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Abstract

In this article, we derive a new fractional estimate for Hermite-Hadamard’s inequality via coordinated harmonic convex
functions on a rectangle from the plane IR?. We establish a new fractional integral identity for partially differentiable functions.
Utilizing this integral identity, we obtain some more fractional estimates for Hermite-Hadamard’s inequality. The ideas of this
paper may stimulate further research. (©2017 All rights reserved.
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1. Introduction and preliminaries

Let f: I =[a,b] C R — R be a convex function, then

b
(410 g1 o< 101510

This above result is due to Hermite and Hadamard independently and is well-known as Hermite-Hada-
mard’s inequality. This inequality is also known as trapezium inequality. It provides an equivalent
property for convexity. Due to its rich applications, especially in the field of numerical analysis, this
result has attracted many researchers from all over the world. In recent decades, we have seen a rapid
development in inequality theory. Many inequalities can be obtained for convex functions. However
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among those, Hermite-Hadamard’s inequality is one of the most extensively and intensively studied
result. The point of pondering is that there is a close relationship between theory of inequalities and
theory of convexity. This fact makes the theory of inequalities more fascinating and interesting. There
are several new extensions and generalizations of classical convexity considered in recent years and one
can observe that parallel to this development in theory of convexity, theory of inequalities particularly
integral inequalities theory developed rapidly, for example see [1-6, 8, 10, 11, 13-23]. Iscan [6] introduced
the notion of harmonic convex functions which opened a new venue for researchers. Noor and Noor [12]
proved that the optimality conditions of the differentiable harmonic convex functions can be characterized
by a class of variational inequalities, which is called harmonic variational inequalities. Iscan [6] derived
a new extension for Hermite-Hadamard’s inequality. Noor et al. [14] extended the class of harmonic
convex function on coordinates and introduced the class of coordinated harmonic convex functions. They
have also obtained some new estimates for Hermite-Hadamard’s inequality essentially using the class
of coordinated harmonic convex function. Sarikaya et al. [21] gave some new refinements for classical
Hermite-Hadamard’s inequality using Riemann-Liouville integrals. Utilizing the idea of Sarikaya [19],
Iscan and Wu [7] derived the fractional estimate of Hermite-Hadamard’s inequality for harmonic convex
functions. Also Sarikaya [19] obtained the fractional estimate for Hermite-Hadamard’s inequality for
coordinated convex functions. The main motivation of this article is to give some new fractional estimates
for Hermite-Hadamard'’s inequality via harmonic convex functions. It is hoped that the ideas used in this
paper may be helpful for further research in this field.

Before proceeding to our main results, we recall some preliminary concepts and results. These will be
helpful in obtaining our main results. First of all, we define harmonic convex functions.

Definition 1.1 ([6]). A function f: K} € R, — R is said to be harmonic convex function, if

f (M) < (1—-t)f(x) +tf(y), YxyeKp tel01].

The following inequality is Hermite-Hadamard’s inequality for harmonic convex functions.

Theorem 1.2 ([6]). Let f: I, = [a,b] C Ry — R be an integrable harmonic convex function, then

b
f( 2ab ) < bab Jf(x)dx o f(a)—i—f(b)'

a+b —a) x? = 2

Noor et al. [14] has given the following definition for coordinated harmonic convex functions.
Definition 1.3. Consider the rectangle A = [a,b] x [c,d] C R2. A function f : A — R is said to be
coordinated harmonically convex function on A, if

; ( Xy uw

tx+(1—thy ru+(1—r
whenever x,y € [a,b], u,w € [c,d] and t,7 € [0, 1].

)W) <(1—1)(1 =100, w) + 71— ) f(x,w) + t(1 — 1)f(y,w) + tr(y, w),

We now recall some results and concepts from fractional calculus. The classical form of fractional
calculus is given by Riemann-Liouville integrals, which are defined as:

Definition 1.4 ([9]). Let f € L;[a, b]. Then the Riemann-Liouville integrals J%. f and J f of order o« > 0
with a > 0 are defined by

