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Abstract

By the variational methods, the existence criteria of infinitely many nontrivial solutions for fractional differential equations
with impulses and perturbation are established. An example is given to illustrate main results. Recent results in the literature
are generalized and improved. (©2017 All rights reserved.
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1. Introduction

In the present paper, we consider the following boundary value problems (BVPs) for impulsive frac-
tional differential equations:

34 (D P+ DIPOUL () = pas(Hug(t) + ARy, (tu(t), t#ty, ae, t€[0,T],
A(D{ ) (tie) = Ty (ui (i), te €(0,T), k=1,2,...,1, (1.1)
ui(0) =uy(T) =0, 1<i<N,

N
where u = (uy,...,un), lul =/ X u?, pA >0, Bi € (0,1), a5 = 1—% € (1) for1<i<N, OD;[Si
\ =

and (D Bt are the left and right Riemann-Loiuville fractional integrals of order B, respectively, {D{* and
¢{DT* are the left and right Caputo fractional derivatives of order «;, respectively, «; € L[0,T],0 = tg <
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t] < - < tip1 = T,Lix € C([0,T,R),F: [0,T] xRN — R is measurable, continuously differentiable, F,,,
denotes the partial derivative of F with respect to u; for 1 <i < N, and

(D) (t5) = 5 oD (EDE ) — D EDS ) e,
AP (1) = 5 {oDF 5D W) - DF (D) )
D EDs ) - D5 D ey,
2D 5D — Dy D) ) = Jim 2D 5D — DF D o),

2D DR w) — DS bty ) = Jim S (D D w) — D DFu o),
fork=1,---,1

Fractional differential equations have been an area of great interest recently. Fractional calculus pro-
vide a powerful tool for the description of hereditary properties of various materials and memory pro-
cesses. In the past decades, the theory of fractional differential equations has become an important area
of investigation because of its wide applicability in many branches of physics, economics and technical
sciences, see [18, 20, 30-35, 38] and references therein. The BVPs of fractional differential equations have
also attracted more and more attention (for example [2, 10, 12, 17]). The classical approaches to study such
problems mainly include fixed point theorems, degree theory, the method of upper and lower solutions
and so on.

Concerning the critical point theory, we refer readers to the books and the papers [8, 22, 24] and the
references therein. In [15], Jiao and Zhou considered the following fractional boundary value problems

1d, _ _
—5 210D P DIP W (t) = VF(tu(t), ae,tel0,T],

u(0) =u(T) =0,

(1.2)

where 3 € [0,1), and (D B and tD¥B are the left and right Riemann-Loiuville fractional derivatives,
respectively. F: [0, T] x RN — R (with N > 1) is a suitable given function and VF(t,x) is the gradient of F
with respect to x.

By using the least action principle and mountain pass theorem, they obtained some sufficient condi-
tions for the existence of one solution. Since then, the variational methods are applied to deal with the
existence of solutions for fractional differential equations, see [1, 7, 14-16, 21, 27, 29, 36].

Differential equations with impulsive effects arise from many phenomena in the real world. Such
equations appear in describing processes which experience a suddenly changes of their states in chemical
technology, physics phenomena, population dynamics, biotechnology, economics, and etc. ([3]). In recent
years, there has been a growing interest in the study of impulsive differential equations, see [9, 19, 26, 28]
and the references therein.

Recently, the BVPs of fractional differential equations with impulses have been studied by many
authors. But for almost all the work, the main methods are fixed theorems, the coincidence degree theory
and the monotone iterative methods. To our best knowledge, the fractional boundary value problems
with impulses using variational methods and critical point theory has received considerably less attention
([6, 23, 25, 37]). Bonanno et al. [6], and Rodriguez-Lépez and Tersian [25] studied the following Dirichlet’s
BVPs for fractional differential equations with impulses:

DF(EDFu(t)) + alt)ult) = Af(t,u(t)), t#t;, ae,te(0,T],
ADFHEDFWI(G) = uh(uly)),  §=12,...,m,
u(0) =u(T) =0,

where A € (0,+00) and p € (0, +00) are two parameters. They obtained the existence of triple solutions
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by using variatioanl methods and a three critical points theorem due to Bonanno and Marano [5].
In [23], the authors investigated the following fractional differential equations with impulses:

DT (EDTu(t)) + althu(t) = f(t,u(t)), t#t;, ae,tel0,T],
A(DEHEDIW) () = L (ult;)), i=1,2,...,n,
u(0) =u(T) =0.

