first claim that the fixed point problem of T is Ulam-Hyers stable. Let 5 > 0 and w* € X be
an 5—solution of (3.1), i.e.,

ms (W, w*, Tw*) < (3.2)

N o

From (m4) together with (3.2), we obtain

mS (X’*/ W*I W*) < [mS (X*I X*I TW*) - me*,x*,TW*] + z[mS (W*l W*I TW*) - mSW*,W*,TW*] + mSX*/W*,W*
- [mS (TX'*I TX*/ TW*) - me*,x*,Tw*] + z[ms (W*/ W*/ TW*) - mSw*,W*,Tw*} + msx*/w*,w*
< fems (X7, x5, W*) —mg g+ 2ms (W5, W, Tw™) —mg LT ms L

—

= [kms(x*, x*, w*) —ms . +2ms(w*, w*, Tw*) + min{mg (x*, x*, x*), ms(w*, w*, w*)}

* *]
XxX*,Tw

—2min{mg(w*, w*, w*), ms(Tw*, Tw*, Tw*)}
= [kmg(x*, x*, W) —ms_, ]+ 2mg (w*, w*, Tw*) — 2mg (Tw*, Tw*, Tw*)

x* x*, Tw*

< kmg (x5, x*,w*) + €,

which implies mg(x*, x*, w*) < ce, where ¢ = ﬁ Therefore, the fixed point of T is Ulam-Hyers stable.
Next, we prove that the fixed point problem of T is well-posed. Assume that {x,} is a sequence in X
such that 1i_r}1 mMs(Xn, Txn, Txn) = 0. Now, we show that 1i_r>n ms (X", Xn, Xn) = 0. By (ms4), we have
n [ee) n o0

ms (X*, Xn, Xn) ms (x*, %%, Txn) — msx*,x*,TXn] +2[ms (xn, Xn, Txn) — msxn,xn,TXn] T M

<

= [ms (Tx", T, Ten) — Mo T2 (o, X, Txn) —ms, o op T4mg
< Tkms (x5, %%, xn) =Moo T+ 2Ms (X, X, TXn) +ms . —2mg o

= [

kmg (x*, X", xn) — M« 1+ 2mg (xn, Xn, Txn)

*Txn

—2 min{ms (an Xn, xn)/ Mg (TXTL/ Txn, Txn )}

< kms (X*/ X*/ XTL) + st (XTL/ XTI./ Txn)/
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for all n € IN, which implies that

2

* *
Mmg(X,X ,Xn) < —m
S xn) < s

(Xn, Xn, Txn), (3.3)

for all n € IN. Taking the limit as n — oo in (3.3), we have lgrl ms(x*,x*,xn) = 0 and hence the fixed
mn (ee)

point problem of T is well-posed.
Finally, we prove that T has the limit shadowing property. Let {x,} be any sequence in X such that

Iim mg(xn, Txn, Txn) = 0. From the discussion above, we have lim mg(x*,xn,xn) = 0. Since x* is a
n—,oo n—oo

tixed point of T, we have

Iim mg(Xn, Xn, T"x*) = lim mg(xn, Xn,x*) = 0.
n—oo n—,oo

Therefore, T has the limit shadowing property. This completes the proof. O
Now, we give an example to illustrate the validity of Theorem 3.4.
Example 3.5. Let X = [0,00) and ms : X3 + [0, 00) be a mapping defined by
ms(x,y,z) = max{x,y,z} —min{x, y, z},
for all x,y,z € X. Then (X, ms) is a complete M-metric space. Define a mapping T : X — X by Tx = 3 for
all x € X. For each x,y, z € X, we obtain

1 1
mg(Tx, Ty, Tz) = E(max{x,y,z}—min{x,y,z}) = Ems (x,y,2).

It follows that T is the Banach contraction with constant k = % e [0,1).
First, we claim that the fixed point problem of T is Ulam-Hyers stable. Assume that € > 0 and w* € X
is an e-solution of the fixed point problem of T, that is,

1 *
ms(w*, w*, Tw*) < e = E(max {w*,w*,%} — min {w*,w*,vz }) = WT <e.

