Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 10 (2017), 2241-2256

Research Article

ISSN : 2008-1898

Scie
22 Nceg .
D &

/1/0/)

Journa/

of,

Journal of Nonlinear Sciences and Applications

Q
€)
Suopeond®

PuEicanoss
Journal Homepage: www.tjnsa.com - www.isr-publications.com/jnsa

Stability of random implicit multifunctions in separable Asplund spaces

Ming-ge Yang®*, Yi-fan XuP

4School of Management, Shanghai University, Shanghai 200444, P. R. China.
bschool of Management, Fudan University, Shanghai 200433, P. R. China.

Communicated by Y. Z. Chen

Abstract

This paper is mainly devoted to present new sufficient conditions in terms of Fréchet coderivatives for the local metric
regularity, the metric regularity, the Lipschitz-like property, the nonemptiness and the lower semicontinuity of random implicit
multifunctions in separable Asplund spaces. An example is given to illustrate the above random implicit multifunction results.
Some applications to stability analysis of solution maps for random parametric generalized equations are also given. ©2017 All
rights reserved.
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1. Introduction

Let X, P be topological spaces, Y be a topological vector space, F : X x P = Y be a multifunction, and
(x0,Po) € X x P be a pair such that
0 € F(xo, po)- (1.1)

The multifunction G : P = X given by
G(p) :={x € X|0 € F(x,p)}, (1.2)
is called the implicit multifunction defined by the inclusion
0 € F(x,p).

The problem is to find some verifiable conditions on F such that G has the desirable properties. In the
literature, different topological, metric and differential properties (e.g., lower semicontinuity, metric reg-
ularity, Lipschitz-like property, upper Lipschitz continuity, B-differentiability) of implicit multifunctions
are considered. Of course the nonemptiness of the sets G(p) for all p in a neighborhood of py, is also an
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important property. The structure of F and its behavior around (xg, po) decide local properties of G in a
neighborhood of the point (po, xg) in its graph.

The study of the stability of implicit multifunctions has a long history. The pioneering works of
Robinson [12-15] gave good samples for implicit function theorems and their applications. Later, Ledyaev
and Zhu [7], Ngai and Théra [11] established sufficient conditions for the metric regularity of the implicit
multifunction (1.2) in terms of Fréchet coderivatives in Banach spaces with Fréchet-smooth Lipschitz
bump functions. By using the scheme given by Yen [19], Lee et al. [8] showed some sufficient conditions
for the nonemptiness, the lower semicontinuity, the metric regularity and the Lipschitz-like property
of the implicit multifunction (1.2) in terms of normal coderivatives in Asplund spaces. Huy and Yao
[6] established another set of sufficient conditions for the local metric regularity and the Lipschitz-like
property of the implicit multifunction (1.2) in terms of normal coderivatives in Asplund spaces. Durea
[2] obtained implicit multifunction results by simply specializing the openness results, and studied the
metric regularity of implicit multifunctions in terms of normal coderivatives in Asplund spaces. Durea
and Strugariu [3] also obtained implicit multifunction results by simply specializing the openness results,
and studied the metric regularity and the Lipschitz-like property of implicit multifunctions in terms of
Fréchet coderivatives in Asplund spaces. Huy et al. [5] gave new sufficient conditions for both the metric
regularity and the Lipschitz-like property of implicit multifunctions in terms of Clarke coderivatives in
general Banach spaces.

More recently, Yang and Huang [17] considered the following random implicit multifunction. Let
(Q, A) be a measurable space, X, P be two topological spaces, Y be a topological vector space, F: () x X x
P = Y be a multifunction, and (xo, po) € X x P be a pair such that

0 € Flw,xo, po),
for all w € Q. The multifunction G : O x P = X given by

Glaw,p) == {x € XI0 € F(w,x,p)}, (1.3)
is called the random implicit multifunction defined by the inclusion
0 € Flw,x,p), (1.4)

if for each p € P, G(-,p) : Q = X is measurable. By using normal coderivatives, Yang and Huang [17]
gave sufficient conditions for the local metric regularity, the metric regularity, the Lipschitz-like property,
the nonemptiness and the lower semicontinuity of the random implicit multifunction (1.3) in separable
Asplund spaces. The results in [17] extended the corresponding results in [6, 8]. It is worth mentioning
that implicit multifunction theorems in [17] are required the assumption on inner semicompactness of
the metric projection mapping, while implicit multifunction theorems in [2, 3, 5, 18] are not required
the assumption. So it is natural for us to discuss random implicit multifunction theorems without the
assumption on inner semicompactness of the metric projection mapping in terms of Fréchet coderivatives.

The main purpose of this paper is to establish some random implicit multifunction theorems without
the assumption on inner semicompactness of the metric projection mapping. Firstly, a random implicit
multifunction theorem which gives sufficient conditions for the local metric regularity of the random
implicit multifunction (1.3) is proved in separable Asplund spaces. Secondly, the metric regularity, the
Lipschitz-like property, the nonemptiness and the lower semicontinuity of the random implicit multifunc-
tion (1.3) are discussed in separable Asplund spaces. An example is given to illustrate the above random
implicit multifunction theorems. Finally, some applications to stability analysis for solution maps of
random parametric generalized equations are given under suitable conditions. The results obtained in
this paper are different from those in Yang and Huang [17], and generalize the corresponding results in
[2,3,5,6,8].

