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Abstract

In this paper, we introduce a new concept called partial (h-F)-generalized (and (h-F)-subgeneralized) convex contractions of
order 3 (and with rank 3) using some auxiliary functions. Also we present some approximate fixed point results in metric space
and approximate fixed point results in metric space endowed with a graph. Some examples are provided to illustrate the main
results and to show the essentiality of the given hypotheses. (©2017 All rights reserved.
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1. Introduction

Over the past two decades the metric fixed point theory has played as a major tool for solving various
problems in nonlinear functional analysis as well as useful tool for proving the existence theorems for
nonlinear differential and integral equations. In many practical problems, the conditions in the fixed
point theorems are too strong and so the existence of a fixed point does not need to be guaranteed. In
this case, we can consider nearly fixed points or what so-called approximate fixed points.

In 2003, Tijs et al. [18], showed that under some weakenings the conditions of some well-known fixed
point theorems the existence of approximate fixed points turns out to be still guaranteed. Inspired by the
work of Tijs et al., Berinde [3] presented some fundamental approximate fixed point theorems in metric
space. In 2013, Dey and Saha [7] studied the existence of approximate fixed point for the Reich operator
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[14] which in turn generalizes approximate fixed point theorems of Berinde [3]. There after many authors
studied approximate fixed point results (see, for example, [6, 10, 13, 15] and the references therein).
On the other hand, in 1982, Istratescu [9] introduced the concept of convex contractions and proved
that each convex contraction mapping has a unique fixed point on a complete metric space. In 2013,
Miandaragh et al. [12] extended the concept of convex contractions to generalized convex contractions
and generalized convex contractions of order 2. They also established some approximate fixed point
theorems for continuous mappings satisfying such contractive conditions in complete metric spaces. The
results of Miandaragh et al. [12] was extended by Latif et al. [11].

In this paper, we introduce a new concept called partial (h-F)-generalized convex contractions of order
3 and partial (h-F)-subgeneralized convex contractions of order 3 with rank 3, to present some approx-
imate fixed point results in metric space and approximate fixed point results in metric space endowed
with a graph. Some examples are provided to illustrate the main results and to show the essentiality of
the given hypotheses.

2. Preliminaries

The following definitions, examples and lemmas are needed in sequel.

Definition 2.1 ([15]). Let (X, d) be a metric space, T : X — X be a mapping and ¢ > 0 be a given real
number. A point xy € X is said to be an ¢-fixed point (approximate fixed point) of T, if

d(X(), TXO) < E.

For a metric space (X, d) and a given ¢ > 0, the set of all e-fixed points of T : X — X is denoted by

Fo(T):={x e X:d(x, Tx) < ¢}.
Definition 2.2 ([10]). Let (X, d) be a metric space and T : X — X be a mapping. We say that T has the
approximate fixed point property, if for all ¢ > 0, there exists an e-fixed point of T, that is, for all ¢ > 0
Fe(T) #0.
In 1996, Browder and Petryshyn [5] defined the following notions.
Definition 2.3 ([5]). A self-mapping T on a metric space (X, d) is said to be asymptotically regular at a
point x € X, if
d(T™x, T 1x) = 0, asn — oo,
where T™x denotes the n-th iterate of T at x.

Lemma 2.4 ([11]). Let (X, d) be a metric space and T : X — X be an asymptotically reqular at a point z € X, then
T has the approximate fixed point property.

In 2012, Samet et al. [17] introduced the concept of x-admissible mapping as follows:

Definition 2.5 ([17]). Let X be a non-empty set, T : X — X and o : X x X — R*. We say that T is an
a-admissible mapping, if for all x,y € X, «(x,y) > 1 implies «(Tx, Ty) > 1.

Definition 2.6 ([2, 16]). Let T : X — X, & : X x X — R*. We say that T is an &-subadmissible mapping, if
x,y € X, &(x,y) < 1implies E(Tx, Ty) < 1.