Through using critical point theory and variational methods, the authors gave some criteria to guarantee
that the above-mentioned impulsive problems have infinitely many solutions.
In [37], the authors studied the following fractional differential systems with impulsive effects:

tD%‘i(ai( ) BD(Xiui(t)) = AFy (t,u) +hi(ui(t)), 0<t<T,t#t,
ALDSFTHEDE W) () = L (wi(t;)), i=12,...,m
ui(0) = ui(T) =0, 1<i<N.

Under suitable hypotheses, by using variational methods and some critical points theorems in [4], they
established the criteria of the existence of at least two nontrivial and nonnegative solutions.

The problem (1.2) arises from the phenomena of advection dispersion and has first been investigated
by Ervin and Roop in [11]. The authors in [7, 13, 14, 21, 27] further studied the existence and multiplicity
of solutions for the above problem (1.2) or related problems with the critical point theory. But as we know,
the phenomena of advection dispersion may be effected by the impulses and perturbation. So the BVPs
(1.2) can not describe the phenomena of advection dispersion very well. It is necessary to consider the
impulses and perturbation, which have more realistic significances. It is more reasonable to extend the
problem (1.2) to the n-dimension case. To our best knowledge, the n-dimension case for the problem (1.2)
with the impulses and perturbation has not been studied. The purpose of the present paper is to fill the
gap.

Motivated by the work above, in this literature, we studied the existence results of solutions for the
problem (1.1). The form of (1.1) is completely different from the forms of equations in [6, 23, 25, 37]. The
main tool in this paper is the variant fountain theorem, which is also different from the tools in [6, 23,
25, 37]. We considered the problem (1.1) in the domain RN, which is more universal. We established the
existence criteria of infinitely many nontrivial solutions for (1.1). It should also be noted that we obtained
some good properties for the solutions of (1.1). Hence, our main results complement and improve the
relevant results on fractional problems.

In order to obtain the main results, we state the following assumptions.

(f) Ap>0p1 € (0,1),p = 1-Bi e (11 ,i € L®[0,T] and a; = essinf ai(t) > 0 for 1 < i
2 2 0.1

N, Iix € C([0, T],R) satisfy Lipschitz condition, i.e., |Lix(x1) — Lik(x2)] < Liklx1 —x2of for xq1,%xp €

with Lix > 0 and Lix(0) = 0, Lix(—x) = Lix(x) fori=1,...,N,k =1,...,1,and F: [0,T] x RN —

is measurable with respect to t for u(t ) € R™, continuously differentiable in u, for a.e. t € [0,T],

satisfying sup  (max{[F(-,w)|, [Fy, (-, w)[} € L'([0,T])) for r9 > 0, and F(t,0,...,0) = 0,F(t,u) >
[ul<rp,1<i<N

for all (t,u) € [0, T] x RN,

<
R
R

(Hy) ‘h‘mo ﬁ = 0 uniformly in t € [0, T], where u = (uy,...,un), u| = Z u
U|— i=

(Hz) There exist two constants by > 0,v € [2,27 ) such that

Fus (6 W) < bo(1+ ™) for (t,u) € [0, T) xRN, i=1,...,N,

* 2N
where 27 = 1meéxN{Z 125 = N2 TS
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(Ha) | ‘ F|(1tq121 ) = 0 uniformly in t € [0, T].
u|—

Theorem 1.1. Let (f) and (H1)-(H3) hold. Assume that o = 5ﬂ — BlLy > 0 and F(x,u) is even for u € X, then
forp e (O, Ao ) A € [1,2], the problem (1.1) possesses mﬁnztely many nontrivial solutions u* € X for all k € N,

where cg = min{|cos(mxi),1 < 1 < N[}, ap = max{esssupai(t),1 < i< N} Ay = maX{FZ(T 1 <ig

[0 T] b
1 <1< N}, and the space X will be defined in Section 2.

2003 —1
N},LOZ maXx LU’B maX{rzTﬁ
1SN ISSL )20 —1)7

We simplify the assumption (f) to (f').

