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Abstract

In this paper, we prove some new fuzzy fixed point theorems on a space of fuzzy sets under a G-distance function and a
G’-distance function. Our results extend, generalize, and improve some existing results. Moreover, some applications are given
here to illustrate the usability of the obtained results. (©2017 All rights reserved.
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1. Introduction and preliminaries

It is well-known that functional analysis is made up of two main methods which are variational
methods and fixed point methods. Variational methods are used to prove the existence of solutions for
differential equations [10, 14, 15, 23, 32, 33, 35-37]. However, fixed point methods are studied by many
scholars [12, 13] in different spaces. Recently, fuzzy fixed point has attracted wide attention. As far as
we know, fuzzy set theory plays an important role in many scientific and engineering applications. The
fuzziness appears when we need to perform, on manifold, calculations with imprecision variables. The
concept of fuzzy sets was introduced initially by Zadeh [34] in 1965. Since then, Heilpern [21] defined
the fuzzy mapping T : X — W (X) and proved a fixed point theorem for fuzzy mapping T in metric
linear space, which is a fuzzy extension of the Banach contraction principle. Subsequently, several other
authors [1-9, 11, 16, 17, 20-22, 24-26, 29, 30, 34] have studied existence of fixed points of fuzzy mappings
satisfying some different contractive type conditions.

On the one hand, in 2008, Qiu et al. [27] defined the fuzzy mapping F : €B(X) — CB(X) on a space of
fuzzy sets and proved a fixed point theorem for fuzzy mappings F in complete metric spaces and this is
different from the approach which is used by Heilpern [21]. On the other hand, in 2009, Qiu et al. [28]
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defined the fuzzy mapping K : €(X) — C(X) (please see [28]) on a space of fuzzy sets in another way and
proved a fixed point theorem for fuzzy mappings K in compact metric spaces. Recently, following Qiu’s
work, Suantai et al. [31] provided some fuzzy fixed point theorems on a space of fuzzy sets equipped
with supremum metric by using R-functions.

Motivated by [11] and [31], in this paper, we prove some new fuzzy fixed point theorems on a space of
fuzzy sets under a G-distance function and G’-distance function in complete and compact metric spaces.
Our results extend, generalize and improve the results of [27, 28, 31]. Moreover, some applications are
given here to illustrate the usability of the obtained results.

Throughout this paper, we shall use the following notions.

Let (X, d) be a metric space, and let CB(X) be the set of all nonempty bounded closed subsets of X.
Recall that the Hausdorff metric is a function H on CB(X) defined by

H(A,B) = max { sup d(x, A), sup d(x,B)} = max{p(B,A),p(A,B)} forall A,Be CB(X),
x€EB XEA
where p(A, B) = sup, . d(x, B) is the Hausdorff separation of A from B.

A fuzzy set p in X is a function with domain X and values in I = [0,1]. If p is a fuzzy set and x € X,
then the function value p(x) is called the grade of membership of x in X. The a-cut set of y, denoted by
(W o, is defined as

[Wo = {x:u(x) > «f,
where « € (0,1], and we separately specify the support [u]p of p to be the closure of the union of [u]« for
0 < ¢ < 1. We denote by CB(X) the totality of fuzzy sets u: X — I for which, for each « € I, the x-cut of
i is a nonempty closed bounded subset of X.

Let py, up € €B(X). Then p is said to be included in py, denoted by puy; C py, if and only if py(x) <
t2(x) for each x € X. Thus we have p; C pp if and only if [iy]« C [H2]« for all « € I. Let X, Y be any
metric space. A mapping F is said to be a fuzzy mapping if and only if F is a mapping from the space
CB(X) into €B(X), i.e., F(n) € CB(X) for each p € CB(X). w, € CB(X) is said to be a fixed point of a fuzzy
self-mapping F of CB(X) if and only if p, C F(p).

The d..-metric (called supremum or generalized Hausdorff metric) is a metric on CB(X) which is
defined as follows:

doo(p1, H2) = sup H([ilo, [H2lo) = max{poo (11, Ha), Poo (M2, 1)},
o<kl

where i, uy € CB(X), and

Poo(m1, u2) = sup p([mla, [M2l) (1.1)

0< a1

is the Hausdorff separation of pu; from p,. Notice that the supremum in (1.1) may be not attained, and
so it cannot be replaced by a maximum. To clarify this, we include the following example, which can be
found in [18].

Example 1.1. Let X be a set of real numbers and p,v € CB(X) be fuzzy subsets of X such that the
corresponding level sets are

(Moo = o = [0,1] for 0< o< 7,
and i
(Mo =1{0}, Wlx =1[0,2(1—«)] for 5 <a<l
It follows that
0 for 0 <a<l
H , — 7 ~X AN 2/
([ ol {2(1_“), for 1< s

Hence, doo (1, v) = sup, <ol H([ul e, V]«) = 1, but this is not attained.
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Note that if {1, } is a sequence in CB(X), then it follows from the definition of do, that {,,} converges
with respect to the d-metric if and only if [un]s converges uniformly in o € I with respect to the
Hausdorff metric. Further, we know that the metric space (CB(X),dw) and (C(X),d) are complete
provided (X, d) is complete (see Theorem 1 in [27] and Theorem 1 in [28]). Now, we list some results of
the do,-metric as follows.