Jo f(x) = F(loc) J(x—t)“lf(t)dt, X > aq,

and

where
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0
is the well-known Gamma function.
Definition 1.5 ([19]). Let f € L;([a, b], [c, d]). The Riemann-Liouville integrals ]z'ﬁcw ]Z"ﬁdﬂ ]{;‘fc+ and

g’f 4 of order «, 3 > 0 with a,c > 0 are defined by

xy
x,B _ 1 _pye—lp Bl
J<B L t0xy) r(oc)rus)ﬂ(" 0%y — s)P1f(t,5)dsdt,
1 x d
B _ el B—1
]a+’d,f(x,y) M (3] ii(x t) (s—vy) f(t,s)dsdt,
1 it
o — o=l B—1
]b,,ﬁf(x,y) F(oc)F([S)H(t x) (y—s) f(t, s)dsdt,
. bd
o, _ a1l . \B—1
TPy o) = JF(B)Q“ X% (s — )P 1(t, s)dsdt,
respectively.
Also,
et (x50 = g Je o e (155 e
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For the reader’s convenience, we recall the definition of the Beta function B(.,.)

1
B(X/y) = J() txil(l — t)yfl dtm

The integral form of the hypergeometric function is

1 1
Fi(x,y;cz) = J 1] )yl =

B(y,c—vy) Jo

for|zl <1,c >y >0.
Lemma 1.6 ([6]). For 0 < a < 1and 0 < a < b, we have

[a®* —b* < (b—a)*.

2. A new two dimensional fractional integral identity

In this section, we derive a new fractional integral identity.

zt)~*dt

y>c,

y <d,

y>c,

y <d,
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Lemma 2.1. Let f: A C (0,00) x (0,00) — R be partial differentiable function on A with a < band c < d. If
atar € Z(A), then the following fractional integral identity holds:

ab(b — a)cd(d c)

11
1—t ™—(1—7)B\ 0%f [ab cd
X{”( >< A2 >atar<At Ar>ddt}
00

Ze(A T o, B) =

where
SHAT o, B) = f(a,c) + f(a,d) Zf(b,c) + f(b,d)
T Ad—oPf [Idaf(b'c)”;f(b o) (e c)”;f(“'dﬂ
Ma+1)(ab)* [ /1 /1 s L1
e []bhf ~d) +]#f(a,c) +Ja£f<g,d> +]a1f<b,c>]
(@) T (a+1)(ed)PTB+1) [rap /1 1\ wp o1 1
T b a*(d—o)P [ ) ()
B 11 B 11
% () 1 L1 d)}
Proof. Let
K- ab(b—a)cd(d—c)
o 4
11
t* —(1—1)* ™—(1—7r)B\ 9%f [/ab cd
8 {H( A2 > ( AZ ) ator (At Ar> dr dt}
B ab(b—a)cd(d—c)jj{t“rﬁ t%(1—7)F (1—-t)*rBP (1—t)*(1— )f’} (2.1)
- 4 AZAZ AZA2 0 AZA2 AZA2
00
9%f [ab cd
X 3tor (At'Ar> drdt
_ ab(b — azlcd(d—c) (K1 — Ko — Ks + Ky,
where
0 B 9%f [ab cd
ab ¢
:”A2A2 dtor <At Ar> drdt
00
1
_ f(b,d) B 5 B—1 cd
~ ab(b—a)cd(d—c) ab(b—a)cd(d—c) JT f<b' Ar)dr
0
2.2)

_l’_
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t i
_ J J T) f (ab cd drdt
AZA2  tdr \ A A,
00

1
_____ flbe) _ B J(1—r)ﬁ It <b Cd) dr
0

ab(b—a)cd(d—c) ab(b—a)cd(d—c) Ay
(2.3)

xp

b —a)ed(d—0)

11
_JJ rf382 ab cd drdt
N A2A2 otor \ Ay Ay
00
1

_ (a,d) B pig(q <4
= T abb—a)cd(d—c) | ab(b—a)cd(d—c) JT f(“’ Ar>dr
0

E——g
(1—1) f(A,d)dt

1
J(l ) pB— 1f(ab Cd)drdt,
0

(2.4)

o
ab(b—a)ed(d —c¢)

o

+ ab(b—a)cd(d—c)

At Ar

O O—— =

and

—)%(1 —7\P 92
(1 t)2(1 r)B 92f <ab cd)drdt
AtA% otor t AT

[ SN

1
K4 2:J
0

1

f(a,c)

B Bl cd
" ab(b—a)cd(d—c) + ab(b—a)cd(d —c) J(l v f( AT> dr
0

(1—t)%1f <;b )dt

t

1
b cd
p-ip (& drdt.
i -7 (At Ar)

Now changing the variables and using (2.2), (2.3), (2.4) and (2.5) in (2.1), we get

(2.5)
x
ab(b—a)cd(d —c)

+

O%H [SY S,

ab(b—a) cd

f(a,c)+f(a,d)+f(b,c)+f(b,d)
4

i ) o) (e e

R G G )

K:=
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(ab)*T(a+1)(cd)BT(B+1) [ ap 11 B 11
4b—a)*(d—c)P { £ (o) ()

5 (o) 2 ()|

This completes the proof. O

brrar

Note that if « =1 = {3, then Lemma 2.1 reduces to integral identity which involves ordinary integrals,
for more details see [14].

