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Abstract

In this paper, a non-autonomous stochastic Gilpin-Ayala predator-prey model with jumps is studied. Firstly, we show
that this model has a unique global positive solution under certain conditions. Then, we discuss the sufficient conditions for
stochastically ultimate boundedness and obtain the asymptotic behavior of the solution. Finally, sufficient criteria for extinction
of all prey and predator species, stochastic weak persistence in the mean of prey species are established. (©2017 All rights
reserved.
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1. Introduction

In population dynamics, predator and prey phenomena are interesting topics due to their universal
existence and importance. The predator-prey model is composed of differential equations which de-
scribe predator-prey dynamics. The classical Lotka-Volterra predator-prey model which was developed
independently by Lotka [17] and Volterra [24] in the 1920’s is given by

X(t) = x(t)(a—by(t)), y(t) =y(t)(—c+dx(t)),

where x(t) and y(t) denote the prey and predator population size, respectively, at time t. a, b, ¢, d are
positive constants. a and b are the fixed growth and mortality rates of the prey component, respectively.
d and c are the fixed growth and mortality rates of the predator component, respectively. This model has
become one of classical models in the mathematical biology research, many models are based on it (see
e.g., [1, 10]). However, in the practical case, population systems are often subject to various stochastic
small perturbations. It is therefore useful to reveal how the perturbation affects the population systems.
As a matter of fact, stochastic Lotka-Volterra systems driven by Brownian motion have been studied
extensively (see e.g., [12, 18, 19]).
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Unfortunately, in the Lotka-Volterra model, the rate of change of the size of each species is linear
function of sizes of the interacting species [7, 14]. This is almost impossible in complex ecosystem. In
1973, Gilpin and Ayala [8] have given a modification for Lotka-Volterra model, called Gilpin-Ayala model.
This system more accord with the actual situations, and the Lotka-Volterra model is its special case.
For various forms about the Gilpin-Ayala system readers can see [6, 11, 15] and references therein for
details. Gilpin-Ayala competition models in random environments have recently also been studied by
many authors, for example, [13, 14, 22, 23]. A stochastic Gilpin-Ayala predator-prey model with time
delay and a special case of it have been studied by Vasilova [21]:

d
dxi (t) =xi( { Z a’L] O(” +b1]( )x Blj(t_’tl) (t)))dt

j=1

+ZO‘1J dwl(t)}, i=1,---,m,

m d
dxi (1) =xq(t) { [—n(t) + 3 (ag (Y (1) 4+ by (O (=5 () = > (agy (I (1)
j=1 j=m+1
—Q—bij(t)xjﬁij(t—’ru }dt+ZcU dwl()}, i=m+1,---,4d,

where x;(t), i=1,---,m, denote the population sizes of prey species at time t, x;(t), i=m+1,---,d,
denote the population sizes of predator species at time t, «;;, 3i; are positive constants and represent
nonlinear measures of interspecific or intraspecific interference, ri(t), aij(t) and by;(t) are continuous,
bounded and nonnegative on [0, c0), 1i(t), i=1,---,m, are the intrinsic growth rates at time t, ri(t), i =
m+1,---,d, are the mortality rates at time t, a;;(t) and byj(t) denote the effects of interspecific (i # j)
and intraspecific (i = j) interaction at time t, and for i,j = 1,---,d, Tij(t) are nonnegative, bounded,
continuously differentiable functions on [0, c0), 0y;(t) are the intensities of noise at time t, oy;(t) are
continuous, bounded and nonnegative on [0, co) and 0;; are nonnegative constants. They discussed their
properties of moment boundedness, pathwise estimation, stochastically ultimate boundedness, extinction
and so on.