Lemma 1.2 ([27, 28]). Let w1, po, us € CB(X) (or C(X)). Then the following properties hold:

(i) p(p1, n2) =0 ifand only if wy C o,
(ii) if u1 C po, then poo(p1, H3) < doo(M2, H3),
(iii) Poo(M1, H3) < doo(H1, M2) 4 Poo (M2, H3).

Lemma 1.3 ([27]). Let (X, d) be a metric space and py, up € CB(X). Then for any 3 > 1 and any yuz € CB(X)
satisfying us C Wy, there exists a py € CB(X) such that py C pp and deo (M3, pa) < Pdeo (M1, H2).

Lemma 1.4 ([28]). Let (X, d) be a metric space and yy, np € C(X). Then for any pz € C(X) satisfying puz C py,
there exists a g € C(X) such that puy C yp and deo (U3, ta) < doo (1, 12).

In [31], the authors gave an important tool related to our considered class of mappings. A function
@ :[0,00) — [0,1) is said to be an R-function if

sup @(s) <1 forall tel0,00).

s—tt

Note that if ¢ : [0,00) — [0,1) is a non-decreasing function or a non-increasing function, then ¢ is an
A-function. This means the set of R-functions is a rich class. In [19], Du proved some of the following
properties for the class of Si-functions.

Theorem 1.5. Let ¢ : [0,00) — [0, 1) be a function. Then the following statements are equivalent

(@) @ is an R-function.
(b) For any nonincreasing sequence {xnnen in [0,00), we have 0 < sup, oy ©(xn) < 1.

By Lemma 1.2, Lemma 1.3, and Theorem 1.5, Qiu et al. [27] and Suantai et al. [31] proved the following
common fixed point theorems under the assumption of a closed bounded cut set of CB(X).

Theorem 1.6. Let (X, d) be a complete metric space and let {F{}3° | be a sequence of self-mappings of CB(X). If
there exists a constant q € (0,1) such that for each wy,uy € CB(X), and for arbitrary positive integers i and j,
L7,

deo (Fi(p1), Fj(12)) < qMi(1, p2),

where

Poo (M2, Fi(H1)) + poo(lllle(HZ))}
2 7

M ; (p1, H2) = max {doo(ul, H2), Poo (K1, Fi(K1)), Poo (K2, Fj(12)),

then there exists a w, € CB(X) such that n, C Fi(ps) forall i € N.

Theorem 1.7. Let (X,d) be a complete metric space and let {F{}3°, be a sequence of self-mappings of CB(X).
Assume that there exists an R-function ¢ : [0,00) — [0,1) such that for each wy, np € CB(X), and for arbitrary
positive integers i and j, i #j,

doo (Fi(11), Fj(12)) < @(deo(p1, 12) )My 5 (11, u2),

where

Poo (M2, Fi (k1)) + Poo (11, Fj (12)) }

My (11, H2) = max {doo(lvll/FLZ)Ipoo(lvll/Fi(lJ-l))/poo(lJ-Zsz(UZDI 7

Then there exists a ., € CB(X) such that p, C Fi(u,) foralli € N.
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By Lemmas 1.2 and 1.3, Qiu et al. [28] proved the following common fixed point theorems under the
assumption of a compact cut set of C(X).

Theorem 1.8. Let (X, d) be a compact metric space and let {Fi}3° | be a sequence of self-mappings of C(X). Let
® : [0,00) — [0, 00) be a non-decreasing function satisfying the following condition: @ is continuous from the right
and

IX_10™M(t) < oo forall t>0,

where @™ denotes the nth iterative function of ®. Suppose that for arbitrary positive integers i and j, i # j,

doo (Fi(m1), Fj(12)) < @ (M (11, n2)),

where

Poo (M2, Fi(11)) + Poo(p1, Fj(H2)) }

M (1, 12) = max{dm(ul,uz),poo(ul,mm)),poo(uz,Fj(uz)), :

Then there exists a ., € CB(X) such that p, C Fi(u,) foralli € N.

Next, we introduce some classes of functions.

Let ¥ be the set of all functions ¢ such that ¢ : [0, +00) — [0, +00) be a continuous and nondecreasing
function with ¢(t) = 0 if and only if t = 0.

Let Y be the set of all functions n such that n : [0,4+0c0) — [0,+00) be lower semi continuous with
n(t) = 0if and only if t = 0.

Let Q be the set of all functions { such that 1 : [0, +00) — [0, +00) be nondecreasing and continuous
from the right with lim, ., P™(t) =0 for all t € (0, +o00). If P € Q, then 1 is called O-map, then it is an
easy matter to show that

(1) v(t) <tforallt e (0,+c0),
(2) ¥(0) =0.

Remark 1.9. By Theorem 1.8 and the above function classes, it is an easy matter to show that ® € Q.

2. Fuzzy fixed point theorems under a G-distance function

In this section, inspired by Constantin [17] and Chen et al. [11], we will show some fuzzy fixed point
theorems on a space of fuzzy sets via a G-distance function. In what follows, we slightly modified the
definition of G-distance functions which was introduced by Chen et al. [11].