3. Main results

In this section, we present our new extensions of Hermite-Hadamard type inequalities via coordinated
harmonic convex functions. These results involve two dimensional Riemann-Liouville fractional integrals.

Theorem 3.1. Let f: A C (0,00) x (0,00) — R be coordinated harmonic convex function. If f € £ (A), then the
following fractional estimates of Hermite-Hadamard inequality holds:

o B
(@50 < () (1) s (o9 @)

1 (o) () 1% (100) (D) 1 (r00) (1)

= 4
Proof. Since f is a coordinated harmonically convex function, then, using t = r = % and x = m,
_ b _ d _ d
y= (1— tSathlb’ - Tlc+(clfr1)d and w = (17r1‘3a+7‘1d’ we have
( 2ab  2cd ) 1 ( ab cd )+f( ab cd )

a+b'c+d t1a+(l—t1)b ric+(1—r)d t1a+(1—t1)b' (1—71)c+md
(3.1)

+f( ab cd ) ( ab cd )

(1 —tl)a—i-tlb' ric+(1—r1)d (1—t1)a+t;b" (1 —r1)c+md

Multiplying both sides of inequality (3.1) with t{ 1:8=1 and then integrating with respect to (t1,71) on

[0,1] x [0,1], we have

11
1 2ab ZCd 1 _ ab cd
() < | e ,
oap <a+b c+d 4” 1N [ <t1a—|—(1—t1)b r1c+(1—r1)d>
00

f

+

cd >+f( ab cd )
tia+ 1—‘t1 (1—T‘1)C—|—T1d (1—t1)a—|—t1b'r1c+(1—r1)d

cd
f dridt;y.
+ < 1—t1 Cl—i-tlb (1—T1)C+T1d> neh

This implies

(o +1)T(P +1) x Pl
(R E < () (24 [ o) (D)

F1 (o) (5 ) 1% 4 (109) (D) 0122 (o) (3. )]
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Also

f( ab cd >+f( ab cd >
ta+(1—t)b rc+(1—71)d ta+(1—t)b" (1 —=7)c+1d

£ ab cd f ab cd )
+ ((1—t)a+tb'rc+ (1—r)d> + ((1—t)a+tb' (1—7)c+1d
< fla,¢) +f(a,d) +f(b,c) + f(b,d).

Multiplying both sides of above inequality with t*~1rP~! and then integrating with respect to (t,T) on
[0,1] x [0,1], we have

I () () (e ()

On summation of inequalities (3.2) and (3.3), the proof is complete. O
Now utilizing Lemmas 2.1 and 1.6, we prove our coming results.

Theorem 3.2. Let f: A C (0,00) x (0,00) — R be partial differentiable function on A with a < b and c < d. If
2 2
otor € Z(A) and ‘aatar

where q > 1 is coordinated harmonic convex function, then

ab(b—a)cd(d—c)

Z(AT: o, B) < y b9 (A; o B)

q
1

q) g
4

2F1<2 Lat2; 1_6) n 2F1(2 a4+ La+2;1— b)”

2

q 2
{¢ﬂAaBﬁaf ot

+ b2 B) |5

(a,d)

T (a,c)

q 2
+u(8068) | (b, d)

%

ator ¢

+ d3(4A; oc;B)‘

where

-2
X{Bd+1[2F1(2,1;[3~|—2;1 d)~|—2F1(2 B+1p+2,1— ]

1

2F1(2,1;oc+3;1—%>+(x+12F1(2 o+ 1004 3; 1_7 ]}

1
B+1

P (28431 5) + R (2B 1B +31-3) }

2F1<2,1;oc+3;1—%>+

a+1 a+1

2F1<2 o+ 1o+ 3; 1—f ]