On the other hand, the population systems may suffer sudden environmental perturbations, that is,
some jump type stochastic perturbations, e.g., earthquakes, hurricanes, epidemics and so on [4]. Stochastic
integrals driven by Brownian motion can not describe these phenomena. But stochastic integrals with
respect to a Poisson counting measure can explain these phenomena well, so introducing a jump process
into the underlying population dynamics makes feasible. In [4, 5], Bao et al. firstly investigated Lotka-
Voterra population dynamics with jumps, and gave some important results which revealed that jump
processes can bring their effect on the properties of the systems. To the best of our knowledge, to this
day, still no scholars investigate the Gilpin-Ayala predator-prey model with jumps which is more realistic
than the Lotka-Voterra population dynamics.

In this paper, we investigate the general non-autonomous stochastic Gilpin-Ayala predator-prey model
with m prey and (d —m) predator species with jumps which has the forms as follows:

dxi(t) =xi(t Zalj “1] T)ldt+ oy (t )dW(t)—l—J ci(t,u)ﬁ(dt,du) ,i=1,---,m,
Y
dxa () =x(t7) t) + Z ayy (DX (¢ Z g (O (£7)]dt + 03 (£) dw(t) (1.1)
j=m+1

+J Ci(t,u)ﬁ(dt,du)}, i=m+1,---,d,
Y
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here x(t7) is the left limit of x(t), N is a Poisson counting measure with characteristic measure A on
a measurable subset Y of [0,00) with A(Y) < oo, and N(dt, du) := N(dt, du) — A(du)dt, w(t) is a one
dimensional standard Browian motion. We assume w and N are independent. ci(t,u) are bounded
functions, ¢i(t,u) > -1, ue€Y,i=1,.--,d. Other parameters are defined as in [21].

Throughout the full text, (Q,F,{F}i>0,P) is a complete probability space with a filtration {F}¢> sat-
isfying the usual conditions. We denote Rﬁlr ={xeRY:x;>0foralli=1,---,d}. If x € RY, its norm is

denoted by [x| = (Zd x?)%. If A is a matrix, its trace norm is denoted by |A| = \/trace(ATA). If f(t) isa

i=1"™M
continuous bounded function on [0, ), then define

f* = sup f(t), fl'= inf f(t).
t€[0,00) tE[0,00)

For any constant sequence {ci;}(i,j =1,---,d), define

¢i;) = max Ccy; ¢ii1) = max cyj Cis) = min cy; ¢ii) = min cy;.
( 1]) 1<ij<d ijrs ( 11) 1<i<d iis ( 1)) 1<ij<d ijrs ( 11) 1<i<d ii

Assumption 1.1. (d{i) >0, (&ii) > maxp,{aij}, where D1 ={(i,j) :m+1<i<d1<j<mh.

The main aim of our work is to study the properties of non-autonomous Gilpin-Ayala m prey and
(d —m) predator species model with jumps. The remaining part of this paper is organized as follows.
In Section 2, we show that the solution of (1.1) is global and positive under certain conditions, i.e., the
population will not explode in a finite time, which is logical since x; represents the size of the i-th species.
Section 3 and 4 deal with the stochastically ultimate boundedness and asymptotic pathwise behavior
of the solution, respectively. Finally, we carry out the survival analysis for our model and obtain some
sufficient conditions for extinction of all species and stochastic weak persistence in the mean of prey
species.

The key method used in our paper is motivated by Mao et al. (see e.g., [18, 19]), Vasilova (see e.g.,
[21]) and Bahar and Mao (see e.g., [3]). The significance of this paper is mainly:

(1) Gilpin-Ayala system is more suitable for the real conditions than Lotka-Volterra system, but more
complicated;

(2) with adding jump type stochastic perturbations in equation, the system is more in line with the
actual situation but more difficult to study.

2. Global positive solutions

As the i-th state x; (t) of (1.1) denotes the size of the i-th species in the system, it should be nonnegative.
In order to guarantee that SDEs have a unique global solution for any given initial value, the coefficients
of the equation are generally required to satisfy both the linear growth condition and the local Lipschitz
condition (see e.g., [9, 20]). However, the coefficients of (1.1) do not satisfy the linear growth condition,
though they are locally Lipschitz continuous. So the solution of (1.1) may explode in a finite time. The
following theorem proves that this solution is positive and global under certain conditions.

