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1. Introduction and preliminaries

Theory of convexity plays a pivotal role in different fields of modern mathematics. Consequently
in recent decades considerable attention has been given to theory of convexity. As a result the classical
concepts of convex sets and convex functions have been extended and generalized in different direction,
see [4]. This paper deals with harmonic convexity, so, we define the class of harmonic convex sets.

Definition 1.1 ([20]). A set Kh ⊂ R \ {0} is said to be harmonic convex, if

xy

tx+ (1 − t)y
∈ K, ∀x,y ∈ K, t ∈ [0, 1].

Iscan [11] defined the notion of harmonic convex functions as follows.
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Definition 1.2 ([11]). Let Kh be a harmonic convex set. A function f : Kh → R is said to be harmonic
convex function, if

f

(
xy

tx+ (1 − t)y

)
6 (1 − t)f(x) + tf(y), ∀x,y ∈ Kh, t ∈ [0, 1].

Varošanec in [21] introduced an important class of convex functions, which is called as h-convex
functions.

Definition 1.3 ([21]). Let h : J ⊆ R→ R be a nonnegative function. We say that f : I ⊆ R→ R is h-convex
function (f ∈ SX(h, I)), if f is nonnegative and

f (tx+ (1 − t)y) 6 h(t)f(x) + h(1 − t)f(y), ∀x,y ∈ I and t ∈ [0, 1].

For h(t) = t, h(t) = ts, h(t) = 1
t , h(t) = 1, and h(t) = 1

ts , the class of h-convex functions reduces to the
class of convex functions, s-Breckner convex functions [3], Godunova-Levin functions [9], P-functions [8],
and s-Godunova-Levin convex functions [6], respectively. This shows that the class of h-convex functions
are quite general and unifying one.

Motivated and inspired by these new classes of convex functions and by the definition of harmonic
convex functions, Noor et al. [17] introduced and considered a new class of harmonic convex functions,
which is called the harmonic h-convex function.

Definition 1.4 ([17]). A function f : Kh → R is said to be harmonic h-convex if

f

(
xy

tx+ (1 − t)y

)
6 h(t)f(y) + h(1 − t)f(x),∀x,y ∈ I and t ∈ [0, 1].

Noor et al. [17] have shown that by taking suitable choice of function h(.) one can have some other
new and known classes of harmonic convex functions. For some recent studies on harmonic h-convex
functions, see [13, 17] and the references therein.

The strong relationship between theory of convexity and theory of inequalities has attracted many
researchers, as a result number classical inequalities which were obtained for convex functions have also
been extended for other generalizations of convex functions, see [1, 2, 5, 7, 10, 11, 13–19, 22]. Inspired
by the ongoing research, in this paper we consider the class of harmonic h-convex functions and obtain
some new Simpson type inequalities. We discuss some special cases which can be derived from our main
results.

From now onward, we take the notation Ih ⊂ R \ {0} be the interval and I0
h be the interior of Ih unless

otherwise specified.

2. Results and discussions

In this section, we obtain some new bounds for Simpson’s rule via harmonic h-convex functions. To
derive the main results of this section, we need the following auxiliary result. For the sake of completeness
and to convey the main idea we include the proof of this result.

Lemma 2.1 ([18]). Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih, then

ab

b− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]
= ab(b− a)

1∫
0

ϑ(t)

A2
t

f ′
(
ab

At

)
dt,

where

ϑ(t) =


t−

1
6

, if t ∈
[

0,
1
2

)
,

t−
5
6

, if t ∈
[

1
2

, 1
]

,

and At = (1 − t)a+ tb.
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Proof. Let

1∫
0

ϑ(t)

A2
t

f ′
(
ab

At

)
dt =

1/2∫
0

t− 1
6

A2
t

f ′
(
ab

At

)
dt+

1∫
1/2

t− 5
6

A2
t

f ′
(
ab

At

)
dt = G1 +G2. (2.1)