Definition 2.7 ([8]). Let (X, d) be a metric space and o : X x X — R be a mapping. The metric space X is
said to be a-complete, if and only if every Cauchy sequence {xn } in X with o(xn,Xn41) = 1 foralln € N,
converges in X.
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Definition 2.8. Let (X, d) be a metric space and p : X x X = R* be a mapping. The metric space X is
said to be p-complete, if and only if every Cauchy sequence {xy,} in X with p(xn,xn41) < 1foralln € N,
converges in X.

Remark 2.9. If X is complete metric space, then X is a-complete (p-complete ) metric space. But the
converse of above statement does not need to be true (see [11, example 2.9]).

Definition 2.10 ([11]). Let (X, d) be a metric space, &, p: X x X — [0,00) and T : X — X be mappings. We
say that

e Tis an x-continuous mapping on (X, d) if for each convergent sequence {x., } to x where o«(xn,Xn 1) >
1 for all n € N implies Tx,, — Tx.

e Tisa p-continuous mapping on (X, d), if for each convergent sequence {xn, } to x where p1(xn, Xn4+1) <
1 for all n € N implies Tx,, — Tx.

Remark 2.11 ([11]). If T is a continuous mapping, then T is an «-continuous (p-continuous) mapping,
where «, 1 : X x X — [0, 00) are arbitrary mappings.

Definition 2.12 ([1]). We say that h : RT x R™ — R is a function of subclass of type I, if the following
conditions are satisfied:

(i) his continuous;
(i) y < h(l,y), forally e RT;
(iii) For x > 1 = h(1,y) < h(x,y), forally € R*.
The following are the examples of function of subclass of type I for all x,y € R™:
M) hixy)=y+U*51>1;
(2) hix,y) =x+1Y,1>0;
(3) hix,y) =xy.

Definition 2.13 ([1]). Let F : R* x R* — R. We say the pair (F, h) is a upper class of type I, if the following
conditions are satisfied:

(i) Fis a continuous function, h is a function of subclass of type I;
(i) For0 <s < 1= F(s,t) < F(1,t);
(iii) h(1,y) < F(s,t) =y < st, forally,s, t € RT.

The following are the examples of function of upper class of type I for all x,y,s,t € R
(1) hix,y)=(y+1*, 1>1, F(s, t) =st+1;
(2) h(x,y) = (x+1Y, 1>0, F(s, t) = (1+1)%%;
(3) hixy
4) hixy

Definition 2.14. Let (X, d) be a metric space. The mapping T : X — X is called a partial (h-F)-generalized
convex contraction of rank 3, if there exist a mapping « : X x X - R* and a,b,c > 0witha+b+c <1,
satisfies the following condition: For all x,y € X with «(x,y) > 1 implies

,Yy) =xy, F(s, t) =st;

Y =(y+D% 1>1, F(s,t) =st+q, k> 1.

hlalx,y), d(Tx, Ty)) < F(1, ad(T?, T2y) + bd(Tx, Ty) + cd(x,y)),
where pair (F, h) is a upper class of type 1.
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Definition 2.15. Let (X, d) be a metric space. The mapping T : X — X is called a partial (h-F)-subgeneral-
ized convex contraction of rank 3, if there exist a mapping p : X x X — R* and a,b,c € [0,00) with
a+b +c < 1, satisfies the following condition:

For all x,y € X with p(x,y) < 1 implies

n(1,d(T%, T?y)) < Flu(x,y), ad(T*, T2y) + bd(Tx, Ty) + cd(x,y)),
where pair (F, h) is an upper class of type I.

3. Main results

In this section, we establish new approximate fixed point results for partial (h-F)-generalized (and
(h-F)-subgeneralized) convex contraction mappings in « (and p)-complete metric spaces.

Theorem 3.1. Let (X, d) be a metric space and T : X — X be a partial (h-F)-generalized convex contraction of
rank 3 with the mapping oo : X x X — R*. Assume that T is «-admissible and there exists xo € X such that
o(xp, Txg) = 1. Then T has the approximate fixed point property. In addition, if T is x-continuous and (X, d) is an
o-complete metric space, then T has a fixed point. Moreover, if for each two fixed points x,y of T there exists z € X
such that «(x,z) > 1 and «(y,z) > 1, then T has a unique fixed point.