Theorem 2.1. Let Assumption 1.1 hold. Assume further there exists a constant Ky > 0 such that for any t > 0,
d
ZJ [ci(t,u) —In(1 + ci(t, u))A(du) < K. 2.1)
i=17Y
Then for any initial value xo € RS, (1.1) has a unique global solution x(t) € R for all t > 0 almost surely.

Proof. Since the coefficients of the equations are locally Lipschitz continuous, for any given initial value
Xg € R‘}L there is a unique local solution x(t) on t € [0, p), where p is the explosion time. To show this
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solution is global, we need to show that p = oo a.s.. Let kg be sufficiently large for every component of x
lying within the interval [1/kg, ko]. For each integer k > ko, define the stopping time

T = inf{t € [0, p)|xi(t) € (1/k, k)for somei=1,---,d},

where throughout this paper we set inf () = co. Clearly, Ty is increasing as k — 0o. Set Too = limy_, o Tk,
whence 14, < p a.s.. If we can show that T, = o0 a.s., then p = 0o a.s. and x(t) € Ri as. forallt > 0. In
other words, to complete the proof all we need to show is that 1., = oo a.s.. For if this statement is false,
then there is a pair of constants T > 0 and € € (0, 1) such that

P{te < T} > €.

Hence there is an integer k; > ko such that

P{t, <T}>e€, VkZ=Kk. (2.2)
Define a C2-function V : R — R by
d
V(x) = Z(x? —1—vInx), vy>0.
i=1
If x(t) € RSE, It6’s formula shows that
dV(x(t) = dt—H/ZGl (x) = 1)dw(t)

—i—ZJ (1 4+ci(t,w)Y 1)—yln(l—i—ci(t,u)))](l(dt,du),

where for simplicity, we have omitted t~ in x(t7), and

m d m d
Fx() =y |[=) m®)+ Y mt)+) mxy— ) +Z ag; ()%
i=1 i=m+1 i=1 i=m+1
1 1
[0 0(1. -
—Zaij(t)xj ’+Za1) Zau xx ’+ZZO‘% 2 ZU‘Z‘(‘()Xy
Dy Dy i=1
d
J ZX (1+ci(t,u)Y —1—vyei(t,wA(du) —H/J chtu ) —In(1+ ci(t,u))]A(du),
i=1
where D, = {(i, )) 1<i<m, 1<j<d orm+1<1i,j<dl. Under Assumption 1.1 and condition

(2.1), since ci(t,u) are bounded functions, for y > 1, there ex1sts a constant K, > 0 such that

d
v u i U Y %ij
T Ti § X + uz Xi11+(aij)§ Xixj
i=1 D]

—(aly) ;x¥+°‘“+2( 52 +Y21( DI
d

—|—ZJ [(1+ci(t,u)Y —1—vyeci(t,u)lA dux —i—yZJ i(t,uw) —In(1 + ci(t,u)A(du)
i=1vY



Y. Zhang, J. Nonlinear Sci. Appl., 10 (2017), 2079-2093 2083

if y < 1, using inequality x¥ < 14+vy(x—1), x > 0, 1 > v > 0, the above inequality can be obtained
similarly.
We therefore obtain

T/N\T W AT T AT d
|7 v < [ s kahvarey [T 3 o6 —nawto
0 0 0 =

AT d ~
F T M et - 1) - yIni ()N, du),
0 Yia
Taking expectations, yields
EV(x(ti AT)) < Vixo) + (Ky + KJVE(tie AT) < Vixo) + (Kq + Ky T. (2.3)

Set Oy = {1 < T} for k > k; and by (2.2), P(Qy) > €. Note that for every w € Qy, there is some i such
that x; (Tx, w) equals either k or 1/k, therefore

V(x(te, w)) 2 kY =1 —yIn(k)]AL1/k)Y =1 —vyIn(1/k]].
It then follows from (2.3) that
Vixo) + (Ki + Koy T 2 E (1o, V(x(tr, w))) 2 € (K =1 =y In(kK)] A[(1/k)Y =1 —vIn(1/k)]).
Letting k — oo leads to the contradiction
0o > V(xp) + (K1 + K2)yT = o0,
so we must have T, = 0o a.s. The proof is complete. O

It is easy to see from this theorem that, with probability 1, (1.1) will not explode in a finite time.