(f) A>0,pBi€(0,1),4 =1—%5 ¢ (%,1),111( € C([0,T],R) satisfy Lipschitz condition, i.e., \Ilk(xl)
Liy (x2)| < Liklx1 — X2|,VX1,X2 € Rwith Lix > 0 and I;x(0) = 0, Lix(—x) = Lix(x) fori=1,..., N, k
1,...,1,and F € CY([0, T] x RN, R) is measurable with respect to t for u(t) € R™ and F(t, 0, .,0) =

0,F(t,u) >0, for all (t,u) € [0,T] x RN,

Corollary 1.2. Let (') and (Hy)-(H3) hold. Assume that o = 5% BlLy > 0 and F(x,u) is even for u € X, then
for A € [1,2], the following problem (1.3) has infinitely many nontrivial solutions u* € X for all k € N.

1d _a. .
_EE(OD‘L P + tDTﬁl)u{(t) = )\Fui (tlu(t))l t ?é tk/ a.e., te [O/ T]/
A(DF ) (ti) = Tire (ui(tx)), te € (0,T),k=1,2,...,1, (1.3)
ui(0) =w(T) =0, 1<i<N.

The rest of this paper is organized as follows. In Section 2, some definitions and lemmas which
are essential to prove our main results are stated. In Section 3, the existence criteria of infinitely many
nontrivial solutions of perturbed fractional differential equations with impulses are established. At last,
one example is offered to demonstrate the application of our main results.

2. Preliminaries

We present the necessary definitions for the fractional calculus theory and several lemmas which are
used further in this paper.

Definition 2.1 ([18]). Let f be a function defined on [a, b]. The left and right Riemann-Liouville fractional
integrals of order « for function f are respectively denoted by

_ 1t _ - 1 [ 1
oDy *f(t) = (o) Ja(t— ) f(s)ds, +Dy (1) = () L (s —t)* *f(s)ds,
for t € [a,b],x > 0.
The left and right Riemann-Liouville fractional derivatives of order « for function f are respectively

defined by

o dam N 1 am (* o
D(t) = i DF ) = s | (=9 ()ds)
[od _ d" x—mn (_1)n dan b n—a—1
(DEFH) = (<1 o (D) = s | (s =0 s)as),

fortea,b,n—1<a<nnecN.

Lemma 2.2 ([18]). The left and right RiemannLiouville fractional integral operators have the property of a semi-
group, i.e.,

DY (DY () = (DY (4) and (DY Y ((Dy V(1)) = (Dy Y Y(t), V1, v2 > 0,
forae. t €la,bland f e L([a, b], RN).
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Definition 2.3 ([18]). If x € (n—1,n) and f € AC™([a, b],R), then the left and right Caputo fractional
derivatives of order o of a function f are respectively defined by

cryo x— ndn 1 ¢ n—oa—1g(n)
EDE(E) = DF "0 = s | s N (s)ds,

cTy o ox— ndTL _ (_1)n b n—o—1g(n)
SDEFH) = (1" DY) = s | (s =0 (s)as,

for t € [a,b], o« > 0.
In view of Definition 2.1 and Lemma 2.2, we can easily transfer problem (1.1) to the following problem

d

O DE T (DT (1) — 3 DF (D (1)} + pa (s (1) + ARy, (L u(t) =0,

2 t
t#ty, ae,te[0,T], (2.1)
ADF ) (t) = wile(ui(t)),  te(0,T),k=12,...,1,
1 (0) =uy(T) =0, 1<i<N.
Then the problem (1.1) is equivalent to the problem (2.1). Hence a solution of the problem (2.1)

corresponds to a solution of the BVP (1.1) .
Let us recall that for any fixed t € [0, T] and 1 < p < oo,

hellog = max Ju(t)

max ], [, = ([} fusias)”

For o4 € [0,1),1 < i < N we define the fractional derivative spaces ES"‘ by the closure of C5°([0, T], RN)
with u(0) = u(T) under the norm

T T
; 2 2 1 .
sl = (| I5DE it dt+j w(OPdn)}, Vg € B

Clearly, the fractional derivative space Eg is the space of functions u; € L?(0, T) having «;-order Ca-
puto left and right fractional derivatives and ai-order Riemann-Loiuville left and right fractional deriva-
tives, §D ¢ uy, DT ui, oDyt uy, (DT uq € L2(0,T) and ui(0) = ui(T) = 0.