M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor, J. Nonlinear Sci. Appl., 10 (2017), 1714-1730 1721

d72
X{B+2

Bilﬁ&zzﬁ+&1—;)+ﬁ4@ﬁ+zﬁ+&1—Sﬁ},

1
a+1

ﬁ(zza+&1—g)+f&za+za+&1—gﬂ}

a) " B+1 d

ﬁ&zbﬁ+&1—3)+ 1 J(zﬁ+bﬁ+&1—cﬂ},

and

bAQ
oa+2

d72
X{B+2

Proof. Using Lemma 2.1, property of the modulus, power mean’s inequality and the fact that
coordinated harmonic convex function, we have

1 a a
R (2,2 ﬂ—_) F(Z 2 ;1—7)
(X4—12 1( oa+3 b + 21 x+2;00+3 b ] }

Ga(A; o B) = {

1

B+1J(zzﬁ+&1—;)+ﬁﬂgﬁ+zﬁ+&1—Zﬂ}.

a2f |9
otor

is

ab(b—a)cd(d —c)

11
t*—(1—1)* ™ —(1—7)B\ 9%f [ab cd
8 {JJ‘< A2 ) < A2 atar \A A, ) drdt
00
b

IZ¢ (AT 0, Bl =

= 4
11
[t — (1 —1)% B —(1—1)B] 9*f [(ab cd
A=) (=) o (258
00
ab(b—a)cd(d—c)
= 4

_1
1=y

(1—t)*—tX[\ [|(1—7)P —7B|
A2 >< v )d““)

1—1)% —t\ /](1—7)P —rP|\ | 32f [ab cd
() () o (%)

1
q q
drdt)

1
=3

11
[(1—t)*+t%] [(1—7)P +1P]
([ (e
00
x{jj<u1w“+tﬂ>(u1ﬂﬁ+rm)
A2 A2
00
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2 q

3tor r(cL,C)

+(1-t)r

(a d)

otor

o

q 2
+ $2(A; 05 B)

X [(1—‘()(1—1")

q
+tr|——

2

o-f
+t(1—T) ﬁ(b/ C)

_ ab(b—aicd(d—c)d)l,%m; o B)

2 q

X{dh(A;oc;B)‘af

f
ator (a,d)

(a,c) Jtor

1

2 q) q
+s(A o B) |2 (b, ) } ,

otor

4 02f

+ 48068 |5 (b, )

where

Il
P —— e

d(A; 0 B)

1

_ «] _1\B 8
J( [(1—1t)* +t )<[(1 r})\%—i-r ])drdt
0

b—2
x+1

2F1<2 1ot 2; 1—B)+2F1(2 atlot2;1— b)]}

-2

X{BdJrl 2F1(2,1;5+2;1—§)+2F1(2,B+1;B+2;1—§)”,

0 (1= 0%+ 5]\ ([(1—1)P +1P]
— )%+t —1)P 4+
1(AN; o5 B) le—t J(1—r) ( A% >< Az >drdt

00

b2 a 1 a

Z{“Jrl 2F1<2,1;oc+3;1—b)+‘x+12F1(2,oc+1;oc+3;1—b)”
4 (218431 L or(2psipe31-S
X B+121<,,[3+,—a)+6+121<,ﬁ+,5+,—a) ,
0 (1= %+ ([(1—1)F 4 1P]
—t)* 4+t —1)P 4
P2(A; 06 B) = ”(1 —t)r ( A2 ) ( A2 ) drdt

00

b2 a 1 a

—{(X+1 2F1<2,1;06+3;1—b>+(X+12F1(2,oc+1;oc+3;1—b)]}
d—2 1 c C

x{ - B+12F1<2,2;[5+3;1—d>+2F1<2,[3+2;[5+3;1—d)]},

1 (1= 1)+t ([(1—1)P 4P

— )+ t* —r)P+r
B3(0; 05 B) = Jt(l—r)( . )( - )drdt
0

1
a+1

2F1(2 2 0+ 3; 1——)+2F1<2 W+ 2 0+ 3; 1—b)”
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d—? c 1 c
{BH 2F1<2'1f[5+311_d)+B+12F1<2,[3+1,f3+3,1_d)]},
and
[ [(1—t)*+t%]\ [[(1—7)B +1P]
—t)%+t —1)P +7
$a(A; 0 B) :”tr< A2 ) < Az )drdt
00
b2 | 1 a a
_{oc—l—Z a+12F1(2,2,a+3,1—b>+2F1(2,oc+2,oc+3,1—b)]}
a2 | 1
X{B+2 B+12F1<22B+31—d>+2F1<2[3+2[3—{—31—(1)]}_
This completes the proof. B