3. Ultimate boundedness and moment estimation

In the previous section, we see that (1.1) has a unique global solution x(t) € R for any t > 0
almost surely. In this section, we discuss how the solution varies in R4. Firstly, we discuss the ultimate
boundedness.

Theorem 3.1. Suppose Assumption 1.1 holds. Let p > 0, then the solution of (1.1) has the property

lim sup Ex(t)[P < K(p), (3.1)

t—o00
where K(p) is a positive constant.

Proof. Define a Lyapunov function
d
V(x) := fo, X € R‘}r.
i=1

Applying Itd’s formula yields

a
d(e'V(x(1))) = e'[V(x(t)) + LV(x(t))]dt + Z pe'xPoi(t, u)dw(t)

i=1

+et ZJ XY (14 ci(t,u)P —1] N(dt, du),
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where we omit t— in x(t~) and

d m d
V( ( )) + LV Z X + Z Tl Z Ti(t)X‘f — Z Z ai)- (‘[’,)Xfxlfxﬁ
i=m+1 i=1j=1
d m d d p—1 d
2 D aytxdxT = 3 Y ay(xDx 4 S ) of(xd
i=m+1j=1 i=m+1j=m+1 i=1

_.I_

d

—l—ZJ (1+ci(t,u)? —1—pei(t, w]A(du)x?
Y

Therefore .

E(e'V(x(t))) = V(xo) + E JO e® [V(x(s)) + LV(x(s))] ds.

For p > 1, using Assumption 1.1, due to functions c;(t, u) are bounded, we can deduce that there exists a
constant K(p) > 0 such that

d m d d
V() +LV) <p = D P+ FED Y xP— (1) > aP(al) > xPx—(ak) Y abre
Pi3 i=1 i=m+1 D, i=1

d d
P Ly Zx’;} + ZJ [(1+ ci(t,w)P —1—peq (t, w)] Adu)x?

Hence +

E(e"V(x(t))) < V(xo) + L K(p)e®ds = V(xo) +K(p)(e" —1).

Using the inequality [x[P < d% Z _, xP results in

d
lim sup E[x(t)[P < d? lim sup IE(Z xP(t)) <d

t—o0 t—oo i=1
For any p € (0, 1], according to the inequality x" <1+ 1r(x—1), x>0, 0 <1 <1, we have

J [(1+ci(t,u)?P —1—pci(t,u)]A(du) <O0.
Y

Consequently
m d d

VSO SV < 33T A=) S et Tl el
i=1 i=m+1 i=1

which has an upper bound by Assumption 1.1, and similarly to the proof of the first part the assertion
(3.1) is obtained. [

Definition 3.2 ([12]). The solution of (1.1) is said to be stochastically ultimately bounded, if for any
€ (0,1), there is a constant H := H(e) such that for any xg € Ri,

limsup P {|x(t)| > H} < e.

t—o00
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As an application of Theorem 3.1, together with the Chebyshev inequality, we have the following
corollary:

Corollary 3.3. If Assumption 1.1 holds, then the solution of (1.1) is stochastically ultimately bounded.

Since (1.1) is not explicitly solvable, the study of asymptotic moment behavior is essential. In the
following theorem, we prove that the time average of the p-th moment of the solution of (1.1) is asymp-
totically bounded.

Theorem 3.4. Assume all conditions of Theorem 2.1 hold. For p > 0, there is a positive constant K such that for
any initial value xo € RS, the solution of (1.1) has the property

lim sup 1EJ pr )ds < K. (3.2)

t—o00

Proof. From the proof of Theorem 2.1, we have obtained

dv(x(t)) = dt+yZGL (x} = Ddw(t)
(3.3)
+ZJ ((1+ci(t,w)Y —1) —yIn(1 + cq(t,w)IN(dt, du),

where F(x(t)) is the same function defined as before. Set

d
Fi(x(t) = Fx(t) + )P
i=1

Then if p < v+ (&i1), under Assumption 1.1 and condition (2.1), we can deduce that there exists a constant
Ky such that

F1(x(t))

N

Ky,

so it follows from (3.3),

dV(x(t)) < [Ky Z dt+yZal (x{ —Ddw(t)

+ ZJ XY (14 ci(t,w)Y —1) —yIn(1 +ci(t,w)IN(dt, du).