The paper is organized as follows. Section 2 recalls some basic concepts and results from variational
analysis and generalized differentiation. Section 3 presents some random implicit multifunction theorems.
Section 4 gives applications to stability analysis for solution maps of random parametric generalized
equations.
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2. Preliminaries

Throughout this paper we use standard notation of variational analysis and generalized differentia-
tion. We refer the reader to the books by Mordukhovich [9, 10] for more details and discussions. Unless
otherwise stated, all spaces under consideration are Banach spaces whose norms are always denoted by
|| - ||. For any X, we consider its dual space X* equipped with the weak* topology w*, where (-,-) means
the canonical pairing. As usual, Bx and Bx- stand for the closed unit balls of the Banach space X and its
dual X*, respectively. The closed ball with center x and radius p is denoted by B(x, p). The symbol A*
is the adjoint operator of a linear continuous operator A. For a subset QO C X, clQ, intQ, bdQ, coQ and
cone() denote, respectively, the closure, the interior, the boundary, the convex hull and the conic hull of
Q. Throughout the paper, we use the notation

Q _ .
X — X < x — X with x € Q.

Given a multifunction F : X = X* between a Banach space X and its topological dual X*, we denote by

Limsup_ _,  F(x) :={x* € X*|3 sequences x — X and x;, W, x* with Xy € F(xy) for all k € N},

the sequential Painlevé-Kuratowski upper/outer limit with respect to the norm topology of X and the
weak™ topology of X*, where N :={1,2, - - - }. Note that the symbol := means “equal by definition.

Definition 2.1 (generalized normals [9, Definition 1.1]). Let QO be a nonempty subset of X.

(i) Given x € Q) and ¢ > 0, define the set of e-normals to Q at x by

Ne(x; Q) == { x* € X* [lim sup X u—x) <eyp. (2.1)
o lu—=x|
u—rrx

When ¢ = 0, elements of (2.1) are called Fréchet normals and their collection, denoted by N(x; Q),
is the prenormal cone to Q at x. If x ¢ Q, we put N¢(x; Q) := () for all ¢ > 0.

(ii) Let x € Q. Then x* € X* is a basic/limiting normal to Q) at x if there are sequences ¢y | 0, xx 2%

and xj 27, x* such that Xy € ]/\\Jak(xk; Q) for all k € IN. The collection of such normals

~

N(x;, Q) = Limsupx_mawNa(x;Q),
is the (basic, limiting) normal cone to Q at x. Put N(x; Q) := 0 if X ¢ Q.

A set O C X is sequentially normally compact (SNC) at x € Q if for any sequence (e, Xxk,Xy) €
[0, 00) x Q x X* satisfying

ex 10, xx = X, X;: S Nsk(xk;Q) and X?; = 0,

one has ||x;|| = 0 as k — oo.
Let F : X = Y a multifunction between topological spaces. Denote by

domF := {x € X|F(x) # 0}, rgeF:={y € Y3 x withy € F(x)},
the domain and the range of F. Each multifunction F : X = Y is uniquely associated with its graph
gphF :={(x,y) € X x Y|y € F(x)},
in the product space X x Y. The space X x Y is Banach with respect to the sum norm

10¢ Y= 1l + Tl

imposed on X x Y unless otherwise stated. F is lower semicontinuous (in short, l.s.c.) at X € domF if for



M.-G. Yang, Y.-F. Xu, J. Nonlinear Sci. Appl., 10 (2017), 2241-2256 2244

any open set V C Y satisfying F(X) NV # (), there exists a neighborhood U of % such that F(x)NV # 0
for all x € U. Fis lower/inner semicompact at X € domF if for any sequence xx — X, there is a sequence
Yk € F(xx) that contains a convergent subsequence as k — oo. It is clear that if F is l.s.c. at X, then F is
inner semicompact at x.

Definition 2.2 (coderivatives [9, Definition 1.32]). Let F: X = Y with domF = ().

(i) Given (x,y) € X xY and ¢ > 0, we define the e-coderivative of F at (x,y) as a multifunction
D¥F(x,y) : Y* = X* with the values

~

DEF(x, y)(y*) == {x* € X*|(x*, —y*) € N¢((x,y); gphF)).

When ¢ = 0, this construction is called the precoderivative or Fréchet coderivative of F at (x,y) and
is denoted by D*F(x,y). It follows from the definition that D* *F(x,y)(y*) = 0 for all ¢ > 0 and
y* e Y*if (x,y) € gphF.

(ii) Given (x,y) € X x Y, we define the normal coderivative of F at (x,y) as a multifunction D{F(x,y) :
Y* = X* with the values

DR Fx y)(y™) = {x" € X*[(x", —y") € N((x,y); gphF)}.

We put DX F(x,y)(y*) := 0 for all y* € Y* if (x,y) ¢ gphF.

Recall that a single-valued mapping f : X — Y is said to be Fréchet differentiable at X if there is a linear
continuous operator Vf(x) : X — Y, called the Fréchet derivative of f at %, such that

- f(x) = f(x) = VI(x) (x — %)
lim — =0.
xox I = x|
A mapping f : X — Y is said to be strictly differentiable at % if there is a linear continuous operator
Vf(x) : X = Y such that
lim f(x) —f(u) — VI(x)(x —u)

s =]

=0.

Let @ : X — R be an extended real-valued function. We say that ¢ is proper if @(x) > —oo for all x € X
and its domain
dome = {x € X|p(x) < oo},

is nonempty. With any ¢ we associate its epigraph
epip =={(x, 1) € Xx Rlp > @(x)}
Recall that ¢ is Ls.c. at a point X with |@(X)| < oo if

Iiminf@(x) > @(x).

X—X

We say that ¢ is l.s.c. around X when it is l.s.c. at any point of some neighborhood of x.

Definition 2.3 (subdifferentials [9, Definition 1.77 and Definition 1.83]). Consider a function ¢ : X — R
and a point x € X with [@(X)| < oco.