Lemma 2.4 ([15]). Let1 <oa<land1l <p <ooforallu e EF, one has

Toc C x
HuHLP < F(oc—i— 1) ODt uHLP' (22)
Moreover, if o > L ond L —|— =1, then
—1/
[N —_ . T @3

M) ((x—1)q+ 1)

It is easy to verify that the norm [Jui| . = (IO ‘SDf‘iui(t)‘ dt+ fg‘ui(t) |2dt)% is equivalent to [[ui| , =
fo } Dytuy ( )‘2dt)%, Yuy € Eg‘i. In the sequel, we will consider the fractional derivative spaces Eg‘i
with respect to the norm |uil[,, = (fOT ‘?JD‘tXiui(t)‘zdt)%. By (2.2) and (2.3), we can easily get that for
o € [1,1),1<i<N,

N N N N

D lwillfe < Ap D JwillB, ZHuiHio <BY Jluil, (2.4)

= = n —
whereAp—max{%,l N} B= max{%,lgiéN}.

Similar to some properties in [15] we have the following results.
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Lemma 2.5. Let 0 < « < 1 for 1 < i < N. The fractional derivative space E5" is a reflexive and separable Banach
space.

Lemma 2.6. Let 1 < oy < 1for 1 <1 < N. Assume the sequence {uy} converges weakly to w in E*. Then
uy — u strongly zn C([0, TI,R), i.e., ||u)< u|| — 0,as k — oo.

Lemma 2.7. Let } < o < 1. For any E(, one has
cos(ma)l[ul2, < —JT SDu(t) SDSu(t)dt € —— [ul2.
0 lcos(ma)| " T
By Lemma 2.7, one has

N

T N
cXi,, . CT)Xi
Zlcos T |||u1H Z—JO oDy g (t) (DT ug(t ; |cos (70o0)| H 1|| (2.5)

i=1 i=1

In the following, we denote X = Ej" x - -+ x Eg™, then X is a reflexive and separable Banach space with
the norm

N
hullx = 11w un)llx = D il (2.6)
i=1

Let e; be a total orthonormal basis of X. We define

Kk P
Xj = span{e;}, Yy = @j:1 Xj, and Zy = @j:kﬂ Xj, k€N,

and
By ={u € Yi: [Jul| <px}, Sk ={u € Zy: [Juf| =ni},
for px > 1 > 0. Clearly, X = Yy @ Zy with dim Yy < oo.

Definition 2.8. A function u = (uy,...,un) € X is called a weak solution of the problem (2.1) if

N T
1 . . . .
L { =3 [EDFw () §DF V(1) + §D5wi(1) §DF V(1] — pas (B (B)vi(t) pat
i=1
N 1
+) Y Lluilty)vilty) AZJ vi(t)dt =0,
i=1j=1

forallv=(vy,...,vn) € X.
Similar to the proof of Lemma 2.1 in [6], we can get the following Lemma 2.9.

Lemma 2.9. Let 1 < oy < 1for 1 < i< N. Ifu € X is a nontrivial weak solution of (2.1), then w is also a
nontrivial solution of (2.1).

In order to get our main results, we give the following variant fountain theorem.
Lemma 2.10 ([39]). Let X be a Banach space, assume that ¢, »(u) satisfies:

(A1) @pa(u) maps bounded sets into bounded sets uniformly for A € [1,2], and
Poa(—u) = @pa(u) for every (A, u) € [1,2] x X;

(A) B(u) >0 forall ue X,A(u) = oo or B(u) — oo as |[ul| — oo;
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(A3) There exist py > 1 > 0 such that

ax(A) = inf @pr(u) >bi(A) = max Por(u), VAell,2].
ueZy,||lul|=rg ueYy,|[ul|=px

Then

ax(A) < cx(A) = inf max @pa(y(u)), VA€ [L,2],
'Yerk uGBk

where Tyc ={y € C(Bx,X)\): v isodd, ylog, = id} (k > 2). In addition, for almost every A € [1,2], there exits a
sequence {uX (A)1°_, such that

sup|[uk ()| < oo, (pé,,)\(u‘;(?\)) — 0and @y (uN(A) = ck(A), asn — oo.