It is easy to see that x* = 0 is a solution of the fixed point problem of T and

1 *
mg(x*, x", W) = E(max{O, 0,w*} —min{0,0,w*}) = % < 2e
with the constant ¢ in Definition 3.1 taken by 2 > 0. Hence the fixed point problem of T is Ulam-Hyers
stable.
Next, we prove that the fixed point problem of T is well-posed. We can see that x* = 0 is a unique

fixed point of T. Now, we assume that {x,} is a sequence in X such that lim mg(xn, Txn, Txn) = 0, that
n—oo

is,

.1 Xn Xn . Xn Xn |\ _ _ B
Jim 5 (max {xn, 5t} —min {xn, 3 5 }) =0 = lim xu =0,
Then we obtain that lim mg(x*, X, xn) = lim mg(0,Xn, xn) = lim x, = 0 and so the fixed point prob-
n—oo n—oo n—oo

lem of T is well-posed.
Finally, we state that the fixed point problem of T has the limit shadowing property in X. Suppose
that {xn,} is any sequence in X such that lim mg(xn, Txn, Txn) = 0. It follows that lim x, = 0. We can

n—o0 n—oo
see that there exists z = 0 € X such that

Iim mg(T"z, xn, Xn) = lim ms(0,Xn,xn) = lim x,, =0,
n—oo n—oo n—oo

which implies that the fixed point problem of T has the limit shadowing property in X.
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3.2. On fixed point problems under Kannan's contractive condition in Ms-metric spaces

The purpose of this section is to introduce another type of the Ulam-Hyers stability, the well-posedness
and the limit shadowing property of the fixed point problem in M;-metric spaces. Then we also give the
analogous results for the fixed point problem of Kannan contractive mappings in Ms-metric spaces.

Definition 3.6. Let (X, ms) be an M -metric space and T : X — X be a mapping. The fixed point problem
(3.1) is said to be Ulam-Hyers stable type (K) if there exists ¢ > 0 such that, for any € > 0 and for each
w* € X which is an e-solution of the fixed point problem (3.1), i.e., w* satisfies the inequality

TTLS (W*/W*/ TW*) < e/
there exists a solution x* € X of the (3.1) such that
mg(x*, W, w") —emg (x*, x*, x*) < ce.

Remark 3.7. It is obvious that the Ulam-Hyers stability of the fixed problem implies the Ulam-Hyers
stability type (K).

Definition 3.8. Let (X, ms) be an M -metric space and T : X — X be a mapping. The fixed point problem
of T is said to be well-posed type (K) if the following conditions hold:

(1) T has a unique fixed point x* of T;
(2) there exists ¢ > 0 such that, for any sequence {x,} in X with 1i_r>n ms(Xn, Txn, Txn) = 0, we have
n o0

lim mg(xn, x*,x*) = cmg(x*, x*, x*).
n—oo

Definition 3.9. Let (X, ms) be an M -metric space and T : X — X be a mapping. The fixed point prob-

lem of T is said to have the limit shadowing property type (K) in X if there exists ¢ > 0 such that for

any sequence {xn} in X with lijn Ms(Xn, Txn, Txn) = 0, it follows that there exists z € X such that
n—oo

Iim mg(T"z, Xn, Xn) = cms(z,z,2).
n—,oo

Theorem 3.10. Let (X, mg) be an Mg-metric space and T : X — X be a Kannan contractive mapping with constant
k € [0, 3). Then the following assertions hold:

(1) The fixed point problem of T is Ulam-Hyers stable type (K).
(2) The fixed point problem of T is well-posed type (K).
(3) The fixed point problem of T has the limit shadowing property type (K) in X.

Proof. From Theorem 1.4, it follows that T has a unique fixed point x* € X with mg(x*,x*,x*) = 0.
Now, we first claim that the fixed point problem of T is Ulam-Hyers stable type (K). Let § > 0 and
w* € X be an 5-solution of the equation (3.1), i.e.,

ms (W, w", Tw*) < (3.4)

N o

From (ms4) together with (3.4), we obtain

ms (X", w*, w*) < [ms (X", x", TW*) —ms . T4+ 2ms (W', w*, Tw®) —mg . T mg

s (T, TS, Tw™) —mis o o]+ 2ms (W, W, Tw®) —m T +mg L

* Tw*

ms (Tx*, Tx®, Tw™) 4+ 2ms (W™, w*, Tw*) +ms . . .

NN

k[ms (x*, x5, Tx®) + mg (W™, w*, Tw*)] + 2ms (W*, w*, Tw*) +ms . .,

= k[mg(x*, x*, x*) + ms(w*, w*, Tw*)] 4+ 2m, (W, w*, Tw™) + mg(x*, x*, x*)
(k+1)msg(x*, x",x*)+ (2+k)e

(k+2)[ms (x*",x", x*) + €],

VAN
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which implies m(x*, x*, w*) — cmg(x*,x*,x*) < ce, where ¢ = k+2 > 0. Thus the fixed point of T is
Ulam-Hyers stable (K).