(i) The set R R
dp(x) = {x* € X*|(x*,—1) € N((x, ¢(x)); epio)},

is the presubdifferential or Fréchet subdifferential of ¢ at x. We put 5([)()2) =0 if [@(x)] = oo.
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(ii) The set
0p(x) :={x* € X*[(x", —1) € N((x, ¢(X)); epig)},
is the (basic, limiting) subdifferential of ¢ at X, and its elements are basic subgradients of ¢ at this
point. We put 0 () := 0 if [¢(X)| = oco.

If @ is convex, then both these subdifferentials do coincide with the classical Fenchel subdifferential.
If 5o denotes the indicator function associated with a nonempty set QO C X (ie, dq(x) = 0if x € Q,
50 (x) = 400 if x ¢ Q), then for any X € Q, 35 (%) = N(x, Q) and 350 (X) = N(x, Q).

Let @ : X — R be finite at x. We say that ¢ is sequentially normally epi-compact (SNEC) at % if its
epigraph is SNC at (X, @(x)). If ¢ is Lipschitz continuous around X, then it is SNEC at x.

Lemma 2.4 (Ekeland’s Varijtional principle [9, Theorem 2.26]). Let (X, d) be a metric space. Assume that X is
complete and that ¢ : X — R is a proper Ls.c. function bounded from below. Let ¢ > 0 and xo € X be given such
that @(xo) < infx @ + €. Then for any A > 0 there is X € X satisfying

(i) @(x) < @lxo);

(ii) d(x,x0) <N

(iii) @(x) + (¢/A)d(x, %) > @(x) for all x # X.

Lemma 2.5 (nonsmooth versions of Fermat’s rule [9, Proposition 1.114]). Let ¢ : X — R be finite at . Then
0 € dp(%) C p(x),
if @ has a local minimum at X.

A Banach space X is Asplund, or it has the Asplund property, if every convex continuous function
¢ : U — R defined on an open convex subset U of X is Fréchet differentiable on a dense subset of U; see
[9, Definition 2.17]. The class of Asplund spaces is large. For instance, any reflexive Banach space is an
Asplund space. The calculus of normal cones and subdifferentials in Asplund spaces is simpler than that
in general Banach spaces; see [9, Chapter 3].

Lemma 2.6 (fuzzy sum rule [9, Theorem 2.33]). Let X be an Asplund space and @1, @2 : X — R = R U{oo} be
such that @1 is Lipschitz continuous around X € domeq Ndomegy and @y is l.s.c. around X. Then for any vy > 0
one has

31+ @2)(%) C [ JBe1(x1) +392(x2) 1 X1 € X+¥Bx, l@i(xi) — @i(X) <y, i=1,2}+vBx-.

Lemma 2.7 (coderivatives of differentiable mappings [9, Theorem 1.38]). Let f : X — Y be Fréchet differen-
tiable at x. Then R
D*f(x)(y") ={VI(x)*(y")}, vy eV

Lemma 2.8 (coderivative sum rules with equalities [9, Theorem 1.62]). Let f : X — Y be Fréchet differentiable
at X, and let F : X = Y be an arbitrary set-valued mapping such that § — f(x) € F(X) for some § € Y. Then for all
y* € Y*, we have R R

D*(f+P(x9)(y*) = Vi(x)*y* + D*F(x,§ — (X)) (y").

Consider the multifunction G defined by (1.2) in a neighborhood of a point (xg, pg) satisfying (1.1).
G is said to be locally metrically regular around (xg, po) with modulus y > 0 if there are a neighbor-
hood V of xq, a neighborhood U of pp, and a constant p > 0 such that

dist(x, G(p)) < ydist(0, F(x,p)), (2.2)

for all (x,p) € V x U with dist(0, F(x,p)) < n. The adverb “locally” will be omitted if the last inequality is
not required for the fulfillment of (2.2).
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G is said to be Lipschitz-like around (po, xp) with modulus 1 > 0 if there are a neighborhood U of pg
and a neighborhood V of xg such that

G(p') NV CGp)+1p'—plBx, Vp,p' €l

The Lipschitz-like property is also known as the pseudo-Lipschitzian property or the Aubin property of
multifunctions.

At the end of this section, we give some basic concepts and results about measurability of multi-
functions. For details, we refer the reader to Aubin and Frankowska [1, Chapter 8] and Himmelberg
[4].

Consider a set QO and a family A of subsets of Q. If A is a o-algebra, we call the pair (Q,A) a
measurable space and the elements of A measurable sets. In case there is a o-finite measure defined on
A, we say that Q) is o-finite, and if there is a complete o-finite measure defined on A we call QO complete.
Further, if ) is a topological space, then the smallest o-algebra containing all open sets is called the Borel
o-algebra. We denote it by B(Q) or simply B, when it is clear from the context.

Definition 2.9 (measurability of multifunctions [4]). Consider a measurable space (Q,A), a separable
metrizable space X, and a multifunction F : O = X. Then F is measurable (weakly measurable, B-
measurable, C-measurable) if and only if

F1(B):={we Q:Fw)nB +#0}

is measurable for each closed (resp., open, Borel, compact) subset B of X.

If F: Y = X where Y is a topological space, then the assertion that F is measurable (weakly measurable,
etc.) means that F is measurable (weakly measurable, etc.) when Y is assigned the o-algebra B of Borel
subsets of Y. Likewise, if F: O x Y = X, then the various kinds of measurability of F are always defined
in terms of the product o-algebra A x B generated by the sets A x B, where A € A and B € B.