Integrating by parts yields

G1 =

1/2∫
0

t− 1
6

A2
t

f ′
(
ab

At

)
dt =

1
ab(b− a)

−1
3
f

(
2ab
a+ b

)
−

1
6
f(b) +

ab

b− a

b∫
2ab
a+b

f(x)

x2 dx

 . (2.2)

Similarly

G2 =

1∫
1/2

t− 5
6

A2
t

f ′
(
ab

At

)
dt =

1
ab(b− a)

−1
3
f

(
2ab
a+ b

)
−

1
6
f(a) +

ab

b− a

2ab
a+b∫
a

f(x)

x2 dx

 . (2.3)

Summation of (2.1), (2.2), and (2.3) and multiplying both sides by ab(b− a) completes the proof.

Now, let us recall some special functions. These functions are extensively used in the development of
our coming results. The well-known gamma and beta functions are defined as

Γ(x) =

∫∞
0
e−xtx−1dt, B(x,y) =

∫ 1

0
tx−1(1 − t)y−1dt =

Γ(x)Γ(y)

Γ(x+ y)
,

respectively. The integral form of the hypergeometric function is

2F1(x,y; c; z) =
1

B(y, c− y)

∫ 1

0
ty−1(1 − t)c−y−1(1 − zt)−xdt

for |z| < 1, c > y > 0.
Now using Lemma 2.1, we derive some Simpson type inequalities for differentiable harmonic h-convex

functions.

Theorem 2.2. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic h-convex function, then, for r > 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)

[
P

1− 1
r

1 (a,b)
(
|f ′(a)|rφ1(a,b;h) + |f ′(b)|rφ2(a,b;h)

) 1
r

+P
1− 1

r
2 (a,b)

(
|f ′(a)|rφ3(a,b;h) + |f ′(b)|rφ4(a,b;h)

) 1
r

]
,

where

P1(a,b) =
(b− 3a)

6a(b2 − a2)
+

1
(b− a)2 ln

(
18a(a+ b)
(5a+ b)2

)
, (2.4)

P2(a,b) =
(b− 3a)

6b(b2 − a2)
+

1
(b− a)2 ln

(
18b(a+ b)
(a+ 5b)2

)
, (2.5)



M. U. Awan, et al., J. Nonlinear Sci. Appl., 10 (2017), 1755–1766 1758

φ1(a,b;h) =

1/2∫
0

∣∣t− 1
6

∣∣
A2

t

h(t)dt, (2.6)

φ2(a,b;h) =

1/2∫
0

∣∣t− 1
6

∣∣
A2

t

h(1 − t)dt, (2.7)

φ3(a,b;h) =

1∫
1/2

∣∣t− 5
6

∣∣
A2

t

h(t)dt, (2.8)

and

φ4(a,b;h) =

1∫
1/2

∣∣t− 5
6

∣∣
A2

t

h(1 − t)dt. (2.9)

Proof. Using Lemma 2.1, property of modulus, power mean inequality, and the fact that |f ′|r is harmonic
h-convex function, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)

1/2∫
0

∣∣∣t− 1
6

∣∣∣
A2

t

∣∣∣∣f ′(abAt

)∣∣∣∣dt+
1∫

1/2

∣∣t− 5
6

∣∣
A2

t

∣∣∣∣f ′(abAt

)∣∣∣∣dt


6 ab(b− a)


1/2∫

0

∣∣∣t− 1
6

∣∣∣
A2

t

dt


1− 1

r
1/2∫

0

∣∣∣t− 1
6

∣∣∣
A2

t

∣∣∣∣f ′(abAt

)∣∣∣∣r dt


1
r

+

 1∫
1/2

∣∣t− 5
6

∣∣
A2

t

dt


1− 1

r
 1∫

1/2

∣∣t− 5
6

∣∣
A2

t

∣∣∣∣f ′(abAt

)∣∣∣∣r dt


1
r


6 ab(b− a)