Taking expectations results in

T A\t d

fo(s)ds,

EV(x(ti At) < V(xo) + KyE(ti At) — E J
0 s

which implies

"Ck/\t d

IEJ ZX?(S)dS < V(xp) + Ky t.

0 g

Letting k — oo yields
lim sup IEJ pr )ds < Ky.
t—o0

Therefore, for any given p > 0, we can choose y sat1sfy1ng Y + (&ii) > p such that assertion (3.2) holds.
This completes the proof. O
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4. Pathwise estimation

The theorems in this section consider some limit inequalities for the growth rates of the population
size of species which show how the solution of (1.1) varies in Rj‘l.

Assumption 4.1. Forany t > 0,i=1,---,d, there exists a constant ¢ > 0 such that
J (In(1 + ci(t,u)))*Aldu) < c.
Y

Theorem 4.2. Assume all conditions of Theorem 2.1 hold. Under Assumption 4.1, then there exists a positive
constant K, for any initial value xo € RS, the solution of (1.1) has the property

InTTE .~ (t
lim sup M <K a.s..
t—o00 t

Proof. We apply It6’s formula to Inx;(t), i=1,---,m and get
= 1
d(Inxi(t) = |Ti(t) = ) ag(t)x" — EG%(t) +J (In(1 + ci(t,w) —ci(t,u) A(du) | dt
, Y
j=1

+ oy (t)dw(t) + LY In(1+ci(t,u))N(dt, du),

which implies that

—~ t d
Inx; (t) =Inxi(0) + My (t) + Mi(t) + JO {Ti(s) — ) aij(s)x(s) — 50%(s)
j=1

4.1)
+J (In(1 4+ ci(s,u)) —ci(s,u)) )\(du)] ds,
Y

where

M;(t) = J: oi(s)dw(s), M;(t) = J: L{ In(1 + cyi(s, u))ﬂ(ds, du),

are real-valued local martingales vanishing at t = 0 under Assumption 4.1.
Then, fori=m+1,---,d, we again apply Itd’s formula to Inx;(t) and integrating from 0 to t yields

Inxi (t) =Inx; (0) + M (t) + Mi(t)
t m o d o 1
| e e s — X aylos) - 50is) w2
j=1 j=m+1

—i—J (In(1+ci(s,u)) —ci(s,u)) ?\(du)] ds,
Y

where M;(t) and /I\7li(t) are the same real-valued local martingales mentioned above.
In the light of exponential martingale inequality with jumps [2], fix e € (0,1) arbitrarily and let 6 > 1,
for every integer n > 1, we obtain

t
IP{ sup Ut Gi(s)dw(s)—;J; i(s)ds—i—J L{ln(l—l—ci(s,u))ﬂl(ds,du)

o<tgn LJO 0
t 01 1
_1J J (eeln(l—b—Ci(s,u)) —1— eln(1+ci(s,u))> ?\(du)ds} > nn} <=5
€ Jo Jy € n
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Since the series ) % converges, we can deduce from the Borel-Cantella lemma [20] that there exists

an Q; C QO with P(Q;) =1 such that for any w € Q;, an integer n; = ni(w) can be found such that

t
Olnn + € J G%(s)ds

Jt (ri(s)dw(s)—l—J't L{ln(1+ci(s,u))ﬂl(ds, du) < - >

0 0 0

+th [ci(s,u) —In(1+ ¢i(s,u))]A(du)ds,
0Jvy

whenever n > ny, 0 < t < n. Moreover, according to the equality Inx < x —1 when x > 0,