Lemma 2.10 (measurable projection [1, Theorem 8.3.2]). Let (Q, A, u) be a complete o-finite measure space, X
a complete separable metric space and G € A x B(X). Then its projection is measurable:

o(G):={weQ:3Ixe X, (w,x) € G}e A

3. Random implicit multifunction theorems

Theorem 3.1. Let X, Y be separable Asplund spaces, P a topological space, (Q), A, i) a complete o-finite measure
space, F : Q x X x P =2 Y a multifunction such that for each p € P, F(-,-,p) : Q x X =2 Y is measurable. Let
G : Q x P = X be the multifunction defined by (1.3), and (xp, po) € X x P a pair such that 0 € F(w, xo, po) for all
w € Q. Denote Fo, () :== Flw, -, p). Suppose that for each w € Q, there exist constants v > 0 and o > 0 such
that:

(i) for any p € B(po, ), the multifunction Fy, ,(-) is closed;
(ii) for any (x,p) € B(xo, 1) % B(po, 1),
o < inf{||x*]| : x* € 15*Fw,p (x,y)y*), yeB(O,r)NFup(x), [[y*] =1k
Then
(1) forany p € P, G(-,p) : Q =2 X is measurable;
(2) for any w € Q, G(w, ") : P = X is locally metrically regular around (xo, po) with modulus Y. In fact, for
any p € (O, z(fifcﬂ we have

1+
o
forall (x,p) € B(xo, 5) x B(po, ) with dist(0, F(w, x,p)) < .

dist(x, G(w,p)) < —2dist(0, F(w,x,p)), (3.1)
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Proof. (1) Fix any p € P, and consider the graph of G(:,p) : QO = X which has the form

gphG(-,p)

{lw,x) e O xX:x e G(w,p)}
{(w,x) e O xX:0€ Fw,x,p)}
{(w,x) € Q x X: Flw,x,p) N{0} # 0}

Since F(-,-,p) : Q x X =2 Y is measurable, we have that
{(w,x) € Q x X: Flw,x,p) N{0} # 0} € A x B(X),
and it follows that
gphG(-,p) € A x B(X).
For any B € B(X), by Lemma 2.10, we know that

o (gphG(,p) N (Q x B)) € A.
Since

ma(gphG(,p) N (Q x B)) ={w € Q:3x € X, (w,x) € gphG(-,p) N (Q x B)}
={weQ:3x€eB, xeG(w,p)}
={weQ:G(w,p)NB#0M},

we obtain that

{weQ:G(w,p)NB#£0} e A
Hence, G(-,p) : Q == X is B-measurable. It follows that G(-,p) : Q = X is measurable.
(2) Fix any w € Q. By the assumptions, there exist constants r > 0 and o > 0 such that conditions (i) and
)5 1+o)> and any (x,p) € B(xo, 5) x B(po, 1) with dist(0, F(w, x,p)) < n
Now we prove that (3.1) holds. If dist(0, F(w,x,p)) = 0, then 0 € F(w,x,p) and hence x € G(w,p).

Therefore, both sides of (3.1) are equal to 0 and (3.1) holds. Hence, we can assume that dist(0, F(w, x, p)) =
o, where o € (0, i). It remains to show that

(ii) are satisfied. Fix any p € (0

o(1+ o)

dist(x, G(w, p)) < 5

oc+£)

Since 0 < a < 1 < 5 {5y, We obtain that Zx < 9. For each ¢ € (0, v — p) with < 1Z, by the
definition of the distance function, there ex1sts J € Fw,p(x) such that [[§|| < a+e<p + ¢ < 1. Define the
function f, : X x Y — R by

fp(x",y") = [y’ +8((x",y"); gphFwp), VX', y') € X x Y.

2(oc:r€), 1_'_0) and put 3 :=fp(x,§) =

We claim that f}, is L.s.c. on X x Y due to condition (i). Fix any t € (
Ilg|l. We see that

_ B
fo(x,g) =t
p(x 9) t
Clearly,
fo(x,g) < inf fo(x/, ’—l—t'E.
p(x0) (x’,y")€B (x0,7) X B(0,1) (oY) t

By the Ekeland variational principle in Lemma 2.4, there exists (%X,7) € B(xo, 1) x B(0, r) such that

fp(%9) <fp(x9), (&9 -7 <
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and
fr(%,0) < fp(x’y ) +t-||(x,y")— & 9), V(x',y') € Blxo, 1) x B(O,7).
9)

This implies that (%

IOl <5l 1% =xI[+ 19—l <

«-0-\'@

and
191 < /[l +tlx" =& +1ly" = gl) +8((x",y'); gphFwp), V(x',y') € B(xo,7) x B(O,7).  (3.2)

We now show that 0 € F, p(X). Assume to the contrary that 0 ¢ F,,(X), then § # 0. Obviously,
% € B(xo,7), § € B(0, 7). Since

x+¢ T
+ =<

LT T
2 t 2 2

1% =0l < & =x[| +[x = xol| < to =T

B T
t 2
and
Ol <[l =B <x+e<pte<r,
we have that (X, () € intB(xq, r) x intB(0, ) = int(B(xo, ) X B(0,7)). Define functions @1, @2, @3: X xY —
R by
e10x"y") = [y,
e2(x",y") =t = %[+ [ly" = 1l),
o3(x’,y ) 5((x",y"); gphFw,p),
for all (x’,y’) e X x Y.

It follows from (3.2) that (%, () is a local minimum of the function @1 + @2 + @3 on X x Y. From the
nonsmooth version of Fermat’s rule in Lemma 2.5, we know that

(0,0) € (1 4+ @2+ ©3)(%, ).