Definition 2.1. A function g is said to be a G-distance function if g : [0,00)> — [0,00) is continuous
function with the following properties hold:

(i) g is nondecreasing in the 2", 31, 4th and 5% variables;

(ii) if w,v € [0,00) are such that u < g(v,v,u,0,u+v) or u < ¢g(v,u,v,0,u+v) then u < hv where
0 < h < 1is a given constant;
(iii) if u € [0, 00) is such that u < g(u,0,0,u,u), then u =0.

Next, we introduce and prove the following result which generalizes some existing results.

Theorem 2.2. Let (X, d) be a complete metric space and g be a G-distance function and {F{}3° | a sequence of self-
mappings of CB(X). Suppose that there exists an R-function ¢ : [0,00) — [0, 1) such that for each py, np € CB(X),
and for arbitrary positive integers i and j, i # j,

deo(Fi(11), Fj(m2)) < @(deo(m1, m2)) M1y, 12), 2.1)

where

M (11, p2) = g(doo (11, H2), Poo (11, Fi(11)), Poo (M2, Fj (H2)), Poo (M2, Fi(11)), Poo (11, Fj (12))).
Then there exists a ., € CB(X) such that p, C Fi(u,) foralli € N.
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Proof. Let puy € €B(X), and py C Fi(pp), by Lemma 1.2 (ii), we can get

Poo (Ko, F1 (ko)) < doo(Ho, 1)
By induction, we produce a sequence {u,,} of points of CB(X) such that

{unﬂ C Frsi(in), (2.2)

Poo(tn, Fnt1(Hn)) < doo(Hn, Hnt1)-
Let us define a function k : [0, 00) — [0,1) by

1+ o(t)

k(t) = forall te[0,00).

Note that we have 0 < @(t) < k(t) <1 forall t € [0, 00).

We will start by picking a fuzzy set py € CB(X). We subsequently choose p; C Fi(p) and a positive

real number ¢ such that ¢ € (H(‘iﬂw, 1 —k(dwo (1o, 11))). Next, by using this €y, we can find a

1-¢o ). Now, by Lemma 1.3, there exists u, € CB(X) such

positive real number (3¢ such that 3¢ € (1, R TR

that pp C F2(py) and
doo (11, H2) < Bodoo (F1(Ho), F2(11)).
Now, We choose 1, C Fa(py) and a positive real number €; such that ¢; € (M,l —

1761 )

k(dso (11, H2))). Next, by using this €1, we can find a positive real number 3; such that 3; € (1, aem)) -

Now, by Lemma 1.3, there exists pz € €B(X) such that puz C F3(p) and
doo (M2, 13) < B1deo(F2(p1), F3(12)).

By induction, we produce two sequences of points of {e, } and {3~} and a sequence {p,} in €B(X) such
that

Bn+1 € Fagi(pn),
doo(un+1/ Hni2) < Bndoo(Fn+1(lln); Fn+2(un+1))/

en € (EKMeeltnbtni)) 9 y(d (pn, tni1))),

1—en
Bn € (L gractoay)

(2.3)

for alln € N.
Next, we prove that {j1,,} is a Cauchy sequence in CB(X). In fact, for arbitrary positive integer n, by
inequalities (2.1), (2.2), and the formula (2.3), we have

doo (Mn+1, Mn+2) < Brndoo(Fri1(Mn), Frs2(Hnt1))
< Bn@(doo(Mn, tn+1))M(Hn, Hn+1) (2.4)
< Bnk(doo(lln/ IVLT‘L+1))M(H'TU Hn+l)/

where

M(tn, pn+1) = 9(doo (n, Hn+1), Poo (Hn, Frnga(pn))

s Poo (Unt1, Fnga (1)), Poo (Hn+1, Frs1 (Bn)), Poo (Hn, Fni2(n1)))
< g(doo(Hn, Hns1), doo (s Hnt1), doo (Mnt1, Hnt2)
s Aoo (Mn41, Hnt1), Poo (Hr, Frg2(Mn1)))

g(d (Mn, Bnt1), deo (B, Hng1), doo (UnJrl/Hn—O—Z)rO/poo(PLnIFn+2(Hn+1))) (2.5)
g(doo(l»lnr Hn11), doo(Mn, Mnt1), doo (Mnt1, Mnt2), 0

s doo (Bn, Bnt1) + Poo(Hnt1, Fn+2(lin+l)))

9(dso (Hn, Hns1), doo (s Bnt1), doo(Mnt1, Hnt2), 0

d

oMy Mng1) + deo (Hnt1, H’Tl+2)>'
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Since 0 < Bnk(doo(tn, Hnt1)) <1 —e€en < 1foralln € N, by (2.4) and (2.5), then for all n, we have

doo (Hn+1, Hnt2) < 9(doo(tn, tnt1), doo (Hns Hns1), oo (Mnt1, in2), 0, doo (Hn, Mns1) + doo (Hn41, Hnt2))
From Definition 2.1 (ii), we can conclude that
doo(Mn+1, Mn+2) < hdeo(Bn, Hn+1),
where 0 < h < 1. By iteration, we have
doo(Hn, Hnt1) < hd(xn—1,%n) < -+ < h™d(po, p)-