3. Main results

Define
N T 1 N 1 i (ty)
Alu) = ZL ~5 DFw D wltar Y Y [ Lylsias (3.1)
i=1 i=1j=1
T N
B(u) = L F(t, u(t))dt + % Yy a(t)zuz(t) (3.2)
i=1
N T 1 N 1 i (ty)
(pp)\(u)—A(u)—AB(u):ZJ —5 D) qufiui(t)dtJrZZJ Iij(s)ds
i=170 i=1j=1"0 (33)
T 0 N
(], Froumacs 5o )

foru=(uy,...,un) € Xand A € [1,2].
Clearly, @, (u) is well-defined and Gateaux differentiable for u = (uy,...,un) € X, and the Gateaux
derivative @ , (1) € X* is given by

N T
(@) = 3 | { = 3 15D8us(1) SDFwi(0) + D (0) D (1)] — pas(thus(thva(t) ot
i=1
N 1
+ Z Z Il] (ui( t) Vi t] —A Z J t))vi(t)dt,
i=1j=1

for every v = (vy,...,vn) € X.
Then the critical point of ® — AV is exactly the weak solution of the problem (2.1). From the equivalence
of (1.1) and (2.1), we know it is also a weak solution of (1.1).

Lemma 3.1. Let (f) and (H1)-(H3) hold. Assume that 0 = 5ﬂ —BlLy > O, then for p € (O, Ao ) A€ [1,2],
there exist py > 1 > 0 such that

ak(A) = inf @pa(u) > bi(A) = max Qoa(u), VA€ [1,2],
ueZy [Juf|=rx ueYy,[lull=px
where
']'20(-l T2cxifl
A = 1 <1< Ny, B = , I <i<Ny,
2= ma gy S TSN M a1 SN
co = min{|cos(mei), 1 <1 < NJ}, ap = max{esssup ai(t),1 <i< N}, L= max L.

0
0,T] SRS
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Proof. From (f), we know Ij; € C([0, T], R) satisfy Lipschitz condition and I;;(0) = 0, then
L5 ()| = 135 (x) — I35 (0)] < Lyj/x].

By the mean value theorem, there exists a point &; € [0, ui] such that

ui(t;) )
H Iij(S)dS‘ = L (& )ui| < Lijhugl5,
0
which implies
) wi(tj) )
—Lijhuf” < J Iij(s)ds < Lyjhugl®.
0
Then it follows that

Nt N1 (i) N
_ Z Z Lij|ui|2 < Z Z Jo Iij(s)ds < Z

i=1j=1 i=1j=1 i=1j

1
Lijlwf® fori=1,...,N,j=1,...,L.  (34)
=1
(H1)-(Hz) imply that for arbitrary & > 0 with A, < {3, there exists a positive constant c¢s which
depends on 6 such that

N
F(t,u) < ) (8wl + csbohw ") for all (t,u) € [0, T] x RN, (3.5)
i=1
By (H3), for any 0 > 0 large enough, there exists a constant o > 0 such that for all (t,u) € [0, T] x RN
and [u| > o,

F(t,u) > 6lul*. (3.6)
It follows (H;) that there exists Sy > 0 such that for (t,u) € [0, T] x RN and 0 < [u| < o,
F(t, 1) < Solul*. (3.7)
Combining (3.6) and (3.7), one has
F(t,u) > 0'[uf® for all (t,u) € [0,T] x RN, (3.8)

where 0/ =0 — Sy — 0o.
By choosing suitable 0, it is easy to get that

1

0’'Ay > — + 1LgB. (3.9)
C
0

From (2.4), (2.5), (3.3), (3.4), and (3.5), for u € Zy, we have

= (" 1 N borwily)
Poa () = ZJ —5 0D W) DT (tdt+ ) ZJ Iij(s)ds
=1 i=1j=1"0
A JT F(t, u(t))dt + P i ai(t)u%(t)
0 o A = 2
N 2 N 1 2 N T 5 N T al(t)uz(t)
A%
> ;ICOS(Ttoa)HUchi —;;Lu“uﬁ’o@—?\gﬁ) (8hui]” 4 csbolui )dt—p;L %dt

pA2ag
2

N
= Z{HUH%(I [CO—BU_()—?\éAQ— ] _)\CébOAvHUH\&i}.
i=1
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Then foru € Zy, A € [1,2],p € (0 ),v € [2,2%,), from ¢ = 22 — BIL; > 0, one has

