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Abstract

In this paper, we use the concept of Ay,-metric space which is obtained by generalizing the definitions of A-metric space and
b-metrc space. Using this concept, we prove some coupled fixed point theorems in partially ordered A-metric space. Examples
are also presented to verify the obtained results. (©2017 All rights reserved.
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1. Introduction and preliminaries

In the study of fixed point, the generalization of metric space is one of the interesting topics for many
researchers. Some of the generalizations of metric space are 2-metric space, D-metric space, D*-metric
space, G-metric space, S-metric space, rectangular metric or metric-like space, partial metric space, fuzzy
metric space, probabilistic metric space, cone metric space, modular metric space, etc.

In the year 1989, Bhaktin [5] introduced the concept of b-metric space in which the triangle inequality
is made by a more general form by introducing a scale factor which is a real number greater than or equal
to one. By doing so the ordinary metric space becomes a special case of b-metric space when scale factor
is equal to one.

Introduction of b-metric space opens a gate to further generalization of metric space. Due to the
introduction of b-metric space, many generalizations of metric space came into existence. Mention can
be made about Gy-metric space, Sy,-metric space, bo-metric space, cone b-metric space, partial b-metric
space, fuzzy b-metric space, rectangular b-metric space etc. Some results about generalized metric space
can be seen in [1, 5, 8, 12, 15-19, 21-23] and references there in.

Recently, Abbas et al. [1] introduced the concept of an n-tuple metric space and studied its topological
properties. This new structure is named as A-metric space. The definition of A-metric is as follows.

Definition 1.1 ([1]). Let X be a nonempty set. A function A : X™ — [0, o0) is called an A-metric on X if for
any xi,a € X,i=1,2,...,n, the following conditions hold:

*Corresponding author
Email addresses: nmlaiki@psu.edu.sa (N. Mlaiki), ymnehor2008@yahoo.com (Y. Rohen)

doi:10.22436 /jnsa.010.04.35
Received 2017-01-03


http://dx.doi.org/10.22436/jnsa.010.04.35

N. Mlaiki, Y. Rohen, J. Nonlinear Sci. Appl., 10 (2017), 1731-1743 1732

(Al) A(X1/X2/ X3/“-/ anlrxn) > 0/
(A2) A(x1,%2,X3, ..., Xn—1,%Xn) =0ifand only if x; =x2 = X3 = ... =Xn_1 = Xn,
(A3)

A(X1/X2/ X3y s X‘rlfl/)('ﬂ.) < [A-(Xllxllxll ey (Xl)nflf (1)
+ A(XZI X2, X2y eey (XZJnfl/ Cl)

+ A(X3/ X3, X3/ 0o/ (X3)n71/ (1)

+ A(anlr Xn—1,Xn—1s++ (anl)nflr (1)

+ A(Xn, Xn, Xn, -y (Xn)n—1, @)l
The pair (X, A) is called an A-metric space.
Some examples of A-metric space are given in [1].

Example 1.2 ([1]). Let X = [1,4+00). Define A : X™ — [0, +-00) by

n

Al X2, X3, Xno1,Xn) = ) Y Xi—%;

i=11i<j
forall x; € X,i=1,2,...n. Then (X, A) is an A-metric space.

Example 1.3 ([1]). Let X = R. Define A : X™ — [1, 4+-00) by

n n
Ab(x1,X2,%3, .- Xn—1,%n) =1 Y_xi—(n—=1pxal+]D xi—(n—2)xa|+---
i=2 i=3

n n
1) xi—3xnal+| D) X —2%n o+ Xn —Xn1
i=n-3 i=n-2

forall x; € X,i=1,2,...n. Then (X, A) is an A-metric space.

The concept of b-metric space was introduced by Bakhtin [5]. The definition of b-metric space is as
follows.

Definition 1.4 ([6]). Let X be a nonempty set. A b-metric on X is a function d : X> — [0, o) if there exists
a real number s > 1 such that the following conditions hold for all x,y,z € X:

(i) d(x,y) =0if and only if x =y;
(11) d(X/U) = d(y/X);
(iii) d(x,z) < sld(x,y) +d(y,z)].

The pair (X, d) is called a b-metric space.

Motivated by the concepts given by Abbas et al. [1] and Bakhtin [5], Ughade et al. [23] introduced a
generalized form of n-tuple metric space. They named it as Ay,-metric space and defined as follows.

Definition 1.5 ([23]). Let X be a nonempty set and b > 1 be a given real number. A function A : X™ —
[0, 00) is called an Ay-metric on X if for any xi, a € X,i=1,2,..,n, the following conditions hold:

(Ab]-) A(X1/X2/X3/ ooy Xnfl/XTL) 2 0/
(Ab2) A(x1,%2,X3, ..., Xn—1,Xn) =0if and only if x; =% =x3 = ... =Xn_1 = Xn;
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(Ap3)

[A(Xl,Xl, X1y eeer (Xl)nfli (1)

(X2I X2, X2y eey (X2)n711 a)

A(Xlr X2,X3, 00y anllxﬂ.) <

FAXn—1,%Xn-1,Xn—1, - (Xn—1)n—1,a)

+ A(Xn, Xn, Xn, o (Xn)n—1, @)].
The pair (X, Ayp) is called an Ay-metric space.
Definition 1.6. An Ayp-metric space is said to be symmetric if A(x1,X1,..., (X1)n—1,%2) = A(x2,%2,...,
(x2)n—1,%1)

Note: Ay-metric space is more general than A-metric space. Moreover A-metric space is a special case
of Ap-metric space with b = 1. b-metric space and Sy-metric space are also special cases of Ap-metric
space with n = 2 and 3, respectively. Ordinary metric space and S-metric space are also special cases of
Ap-metric space with b =1 and respective values of n as 2 and 3.