Furthermore, for m > n,

d(pn, tm) < doo(Hn, Mnt1) + doo (K41, Mng2) + -+ doo (Mm—1, Hm)

th

< (MR ™ N doo (o, 1) < 7

dw(M,M1)~

It follows that {i,} is a Cauchy sequence in €B(X). Since X is complete, it implies that (CB(X), ds) is
complete. Thus there exists a 1, such that li_r>n Un = X4. Next, we show that {p,} C Fiu, for all i € N.
n o

Let i € N be arbitrary. By (ii) and (iii) in Lemma 1.2, we can get

Poo (M, Fi (1)) < doo (M, 1) + Poo (K5, Fi (1)) < doo (s, 1) + doo (Fj (15-1), Fi(1s)), (2.6)

since y; € Fj(uj—1) for arbitrary natural numbers j such that i # j. Subsequently, by using (2.1), (2.6), and
(iii) in Lemma 1.2, we have

oo (Fj (15-1), Fi(s)) < @(doo(pj—1, 1)) g (doo (1, Ba ), Poo (-1, Fj(15-1))
s Poo (Hes Fi (1)), Poo (Kes Fj (15-1)), Poo (51, Fi (1))
< @(doo (-1, 1)) 9 (doo (-1, B ), Poo (-1, Fj (15-1))
s Qoo (He, 1) + Poo (1, Fi (1)) (2.7)
s Qoo (s 1) + Poo (15, Fj (15-1)), doo (Hj—1, K ) + Poo (1, Fi(114)))
< g(doo (=1, 1), doo (-1, 15), doo (L, 145) + Poo(145, Fi(11x))
s Qoo (Fes 15) + doo (1, 15), doo (-1, Bae) + Poo (s, Fi(114))).

Letting j — oo in inequalities (2.6) and (2.7), we obtain

Poo(Hss Fi(H)) < 9(0,0, poo (1), Fi (1)), 0, Poo (1, Fi(11s))).
Using (ii) in Definition 2.1, we can get pso(t«, Fitts) = 0. Therefore, we have {.} C Fip.. O
Remark 2.3.

(1) If we choose @(t) = A(0 < A < 1) and g(x1,Xx2,X3,X4,X5) = d max {xl,xz,X3, %}(0 < & < 1), then
by Theorem 2.2, As long as we take 0 < q = Ad < 1, then we can get Theorem 1.6.

(2) Since we are considering a larger class of G-distance function, Theorem 2.2 improves Theorem 1.7.
Next, we want to give some results by using a G-distance function in compact metric spaces.

Theorem 2.4. Let (X, d) be a compact metric space and g be a G-distance function and {F;}{° | a sequence of self-
mappings of C(X). Suppose that there exist & € W and L > 0 such that for each yyi, uo € C(X), and for arbitrary
positive integers i and j, i # j,

¢ (doo(Filp1), Fj(u2))) < (Mg, m2)) + LN (g, 12), (2.8)
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where

M (11, p2) = g(doo (11, H2), Poo (11, Fi (1)), Poo (M2, Fj (H2)), Poo (M2, Fi (1)), P11, Fj(112))),
N (1, p2) = min {deo (11, H2), Poo (11, Fi(11)), Poo (M2, Fj (H2)), Poo (M2, Fi (1)), Poo (11, Fj(112)) }.

Then there exists a ., € C(X) such that n, C Fi(p) forall i € N.

Proof. Let py € €(X), and p; C Fyi(uo), by Lemma 1.4, there exists a p, such that py € Fp(py) and

doo (K1, H2) < doo(F1(po), F2(p1)).

Again by Lemma 1.4, we can find p3 € €(X) such that uz C F3(u2),

doo (M2, u3) < doo(F2(11), Fa(p2)).

By induction, we produce a sequence {i, } of points of C(X) such that

(2.9)

Hn+2 C© Fngo(Mnt1),
doo (Mn+1, Mn+2) < doo(Fra1(Mn), Frs2(Hnt1))-

Next, we prove that {u,,} is a Cauchy sequence in €(X). In fact, for arbitrary positive integer n, by
inequality (2.8), formula (2.9), and the properties of ¢, we have

d)(doo(un+1/ Hn+2)) < d)(doo(FnJrl(Hn)/ Fn+2(un+1))) < d)(M(FLn/ Hn+1)) + I—N(un/ HnJrl)/ (2~10)

where

M (tn, Hnt1) = 9(doo (M, Hnt1), Poo (Hn, Frg1 (1n)
s Poo(Bn+1, Fn2(Bn+1)), Poo (n+1, Fnsa(mn)), poo(lin/FnJrZ(MnJrl)))
9(doo(Hn, Hnt1), doo (B 1), doo (M1, Bn2)
(Mn+1, Bnt1)s Poo(Mn, n+2(un+1)))
), d

N

L doo
9(doo (Hn, Hnt1), doo (B Bn1), doo (M1, Bnt2), 0, Poo (B, Fra (tn1))) (2.11)
9(doo(Hn, Hns1), doo (M, Bnt1), doo(Mnt1, Hnt2), 0
s doo (Hrs nt1) + Poo (M1, Frs2(bng1)))
9(doo(Hn, Hn+1), doo(Hn, nt1), doo(Hn+1, Mn+2),0
s Qoo (K, Mnr1) + doo (1, Hn+2))/

N(fn, Hny1) = min {doo(Un/ Hnt1), Poo (M, Fro1(pn))
s Poo(Bnt1, Fna2(Bnt1)), Poo (nr1, Fns1(Bn)), Poo(Kn, Fn+2(l»1-n+1))}
< min {deo(in, Bnt1), doo(Hns Hnt1), doo(Hn1, Hnt2) (2.12)
s doo (Hn41, Hn+1), Poo (M, Fraa(ini1)) }
< min {deo (Un, tns1), doo(Mn, n+1), doo (Hnt1, Bnt2), 0, Poo(n, Frs2(uns1)) } = 0.