’ Azﬂo

@pa(u ZHuH (n—2cs5boAy [, %),
where n :G—% > 0.
Let 1 = N(w)v 2. For u € Zy, choosing |uill,, = m)ﬁ, for 1 <i< N, by (2.6), we have
n 1
HuHX—ZHuIH% = =Nl )™,
Then for u € Zy, A € [1,2],p € (0, 52 yoorem °-),v e 2,25,), it follows that
aN) = _inf  @palu Z||u|| (n—2esbpAul ) =N s @10)
ueZy, |lull=r = * 2 “dcsboA,
Next we prove by (A) = max Por(u), VAell,2].

ueYeru”:pk
From (f), (2.4), (2.5), (3.3), (3.4), (3.8), and (3.9), for any A € [1,2] and all u € Yy with dim Yy < oo, we
have

N T
1 .
ool =3 | 3 S0 w0 D dt+ZZJ ds
=10 i=1j=1
T p N
—A F(t, L
<Jo (tult ?\g )
N N
\Zm eyl TS L J9'|u|2dt
i=1j=1

I\’]z

*uuluwzluuuln je'Zu%dt
i=1

i=1

z

1
Hulﬂ +1LOB—9’A2) < 0.
1

i=
Hence, for any |[u|| = pix > 1 > 0, we can obtain

br(A) = max  @pa(w), VA€ I[L2] (3.11)
ueYiul=px

From (3.10) and (3.11), we can obtain

ax(A) = inf Ppa(u) >0>Dby(A) = max Por(u), VAel[l,2].
LLEZk,”uH:Tk uEYkr”uH:pk
We complete the proof of Lemma 3.1. O
N
Proof of Theorem 1.1. From (f), (2.5), (3.1), and (3.2), we can get B(u) > 0 foru € Xand A(u) > ) [cos(7a )
i=1

||uiHii — oo as [[ul|x = [[(u, ..., un)||x = Z [ui]l o, — oo, which implies (Az) of Lemma 2.10 holds.
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From (f), (2.4), (3.1), (3.2), and F(x,u) being even for u € X, we can verify ¢, (u) maps bounded sets
into bounded sets uniformly for A € [1,2], and

Po (—u) = (2PN (u),

which shows (A1) of Lemma 2.10 is satisfied. Lemma 3.1 implies that (A3) holds. In virtue of Lemma 2.10,
for almost every A € [1, 2], there exists a sequence {u];l(h)}?zl C X for k € N such that

sup||u];1(7\)HX < 00, (pé,,}\ (ulﬁl(A)) — 0 and (pp,;\(ulil(A)) — ¢ (A), as m — oo. (3.12)
m

From Lemma 2.10, we also have cy(A) = inf max @ (y(u)) = ax(A).
YETK LEBy

Let B = " (zetin-) 7 2. For k € N, it follows (3.10) that

ck(A) = ax(A) = Px.

Then
ck(A) € [Br, B, (3.13)

where B = max o (Y(w), T = {y € C(By,Xp):y isodd, vlo,, = id (k > 2)}, with Bx = {u €
k

Vit [luf] < pi-

Owing to (3.12), we can get the boundedness of {uk (A)} in X, which shows that {uX (A)} has a weakly
convergent subsequence. By a standard argument, we can obtain that {uX (A)} has a strong convergent
subsequence in X. We assume

lim uk (A =ukA) =uk e X

m—o00

Then for k € N, from (3.12) and (3.13), we have
@A (X) =0, o\ (u") € [Br, Bil,

which implies u* is a nontrivial critical point of @, ). Consequently, for k € N arbitrary, we can get
infinitely many nontrivial critical points u* of ¢, , which are also the nontrivial weak solutions of (2.1).
By the equivalence of (1.1) and (2.1), we know that (1.1) possess infinitely many nontrivial weak solutions.
Owing to Lemma 2.9, we know (1.1) has infinitely many nontrivial solutions.

Then we complete the proof of Theorem 1.1. O

k

Proof of Corollary 1.2. Obviously, (1.3) is the special case of (1.1) for p = 0. By Theorem 1.1, we can get the
conclusion of Corollary 1.2. O

Remark 3.2. If the superlinear case for the nonlinearity F,,, turns to the following sublinear case:

(H1) Lim LEL) = 0 uniformly in t € [0, T], where u = (uy,...,un), ul = Z u
lul—0 Iul =

(H}) There exist constants ap > 0 and p € [1,2) such that

Fu, (tw)] < ap(1+ P~ for (t,u) €0, TIxRY,i=1,...,N.