Example 1.7 ([23]). Let X = [1,4+00). Define Ay, : X™ — [1, +00) by

n
2
Ab (X1, X2, X3, - Xn—1,Xn) = Y Y [xi =%

i=11i<j
forall x; € X,i=1,2,...n. Then (X, Ay) is an Ap-metric space with s =2 > 1.
Example 1.8 ([23]). Let X = R. Define Ay, : X™ — [1, +00) by

n n
Ab(x1,%2,%3, - Xn-1,%n) =1 Y xi—(m—=1xa+]) xi—(n—2)xf +---
i2 i3

n n
+ | Z Xi —3xn_3l* +| Z Xi — 2xn—2l* + xn —xn_1/?
i=n—-3 i=n—-2
forall x; € X,i=1,2,...n. Then (X, Ay) is an Ap-metric space with s =2 > 1

Example 1.9. Let X = [1,00). Define a function Ay : X™ — [0,00) by Ap(x1,%2,-- ,%Xn) = |x1 —
max{xy, -+, xn}|? for all x1,%x, -+ ,xn € X. Then (X,Ay) is an Ap-metric on X with b = 2, and it is
not difficult to see that (X, Ap) is not an A-metric space on X.

Lemma 1.10 ([23]). Let (X, A) be Ay-metric space. Then A(x,x,X, ..., x,y) < bA(Yy,y,y,...,y,x) forall x,y € X.

Lemma 1.11. Let (X,A) be Ay-metric space. Then for all x,y,z € X we have A(x,x,X,..,x,z) < (n—
1)bA(x, %, X, ..., x,y) + b?A(y,y,Y, ..., Yy, 2).

Proof. By (Ap3), we have
Alx, %, %, ...,%,Yy) <DIA(X, X, X, ... x, y) + A(x,X, X, ..., X, y) + - - - + (n— 1)times + A(z, z, 2, ..., z,Y)]
<b[(n—1)A(x,x,%,...,x,y) + bA(y,y,y, ..., Y, z)]
= (n—1)bA(x,%,%, .., x,y) + b%A(y,y,y,...,y,2).
O

Lemma 1.12. Let (X, A) be Ay-metric space. Then (X?,Da) is Ayp-metric space on X x X with the metric Do

given by D((Xlzyl)/ (XZIyZ)/-"/ (men)) = A(Xllxllxll"‘lxﬂ) +A(91192/y31~~,yn) for ﬂll Xi/yj S X/i/j -
1,2,..n.



N. Mlaiki, Y. Rohen, J. Nonlinear Sci. Appl., 10 (2017), 1731-1743 1734

Definition 1.13. The A-metric space (X, A) is said to be bounded if there exists a constant v > 0 such
that A(x,x,x,...,x,y) < r for all x,y € X. Otherwise, X is unbounded.

Definition 1.14. Given a point xg in Ap-metric space (X, A) and a positive real number r, the set B(xg, 1) =
fyeX:Aly,y,Y,..,Y,x0) < r}is called an open ball centered at xo with radius r.
The set B(xo,7) ={y € X: A(y,y,y,...,y,x0) < r}is called a closed ball centered at xo with radius .

Definition 1.15. A subset G in Ap-metric space (X, A) is said to be an open set if for each x € G there
exists an r > 0 such that B(x,r) C G. A subset F C X is called closed if X\F is open.

Lemma 1.16. In any Ay-metric space (X, A), each open ball is an open set in X and each closed ball is also a closed
set in X.

Theorem 1.17. Let (X, A) be Ay-metric space, then:

(i) An arbitrary union and finite intersection of open balls B(x,r) € X is open.
(ii) An arbitrary intersection and finite union of closed balls B(x,r) € X is closed.

Theorem 1.18. The collection T = {B(x,r) : x € X,v > 0} of all balls in Ay-metric space (X, A) is a basis for a
topology T on X.

Definition 1.19. Let (X, A) be Ap-metric space. A sequence {xi} in X is said to converge to a point x € X,
if A(Xk, Xk, Xk, -y Xk, X) — 0 as k — oo. That is, for each ¢ > 0, there exists N € IN such that for all k > N
we have A(xy, Xk, Xk, ..., X, X) < € and we write limy_,o Xk = X.

Lemma 1.20. Let (X, A) be Ay-metric space. If the sequence {x\} in X converges to a point x, then x is unique.

Proof. Suppose {xx} converges to x and y. Then, for ¢ > 0, there exists Ny, N, € IN such that for all k > N;
we have A (X, Xk, ..., Xk, X) < W;—l) and for every k > Nj, we get A(xy, Xk, ..., Xk, Y) < ﬁ. Choose
N = max{Ni, N}, therefore, for all k > N, we have

Ax, %, ...,x,y) = (M—1)bA(x,X,..., %, Xx) + bZA(xk,xk,...,xk,y)

< (Tl - 1)b2A(Xk/Xkr <o XKy X) + bZA(Xk/Xkr v /Xk/U)
I3 I3
< Db 412 x —
=D ) Y X w2
=¢.
Since ¢ is arbitrary, we have A(x,x,...,x,y) =0 and so x = y. Establishing the uniqueness of {x}. O

Definition 1.21. Let (X, A) be Ap-metric space. A sequence {xi} in X is called a Cauchy sequence if
A(Xk, X1, Xk, o0y Xk, Xm ) — 0 as k, m — oo.