[(
(b− 3a)

6a(b2 − a2)
+

1
(b− a)2 ln

(
18a(a+ b)
(5a+ b)2

))1− 1
r

×

1/2∫
0

∣∣∣t− 1
6

∣∣∣
A2

t

{
h(t)|f ′(a)|r + h(1 − t)|f ′(b)|r

}
dt


1
r

+

(
(b− 3a)

6b(b2 − a2)
+

1
(b− a)2 ln

(
18b(a+ b)
(a+ 5b)2

))1− 1
r

×

 1∫
1/2

∣∣t− 5
6

∣∣
A2

t

{
h(t)|f ′(a)|r + h(1 − t)|f ′(b)|r

}
dt


1
r


= ab(b− a)

[(
(b− 3a)

6a(b2 − a2)
+

1
(b− a)2 ln

(
18a(a+ b)
(5a+ b)2

))1− 1
r

×

|f ′(a)|r
1/2∫
0

∣∣∣t− 1
6

∣∣∣
A2

t

h(t)dt+ |f ′(b)|r
1/2∫
0

∣∣∣t− 1
6

∣∣∣
A2

t

h(1 − t)dt


1
r
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+

(
(b− 3a)

6b(b2 − a2)
+

1
(b− a)2 ln

(
18b(a+ b)
(a+ 5b)2

))1− 1
r

×

|f ′(a)|r
1∫

1/2

∣∣t− 5
6

∣∣
A2

t

h(t)dt+ |f ′(b)|r
1∫

1/2

∣∣t− 5
6

∣∣
A2

t

h(1 − t)dt


1
r

 .

This completes the proof.

Corollary 2.3. Under the assumptions of Theorem 2.2 if r = 1, then, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣ 6 ab(b− a) [|f ′(a)| {φ1(a,b;h) +φ3(a,b;h)}

+|f ′(b)| {φ2(a,b;h) +φ4(a,b;h)}
]

,

where φ1(a,b;h), φ2(a,b;h), φ3(a,b;h), and φ4(a,b;h) are given by (2.6), (2.7), (2.8), and (2.9) respectively.

We now discuss some special cases of Theorem 2.2.
I. If h(t) = t in Theorem 2.2, then, we have Corollary 10 in [10].
II. If h(t) = ts in Theorem 2.2, then, we have the following.

Corollary 2.4. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic s-convex function, then, for s ∈ (0, 1], r > 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)

[
P

1− 1
r

1 (a,b)
(
|f ′(a)|rφ′1(a,b; s) + |f ′(b)|rφ′2(a,b; s)

) 1
r

+P
1− 1

r
2 (a,b)

(
|f ′(a)|rφ′3(a,b; s) + |f ′(b)|rφ′4(a,b; s)

) 1
r

]
,

where P1(a,b), P2(a,b) are given by (2.4), (2.5), respectively and

R1 =

1/2∫
0

∣∣t− 1
6

∣∣
A2

t

tsdt =
1

2s+2a2

[
2

3s+2 (s+ 1) 2F1

(
2, s+ 1; s+ 2;

1
6

(
1 −

b

a

))

−
1

3s+2 (s+ 2) 2F1

(
2, s+ 2; s+ 3;

1
6

(
1 −

b

a

))
+

1
s+ 2 2F1

(
2, s+ 2; s+ 3;

1
2

(
1 −

b

a

))
−

1
3 (s+ 1) 2F1

(
2, s+ 1; s+ 2;

1
2

(
1 −

b

a

))]
= φ′1(a,b; s),

(2.10)

R2 =

1/2∫
0

∣∣t− 1
6

∣∣
((1 − t)a+ tb)2 (1 − t)sdt

=
1

4a2

[
1
2 2F1

(
2, 2; 3;

1
2

(
1 −

b

a

))
−

1
3 2F1

(
2, 1; 2;