Using the fact that @1 + @, is Lipschitz continuous on X x Y and ¢3 is l.s.c on X x Y, we can apply the

fuzzy sum rule for the Fréchet subdifferential. Choose 0 < y < min{l —t, %} with 0 ¢ B(7,v),
B(%,v) C B(xo,r) and B({j,y) C B(0, 7). By Lemma 2.6, there exist

(x3,y5) € B(%,v) x B(§,¥) C B(xo,7) x B(0,7),

and
(x%,,y%,) € [B(%,v) x B(U,v)]NgphFw,p C [Blxo, ) x B(O,1)] NgphFe p,
such that
(0,0) € 31 + @2) (3, yy) +3@3(x3,3) +¥(Bx+ X By-).
Morever,

(@1 + ©2) (), y3y) — (@1 + @2) (%, 9) <, and o3, y3) — @3(%,0)| <

x>
C)

Observing that @1 and ¢, are convex functions and y%/ = 0, we obtain that
(0,0) € {0} x Sy« +t(Bx+ x {0} +{0} x By+) + N((x3,y2); gphFuwp) +¥(Bx+ X By+).
Hence, there exist yj € Sy, (x3,Y5) € ﬁ(( y,yy) gphFy 1), x5 € Bx+ and y} € By such that
IIUTH =1L Ie+ygl <t and [yi+y; +vys| <t

Let x Then we have

and y*

[ Hy I

N ¥

- Hy

,—y*) € N((x3,43); gphFw p).
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It follows that R
x* € D Fayp (x5, 43 (y").
Since [|x5|| — [lyx3]| < [[x5 +vx3|| < t, we obtain that ||x;|| < v+ t. Furthermore,
t 2> [lyr +y2 +vysll = lyrll = llva +vysll = 1= lvall = vllysll = 1= llyall v
Hence, |ly3|| > 1—v —t. It follows that

*
sl v
luysll ~1—v—t

x| = <o,

which is contrary to condition (ii). Therefore, we have shown that 0 € F, (%), i.e. X € G(w, p). It follows
that

dist(x, Glw,p)) < fx— %) < & < 7€
Since t < H%, by letting t — HLG and ¢ — 0, we have that
1 1
distlx, Glw, p)) < 59— 1 iy 0, Flaw,x,p)).

O

Remark 3.2. We notice that [17, Theorem 3.1] is required the assumption on inner semicompactness of the
metric projection mapping, but Theorem 3.1 is not required. Moreover, [17, Theorem 3.1] uses normal
coderivatives, while Theorem 3.1 uses Fréchet coderivatives. Also, we can see from the proof of Theorem
3.1 that the conclusion of the theorem is still valid, if the topological space P is replaced by a metric space.

When considering the deterministic case of Theorem 3.1, we have the following corollary.

Corollary 3.3. Let X, Y be Asplund spaces, P a topological space, F : X x P =2 Y a multifunction, G : P = X the
implicit multifunction defined by (1.2), and (xo, o) € X x P a pair such that 0 € F(xo, po). Denote Fy,(-) := F(-,p).
Suppose that there exist constants v > 0 and o > 0 such that:

(i) for any p € B(po, 1), the multifunction T, (-) is closed;
(if) for any (x,p) € B(xo, ) x B(po, 1),

o <inf{[[x*| : x* € D*Fp(x,y)(y*), y € B(0,r)NF,(x), [y*| =1}

Then G is locally metrically regular around (xo, po) with modulus Y. In fact, for any u € (0, ﬁ), we have

1+
o

forall (x,p) € B(xo, 5) x B(po, ) with dist(0, F(x,p)) < .

dist(x, G(p)) < — " dist(0, F(x,p)),

Remark 3.4. We notice that [6, Theorem 3.5] is required the assumption on inner semicompactness of the
projection mapping, but Corollary 3.3 is not required. Corollary 3.3 is also similar with [5, Theorem 3.1],
which is based on Clarke coderivative and Clarke subdifferential in Banach spaces. By using different
norm on the product space, the proof of Corollary 3.3 is much simpler than that of [5, Theorem 3.1].

Theorem 3.5. Suppose that all the assumptions of Theorem 3.1 are satisfied. Moreover, assume that
(iii)y for any w € Q, F(w, -, -) is Ls.c. at (xo, po)-
Then

(1) forany p € P, G(-,p) : Q =3 X is measurable;
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(2) forany w € Q, G(w,-) : P = X is metrically reqular around (xo, po) with modulus . In fact, there exist
a neighborhood V of xo and a neighborhood U of po such that

1+o0o
o

dist(x, G(w, p)) < dist(0, F(w, x, p)),

forall (x,p) € Vx W

Remark 3.6. Since the proof of Theorem 3.5 is similar to that of [17, Theorem 3.5], we omit the proof here.
It is worth mentioning that Theorem 3.5 is different from [17, Theorem 3.5], because the assumptions in
Theorem 3.5 is different from that in [17, Theorem 3.5].

Theorem 3.7. Suppose that all the assumptions of Theorem 3.1 are satisfied. Moreover, assume that P is a subset
of a normed space and

(iii)o for any w € Q, there exist a neighborhood V of xq, a neighborhood U of py and a constant 1 > O such that
Flw,x,p’) C Flw,x,p) +1p’—p|By, ¥x€V, ¥p,p’ €l

Then
(1) forany p € P, G(-,p) : Q = X is measurable;
(2) forany w € Q, G(w, ) : P =2 X is Lipschitz-like around (po, xo).

Remark 3.8. Since the proof of Theorem 3.7 is similar to that of [17, Theorem 3.8], we omit the proof here.
It is worth mentioning that Theorem 3.7 is different from [17, Theorem 3.8], because the assumptions in
Theorem 3.7 is different from that in [17, Theorem 3.8].