That is, for each € > 0, there exists N € IN such that for all k, m € IN we have A (xi, Xk, Xk, -, Xk, Xm) <
€ and we write limy_, o X1 = X.

Lemma 1.22. Every convergent sequence in Ay-metric space is a Cauchy sequence.

Proof. Let {xi} be a convergent sequence in (X, A). Let limy_,o xx = x. Then, given ¢ > 0, there exists
N1, N, € IN such that for all k > N; we have A (xy, Xk, ..., Xk, X) < We—l) and for every m > Nj, we get
A(Xm, Xm, -+, Xm, X) < 57. Putting N = max{Nj, Na}. Therefore, for all k, m > N, we obtain

A(Xk/ Xkyooor Xk Xm) = (n - 1)bA(Xk/ Xkyeo- /Xk/X) + bZA(Xm/ Xmyseer Xmy X)

<—1b— 1P x

2b(n—1) 2b2
= £.

This implies that {x, } is a Cauchy sequence. O
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Remark 1.23. The converse of Lemma 1.22 does not hold in general. A Cauchy sequence in an Ap-metric
space does not need to be convergent.

Definition 1.24. The Ay-metric space (X, A) is said to be complete if every Cauchy sequence in X is
convergent.

Definition 1.25. Let (X, Ax) and (Z,Az) be Ay-metric spaces. A function f : X — Z is continuous at a
point xg € X, if f~1(G) is open in X for each open set G in Z. The function f is continuous on X if it is
continuous at each points of X.

Theorem 1.26. Let (X, Ax) and (Z,Az) be Ay-metric spaces. A function f : X — Z is continuous at a point
xo € X iff it is sequentially continuous at xo.

Lemma 1.27. Let (X, A) be Ay-metric space, then the function A(x,x,X, ...,x,y) is continuous in all of its arqu-
ments. In other words, if there exist sequences {xy} and {yi} such that limy_,. xx = x and limy_, yx =y, then
lirnk—)oo A(Xk/ Xkr XKy ooor XKy yk) - A‘(XI X, Xy een X, U)

Definition 1.28. An element (x,y) € X x X is called a coupled fixed point of the mapping S : X x X — X if
S(x,y) =x, and S(y,x) =y.

In 1987 Guo and Lakshmikantham [7] introduced the concept of coupled fixed point. Later, Bhaskar
and Lakshmikantham [6] proved a new fixed point theorem for a mixed monotone mapping in a metric
space powered with partial ordered by using a weak contractivity type assumption. For more results on
coupled fixed point results one can see research results in [2-5, 7, 9-11, 13, 14, 20] and references therein.

2. Main result

In this section, we obtain common coupled fixed point results of mappings satisfying more general
contractive conditions in the framework of partially ordered Ay-metric spaces. We start with the following
result.

Theorem 2.1. Let (X, <, A) be a partially ordered complete Av,-metric space, and f, g : X*> — X be two maps such
that

1. the pair (f, g) has mixed weakly monotone property on X,

xo = f(x0,Y0), f(yo, x0) = yo or xo = g(x0,Yo), 9(Yo, x0) < Yo for some xp,yo € X;

2. there exist ay = 0,1 =1, ...,5, satisfying a; + a + b%(a3+ as4) + as < 1 and

Alf(x,y), f(x,y),..., f(x,y), glw, v)) + A(f(y, x), fly,x), ..., fly,x), g(v,u))

< a1D((x,y), (X,U) - (% y), (w,v)) + aD((x,y), (x,y),..., (xy), (f(x,y), f(y,x)))
+ asD((u, ),(u,V) - (W), (9w, v), g(v, 1)) (2.1)
+aD((x,y), (x,y),..., (xy), (9(w,v), g(v,u)))
+ asD((w,v), (w,v),..., (w,v), (f(x,y), f(y,x)))

forall x,y,u,v € Xwithx 2wandy = v,
3. either f or g is continuous or X has the following properties:
(@) if {xx} is an increasing sequence with xi. — x, then xic < x for all k € IN;
(b) if {yx} is a decreasing sequence with yi — y, then y < yx forall k € IN.

Then f and g have a coupled common fixed point in X.
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Proof. Let (xp,yo) be a given point in X x X. Choose x; = f(xo,Y0),y1 = f(yo,%0), X2 = g(x1,y1) and
Y2 = g(y1,x1). From the condition xg = f(xo,Yo),yo = f(yo,%o), and the fact that (f, g) has mixed weakly
monotone property we have

x1 = f(x0,Y0) = g(f(x0,Y0), f(yo,x0)) = g(x1,y1) = x1 = x2

and

x2 = g(x1,y1) 2 f(g(x1, Y1), g(y1, x1)) = f(x2,Y2) = x2 = x3.
Thus,

y1 = f(xo0,y0) = g(f(yo, x0), f(x0,Y0)) = g(y1,x1) = y1 = v2
and

Y2 = g(y1,x1) = f(g(y1,x1), 9(x1,Y1)) = f(y2, x2) = y2 = ys.