J (In(1+4ci(t,u) —ci(t,u)))A(du) < 0.
Y

Thus fori=1,---, m it follows from (4.1)

Inx;(t) <Ilnx;(0) + Glzn —1—th (ci(s,u) —In(1+ci(s,u))) A(du)ds
0Jy

(4.3)
J { Z ai(s)x;" ——ol(s J] ds,
and fori=m+1,---,d from (4.2) it follows
t
Inxi(t) <Inxq(0) + el:“ +J J (ci(s,u) —In(1+ ci(s,w))) A(du)ds

0Jy

. 1. 4.4)

(Xl 0(1 — 2
J —T1i(s +Z aij(s I ZH aij(s)x. 7 (s) 5 oi(s)| ds,
j=m

for 0 <t < ny and n > ny whenever w € Q;. Denote Qp = ﬂ?zl Q;. It is easy to see IP(Qg) = 1.
Moreover, for any w € Qg, let no(w) = max{n;(w) : 1 <1i < d}. Then, for any w € Qy, from (4.3) and (4.4)
we get

d d 0dinn ([ o t
D Inxi(t) <) Inx(0)+ J J > (eils,w) —In(1 +cils, u)))?x(du)derJ F(x(s))ds,
i=1 i=1 Yo 0
where
m d
F(X(S)):ZTi(S)— Z Zal] + Z ZG—L]
i=1 i=m+1 i=1j=1 i=m+1j=1
1 € d
(xl - 2
S5 Y eyl 5 2_ails)
i=m+1lj=m+1 i=1
forall0 <t<nandn > nyg.

Accordlng to Assumption 1.1, there exists a constant K, > 0 such that

u i 1—(—:
F(x(s)) < m(#) — (d—m) a Zx“’ al, Zx% (642 < Ko.

Combining with (2.1) yields

d 9dlnn
Zlnxl Zlnx1 + (K1 + Ka)t,

for0<t<n,n=>ny
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Consequently, for any w € Qp, if n —1 <t <nand n > np+ 1, we obtain

i lani, xi(t) i ln]_[fi, xi(0)  0dlnn
1 —==10 Lo Ki+Kz)| =K.
Tt T Ty T

This completes the proof. O

Theorem 4.3. Under Assumptions 1.1 and 4.1, if in addition the following condition holds:
foranyt>0,andi=1,---,d,

t
sup J J eV ei(s,u) —In(1 + ¢i(s,u))]A(du)ds < oo, (4.5)
t>0J0 JY

then, for any initial value xg € RS

d
lim sup —ln(Hizl xi(t))

<d a.s..
t—o0 lnt h

Proof. Let A > 0. Fori=1,---,m, we apply Ito’s formula to e’ Inx;(t) and get

eMInx; (t) _lnxi(0)+Jt e)‘sci(s)dw(s)JrJtJ e In(1 + ci(s,1))N(ds, du)
0 0JY
" s Al R 12 d 4.6
+Le nxi(s)+ri(s Zau (s —50() s (4.6)

+” e (In(1+4ci(s,u)) —ci(s,u)) A(du)ds.
0JY

Similarly, fori=m+1,---,d, we get

eMinxi(t) zlnxi(O)—i-Jt e)‘scri(s)dw(s)—i-JtJ e In(1 4+ ci(s,u))N(ds, du)
0 0Jy
t ?\ 0‘1 0‘1 1
+L S A Inx;(s +Za1] o ]gﬂau g ficr%() 4.7)

t
+J J e (In(1+ ci(s,u)) —ci(s, 1)) A(du)ds.
0Jy

For any € € (0,1) arbitrarily, 6 > 1 and every integer n > 1, under Assumption 4.1, using the exponential
martingale inequality with jumps yields

t t t _
IP{ sup U e)‘soi(s)dw(s)—Ze)‘“J ez}‘s(r%(s)ds—i—J J e In(1+ ci(s,u))N(ds, du)
o<t<n LJo 0 0Jvy