Theorem 3.9. Suppose that all the assumptions of Theorem 3.1 are satisfied. Moreover, assume that
(iii)s for any (w,x,p) € Q x B(xo, 1) x B(po, 1), the multifunction F(w,x, ) is L.s.c. at p.
Then

(1) forany p € P, G(-,p) : Q = X is measurable;

(2) for any w € Q, there exists a constant s € (0, 1) such that the multifunction G, : P = X defined by

Guw(p) == G(w,p) NintB(xo,7),
is nonempty and l.s.c. on B(poy, s).

Proof. By Theorem 3.1, conclusion (1) of Theorem 3.9 holds. Now we show that conclusion (2) of Theorem
3.9 also holds. Fix any w € Q. Since 0 € F(w, xo, po), by condition (iii)3, there exists a neighborhood U of
Po such that

TO
F(w,xg,p) NintB (0, ,
(w,xo, p) Nin ( 1+G>#®

for every p € U. Hence,
To

140’

dist(0, F(w, xo,p)) <

for every p € U. Choose a number s € (0, r) satisfying B(po,s) C U. We want to show that s satisfies the
conclusion (2) of Theorem 3.9.

(a) Fix any p € B(po, s). Now we show that Gw(p)is nonempty. Define the function f, : X x Y = R by

fp (%, y) = [yl +8((x,y); gphFw,p), V(x,y) € X x Y.

We claim that f,, is 1.s.c. on X x Y due to condition (i). In particular, it is L.s.c. on B(xop, ) x B(0,7). If
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fp(x0,0) = 0, then 0 € Fy p(x0), and hence xg € G(w, p). It follows that xg € G(w,p) NintB(xp, ). That
is éw(p) # 0. If f5(x0,0) # 0, then 0 ¢ Fw,p(xo), and hence dist(0, F(w, xp,p)) > 0. We can assume that
o = dist(0, F(w, xq, p)),

For each ¢ € (0,v — «) with "‘“ < oo + 5/ by the definition of the distance function, there exists § €

Fw,p(xo) such that [|§]| < c+e <. Let B :=fp(x0,9) = ||gll, and fix any t € (*F£, 7). We see that
foxo ) =t L.
t
Clearly,
_ . B
f ,7) < f (X, t-—.
p(x0. ) (x)EB (Xor)xB(01) oyl Ht-

By the Ekeland variational principle in Lemma 2.4, there exists (%X,7) € B(xo, 1) x B(0, r) such that

s A — s oA — B
fp(X,U) < fp(XOIU)/ H(X/U) - (XO/U)H < ;r

and
(72 g) (X/U) +t- H(X/U) - (5\(/9)”' V(X/U) S B(Xo,T) X B(O,T‘)

This implies that (X,7) € gphF., p,

" _ . N B
19l < lgll, & =xoll + I9—3ll < T
and
191 < [yl +tlx = %[+ lly = 9l)) +8((x,y); gphFw,p), V(x,y) € B(xo, ) x B(O, 7). (3.3)

Obviously, * € B(xo, 1), § € B(0, 7). Since

<v, Il <l <,

we have that (%, () € intB(xq, r) x intB(0, r) = int(B(xq, r) x B(0,1)).
We now show that 0 € Fw,p(X). Assume to the contrary that 0 ¢ F, , (%), then § # 0. Define functions
©1, 2, 93: X xY — Rby

e1(x,Y) = llyll, e20x,y) = tllx =% +[ly =G, @®s(x,y) :=3((x,y);gphFwp), V(x,y) € X xY.

It follows from (3.3) that (%,0) is a local minimum of the function @1 + @2 + @3 on X x Y. Arguing

as in Theorem 3.1, we can deduce a contradiction with condition (ii). Therefore, we have shown that
0€FupR), ie, & € G(w,p). It follows that G, (p) # 0.

(b) Fix any p € B(po, s), and we show that éw(-) is Ls.c. at p. It suffices to show that for any x € éw(p)
and any ¢ > 0, there exists a constant t > 0 such that

Gw(p)NintB(x,e) #0, Vp’ € B(p,t).

Since x € éw(p), we have that 0 € F(w, x,p) and x € intB(xg,r). Choose 0 < n < ¢ such that B(x,n) C
B(xp, 1) and B(p,n) C B(po, r). Arguing as above for the pair (x, p) in the place of (xg, po), the constant 1 in
the place of r, and the ball B(x,n), B(0,n), B(p,n), B(0, 1100) instead of B(xo, 1), B(0,7), B(po, 7), B(0, 175,
respectively, we find a constant 0 < t < 1 such that

G(w,p’)NintB(x,m) #0, Vp’' € B(p,t). (3.4)
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Since intB(x,m) C intB(xp, r) NintB(x, ¢), from (3.4) we get
G(w,p’) NintB(xg, 1) NintB(x, &) #0, Vp' € B(p,t).

That is, N
Gw(p')NintB(x,¢) #0, Vp' € B(p,t).

O

Remark 3.10. We notice that [17, Theorem 3.12] is required the assumption on inner semicompactness
of the metric projection mapping, but Theorem 3.9 is not required. Moreover, [17, Theorem 3.12] uses
normal coderivatives, while Theorem 3.9 uses Fréchet coderivatives. Also, we can see from the proof of
Theorem 3.9 that the conclusion of the theorem is still valid, if the topological space P is replaced by a
metric space.

When considering the deterministic case of Theorem 3.9, we have the following corollary.
Corollary 3.11. Suppose that all the assumptions of Corollary 3.3 are satisfied. Moreover, assume that
(iii)s for any (x,p) € B(xq, 1) x B(po, 1), the multifunction F(x,-) is Ls.c. at p.

Then there exists a constant s € (0,7) such that the multifunction G:P= X defined by
G(p) := G(p) NintB(xo, ),
is nonempty and l.s.c. on B(poy, s).