Continuing this way, we obtain

xok+1 = f(X2k, Y2k ), Yok+1 = F(yax, X2k),

(2.2)
Xak+2 = g(Xak+1,Y2k+1), Y2k +2 = 9(Yak+1, X2k +1) for all k € IN.
Therefore the sequences {xx} and {yx} are monotone:
X0 3X] 33X X3 200 I X X Xok1 S Xok42 S0, 23)

YoZ Y1 Z Y2 ZYs = - Z Yk Z Yokl = Yok42 = 0

Now we show that these sequences are Cauchy. From the contractive condition (2.1) we have for all k € IN

A(X2k+1, X2k 41, - - - X2k 1, X2k +2) + AlY2kt1, Y2kt 10 - - - Y2k 1, Y2k 12)
= A(f(x2x, Yax), f(x2k, Yok ), - - -, Fxax, Yox), g(x2x 41, Y2x+1))
+ A(fly2k, x2k), flyak, xok), - - - F Y2k, x2x), 9(Y2rt1, X2k 1))
< a1D((x2x, yax), (x2k, Y2k ), - - -, (X2k, Y2x), (X2k 41, Y2+ 1))
+ aaD((x2x, Y2k, (x2x, Y2k), - -+, (X2, Yax ), (F(x2k, Yox ), F(yax, x2k)))
+ azD((x2k+1, Yax+1), (X2k+1, Y2kr1), - - - (211, Y2rr1), (9(X2kr1, Yaxa1), 9(Y2ks1, x2x41)))
+ agD((x2x, Yar), (X2x, Yax), - - -, (X2, Yax ), ((x2x+1, Yax+1), 9(Yak 1, X2k 41)))
((

+ asD((xok+1,Y2k+1), (Xok+1, Y2k+1), - - (X2k41, Y2k+1), (F(x2k, Yok ), F(Yox, x21)))-

Applying (2.2), we get

A(X2k11, X2k 41, - -+ X2kt 1, X2k +2) + A(Y2k+1, Y2k 11, - - -, Y2kt 1, Y2k +2)
< a1D((x2x, Y2 ), (x2k, Y2k ), - - -, (X2k, Y2x ), (X2k+1, Y2r+1))
+ aaD((x2x, Yax), (x2x, Y2r), - - -, (X2, Yax ), (2k+1, Y2r+1))
+ asD((x2k 1, Yark+1), (X2t 1, Y2ks 1), - -+ (Ko 1, Yorer1), (X2xa2, Y2xs2)) (2.4)
+ agD((x21, Y2r), (x2x, Y2k ), -+ -, (X2, Y2x ), (X2k 2, Y2r+2))
+ asD((x2k 1, Yak+1), (X2 1, Y2ks1)s - -+ (Xokr 1, Y2rer1), (X2x41, Y2kt 1))
= a1D((x2x, yar), (x2k, Y2x ), - - -, (X2k, Y2x), (X2k 41, Y2k +1))
+ axD((x2x, Y2r), (x2x, Y2k ), - -+, (X2k, Y2x ), (X2k 1, Y2r+1)))
+ asD((x2k+1, Yak+1), (X241, Y2kr1), - - -, (2K 41, Yarr1) (2k42, Y2k 42)))
+ agD((x2x, Y2r), (x2x, Y2k ), - - -, (2K, Y2x ), (X2k+2, Y2r+2)))
= a1D((x2x, yax), (x2x, Y2k ), - - - (X2k, Y2x ), (X2k+1, Y2r+1))
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+ aaD((x2x, Y2r), (x2x, Y2r), - - -, (X2k, Yox ), (X2k+1, Y2x+1)))
+ asD((x2k+1,Yak+1), (X2k+1,Y2k+1)s - -+ (X241, Y2xe41), (X2k42, Y2x+2)))
+ (n —1)bag[D((x2x, Yax), (x2x, Y2k ), - - -, (X2, Y2k ), (X2k+1, Y2x+1)))]
+ b2 agD (X241, Yak+1)s (Xakr1,Y2k1)s - - -5 (X2k1, Y2k1), (Xakr2, Yokr2))
= (a1 + az + (n — 1)bag)D((x2k, Y2k ), (x2k, Y2k ), - - -, (x2x, Y2r ), (X2k+1, Y2k +1))
x (a3 + b?as) D (X1, Yar+1), (Xak1, Y2k )s - - - (Xakr1, Y2k1), (Xak2, Yokr2))
= (a1 + a2 + (n —D)bay)[A(x2i, X2k, - - -, X2k, X2k+1) + A(Y2i, Y2k, - - -, Y2k, Y2k +1)]
x (a3 +b2ag)[A(Xak11, X2k 1, - - - X2k 1, X2k +2) (2.5)

+ A(Y2k+1, Y2k+1s - - - » Y2k+1, Y2k42)].