1
ce—An

€ n®

t An
J J (ece MM In(leilsa)) ] _ geAnehs (] 4 ci(s,u)))A(du)ds} > Oe lnn} 1
0Jy

Since the series Zle $ < o0, from the Borel-Cantella lemma we obtain there is an Q; C Q with

P(Q;) =1 such that for any w € Q;, an integer n; = ni(w) can be found such that

Jt e oy (s)dw(s) + Jt

0 0

eMInn

J e In(1 + ci(s,1))N(ds, du) < -
Y

c t
+ Ee*)‘“J' M2 (s)ds
0 (4.8)

+ Jt J eMlci(s,u) —In(1 +ci(s,u))A(du)ds,
0JY
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whenever n > ni, 0 < t < n. In addition,
J (In(1 +ci(t,u) —ci(t,u)))A(du) <0. 4.9)
Y

Now let Qg = ﬂfl:l Q;. Clearly IP(Qg) = 1. Moreover, for any w € (), let
no(w) =max{ni(w) : 1 <1< d}
Then, for any w € Qp, by using inequalities (4.8) and (4.9), it follows from (4.6), (4.7)

d d An
eM Zlnxi(t) < Zlnxi(O) + M
i=1 i=1

d t

+ ” e Y (cils,u) —In(1+ci(s,u)) A(du)ds +J e F(x(s))ds,
Yo

0 0

forall0 <t <nandn > nyg(w), where

m d m d
A I3 n = S -3 3 gl 3 agle
i=1 i=1

i=m+1 i=1j=1 i=m+1j=1
d d
y 1_€e7\577\n

S5 S el - L

i=m+1j=m+1 i=1

d 1 o 1 S 1—eeM™ 1,
<A Inxi(s) +m(Ft) — (d—m)(F) + (&) Y %" (s) — (afy) D x{i(s) - —dley?,

i=1 D, i=1

which has an upper bound under Assumption 1.1, say K. So for any w € Qp, if (n—1) <t < nand
n > ng+ 1, we obtain

In T, xi(t) ln]_[ —1%i(0 0de* Inn 1 JKe £) 4
Int S T eAnt eern—1nmn—1)  Int
1

+ Int J: JY eMs—t) (ci(s,u) —In(1+ci(s,u)))A(du)ds.

Supposing that n 1 oo, using (4.5) leads to
In [T, xi(t) _ 8de?

li < .S.,
mewp =S S e o
and the conclusion follows on setting A | 0, e T 1and 0 | 1. O

Remark 4.4. Under the conditions of Theorem 4.2, from the above proof, it is easy to see that for i =

Inx;(t) Int

It =0, we have

1,---,d, limsup,_,

< 1a.s.. Noting the limit lim¢ o =5

. Inxi(t)
limsup ———
t—o0

<0 as.. (4.10)

5. The survival analysis for (1.1)

Definition 5.1 ([16]).

(1) Stochastic population x;(t) is said to be extinct with probability 1, if for every initial value xo € R<,
the solution x;(t), t > 0 has the property

lim x;(t) =0 a.s..
t—o0
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(2) Stochastic population x;(t) is said to be weakly persistent in the mean, if

1 t
limsuth xi(s)ds >0 a.s..

t—ro0 0
Theorem 5.2. Under Assumptions 1.1 and 4.1.
() Iffort >0,
limsupijt Bi(s)ds<0, i=1,---,m, (5.1)

t—o0 0

where

2
then all prey species and predator species are extinctive a.s. .

Bi(t) = ri(t) — ~o2(t) Jy(ci(t,u) (1 4 e (t,w))A(dw),

(i) Iflimsup, % fé Bi(s)ds >0,i=1,---,mand condition (4.5) holds, then for any initial value xo € RY,
there exist constants by >0, 1=1,--- , m such that

1 t
lim sup tJ xi(s)ds >by, i=1,---,m, a.s.. (5.2)

t—o0 0
Proof. (i) Applying It6’s formula to Inx;(t), i=1,---, m gives

I8/ (0) 1 Milt) | Mi(t)