Proof. Let xg € X such that «(xg, Tx,) > 1. Define a sequence {xn} C X by xn 41 = T 1(xg) = Txy, for
n € N U{0}. Suppose that xn, = xn,+1 for some ng € INU{0}. Then, it is clear that x,,, is a fixed point of
T and hence the proof is completed. From now on, we assume that x,, # x,,41 for all n € N U{0}.

Since T is an a-admissible mapping and «(xg, Tx,) > 1, we have «(x1, Tx;) = a(Txo, T?x,) > 1.
Continuing in this manner, we get that &(xn, Txn) = a(xn,Xny1) = 1 for all n € INU{0}. Assume that
v = d(T?xg, T3xg) + d(Txg, T?xg) + d(x0, Txo) = d(x2,x3) + d(x1,%2) + d(x0,%1), and p = a+b +c. Now
since T is a partial (h-F)-generalized convex contraction of rank 3, we have

h(1, d(xn+3, Xn+a)) < h{o(xn, Xn41), d(Xn+3, Xnya))
< F(l, ad(xn+2/ Xﬂ+3) + bd(xn—i—l/ XTI+2) + Cd(xn/ XTL—I—l))/

which implies that for each n € N U{0}

d(xn43,Xn44) < ad(xny2,Xny3) +bd(xn1, Xni2) +cdxn, Xni1).

Therefore
d(x3,x4) < ad(xz,x3) +bd(x1,x2) +cd(xo,x1) < Py. 3.1)
Also,
d(x4,x5) < ad(x3,x4) +bd(x2,x3) +cd(x1,x2)
< a?d(xp,x3) + ab d(xq,x2) + acd(xg,x1) + b d(x2,%x3) + ¢ d(x1,%2)
< ad(xz,x3) + ad(x1, x2) + adlxo,x1) + b d(xz,x3) + ¢ d(x1, x2) (3.2)
= (a+b)d(xz,x3) + (a+c) d(x1,x2) + ad(xg, x1)
< Bd(x2,x3) + Bd(x1,%2) + Bd(x0,x1) < By,
and
d(xs, x6) d(x4,x5) +bd(x3,x4) + ¢ d(x2,x3)

<a
< al(a+b)d(xz,x3) + (a+c)d(xi,x2) + ad(xo,x1)]
+blad(xz,x3) +bd(x1,x2) + ¢ d(xp, x1)] + ¢ d(x2, x3)
a

3.3
d(x2,x3) +ad(xy, x2) +ad(xg,x1) +bd(x2,x3) + b d(x1,x2) + b d(xp,x1) + ¢ d(x2,%3) (3.3)

<
=(a+b+c)d(xy,x3)+ (a+b)d(x1,x2) + (a+¢)d(xg,x1)
< Bd(x2,x3) + Bd(x1,x2) + Bd(x, x1) < By.
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From (3.1), (3.2), (3.3) and a, b,c < 3, we have

d(xe,x7) < ad(xs, x6) + bd(xa,x5) + cd(x3,x4) < aBy + by +c Py < p?y. (3.4)
Also from (3.2), (3.3), (3.4) and a,b,c < B, B2 < B, we have
d(x7,xs) < ad(xe, x7) + bd(xs, %) + cd(xs,x5) < apy + bRy +c By < B%y. (3.5)

Now using (3.3), (3.4), (3.5) and a,b,c < f3, [32 < B, we have
d(xs,x9) < ad(x7,xs) + bd(xe, x7) + cd(xs,%6) < aPy + by +c Py < py.

By continuing in this manner, it is easy to see that

d(xn, xn41) <BY, meEN, (3.6)
where n =31+, r € {0,1,2} for all | € N. This implies that
d(xn, Xni1) = d(T™%, T 1x9) = 0, as n — oo.