Similarly we obtain

A(Y2k+1, Y2k 41/ - - - » Y2k 1, Y2k42) + A(X2k 1, X2k 41/ - - -, X2k 41, X2k +2)
< (a1 +az+ (n—1)bag)[A(yak, Y2k, - - -, Y2k, Yok+1) + AXok, X2k, - - - X2k, X2k+1)]

. 2.6)
x (az + b ag) [A(Yok+1, Y2kt1, - - - Y2k+1, Y2k+2)
+ A(Xok 41, X2k 41 - - - X2k 1, X2k 42) ]
From (2.4) and (2.5), we have
2[A (XK1, X2k 41, - - X2kt 1, X2k+2) + A(Y2k+1, Y2k41 - - - Y2kt1, Y2k42)]
<2[(a; + ap + (n —1)bayg)[A(xak, X2k, - - -, X2k, X2k +1) + A(Y2k, Y2k, - - -, Y2k, Y2k+1)]] 27)

+2[(a3 + b2as) A (Xk 1, X2k 11, - - -, X2k 41, X2k +2)
+ A(Y2k+1, Y2k+1, - - - » Y2k+1, Y2k4-2)]]

This implies that
[A(X2k 1, X2k 11 -+ X2kt 1 X2k 42) + A(Y2k 41, Y2k 11 -+ Y2k 1, Yakp2)] [T — (a3 + bPay)]
< (a1 + az + (n—=1)bag) [A(xak, X2k, - - -, X2k, X2k +1) + AlY2k, Y2k, - - - Y2k, Yor+ 1)1
Thus
A(X2k4+1, X2k 41, + - - X2kt 1, X2k +2) + A(Y2k+1, Y2k +15 - - -, Y2k +1, Y2k+2)

(g +ax+ (Mm—1)bay)
1-— (03 + b2a4)

< [A(x21, X2k - - -, X2k, X2k 1) + A(Y2k, Y2k - - - Y2k Y2k+1)]-

Let § = [Le1 2t URA] then 0 < 5 < 1 and

A(X2k41, X2k 41 - - - » X2k41, X2k+2) + A(Y2k41, Y2k 41/ - - - » Y2k 1, Y2k+2)
< O(A(xak, X2k, - -+, X2k, X2k +1) + AlY2k, Y2k, - - -, Y2k, Y2k+1) )-

For all k € IN, applying (2.1) again and by interchanging the roles of f and g, we obtain
AlXak+2, X2k+2, - - -, X2k+2, X2k +3) + A(Y2k+2, Y2k+2, - - -, Y2k+2, Y2k+3)
< S(A(Xar41, X2K41, - -+ X2k, X2k42) + A(Y2k1, Yok+1s - - - Y2k1, Yok42) )
It follows from (2.6) that

A (XK1, X2k 41 - - - X2k41, X2k+2) + A(Y2k1, Y2k 1/ - - - » Y2k 1, Y2k 42)
< O(A(xak, X2k, - - -, X2k, X2k +1) + AlY2k, Y2k, - - -, Y2k, Y2k41))
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2(A(X2k—1, X2k—1, - - - X2k 1, X2k) + A(Y2k—1,Y2k—1, - - -, Y2k—1,Y2k))

<
< O (A(Xak—2, X2k—2, - - X2k—2, X2k—1) + A(Y2k—2,Y2k—2, - - -, Y2k—2, Y2k 1))
This implies

A(X2k41, X2k41 - - - » X2k41, X2k+2) + A(Y2k41, Y2k 41/ - - - » Y2k 1, Y2k+2)

2.8)
< 62k+1 (A(XO/ X0, -7 X0, Xl) + A(HO/UO/ . /yO/yl))'
Similarly, by (2.7), we get
A(X2k 42, X2k 42/ - - - X2k 42, X2k +3) + A(Y2k 42, Y2k 42/ - - -, Y2k 42, Y2k +3) 2.9)

< 82 (Alxo, %0, - - %0, %1) + A(Yo, Yo, - -, Yo, Y1)

By Lemma 1.11, we have for all k, m € N with k < m

A(Xok41, X2k 41/ - -+ X2k 41, X2om41) < DM — 1) A(Xok41, X2k 41/ - - X2k 41/, X2k 42)

2
+ b A(Xok42, X2k 42/ - -+, X2k 42, X2m +1)

and

A(Yok+1,Y2k4+1) - - - » Y2k+1, Y2om+1) < DM —1)A(Yorr1, Yokt1, -+ -, Y2k+1, Y2k+2)

+ bZA(UZk+2/UZk+2/ e Y2k+2, Y2mt)-

So we have

A(X2k 41, X2k 415+ - - X2kt 1, X2m41) + A(Y2k+1, Y2k 1 - -+, Y2k 1, Y2m+1)
<bln— 1) (Alxakr1, X2k 41/ - - - X2kt 1, X2k +2) + (M — DAYk 1, Yokt 1/ - - - Y2k 1, Y2x+2))]
+ b A (XK 2, X2k 42, - - - X2kt 2, Xam1) + AYak2, Yak42, - - - Yokr2, Yomer 1))
=bn —DI[A(X2k+1, X2k 11, - - X2k 1, X2k +2) T A(Y2k+1, Y2k 41/ - -+ Y2kt 1, Y2k 42)]

+ b3 — 1A (XK 2, X2k 42, - - X2k 12, X2k +3) + A(Y2k12, Y2k 12, - - - Y2k 12, Y2k +3)]

+b2Em2 7 D [A(Xom—1,X2m—1, - -, X2m—1,X2m) + A(Y2m—1,Y2m—1,- - -, Y2m—1, Yom )]
+b22m 2 (1 — 1)[A (Xom, Xom, -+ - X2m, Xome1) + A(Yom, Yom, - - Y2, Yom1))
= AlX2k+1, X2k 41, - -, X2k 1, X2m+1) T AY2kt+1, Y2k+1 - - - Y2k +1, Y2mt1)
<bm—D[A(xok41, X2k 11, - - - X2k 1, X2k 2) T AlY2kt 1, Y2kt 1/ - - - Y2k 1, Yoxr2)]