~X

t n Bi(s)ds + + p

0 t t

where M;(t) = f(t) oi(s)dw(s), and M;(t) = f(t) JyIn(1+ ci(s,u))N(ds, du). Noting that

and .
(M0 = | | Inl1 4 eis,w)PA@ulds < et
Y

where(-)(t) is Meyer’s angle bracket process.
From strong law of large numbers [20], we obtain

M;(t)

M; (t
lim it =0, a.s. and lim
t—00 t t—o00

=0 as.. (5.3)

Combining with (5.1), yields

Inx;(t 1 ("
lim sup Inxi(t) < limsup J Bi(s)ds < 0.
t—o0 t—o0 t 0
Sofori=1,---,m,
lim x;(t) =0 a.s.. (5.4)

t—o0
That is, all prey species become extinct.
Fori=m+1,---,d, applying It6’s formula to Inx;(t) and integrating from 0 to t yields
Inxi(t) Inxi(0) Mi(t) Mi(t)

<
t\t+t+t

t m
+1J [ri(s)ﬂag)zx;"ﬂ(s);o%(s)J (cils,u) —In(1+ci(s,u)))A(du) | ds.

j=1 ¥
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By (5.3), (5.4)
In x:
lim sup Inxi(t) <0,
t—o0 t
sofori=m+1,---,d,

lim xi(t) =0 a.s.,
t—o0

i.e., all predator species become extinct.
(i) If (5.2) is false, then for any fixed € > 0, there exists a solution x(t) with initial value Xy € R4 such
that
1 (.
P {limsupj xi(s)ds < e} >0, i=1,---,m.
t—o0 t 0

Letting e be sufficiently small to satisfy

1t o
limsuth Bi(s)ds—(a V}; Ze“ii>0, i=1,---,m,

t—o0 0 j=1

.- (5.5)
lim su J s)ds + (da €e* <0, i=m+1,---,4d,
t—)oop t 0 ;
where n;(t) := —1y(t) — %G%(t) — Jy(ei(t,u) —In(1+ci(t, u)))A(dw).
Fori=m+1,---,d, from (4.2), (5.3) and (5.5), we have
Inx;(t . 1
lim sup nxi(t) < hmsuptj ni(s)ds + (4 Ze“u <0,
t—o00 t—o0 j=1
therefore
lim x;(t)=0, i=m+1,---,d.
t—o0
On the other hand, fori=1,--- , m, from (4.1), we obtain
~ d —_—
In(xi(t)/xi(0)) _ 1 Jt J = o iy L r oy Mi(t) | My(t)
S S A S T _ b _u_ z ij ) )
n /tOB()ds Z tO'Zx] () + ——+— (5.6)
j=1 j=m+1
Substituting (5.3), (5.5) into (5.6) results in
~ ¢
lim sup Inxi(t) >limsup1J s)ds —(a Ze“” >0, i=1,---,m.
t—o0 t t—o0 t 0
In other words, we have shown that
]P{limsuplnxi(t) >0} >0, i=1,---,m,
t—o0 t
which contradicts (4.10). This completes the proof. O
Remark 5.3. Making use of inequality x —1 —Inx > 0, x > 0, yields
1 1
Bils) :=ri(s) — 56%(8) —L{(Ci(s,u) —In(1+ci(s,u)))A(du) < ris) — EG%( s).

Thus Theorem 5.2 reveals that jumps can make the population extinct.

Remark 5.4. From Theorem 5.2, it is easy to see that prey species are weakly persistent in the mean.
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6. Conclusions

This paper is concerned with a general non-autonomous Gilpin-Ayala m prey and (d —m) predator
species model with jumps. Gilpin-Ayala model is a highly nonlinear system, so it is difficult to discuss this
model. In this paper, we adopt the analysis of Lyapunov functions which has been used by many authors
to discuss the asymptotic behavior of the solution of our model. We show that the model with jumps
admits a unique global positive solution, and investigate stochastic ultimate boundedness, asymptotic
moment estimation and pathwise estimation. From the survival analysis of this model, we obtain that
jumps can make the population extinct.
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