Remark 3.12. Corollary 3.11 shows that the condition “F(xp, ) is inner semicontinuous at (pg,0)” in [2,
Corollary 3.3] and [3, Theorem 5.1] can be omitted. Moreover, Corollary 3.11 includes [8, Theorem 3.1] as
a special case. We elaborate from the following four aspects:

(a) the condition “F is nonempty-valued around (xg, po)” in [8, Theorem 3.1] is omitted;

(b) the condition “for each p € P, the multifunction F () is closed-graph” in [8, Theorem 3.1] is replaced
by the weaker condition “for each p € B(po, v), the multifunction F, () is closed” in Corollary 3.11;

(c) the condition (A1) in [8, Theorem 3.1] obviously implies the condition (ii) in Corollary 3.11;
(d) the condition (A2) in [8, Theorem 3.1] is omitted.

Example 3.13. Let X = Y = P = R. Then X and Y are separable Asplund spaces and P is a topological
space. Moreover, let Q = {0,1}, A = {0,{0},{1},{0,1}}. Then (Q,A) is a measurable space. Define the
function p: A — R as follows

n(@) =0, wp({oh) =p{1}) = % n({0,1) =1.

Obviously, (Q, A, ) is a complete o-finite measure space. For any (w,x,p) € Q x X x P, define the
multifunction F: Q x X x P = Y as follows

x—p+2, ifw=0;
X—/P, ifw=1.

Then for any p € P, F(-,-,p) : Q x X = Y is measurable. In fact, for any closed subset B C Y, we have

Flw,x,p) = {

Fo'(B) ={(w,x) € Q x X:Flw,x,p) N B # )}

={0,x) e QxX:{x—p+2}NB£OU{(1,x) € Qx X:{x—/p}NB # 0}
={0}x{xeX:xep—2+BlU{l} x{xeX:xe/p+B}
={0}x (p—2+B)uU{l} x (v/p+B).
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Noting that a singleton set in R is closed, we obtain that F,; 1(B) is a closed subset of Q x X. It follows
that F(-,-,p) : Q x X = Y is measurable.

Furthermore, let xg = 2, po = 4. Obviously, for all w € Q, 0 € F(w, xp, po). Forany w € Q, letr =1,
o = 1. Then we have the following conclusions:

(i) For any p € R, F, () is a continuous single-valued function. Hence, it has closed graph.

(ii) Since for all (w,p) € Q x P, Fy () is Fréchet differentiable, we obtain that VF, ,(x) = Ix, for all
x € X. By Lemma 2.7,

D*Feop () (y*) = {VFwp(x)*y*} = {y*},
and it follows that

1< inf{|[x*[| : x* € D*Fap(x,y)(y™), Yy € B(0,1) NFup(x), [y*| =1

(iii) By the definition of F, for any w € Q, F(w, -, -) is continuous at (x, p). It follows that F(w, -, -) is Ls.c.
at (2,4).

(iv) If w=0,let V=B(xp,1) =[1,3], U=B(po,1) = [3,5], L = 1. Then we have
x—p' +2€x—p+2+Ip'—pBy, ¥xel1,3], p,p’ €35

That is,
Flw,x,p’) C Flw,x,p)+1-[p’—p|By, ¥xel1,3], p,p’ €35

If w=1,1let V=B(xop1) = [1,3], U= B(po,1) = [3,5], 1l = 2. For any p,p’ € [3,5], we have
lv/P— VPl <3—1=2, and it follows that

x—/p' €x—p+2p —pBy, Vxe€l[1,3], p,p’ €35

That is,
Flw,x,p’) C Flw,x,p)+1-[p'—p|By, ¥xel1,3], p,p’ €35

(v) By the definition of F, for any (w,x,p) € {0,1} x R x R, F(w, x,-) is continuous at p. It follows that
F(w,x,-) is L.s.c. at p.

By the above discussions, we know that all the conditions of Theorems 3.1, 3.5, 3.7 and 3.9 are satisfied.
It follows that

(1) for any p € R, G(-,p) :{0,1} =2 R is measurable;

(2) for any w € {0,1}, G(w, ) : R = R is locally metrically regular around (2,4) with modulus 2. In
fact, for any p € (0, %), we have

dist(x, G(w, p)) < 2dist(0, F(w, x,p)),
for all (x,p) € B(2, %) x B(4,1) with dist(0, F(w, x,p)) < w;
(3) for any w €{0,1}, G(w,-) : R = R is metrically regular around (2,4) with modulus 2;
(4) for any w € {0,1}, G(w, -) : R = R is Lipschitz-like around (2, 4);
(5) for any w € {0, 1}, there exists a constant s € (0, 1) such that the function éw : R = R defined by
éw(p) = G(w,p)NintB(2,1),

is nonempty and Ls.c. on B(4, s).
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4. Applications to random parametric generalized equations

In this section, we consider a special case of F in (1.4) which has the following form

Flw,x,p) = f(w,x,p) + Q(w,x,p),

where f : QO x X x P = Y is a single-valued mapping and Q : QO x X x P = Y is a multifunction. In this
case, (1.4) becomes

0 € flw,x,p)+ Q(w,x,p). 4.1)
The deterministic case of this random generalized equation was introduced by Robinson [13]. It is well-
known that the deterministic case of model (4.1) provides a convenient framework for the unified study
of optimal solutions in many optimization-related areas including mathematical programming, comple-
mentarity, variational inequalities, optimal control, mathematical economics, equilibrium and some other
fields (see, for example, [9, 10, 16] and the references therein).