+ 03— DAk 2, X2k 425+ - X2k 12, X2k +3) + A(Y2k12, Y2k 12, - - - Y2k 12, Y2k 3]

+H22M 2K (1) [A(X2m, Xam, - - - X2m, X2m+1) + A(Y2m, Y2m, - -+ Y2m, Yam1)]
= b(n - 1)[62k+1 + b262k+2 +--+ b2(2m—2k)—162m] X [A(XO/ X0, -+, X0s Xl) + A(UO/ Yo,---,Yo, Ul)]

= A(Xok41, X2k 41/ - - - » X2k 1, X2m+1) + A(Y2k 41, Y2k 41/ - - - » Y2k+1, Y2m+1)
§2k+1

DR

[(A(XO/ X0, - /XO/Xl) + A(UO/UO/ .o /UO/Ul))L
Similarly, we have

A(X2K, X2k, - -+, X2k, X2m+1) + A(Y2k, Y2k - - -, Y2k, Y2ms1)
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b62k

< (n_l)l —6b2( (XO/XO/---rXO/Xl) +A(UOIUO/---/UOIUU)

and
A(x2k, X2k, - - -, X2k, X2m ) + A(Y2k, Y2k, - - -, Y2k, Y2m )

b52k
= (n_ ]‘)W(A(XOIXO/ ... IX()/Xl) + A(UO/UOI .. -/yO/yl))'
Hence, for all k, m € IN with k < m, we have

bdk
A(Xk/Xk/ .. 'leIXm) +A(Uk,Uk; .. -/yk/ym) g (T'L— 1)W(A(XOIXOI‘ . -1XO/X1) + A(UO,UO/- . -:UO;Ul))-

Since 0 < 6 = [(m;r_oc(zoz(rb_zic):;m‘)] < 1, we have

hm (A(Xk/Xk/ cee s XKy Xm) + A(Uk/Uk/ oo /yk/ym)) - O

k,m—oo

That is,
lim  A(xg, Xk, ..., Xk, Xm) = lim  A(yx,Yk,.--, Yk, Ym) =0.
k,m—o0

k,m—o0
Therefore, {xi} and {yi} are both Cauchy sequences in X. By the completeness of X, there exist x,y € X

such that xx — x and yx — y as k — oo.
We next show that the pair (x,y) is a coupled common fixed point of f and g.

Now, suppose f is continuous, then we have

x = lim xpr41 = lim f(xz1, Yok ) = f( im xg, lim yoi) = f(x,y)
k—o0 k—o00 k—o0 k—o0

and

y = lim yoq1 = lim f(yz, x2k) = f( im yp, im xpi) = f(y, x).
—00 k—o0 k—o0 k—o0

Applying (2.1), we have
f(x,y), 9(x,y)) + A(f(y, x), fly,x), ..., f(y,x), g(y,x))

<a1D((x,y),(x,y),--- (%), (x,y))
+a2D((x,y), (x,Y), ..., (x,y), (f(x,y), fly,x))) + asD((x, y), (x,y), ..., (x,y), (g(x,y), g(y,x)))
+asD((x,Y), (x,Y), -, (xY), (9(x,y), 9(y,x))) + asD((x,y), (x,y), ..., ( f
= aD((xy), (xy),...,(xYy), (x,y)) +asD((x,y), (xy), ..., (xy), (g(xy),g(y,x)))
y) - (%), (9(x,y), 9(y,x))) + asD((x,y), (x, ), ..., (x,Y), (x,y))
), (x, y) -~ (xy), (9(x,y), 9y, x)))
,9(x,y)) + (Aly,y,...,y,9(y,x))).

A(f(x,y), flx,y),..

+asD((x,y), (x,
= (a3 +a4)D((x,y
= (az + ag)(A(x,x,

Therefore

A% .., % 9 Y))+AY,Y,...,Y,9(y,x) < (a3 + as) (Al %, ..., % 9(x,y)) +AY,Y,...,Y,9(y,x))).

Since 0 < (as+as) <1, (A(x,x,%x,...,x9(xy)) = AlY,Y,Y,..-,Y,9(y,x)) = 0. That is, g(x,y) = x and
g(y,x) =y. This implies (x,y) is a coupled fixed point of g.
In a similar fashion, suppose g is continuous, then we have

x = lim xp42 = lim g(xok 41, Y2r+1) = g( lim xz141, lim yor 1) = g(x, y)
k—o0 k—o0 k—o0 k—o0
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and
y = lim yorio = lim g(yok41,Xok+1) = g( im yoryq, lim xo41) = g(y, x).
k—o0 k—o0 k—o00 k—o00
Applying (2.1) again, we also get
A%, ..., % f(xy))+AlYyY,...,y,flyx) <(a+as)(Alxx ..., x flx,y) +AMxx ..., x fly,x))).

This implies f(x,y) = x and f(y,x) =y and so (x,y) is as well a coupled fixed point of f. Therefore, (x,y)
is a coupled common fixed point of f and g.