1
2

(
1 −

b

a

))]
+

1
18a2

[
2F1

(
2, 1; 2;

1
6

(
1 −

b

a

))
−

1
2 2F1

(
2, 2; 3;

1
6

(
1 −

b

a

))]
= φ′2(a,b; s),

(2.11)
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R3 =

1∫
1/2

∣∣t− 5
6

∣∣
((1 − t)a+ tb)2 t

sdt

6
4

(a+ b)2

[
2
9 2F1

(
2, 1; 2;

2 (a− b)
3 (a+ b)

)
−

1
9 2F1

(
2, 2; 3;

2 (a− b)
3 (a+ b)

)
+

1
8 2F1

(
2, 2; 3;

a− b

a+ b

)
−

1
6 2F1

(
2, 1; 2;

a− b

a+ b

)]
= φ′3(a,b; s),

(2.12)

and

R4 =

1∫
1/2

∣∣t− 5
6

∣∣
((1 − t)a+ tb)2 (1 − t)sdt

6
4

(a+ b)2

[
2
9 2F1

(
2, 1; 2;

2 (a− b)
3 (a+ b)

)
−

1
9 2F1

(
2, 2; 3;

2 (a− b)
3 (a+ b)

)
+

1
8 2F1

(
2, 2; 3;

a− b

a+ b

)
−

1
6 2F1

(
2, 1; 2;

a− b

a+ b

)]
= φ′4(a,b; s).

(2.13)

III. If h(t) = t−s in Theorem 2.2, then, we have the following.

Corollary 2.5. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic s-Godunova-Levin convex function, then, for s ∈ [0, 1], r > 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)

[
P

1− 1
r

1 (a,b)
(
|f ′(a)|rφ′′1 (a,b;−s) + |f ′(b)|rφ′′2 (a,b;−s)

) 1
r

+P
1− 1

r
2 (a,b)

(
|f ′(a)|rφ′′3 (a,b;−s) + |f ′(b)|rφ′′4 (a,b;−s)

) 1
r

]
,

where P1(a,b), P2(a,b) are given by (2.4), (2.5), respectively and

S1 =

1/2∫
0

∣∣t− 1
6

∣∣
A2

t

t−sdt

=
1

22−sa2

[
2

32−s(1 − s)
2F1

(
2, 1 − s; 2 − s;

a− b

6a

)
−

1
32−s(2 − s)

2F1

(
2, 2 − s; 3 − s;

a− b

6a

)
+

1
2 − s

2F1

(
2, 2 − s; 3 − s;

a− b

2a

)
−

1
3(1 − s)

2F1

(
2, 1 − s; 2 − s;

a− b

2a

)]
= φ′′1 (a,b;−s),

S2 =

1/2∫
0

∣∣t− 1
6

∣∣
A2

t

(1 − t)−sdt

6
2

4a2

[
1
2 2F1

(
2, 2; 3;

a− b

2a

)
−

1
3 2F1

(
2, 1; 2;

a− b

2a

)]
+

21−s

36a2

[
2F1

(
2, 1; 2;

a− b

6a

)
−

1
2 2F1

(
2, 2; 3;

a− b

6a

)]
= φ′′2 (a,b;−s),
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S3 =

1∫
1/2

∣∣t− 5
6

∣∣
A2

t

t−sdt

6
2s+2

(a+ b)2

[
2
9 2F1

(
2, 1; 2;

2(a− b)
3(a+ b)

)
−

1
9 2F1

(
2, 2; 3;

2(a− b)
3(a+ b)

)
+

1
8 2F1

(
2, 2; 3;

a− b

a+ b

)
−

1
6 2F1

(
2, 1; 2;

a− b

a+ b

)]
= φ′′3 (a,b;−s),

and

S4 =

1∫
1/2

∣∣t− 5
6

∣∣
A2

t

(1 − t)−sdt

6
5 6s−1

a2

[
5
6 2F1

(
2, 1; 2;