Next, we prove that the fixed point problem of T is well-posed type (K). Assume that {x,, } is a sequence
in X such that lim mg(xn, Txn, Txn) = 0. Now, we show that lim m(x*, xn,xn) = 0. By (ms4), it follows

n—oo n—,oo
that

M (X", xn, xn) < Ms (X5, x5, Txn) =M o op T+ 20ms (xn, X0, Txn) =m0 T+mg .

XT,X1

= [m(Tx", Tx", Txn) — me*,x*,Txn] +2[ms (xn, Xn, Txn) — msxn,xanXn] +ms

x*xn,xn

m (Tx™, Tx, Txn) 4+ 2ms (Xn, Xn, Txn) + My

XT,XM

NN

k[ms (x*, %", TX*) 4+ ms (xn, Xn, Txn)] +2ms (Xn, Xn, Txn) + M s nxn
= klms (x*, x", %) +ms (xn, Xn, Txn )] +2ms (xn, Xn, Txn) +mg(x*, x*, x*)
< (k+2)[mg (X x*,x ) + Mg (Xn, Xn, Txn)l,

for all n € IN. Taking the limit as n — oo in the last inequality above, we have

Iim mg(xn, Xn, THX*) = lim mg(xn, xn, x*) = (k+2)mg(x*, x*, x*). (3.5)
n—oo n—oo

Hence the fixed point problem of T is well-posed type (K).
Finally, we prove that T has the limit shadowing property type (K). Let {xn,} be any sequence in X such
that li_1>n Mg (Xn, Txn, Txn) = 0. Since x* is a fixed point of T, from (3.5), we have li_r)n ms(x*, Xn,xn) = 0.
n—oo n—oo

Since x* is a fixed point of T, we have

Iim mg(xn, Xn, TX*) = lim mg(xn, xn, x*) = (k+2)mg(x*, x*, x*).
n—oo n—oo
Therefore, T has the limit shadowing property type (K). This completes the proof. O

Now, we present an example to illustrate Theorem 3.10.
Example 3.11. Let X = [0, 00) and define a mapping ms : X® — [0, 00) by
ms(x, Y, z) = max{le 92/ 22} - min{xZ, 92/ 22}/

for all x,y,z € X. Then (X, ms) is a complete M-metric space. Define a mapping T : X = X by Tx = 3 for
all x € X. For each x,y € X, we obtain

It follows that T is a Kannan contractive mapping with constant k = % e 0, %).
First, we claim that the fixed point problem of T is Ulam-Hyers stable type (K). Assume that € > 0
and w € X is an e-solution of the fixed point problem of T, that is,

2 o W 2 o W
ms(w,w, Tw) <e = (max{w we, 4}—min{w,w,

T})Zﬂ@
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It is easy to see that x* = 0 is a solution of the fixed point problem of T and

W=

ms(x*, x*,w) = (max{0,0, w?} — min{0,0, w?}) = w? < —¢
with the constant c in Definition 3.6 taken by 3 > 0. Hence the fixed point problem of T is Ulam-
Hyers stable type (K). Now, we prove that the fixed point problem of T is well-posed type (K). We
can see that x* = 0 is a unique fixed point of T. We assume that {x,} is a sequence in X such that
lim mg(xn, Txn, Txn) = 0, that is,

n—oo

Xn

"4

H~ ‘:xl\)

}): lim 20 o lim x2 = 0.

) X2 X2 by
lim (max {x ML L } — min {x
no47 4 ns n—oo n—o00

n—o0

Then we obtain

Iim mg(x*, Xn, Xn) = lim mg(0,xn,xn) = lim x%l =0
n—o0o n—o0o n—00
and so the fixed point problem of T is well-posed type (K).
Finally, we state that the fixed point problem of T has the limit shadowing property type (K) in X.

Suppose that {x,,} is any sequence in X such that li_I>n Mg (Xn, Txn, Txn) = 0. It follows that li_r>n x2 = 0.
n o0 n [ee)

We can see that there exists z = 0 € X such that

Iim mg(T"z, xn, Xn) = lim mg(0, X, xn) = lim X%l =0,
n—oo n—oo n—oo

which implies that the fixed point problem of T has the limit shadowing property type (K) in X.
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