Thus, from (2.12), we can get
N(tn, Hnt1) = 0. (2.13)

By (2.10), (2.11), (2.13) and the nondecreasing character of ¢, we have

deo(Mn+1, Hni2) < ¢ (doo(lln/ Hn+1), doo(Mn, Bng1), doo (M1, Bnt2), 0, doo (n, Bnt1) + doo (Mnt1, Hn+2)) .
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From Definition 2.1 (ii), we can conclude that

doo (Mn+1, Mny2) < hdeo(Mn, Hng1),
where 0 < h < 1. By iteration, we have
doo(l»ln/ Hn+1) < hd(anl,Xn) <0 < hnd(“OI Hl)-

Furthermore, for m > n,

d(pn, tm) < doo(Mn, Bnt1) + doo (Hng1, Bng2) + - 4+ doo (Hm—1, Hm)

hT'L

< (hn_f_hn*l + . _{_hmil)doo(u()/pl) < 1*]’1

doo (Mo, H1)-

It follows that {p, } is a Cauchy sequence in C(X). Since X is compact, it implies that X is complete. Thus
there exists a p, such that lgn Un = X4. Next, we show that {u.} C Fiu, for all i € N.
n o

Let i € N be arbitrary. By (ii) and (iii) in Lemma 1.2, let us notice that

Poo (e, Fi(s)) < doo (s, 1) + Poo (1, Fi (1)) < doo (K, 1) + doo (Fj (15-1), Fi(ps)),

since y; € Fj(uj_1) for arbitrary natural numbers j such that i # j. From

1Poo (R, Fi(s)) — doo (K, 1)1 < doo (Fj(15-1), Filk)),

(2.8), and the nondecreasing character of ¢, we have

O [poo(bs, Fi (1)) — doo (s, 145)1) < P(doo (Fj(y—1), Filps))) < d(M(py—1, 1)) + IN(15-1, i), (2.14)

where

M1, 1e) = g(doo (-1, 1), Poo (-1, Fj (15-1))
s Poo(Hes Fi (1)), Poo (1, F (15-1)), Poo (Hj—1, Fi114)))
< 9(doo (-1, 1), oo (Hj—1, 1), doo (s, 1) + Poo (15, Fi(114))
s oo (1, 15) 4 doo (15, 15)), doo (-1, 1) + Poo (1, Fil114)))

(2.15)

and

N1, 1) = min {deo (-1, ), Poo (-1, Fj (1))
s Poo (Hes Fi (1)), Poo (Hss Fj (15-1)), Poo (151, Fi (1)) }
< min {doo (151, He ), doo (K51, 1)), doo (Ks 1) + Poo (145, Fi (1))
s oo (1, 15) 4 doo (15, 145)), doo (-1, B ) + Poo (B, Fi(14)) }-

(2.16)

Letting j — oo in inequalities (2.14)-(2.16), we obtain
$(Poo (K, Fi(114))) < $(g(0,0, Poo (s, Fi(114)), 0, Poo (e, Fi (1))
By the nondecreasing character of ¢, we have
Poo (e, Fi(1:)) < 9(0,0, Poo (1, Fi(14)), 0, poo (K, Fi (1))

Using (ii) in Definition 2.1, we can get pso (4, Filti) = 0. Therefore, we have {p..} C Fip.. O]

If in Theorem 2.4 we choose ¢(t) = t, we can get the following corollary.
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Corollary 2.5. Let (X, d) be a compact metric space and g be a G-distance function and {F;}3° | be a sequence of
self-mappings of C(X). Suppose that there exists an L > 0 such that for each wi, uy € C(X), and for arbitrary
positive integers i and j, i #j,

doo (Fi(k1), Fj(H2)) < M(u1, m2) + LN(wy, o),

where

M(u1, 12) = g(doo (11, 12), Poo (K1, Fi(11)), Poo (M2, Fj (H2)), Poo (12, Fi(11)), Poo (H1, Fj (12))),
N (1, p2) = min {deo (11, H2), Poo (11, Fi(11)), Poo (M2, Fj (H2)), Poo (M2, Fi (1)), Poo (11, Fj(112)) }.

Then there exists a p, € C(X) such that n, C Fi(ps) forall i € N.

Corollary 2.6. Let (X, d) be a compact metric space and g be a G-distance function and {F;}3°, be a sequence of
self-mappings of C(X). Suppose that there exist & € V¥ and R-function ¢ : [0,00) — [0,1) such that for each
wi, w2 € C(X), and for arbitrary positive integers i and j, i # j,

G (doo(Fi(m1), Fi(12))) < d(M(1, m2)) — @ (doo (11, H2)),

where

M(p1, 12) = g(doo (M1, H2), Pos (11, Fi (1)), Poo (M2, Fj (12)), Poo (12, Fi(11)), Poo (H1, Fj (12))).
Then there exists a ., € C(X) such that n, C Fi(ps) forall i € N.