5(a− b)
6a

)
−

1
4 2F1

(
2, 1; 2;

a− b

2a

)]
−

6s

a2

[
25
72 2F1

(
2, 2; 3;

5(a− b)
6a

)
−

1
8 2F1

(
2, 2; 3;

a− b

2a

)]
+

1
(4 − s)(3 − s)a2 2F1

(
2, 2; 3 − s;

a− b

a

)
−

5
6(2 − s)a2 2F1

(
2, 1; 2 − s;

a− b

a

)
−

25
432a2 2F1

(
2, 2; 3;

5(a− b)
6a

)
+

25
36a2 2F1

(
2, 1; 2;

5(a− b)
6a

)
= φ′′4 (a,b;−s).

IV. If h(t) = 1 in Theorem 2.2, then, we have the following.

Corollary 2.6. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic P-function, then, for r > 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣ 6 ab(b− a)
[
(P1(a,b) + P2(a,b))

(
|f ′(a)|r + |f ′(b)|r

) 1
r

]
,

where P1(a,b) and P2(a,b) are given by (2.4) and (2.5), respectively.

Theorem 2.7. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic h-convex function, then, for r > 1, 1
p + 1

r = 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣ 6 ab(b− a)P1/p(a,b;p)

×
[(
|f ′(a)|rθ1(a,b; r) + |f ′(b)|rθ2(a,b; r)

) 1
r

+
(
|f ′(a)|rθ3(a,b; r) + |f ′(b)|rθ4(a,b; r)

) 1
r

]
,

where

P(a,b;p) =
∫ 1/2

0

∣∣∣∣t− 1
6

∣∣∣∣p dt =
∫ 1

1/2

∣∣∣∣t− 5
6

∣∣∣∣p dt =
1

3p+1(p+ 1)

(
1

2p+1 + 1
)

, (2.14)

θ1(a,b; r) =
∫ 1/2

0

1
A2r

t

h(t)dt,
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θ2(a,b; r) =
∫ 1/2

0

1
A2r

t

h(1 − t)dt,

θ3(a,b; r) =
∫ 1

1/2

1
A2r

t

h(t)dt,

and

θ4(a,b; r) =
∫ 1

1/2

1
A2r

t

h(1 − t)dt.

Proof. Using Lemma 2.1, property of modulus, Hölder inequality, and the fact that |f ′|r is harmonic h-
convex function, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)

1/2∫
0

∣∣t− 1
6

∣∣
A2

t

∣∣∣∣f ′( ab

((1 − t)a+ tb)

)∣∣∣∣dt +
1∫

1/2

∣∣t− 5
6

∣∣
((1 − t)a+ tb)2

∣∣∣∣f ′( ab

((1 − t)a+ tb)

)∣∣∣∣dt


6 ab(b− a)×


1/2∫

0

∣∣∣∣t− 1
6

∣∣∣∣dt


1
p
1/2∫

0

1
A2r

t

∣∣∣∣f ′(abAt

)∣∣∣∣r dt


1
r

+

 1∫
1/2

∣∣∣∣t− 5
6

∣∣∣∣dt


1
p
 1∫

1/2

1
A2r

t

∣∣∣∣f ′(abAt

)∣∣∣∣r dt


1
r



6 ab(b− a)P
1
p (a,b;p)×


1/2∫

0

1
A2r

t

{
h(t)|f ′(a)|r + h(1 − t)|f ′(b)|r

}
dt


1
r

+

 1∫
1/2

1
A2r

t

{
h(t)|f ′(a)|r + h(1 − t)|f ′(b)|r

}
dt


1
r

 .

This completes the proof.

We now discuss some special cases of Theorem 2.7.
I. If h(t) = t in Theorem 2.7, then, we have Corollary 18 of [10].
II. If h(t) = ts in Theorem 2.7, then, we have the following result.