The solution map G : QO x P = X associated with (4.1) is defined by

Glw,p) ={x e X:0e flw,x,p)+Qlw,x,p)} (4.2)
In what follows, we establish sufficient conditions ensuring the (local) metric regularity, the Lipschitz-like
property, the nonemptiness and the lower semicontinuity of the solution map in (4.2).

Lemma 4.1 ([17, Lemma 4.3]). Let (Q,A) be a measurable space, X a separable Banach space, f1 : Q — X a
measurable mapping and Fp : QO = X a weakly measurable multifunction with closed values. Then f1 +F, : Q = X
is weakly measurable.

Theorem 4.2. Let X be separable Asplund space, Y be o-compact separable Asplund space, P a topological space,
(Q, A, n) a complete o-finite measure space, f : Q x X x P — Y a single-valued mapping and Q : Q x X x
P = Y a multifunction such that for each p € P, f(-,-,p) is measurable and Q(-,-,p) is weakly measurable with
closed values. Let G : Q x P =2 X the solution map defined by (4.2), and (xo,po) € X x P a pair such that

(w,x0, po, —f(w,x0, o)) € gphQ for all w € Q. Let fy p(-) = f(w,-,p) and Qup(-) == Q(w, -, p). Suppose
that for each w € Q, there exist constants v > 0 and o > 0 such that:

(i) for any p € B(po, 1), the mapping f p(-) is Fréchet differentiable on X and the multifunction Qe p(-) is
closed;

(ii) for any (x,p) € B(xo, 1) % B(po, 1),
o <inf{[x"| : X" € Ve p () Y + D" Qup 6,y — o p (¥)) (y7),
y € B(0,7) N (fu,p(x) + Qu,p (X)), ly*| =1}
Then
(1) forany p € P, G(-,p) : Q =2 X is measurable;
(2) forany w € Q, G(w, ) : P = X is locally metrically regular around (xo, po) with modulus 2. In fact, for

any u € (O, ﬂfif(”), we have

1+0o
o

dist(x, G(w, p)) < dist(—f(w, x,p), Q(w, x,p)),

for all (x,p) € B(xo, 3) x B(po, 1) with dist(—f(w,x,p), Q(w,x,p)) < 1.
Proof. Define the multifunction F: Q x X x P = Y by
Flw,x,p) =f(w,x,p)+Q(w,x,p), Y(w,x,p)e QxXxP.
Let Fop(-) = F(w,-,p). Then Fyp(-) = fu,p(-) + Qu,p(-). Obviously, (w,xo, po, —f(w,xo, o)) € gphQ
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is equivalent to 0 € F(w, xo, po). It follows from Lemma 4.1 that for each p € P, F(;,-,p) : Q x X = Yis
weakly measurable. Since Y is o-compact, by [4, Theorem 3.2 (ii)], we have that F(-,-,p) : Q x X = Yis
measurable. Fix any w € Q, there exist constants r > 0 and o > 0 such that conditions (i) and (ii) are
satisfied. By condition (i), it is easy to check that for any p € B(po, 1), the multifunction F, ;(-) is closed.
By condition (ii) and Lemma 2.8, we obtain that for any (x,p) € B(xo, 1) x B(po, 1),

o < inf{||x*|| : x* € [A)*Fw,p (x,y)y*), ye B0, ") NFyp(x), [yl =1
Therefore, Theorem 4.2 follows from Theorem 3.1. O

Remark 4.3. Theorem 4.2 is similar to [17, Theorem 4.4 ]. In Theorem 4.2, the assumption “for any p €
B(po, 1), the mapping f, ,,(-) is Fréchet differentiable on X” is required, while in [17, Theorem 4.4 ], the
assumption “for any p € B(po, 1), the mapping f, , (+) is strictly differentiable on X” is required.

Theorem 4.4. Suppose that all the assumptions of Theorem 4.2 are satisfied. Moreover, assume that
(iii)y for any w € Q, f(w, -, -) is continuous at (xo, po) and Q(w, -, -) is L.s.c at (xo, Po).
Then

(1) forany p € P, G(-,p) : Q =% X is measurable;

1+o
e

(2) forany w € Q, G(w, ) : P = X is metrically regular around (xo, po) with modulus

Theorem 4.5. Suppose that all the assumptions of Theorem 4.2 are satisfied. Moreover, assume that P is a subset
of a normed space and

(iii)p for any w € Q, there exist a neighborhood V of xo, a neighborhood U of po and a constant 1 > 0 such that

flw,x,p" )+ Q(w,x,p") C flw,x,p) + Q(w,x,p) +1p'—plBy, VxeV, ¥p,p’ €l

Then
(1) forany p € P, G(-,p) : Q = X is measurable;
(2) forany w € Q, G(w, -) : P = X is Lipschitz-like around (po, Xo).
Theorem 4.6. Suppose that all the assumptions of Theorem 4.2 are satisfied. Moreover, assume that

(iii)s for any (w,x,p) € Q x B(xq, 1) x B(po, ), the mapping f(w,x, -) is continuous at p and the multifunction
Q(w,x,-) is Ls.c. at p.

Then
(1) forany p € P, G(-,p) : Q =2 X is measurable;

(2) for any w € Q, there exists a constant s € (0,7) such that G, : P = X defined by

Guw(p) == G(w,p) NintB(xo,7),
is nonempty and l.s.c. on B(po, s).

Remark 4.7. We notice that [17, Theorem 4.4, Theorem 4.7-4.9] are always required the assumption on inner
semicompactness of the metric projection mapping, but Theorems 4.2, 4.4, 4.5 and 4.6 are not required.
Moreover, [17, Theorem 4.4, Theorem 4.7-4.9] use normal coderivatives, while Theorems 4.2, 4.4, 4.5 and
4.6 use Fréchet coderivatives.
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