Theorem 33. Let f: A C (0,00) x (0,00) — R be partial differentiable function on A with a < b and c < d. If
2
Stor € Z(A) and ‘atar

where q > 1 is coordinated harmonic convex function, then

ab(b—a)cd(d —c)

Ze (AT o, B) < 1 W' (A o B)

2 q

o-f
X{ll)l(A}OC}B)’ataT

9 02f

+12(A; o B) %(a, d)

(a,c)

1

2 q) q
+3(A; 05 B) ﬂ(b c) } ,

otor

q 02f

£ s(A;0B) |5 (b,d)

where

b72
a+1

+oR (2 a2 (1—§>>”X{rsd+21
#aR(21p 421 ) 2R (214251 3))

(A o B) :{

2F1<2,1;oc+1;1—%) n 2F1(2,1;cx~|—2;1—%)

2F1(2,1;6+1,-1—%)

2F1(2,oc+1;oc+3;1—%> — 2&(2,1;0(4—3;1—%)

bfZ
o+ 2

+oR (2 a3 (1—8))” {;22[25(2 B+1;8+3; 1—5)
2F1(21 B+3; 1—d>+2F1<2,1;[3+3;;<1—8>)]},

b—2
o+2

1
oa+1

P1(A; 0 B) :{

P2 (A; 0 B) :{

“+12F1<2,<x+1;oc+3;1—%> — 2&(2,1;0(4—3;1—%)
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+ 2F1(2,1;oc+3;;<1—g)>]} {;22 lel(z B+2B+31—)

N Bilzﬁ(z 2B +3; 1—)+([31+1)2F1<2,2;[3+3;;<1—§)>]},

a 1 a
F(2at2a+31-2) - F(220+831-2)
2l x+ 2,0+ b (X_'_lz 1 o+ b

+2((x1+1)2F1(2,2;oc+3;;<1—8)> }X{Bd—i—ZZ F1<2,[3+1;[3+3;1—%>
+2F1(2,1;[5+3;1 d>+2F1(2 LB +3; %( —8))”
and
Wa(A; ; B) {;;22 2F1<2,oc+2;oc+3;1—§>—(x_li_le1<2,2;oc+3;1—§>

* Z(al—i—l) 2F1(2’2;°‘+3’%<1_%)>

—[31“25(2,2;%3;1—3) +

} {622[2F1(2 B+2;B+3;1— d)
1

e 0-4)]

Proof. Using Lemma 2.1, property of the modulus, power mean’s inequality and the fact that ‘
coordinated harmonic convex function, we have

a.
1s

otor

ab(b—a)cd(d —c)

11
t* —(1—1)* ™—(1—r)B\ 9%f [/ab cd
X{”( A2 ) (% )atar<tAr>ddt}
00
b

IZ¢(A; T 0, Bl =

1

[t — (1 —1)% B —(1—1)B] 9%f [ab cd
[ (=) (=) [ (5 |
0

1
=3

(1—=t)* =¥\ (11 =1)P —rP|

() (e )d‘”dt)
[(1—1t)%—1t% |(1—1)P —rB] 9%f [ab cd
) ) e (0 )

1
q q
drdt)
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1—1

(] (=t (o)
U= (=)

q
+(1—t)r

2 q

f
ator v

q 3
] drdt}

q 2

F2(87068) | (a,d)

%t
otor

(b, d)

(b,c)| +tr
T

_ ab(b — a)cd(d—c)wl,%(A; % B)

2 q
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068 = [ [1- o - (=555 (220 dra
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1
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1 a d—2
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This completes the proof.
Theorem 3.4. Let f: A C (0,00) x (0, oo) — R be partial differentiable function on A with a < band ¢ < d. If
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O
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01(4;, B) = (z(o(q1_|_ 1)) (2([5q1+ 1))
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Proof. Using Lemma 2.1, property of the modulus, Holder’s inequality and the fact that ’
dinated harmonic convex function, we have
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Theorem 3.5. Let f: A C (0, )
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This completes the proof.

62 - € ZL(A) and ‘ 3tar where > + % = 1 is coordinated harmonic convex function, then
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82 q aZf q
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otor
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x (0,00) — R be partial differentiable function on A with a < band c < d. If
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This completes the proof. O
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