Proof. Since

¢ (deo(Fi(r1), Fj(p2))) < d(M(pg, m2)) — @(deo (11, H2)) < G(M(1g, 12)) + LN (1, 1),

Hence, by using Theorem 2.4, there exists a point ., in €(X) such that {p.} C Fi(p). O
If in Corollary 2.6 we chose ¢(t) = t, we can obtain the following corollary.

Corollary 2.7. Let (X, d) be a compact metric space and g be a G-distance function and {F;}3°, be a sequence of
self-mappings of C(X). Suppose that there exists an R-function ¢ : [0, 00) — [0,1) such that for each uy, pp € C(X),
and for arbitrary positive integers i and j, i # j,

deo (Fi(p1), Fj(12)) < M(p1, p2) — @(doo (11, H2)),

where

M(u1, 12) = g(doo (11, H2), Poo (11, Fi (1)), Poo (M2, Fj (12)), Poo (M2, Fi(11)), Poo (b1, Fj(12))).

Then there exists a ., € C(X) such that u, C Fi(p,) forall i € N.

3. Fuzzy fixed point theorems under a G’-distance function

In this section, inspired by Constantin [17] and Chen et al. [11], we will show some fuzzy fixed point
theorems on a space of fuzzy sets via a G’-distance function. In what follows, we give the definition of
G’-distance functions which are introduced by Chen et al. [11].

Definition 3.1. A function g is said to be a G’-distance function if g : [0,00)° — [0,00) is continuous
function with the following properties hold:

(i) gis increasing in each co-ordinate variable;
(i) g(t,t,t,at,bt) <t forevery t € [0,00), where a+b =2.
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Now, we establish and prove the following fixed point theorem.

Theorem 3.2. Let (X, d) be a compact metric space and g be a G’-distance function and {Fi}$°, be a sequence of
self-mappings of C(X). Suppose that there exist p € Q,n € Y and L > 0 such that for each yy, up € C(X), and for
arbitrary positive integers i and j, i # j,

deo (Fi(p1), Fj(12)) < W (M(py, 12)) + In(N(p, 12)), (3.1)

where

M (1, p2) = g(doo (11, H2), Poo (11, Fi(11)), Poo (H2, Fj (H2)), Poo (M2, Fi (1)), P11, Fj(112))),
N1, p2) = min {deo (11, H2), Poo (11, Fi(11)), Poo (M2, Fj (H2)), Poo (M2, Fi (1)), Poo (11, Fj(112)) }.

Then there exists a ., € C(X) such that n, C Fi(p) forall i € N.

Proof. Let pp € €(X) and 1y C Fi(pp), by Lemma 1.4, there exists a pp such that pup C Fo(py) and

doo (11, M2) < doo(F1(1o), F2(p1)).

Again by Lemma 1.4, we can find p3 € €(X) such that uz C F3(u2),

doo (M2, u3) < doo(F2(11), Fa(p2)).

By induction, we produce a sequence {ji, } of points of €(X) such that

{U’nJrZ - Fn+2(un+1)r (32)

doo(lln—b—l/ Hn+2) < doo(Fn—o—l(Hn)/ Fn+2(“n+1))-

Next, we prove that {i1,} is a Cauchy sequence in C(X). In fact, for arbitrary positive integer n, by the
inequality (3.1), the formula (3.2) and the properties of 1, we have

doo (Mn+1, Mnt2) < deo(Frp1(n), Fna(ni1)) S O (M(pn, tny1)) + IN(N(n, Bng1)), (3.3)

where

M (tn, tnt1) = g(doo (s Bns1), Poo(Hn, Frg (in))
s Poo(Bn+1, Fn2(Bn+1)), Poo (n+1, Fns1(mn)), poo(PLn/Fn+2(lin+1)))
< 9(doo(tn, n+1), doo (Hn, Hn1), doo (M1, Hns2)
s doo (Hnt1, Hnt1), Poo(Mn, Frg2(bn1)))
9(doo(kn, tnt1), doo(Bn, Hnt1), doo(Mns1, Bn+2), 0, Poo (s Frg2(tng1)))  (34)
9(doo(Mn, tn+1), doo (Hn, Hns1), doo (Mnt1, Hn+2), 0

< d

< d
doo (Hns Hng1) + Poo (Hnt1, Frnr2(bns1)))

< 9(doo (s Bnt1), doo (B, Hnt1), doo (Hn 41, Bnt2), 0
d

oo (Mn, nt1) + deo (Bn 11, Hn+2))/

N(pn, pnr1) = min {deo (U, Bnt1), Poo (s Frgt(in))
s Poo (Hnt1, Fri2 (Hn+1)), Poo (Hn+1, Fra (Hn)), Poo (Hr, Frga(Mng1)) }
< min {doo(lin/ Mnt1), doo(Bn, Bnr1), doo(Kn1, Bnt2) (3.5)
s Qoo (Bnt1, Mnt1), Poo(Bn, Fn+2(un+1))}
< min { doo (1n, Bns1), doo (B, Hn41), oo (1, Hnt2), 0, Poo (M, Frg2(Mng1)) = 0.
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Thus, from (3.5) and the properties of 1, we can get