Corollary 2.8. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic s-convex function, then, for s ∈ (0, 1], r > 1, 1
p + 1

r = 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)P

1
p (a,b;p)

[(
|f ′(a)|rθ′1(a,b; s) + |f ′(b)|rθ′2(a,b; s)

) 1
r

+
(
|f ′(a)|rθ′3(a,b; s) + |f ′(b)|rθ′4(a,b; s)

) 1
r

]
,
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where P(a,b;p) is given by (2.14) and

T1 =

1/2∫
0

1
A2r

t

tsdt =
1

2s+1a2r(s+ 1) 2F1

(
2r, s+ 1; s+ 2;

a− b

2a

)
= θ′1(a,b; s), (2.15)

T2 =

1/2∫
0

1
A2r

t

(1 − t)sdt 6
1

2a2r 2F1

(
2r, 1; 2;

a− b

2a

)
= θ′2(a,b; s), (2.16)

T3 =

1∫
1/2

1
A2r

t

tsdt =
1

a2r(s+ 1)

[
2F1

(
2r, s+ 1; s+ 2;

a− b

a

)

−
1

2s+1 2F1

(
2r, s+ 1; s+ 2;

a− b

2a

)]
= θ′3(a,b; s),

(2.17)

and

T4 =

1∫
1/2

1
A2r

t

(1 − t)sdt 6
1

2a2r

[
2F1

(
2r, 1; 2;

a− b

a

)
−

1
2 2F1

(
2r, 1; 2;

a− b

2a

)]
= θ′4(a,b; s). (2.18)

III. If h(t) = t−s in Theorem 2.7, then, we have the following result.

Corollary 2.9. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic s-Godunova-Levin convex function, then, for s ∈ [0, 1], r > 1, 1
p + 1

r = 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)P

1
p (a,b;p)

[(
|f ′(a)|rθ′′1 (a,b, ; t;−s) + |f ′(b)|rθ′′2 (a,b, ; t;−s)

) 1
r

+
(
|f ′(a)|rθ′′3 (a,b, ; t;−s) + |f ′(b)|rθ′′4 (a,b, ; t;−s)

) 1
r

]
,

where P(a,b;p) is given by (2.14), and

U1 =

1/2∫
0

1
A2r

t

t−sdt =
1

21−sa2r(1 − s)
2F1

(
2r, 1 − s; 2 − s;

a− b

2a

)
= θ′′1 (a,b;−s),

U2 =

1/2∫
0

1
A2r

t

(1 − t)−sdt 6
1

2a2r 2F1

(
2r, 1; 2;

a− b

2a

)
= θ′′2 (a,b;−s),

U3 =

1∫
1/2

1
A2r

t

t−sdt =
1

a2r(1 − s)

[
2F1

(
2r, 1 − s; 2 − s;

a− b

a

)

−
1

21−s 2F1

(
2r, 1 − s; 2 − s;

a− b

2a

)]
= θ′′3 (a,b;−s),

and

U4 =

1∫
1/2

1
A2r

t

(1 − t)−sdt 6
1

2a2r

[
2F1

(
2r, 1; 2;

a− b

a

)
−

1
2 2F1

(
2r, 1; 2;

a− b

2a

)]
= θ′′4 (a,b;−s).
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IV. If h(t) = 1 in Theorem 2.7, then, we have the following corollary.