(H3) There exist 0 € [1,p) and ¢ > 0 such that lim Fltu)

u—oo W

> ¢ uniformly for t € [0, T].

Then by using another variant fountain theorem in [39], we can also establish the existence criteria of
infinitely many nontrivial solutions of the problem (1.1).

Remark 3.3. As we know, the classical approaches to study BVPs of fractional differential equations with
impulses mainly include fixed point theorems, degree theory, the method of upper and lower solutions
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and so on. The variational method is an important and efficient method to investigate the integer order
differential systems. But for the fractional order problems, the variational method has rarely been used. It
is often very difficult to establish a suitable space and variational functional for fractional BVPs for several
reasons. First and foremost, the composition rule in general fails to be satisfied by fractional integral and
fractional derivative operators. Furthermore, the fractional integral is a singular integral operator and
fractional derivative operator is non-local. Besides, the adjoint of a fractional differential operator is not
the negative of itself. Compare with the other existing methods, the variational method and the variant
fountain theorem used in the present paper are more useful for us to get the main results. In our study,
we did not require the energy functional to satisfy the PalaisSmale (P.S) condition, and we can obtain
some good properties for the solutions. For examples, the solutions are nontrivial, and have bounded
estimation, i.e., [uf(A)|lx < oo, @ "),)\(uk) € [Bx,By), for k € N. For the details, please see the following
Example 4.1, which is offered to demonstrate the application of our main results.

4. Example
Example 4.1.
1d
— 530Dt JO0 4+ DT () = pag (t)wg (1) + AFy, (t,u(t), te(0,1),
1d N
— 5 ;0D 04 1+ DFOMuS(t) = paa(t)ua(t) + AFy, (t,u(t)), t€(0,1),

4.1
A(DYPu1)(0.5) = Ij3(w(0.5)), @)

A(DYPu,)(0.5) = Iy (u2(0.5)),
) =0, uwp(0) =up(1) =0,

w (0) =uq(1

where T = 1,N = 2,1 = 1,t; = 0.5,a1(t) = sin’t, ay(t) = 1—0—%’ Lii(x) = In(x) = 82, and F(t,u,up) =
e—(2.1+cos t) (u% 4 u%)l.S.
It is easy to see 1 = 0.5,32 = 04, = 0.75,xp = 0.8. We can verify that Ii;(x) satisfy Lipschitz
condition, i.e., [I;1(x1) — Li1(x2)] < Wlxl —xp| for i = 1,2. Then we can see that the condition (f) holds.
We can also find that

F(t,u) = e @1Heos Izl | < 3e 11+ [uP™!) fori=1,2,

with v =3 € [2,27 = 8), which implies (Hy) is satisfied. It is also easy to check (H;) and (Hs3) hold.
By a direct Calculatlon we have cg = |cos(0.757)| = Az % ~ 118,y = &,B = iz =

r2(1.75) 41' = T2(0.75)05

1.33, a9 = 1. Then we can verify o = SCU — BlLy = 0. 55673 > 0.

Then all the conditions of Theorem 1.1 are fulfllled Consequently, for p € (0,0.94),A € [1,2], (4.1)
possesses infinitely many nontrivial solutions u¥ € X for all k € N.

For B = "M (geribx )72, it is easy to see that csby < e 31 ~ 0.045,N = 2,v = 3,1 = 0 — 2429 >
0.0023,A3 ~ 1. 29 By calculating, we know 31 > 0.0000002255.

When pi = 1, from (3.3), for the functions given in (4.1), we can get the numerical result that 3, =
max @p,\ (v(u)) < 3.156 by means of Matlab software.

k

Then, for p € (0,0.94),A € [1,2], it follows that (4.1) has infinitely many nontrivial solutions uk e X
with |[uf[|y < co and @, A (u*) € [0.0000002255,3.156] for all k € N.

5. Conclusion

In this paper, we study the existence and multiplicity of solutions for the fractional differential equa-
tion (1.1) with impulses and perturbation, which can describe the phenomena of advection dispersion
very well. It is also should be noted that we considered (1.1) in the RN. By the variational methods, the
existence criteria of infinitely many nontrivial solutions for the problem (1.1) are established. We also
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obtain some good properties for the solutions of (1.1). An example is given to demonstrate the usefulness
of our main results. Recent results in the literature are generalized and improved.
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