Finally, suppose X satisfies hypotheses 3 (a) and 3 (b). Then by (2.3) we get xix < x and y =< yx for all
k € N. Applying Lemmas 1.11 and 1.12, we obtain

D((x ), (x,y), ..., (f(x,y), f(y,x)))

<bn-1)D (( y), (% y), ..., (x,Y), (x2k42,Y2k42))
+ 52D ((x2k+2, Yok+2), (Xaks2, Yoks2), - - - (Xakr2, Yakr2), (F(x,y), f(y, x)))
=bn—-1)D((x,y), (x,y),..., (%, )(sz+2,92k+z))

+ 5D (g(x2k+1, Y2rs1)r 9 (Yarr1, X2i1)), (9(Xak1,Y2k41), (Y21, Xak41)), - - -
- (9(2k+1, Y2k 1), Y2kt 1, %2K41)), (F(x,Y), F(y, x))
<bn—1)D((xy), (% y), ..., (%Y), (xok+2, Y2k +2))
+ b?A(g (X241, Yak+1), 9 (XK1, Yokr1), - - - 9 (Xor1, Yarr1), F(x, 1))

+b?A(g(Yarr1, X2k 1), 9(Y2ir 1, X2k 1), - - -5 9(Y2rr 1, Xak 1), F(Y, X))
This implies
D((x,y), (x,y),..., (f(x,y),f(y,x)))
< b(n - 1)A(X/X/ ce /X/XZK—I—Z) + b(n - 1)A(U/U/ oo 19192k+2))
+b?A(g(xak1+1, Y2x11), 9(X2k 11, Y2k 1), - - - 9 X2k 11, Y2r 1), F(X,Y))
f

+b?A(g(Yar1, X2k 1), 9(Y2rs 1, X2k 1), - - -5 9 (Y21, X2k 1), F(Y, X))

(2.10)

By using (2.1) and interchanging the roles of f with g we obtain

A(g(x2k+1,Y2k+1), 9(X2k 1, Y2k 1), - -+ 9(Xak 1, Yo 1), T(x,y))
+ A(g(yakr1, X2k+1), 9(Y2k 1, X2k +1), - - - 9 (Y21, X2k +1), F(Y, X))
< a1D((%2k+1, Yax+1), (X2k41, Yar+1) - -+, (Xak+1, Y2x+1), (4, Y))
+ a2D (%K1, Y2 +1), (X241, Y2kr1) - -+ (X2k1, Y2k 1), (9211, Yar+1), 9(Y2k 1, X2k +1)))
+ asD((x,y), (x,y), ..., (x,y), (f(x,y), fly,x)))
+ agD((x2k+1,Y2r+1), (X241, Y2xt1), - -, (2kr 1, Y2xr1), (Fx, y), fy, %))
+ asD((x,y), (x,y), ..., (x,y), (g(x2x+1, Y2xk+1), 9(Yax+1, X2x+1)))
= a1D((x2k+1, Yax+1), (X2k41, Yak+1) - -+, (Xak+1, Y2x+1), (X, Y))
+ a2D((x2k 1, Y2k 1), (X2 1, Y2ks1) - - - (X241, Y2k 1), (Xak 12, Yox+2))
+ asD((x,y), (x,y), ..., (x,y), (f(x,y), fly,x)))
+ agD (2K 1, Yax 1), (X2 1, Y2k 1), - -+ (Xokr 1, Yorr1), (Fx,y), fy, x)))
+asD((x,y), (x,y),--., (%, y), (x2k+2, Y2k +2))-

It follows from (2.8) and (2.9) that

D((xy), (%, y),..., (f(x,y), f(y,x)))
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< b[(n_ 1)A(X/X/ e Xy XZk—O—Z) + (Tl— 1)A(y/y/ oo /UIUZk+2)]
+ 6% (a1 D (X241, Y2k 1), (X2 1, Y2k1) - - - (X2s 1, Y2r1), (x,4))

+ asD((xok4+1,Y2k+1), (X2k+1, Y2k+1)s - - - » (X2k4+1, Y2k +1), (X2k 42, Y2k +2))

+asD((x,y), (x,y),---, (x,y), (f(x,y), f(y,x)))
+ asD((x2x+1,Y2k+1), 2kt 1, Y2ks1), - -0 (Xakt1, Yakr1), (Fx,y), (Y, x)))
+as5D((x,y), (x,Y), ..., (x,Y), (Xak+2, Y2k+2))].

Taking the limit as k — oo in (2.10), we get

D((x,y), (x,y),..., (f(x,y), f(y,x)))

<b[(m—1DA(xx,...,X%, x)+(n—1)A(y,y,...,y,y)]bz[alD((x,y), (x,y),...,(x,v), (x,y))
-i-(lzD(( )/ (Xr ) ( ) (X/U))—FasD((X/U), (X/U),---,(X/U), (f(X/U),f(U;X)))
+(14D(( )I (XI )I ( ) (f(XzU)/f(U/X)))+C15D((X/U)z (XIU)/---/(XIg)r (le))]

= bz[a?)D(( )I (X/ )1 sy (Xry)r (f(XzU)/f(UIX))) + G4D((X/U)/ (le)/' sy (le)/ (f(xly)/f(ylx)))]

Therefore,

D((le)/ (le)/- sy (f(X/U)zf(y;X))) < bZ(a3 + a4)D((le)/ (X/y)l' cey (le)/ (f(X/y)/f(UzX)))

Since b%(az 4+ as) < 1, we have D((x,vy), (x,y),...,(x,v), (f(x,y),f(y,x))) = 0. That is f(x,y) = x and
f(y,x) = y. This implies (x,y) is a coupled fixed point of f.