N(N(pn, nt1)) = 0. (3.6)

By (3.3), (3.4), (3.6), and the nondecreasing character of 1, we have

doo (Hnt1, tnt2) <V (9(doo(Mn, tnr1), doo(Hn, Hns1), doo (Mnt1, Hny2), 0

(3.7)
s doo (Hn, Hnt1) 4 oo (Hnt1, Hn2)))-

Now, we prove that doo (Ktn+1, n+2) < doo(Bn, Bnt1)- If deo (Hnt1, Bn+2) > deo(Bn, Bnt1), then from (3.7)
and the nondecreasing character of \p and g, we can get

doo(un—i—l/ unJrZ) < 11’(9(doo(un+1/ Hn+2), dOO(HTl-O-l/ I"LT‘L+2)/ doo(Hn+1z Hn+2)/ OIZdOO(HTL-O-l/ }‘LTIJrZ)))'

Since g is a G’-distance function, by (ii) of Definition 3.1, we can conclude that

dOO(H’Tl+1/ HTL-O-Z) < lb(g(dOO(HTIJrlr l»ln+2)/ doo(unJrl/ !"LTL-O-Z)/ doo(lln+1/ PLTL—O—Z)/ 0 x doo(unJrl/ H'TL—O—Z)

(3.8)
s 2doo (Hnt1, P'»nJrZ))) <Y (doo(Mnt1, Hnt2)) < doo(Mnt1, Bn+2),

which is a contradiction. Hence, we have deo (Ln+1, bn+2) < doo(Hn, Hn+1)- By (3.8) and the nondecreasing

character of \, we have doo(Kni1, Mnt2) < W(doo (i1, Hnt2)) < W(deo(tn, tnt1)). Therefore, for all n,
we can conclude that de(tn, tnt1) < deo(n—1,Un). Therefore, for positive integers m,n (n > m), we
get

doo (Mm, n) < doo(Hm, Bm+1) + -+ + deo (Hn—1, Un)
< ( oo (Mo, 1)) + -+ -+ W™ (doo (Mo, 1))

P
ne (3.9)
Z oo, 1))

In (3.9), as m,n — oo, we have doo(Hm, tn) — 0. It follows that {u,} is a Cauchy sequence in C(X). Since
X is compact, it implies that X is complete. Thus there exists a 1, such that lim p,, = x.. Next, we show

n—oo
that {u.} C Fyu, forall i € N.
Let i € N be arbitrary. By (ii) and (iii) in Lemma 1.2, let us notice that

< doo (s, Kj) + doo (F5(Hj-1), Fi(ps)) (3.10)
< doo (s, Kj) + W (M(1y-1, 1)) + In(N (-1, 1)),

poo(l-l*/ Fi(u*))

since p; € Fj(uj—1) for arbitrary natural numbers j such that i # j, where

M(1—1, ) = g(doo (-1, L), Poo (-1, F5 (j—1)),
s Poo (Hss Fi(14)), Poo (M, F5 (1-1)), Poo (-1, Fi(1ts)))

< g(doo (-1, e, doo (-1, 1), doo (K, 15) + Poo (15, Fi (1)) G.1)
s oo (1 15) + doo (15, 1), doo (151, 1) + Poo (K, Fi (1))
and
N (-1, 1) = min { doo(1j—1, K ), Poo (-1, Fj (1))
» Poo (Bes Fi (1)), Poo (e, F (15-1)), Poo (11, Filite)) } (3.12)

< min {deo(15-1, He), doo (151, 1), doo (Hes 1) + Poo (1, Fi (1))
s oo (Haes 15) + doo (145, 145), doo (-1, 1) + Poo (s, Fi(14)) }
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Letting j — oo in inequalities (3.10)-(3.12), we obtain

Poo (e, Fi(1i)) <041 (g(0,0, poo (1, Fi(14)), 0, Poo (K, Fi (1)) 4 Ln(0).

By the nondecreasing character of 1\, we have

Poo (e, Fi(1s)) < 9(0,0, poo (s, Fi(114)), 0, poo (s, Fi(1s)))
< WP (9(Poo (1, Fil1s)), Poo (ke Fi(14)), Poo (Fss Fi (1)), Poo (Bs Fi (1)), Poo (1, Fi(14))))
< WP (Poo (b, Fils))) < Poo (e, Fi(Hs)),

which is a contradiction. Hence, we can get po (1t«, Fitts) = 0. Therefore, we have {1} C Fip,. O
If in Theorem 3.2 we choose L = 0, then we can get the following corollary.

Corollary 3.3. Let (X,d) be a compact metric space and g be a G'-distance function and {F;}° | be a sequence
of self-mappings of C(X). Suppose that there exists a \p € Q such that for each w,uy € C(X), and for arbitrary
positive integers i and j, i # j,

doo(Fi(pa), Fi(12)) < 0 (M(p1, 12)),

where
M(u1, 12) = g(doo (11, M2), Poo (11, Fi (1)), Poo (M2, Fj (12)), Poo (12, Fi(11)), Poo (b1, Fj(12))).

Then there exists a ., € C(X) such that n, C Fi(p) forall i € N.