Corollary 2.10. Let f : Ih → R be a differentiable function on I0
h and f ∈ L1[a,b], where a,b ∈ Ih. If |f ′|r is

harmonic P-convex function, then, for, r > 1, 1
p + 1

r = 1, we have∣∣∣∣∣∣ abb− a

b∫
a

f(x)

x2 dx−
1
6

[
f(a) + 4f

(
2ab
a+ b

)
+ f(b)

]∣∣∣∣∣∣
6 ab(b− a)P

1
p (a,b;p)

(
θ

1
r

1 (a,b; r) + θ
1
r
2 (a,b; r)

)(
|f ′(a)|r + |f ′(b)|r

) 1
r ,

where P(a,b;p) is given by (2.14), and

θ1(a,b; r) =

1/2∫
0

1
A2r

t

dt =
1

2a2r 2F1

(
2r, 1; 2;

a− b

2a

)
,

θ2(a,b; r) =

1∫
1/2

1
A2r

t

dt =
1

2a2r

[
2F1

(
2r, 1; 2;

a− b

a

)
−2 F1

(
2r, 1; 2;

a− b

2a

)]
.

3. Applications

Let us recall means for arbitrary real numbers α,β where α 6= β. These means are frequently used in
numerical approximation.

1. Arithmetic mean:
A(α,β) :=

α+β

2
, α,β ∈ R+.

2. Harmonic mean:
H(α,β) :=

2αβ
α+β

, α,β ∈ R+.

3. Logarithmic mean:

L(α,β) :=
β−α

lnβ− lnα
, α,β ∈ R+.

4. Generalized logarithmic mean:

Ln(α,β) :=
(
βn+1 −αn+1

(n+ 1)(b− a)

) 1
n

, n ∈ {−1, 0},α,β ∈ R+.

It is known that H(α,β) 6 L(α,β) 6 A(α,β) and also it is known ([12]) that a function f : (0, 1] → (0, 1],
f(x) = xs is harmonically s-convex function.

Proposition 3.1. Let 0 < a < b and s ∈ (0, 1), then∣∣∣∣abLs−1(a,b) −
1
3
[As(a,b) + 2Hs(a,b)]

∣∣∣∣ 6 |s|ab(b− a)

[
P

1− 1
r

1 (a,b)
(
|as−1|rφ′1(a,b; s) + |bs−1|rφ′2(a,b; s)

) 1
r

+P
1− 1

r
2 (a,b)

(
|as−1|rφ′3(a,b; s) + |bs−1|rφ′4(a,b; s)

) 1
r

]
,

where P1− 1
r

1 (a,b), P1− 1
r

2 (a,b), φ′1(a,b; s), φ′2(a,b; s), φ′3(a,b; s), and φ′4(a,b; s) are given by (2.4), (2.5), (2.10),
(2.11), (2.12), and (2.13), respectively.
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Proof. The assertion follows directly from Corollary 2.4 applied to the harmonically s-convex function
f : (0, 1]→ (0, 1], f(x) = xs.

Proposition 3.2. Let 0 < a < b and s ∈ (0, 1), we have∣∣∣∣abLs−1(a,b) −
1
3
[As(a,b) + 2Hs(a,b)]

∣∣∣∣ 6 |s|ab(b− a)P
1
p (a,b;p)

×
[(

|a|r(s−1)θ′1(a,b; s) + |b|r(r−1)θ′2(a,b; s)
) 1

r

+
(
|a|r(s−1)θ′3(a,b; s) + |b|r(s−1)θ′4(a,b; s)

) 1
r

]
,

where P(a,b;p), θ′1(a,b; s), θ′2(a,b; s), θ′3(a,b; s), and θ′4(a,b; s) are given by (2.14), (2.15), (2.16), (2.17), and
(2.18), respectively.

Proof. The assertion follows directly from Corollary 2.8 applied to the harmonically s-convex function
f : (0, 1]→ (0, 1], f(x) = xs.

4. Conclusion

In this article, we have obtained several new bounds for Simpson’s rule via harmonic h-convex func-
tions. We have also discussed numerous special cases which are naturally included in our main results.
In the last section, we have given some applications to special means of real numbers. These new results
can be used where bounds for natural phenomena described by integrals such as mechanical work are
frequently required. These results are also helpful in the field of numerical analysis where error analysis
is required. Thus it is expected that the results obtained in this article may stimulate further research in
this field.
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