Similarly, we can show that g(x,y) = x and g(y,x) =y.

Hence, f(x,y) = x = g(x,y) and f(y,x) =y = g(y,x). Thus (x,y) is a coupled common fixed point of
f and g. This completes the proof. O

Theorem 2.2. In addition to the hypotheses of Theorem 2.1, if X is a totally ordered set, then f and g have a unique
coupled common fixed point. Furthermore, any fixed point of f is a fixed point of g, and conversely.

Proof. Let X be a totally ordered set. Suppose (x,y), (x*,y*) are coupled common fixed points of f and
g. That is, f(x,y) = x, f(y,x) =y, and g(x*,y*) = x*, g(y*, x*) = y*. We show that x = x*,y = y* and
subsequently x = y.

Observe that if X is a totally ordered set, then, for every (x,y), (x*,y*) € X x X, there exists (u,v) €
X x X that is comparable to (x,y) and (x*,y*).

So we let (x,y) = (x*,y*) without loss of generality, then it follows from Lemma 1.12 and Theorem
2.1 that

= aD((x,y), (x,y),. ( y), X*,
+asD((x%,y"), (x*, y"), ...

)+ a4D(( x), (% y),-.., (%), (x5, y"))

D((x,y), (x,y),--., (xy), (x*,y"))
=A%, %X ) +AlYY,-, YY)
= A(f(x,y), f(x,y), ..., f(x,y), g(x*,y*)) + A(fly,x), fly,x), ..., f(y,x), g(y*,x*))
< aiD((x,y), (x,y ), L (%), (X5, y") + aaD((xy), (x,y) ..., (x, ), (f(x,y), f(y,x))
+a3D((x",y"), (x",y"), ..., (x",y"), (g(x*,y"), g(y*, x")))
+asD((x,y), (x,y), ..., (x,y), (g(x*,y"), ( x*))) +asD((x*,y*), (x*, y*), ..., (x",y"), (f(x,y), f(y,x)))
= a1D((x,y), (x,y),.. ( ),(X*,y*))+a2D((x,y),( y)..., (%y), (x,y))
+a3D((x",y"), (X", y"), ..., (x",y"), (x",y"))
+asD((x,y), (x,Y),..., (xy), X", y* ))+a5D(( YY), (Y7, (XY, (xy)
(
,
=(a1+a4+a5)D(( y), (% y), .- (x ),( 5 y7).
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Since 0 < (a; + b%ag + as) < 1, we have D((x,y), (x,y), ..., (x,y), (x*,y*)) = 0, which implies x = x*
and y =y*.

Proceeding, we show that any fixed point of f is a fixed point of g, and conversely. Applying Lemma
1.12 and Theorem 2.1 we have

Ax,x,...,x,y)+Ay,y,...,y,x)
ZA(f(x,y),f(x,y),---,f(x y), g(y x)
< aiD((xy), (xy),..., (x,y),
+a3D((y (y, ) (Y, x

+A(fly,x), fly,x), ..., fly,x), g(x,y))
( a2D((x,y), (x,y) ..., (x,y), (f(x,y), f(y,x))
/X)), g(x,y)))
+asD((x,y), (%, Y), .-, (x,Y), (g(y,x), g(x,y))) + asD((y,x), (y,x), - -, (y,x), (f(x,y), f(y,x)))
= aD((x,y), (% y),..., ( y), (y,x)) + a2D((xy), (x,y) ..., (x,y), (x,y))
)
)
(
)

(v,

), y,X)

)

(v,
Ay, x), e (Y,x), (Y, x
( ), (

(

)

+ azD((y,x )

+ asD((x,y), (x,y), ..., (x,y), (y,x)) + asD((y,x), (y,x), ..., (y,x), (x,y))
= a1D((x,y), (x,y),. ( y), (y,x)) + asD((x,y), (x,y), ..., (x,y), (y,x))

+asD((x,y), (x,y ) - (% y), (y,x))

Therefore
A% ..., xYy)+Al,Y,...,y,x) < (a1 +ag+as5)(Axx,...,x,Yy) +AY,Y,...,Y,x)).

Since (a; +b*as+as) < 1, A(x,%x,...,%Yy) +A(y,y,...,y,x) = 0. Thatis, x =y. The coupled common
fixed point of f and g is unique. O

Example 2.3. Let (R, <, A) be totally ordered complete Ay-metric space with Ap-metric defined as in
Example 1.7. Let f,g : R — R be two maps defined by f(x,y) = Mﬁ& and g(x,y) = Mggf—“_‘l
for all n > 1. The pair (f, g) has the mixed weakly monotone property on R and

A(f(x,y), f(x,y), ..., f(xy), g(w,v)) + A(f(y,x), fy,x), ..., fly,x), g(v,u))
=n-1)1flxy)—glwv)[+n—=1)f(y,x)—glv,u) |

Y 6x —3y+24n—-3 8Bu—4v+32n—4 (-1 6y —3x+24n—-3 8v—4u+32n—4 |
- 24n 32n 24n 32n
(m—1) (m—1)
— 192 — 192 —
768m [192(x —u) +96(y —v) | + 763n |192(y —v) +96(x —u) |
<12 )y =V =i+ =l ]
S T 768n Y Y
-1
= ey i),

TLTfl,az = a3z = a4 = as = 0. Moreover, (1.1) is

Then the contractive condition (2.2) is satisfied with a; =
the unique coupled common fixed point of f and g.
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