Remark 3.4. If in Corollary 3.3, we choose g(x1,x2,X3,X4,X5) = max {Xl,Xz,Xg,, %}, then we can get
Theorem 1.8.

If in Corollary 3.3, we choose \(t) = qt where 0 < q < 1, then we can get the following corollary.
Corollary 3.5. Let (X, d) be a compact metric space and g be a G'-distance function and {Fi}2; be a sequence of
self-mappings of C(X). Suppose that there exists a q € (0,1) such that for each wy, up € C(X), and for arbitrary
positive integers i and j, i # j,

deo (Fi(p1), Fj(12)) < q(M(11, 12)),

where
M(p1, 12) = g(doo(H1, 12), Poo (11, Fi (1)), Poo (2, Fj (12)), Poo (M2, Fi(11)), Poo (b1, Fj(12))).

Then there exists a ., € C(X) such that n, C Fi(ps) forall i € N.

If in Corollary 3.5, we choose g(x1, X2, X3, X4, X5) = max {xl, X2, X3, % }, then we can get the following
corollary.

Corollary 3.6. Let (X, d) be a compact metric space and g be a G’-distance function and {F;}3° , be a sequence of
self-mappings of C(X). Suppose that there exists a q € (0,1) such that for each wy, up € C(X), and for arbitrary
positive integers i and j, i #j,

o Fi112), 5 (12)) < @(max { o (11, 1), 0o 11, Fil11)), ool F ), P P28 0] el Fillall )

Then there exists a ., € C(X) such that n, C Fi(p) forall i € N.

4. Applications

In this section, we mainly want to give some applications by using our mainly results. Firstly, we give
an application to illustrate the usefulness of Theorem 2.2.
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Theorem 4.1. Let (X, d) be a compact metric space and {F{}{° | a sequence of self-mappings of C(X) satisfying the
following conditions:

[doo (Fi (1), Fj (2))]1? < ot [doo (1, 12)1* + o2p (b1, Fi (1)) (K2, Fj (12)) + oap(r2, Fi (k1)) p(k, Fy (12)
+ agdoo (11, H2) P (11, Fi(p1)) + asdeo (11, 2) p (K2, Fj (12)),

where oy > 0 (1 =1,2,3,4,5), 1 + 2 + xg + o5 < 1, 1 + 3 < 1. Then there exists a point ., in C(X) such
that {p.} C Fi(ws).

Proof. We can consider the function g : [0, 00)° — [0, 00) defined by

1
, 1
g(x1,%2,%X3,%X4,X5) = [01x1” + 02X2X3 + X3XaX5 + 0gX1X2 + A5X1X3) 2

Next, we prove g is a G-distance function. Firstly, obviously, g is nondecreasing in the ond 3rd gth 4nd
5th variables. Secondly,

NI

1
U< gv,u,v,0,u+v) = [0V + oouwv + ouuv + asv?] 2 = [(0q + o)V + (o + ag)uv] 2. (4.1)
If u < v, from (4.1), we can get

u? < (o 4 a5)v? + (0 + ag)uv < (o + oo + o + o5)v2.

Hence, there exists h = /o1 + ap + &4 + &5 < 1 such that u < hv, where 0 < h < 1. If u > v, from (4.1),
we can get

W < (0 + os)v? + (0 + ow)uwv < (0 + oo + o + o) u? < u?,
which is a contradiction. Therefore, (ii) of Definition 2.1 holds. Thirdly, since u < g(u,0,0,u,u) =

(o1 + 063)112]% = /1 + azu < u, which is a contradiction. Hence, u = 0. If in Theorem 2.2 we choose
L =0and ¢(t) =t, Theorem 4.1 is satisfied with all conditions of Theorem 2.2. Hence, there exists a point
Wy in C(X) such that {u.} C Fip*. O

Secondly, we give an application to illustrate the usefulness of Theorem 3.2 by slightly modifying
Theorem 4.1.

Theorem 4.2. Let (X, d) be a compact metric space and {F;}3° ; is a sequence of self-mappings of C(X) satisfying
the following conditions:

[doo (Fi(1t1), Fj (12))]* < q{ o1 [doo (11, 12)1* + c2p (111, Fi (1)) p (12, Fj (12))
+ &3doo (11, 12) (11, Fi(11)) + otadoo (11, p2) p (12, F(12)) },

where q € (0,1), s >0 (1 =1,2,3,4), and o1 + &2 + oz + s < 1. Then there exists a point w, in C(X) such
that {H*} C Fi(u*)-

Proof. We can consider the function g : [0, 00)° — [0, 00) defined by

N|—

2
g(x1,%2,X3,X4,X5) = [0€1X1 -+ 0X2X3 + X3X1X2 + 064X1X3]

Next, we prove g is a G’-distance function. Firstly, obviously, g is nondecreasing in the each co-ordinate
variable. Secondly,

NI—=

1 1
g(t, t,t, at, bt) = [V + cot? + ogt® + out?]? = [(0 + 0o + o3 + o) t?] 2 = (o + 02 + o + o) 2t < .

If in Theorem 3.2, we choose L =0 and {(t) = qt (0 < q < 1), Theorem 4.2 is satisfied with all conditions
of Theorem 3.2. Hence, there exists a point p, in €(X) such that {p.} C Fip*. O
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