Therefore, T is an asymptotically regular at a point xg € X.

By using Lemma 2.4, we conclude that T has the approximate fixed point property.

Next, we show that T has a fixed point provides that T is «-continuous and (X, d) is an «-complete
metric space.

Now, we show that {x,} is a Cauchy sequence in X. Let m,n € IN U{0} such that n > m, then by (3.6)

d(xm, xn) < d(xm, Xm+1) + d(Xma1, Xmy2) + - -+ d(xn—1,%n)

S
<D By By By + By oo (where s € {1,2,3))
j=0

<BYY+BYHBY BTy BTy y
i 3[3 Y
= —B
Therefore, forn > mand whenm=3lorm =3l4+1lorm=3l+2forallle N
3By
1-p
Hence, {xn} is a Cauchy sequence in X. Now as «(xn,Xn4+1) = 1 for all n € INU{0} and using o-

completeness of X, there exists x* € X such that x,, — x* as n — co. Also, as a result of T is x-continuous,
then Tx, — Tx* as n — oco. Therefore

d(xm/ Xn)

Tx* = lim Tx, = hm Xni1 = X"
n—oo

Thus T has a fixed point. To show the uniqueness, let x* and y* be fixed points of T, then by hypothesis
there is z € X such that «(x*,z) > 1 and «(y*,z) > 1. Since T is x-admissible, we get «(x*,T™z) > 1 and
x(y*,T™z) > 1 for all m € N. Assume that v = d(x*, T3z) + d(x*, T?z) + d(x*,Tz),and p =a+b+c¢
h(1, d(x*, T™32)) < h(a(x*, T™z), d(x*, T™32))
< F(1,ad(x*, T™22) + bd(x*, T™Mz) +cd(x*, T™z2)),
which implies
d(x*, T™32) < ad(x*, T™2z2) + bd(x*, T™2) 4+ cd(x*, T™2).

Therefore,

d(x*, T*2) < ad(x*, T%z) + bd(x*, T%2) + cd(x*, Tz) < Bv. (3.7)



M. M. M. Jaradat, et al., J. Nonlinear Sci. Appl., 10 (2017), 1695-1708 1700

Using (3.7) we have
d(x*, T°z) < ad(x*, T*z) + bd(x*, Tz) + cd(x*, T?z) < Bv. (3.8)

Using (3.7), (3.8) we have
d(x*, Tz) < ad(x*, T°z) + bd(x*, T*z) + cd(x*, T3z) < Bv.
By continuing the same process as in proof of Theorem 3.1, we get
d(x*, T"z) < Bly,

where n = 31+ 1,1 € {0,1,2} for all 1 € N. This implies that d(x*,T"z) — 0 as n — oo. Similarly, we
can prove that d(y*, T"z) — 0 as n — oco. By the uniqueness of limit, we have x* = y* and then T has a
unique fixed point. This completes the proof. O

Corollary 3.2. Let (X, d) be a metric space, « : X x X — R and T : X — X satisfied the following contraction:
For all x,y € X with «(x,y) > 1 implies

d(T3x, T3y) < ad(sz, sz) +bd(Tx, Ty) + cd(x,y),

where a+b+c < 1. Assume that T is a-admissible and there exists xg € X such that o(xg, Txg) > 1. Then T
has the approximate fixed point property. In addition, if T is x-continuous and (X, d) is an «-complete metric space,
then T has a fixed point.

Moreover, if for each two fixed points x,y of T there exists z € X such that «(x,z) > 1 and «(y,z) > 1, then T
has a unique fixed point.

Proof. By taking h(x,y) =y and F(s,t) = st, the mapping T is partial (h-F)-generalized convex contraction
of rank 3, so the result follows from Theorem 3.1. O

Corollary 3.3. Let (X, d) be a metric space, « : X x X — R™ and T : X — X satisfies the following contraction:
For all x,y € X with «(x,y) > 1 implies

(O((X,y)+T)d(T3X’T3y) < (1+T)ad(sz,TZy)+bd(Tx,Ty)+cd(x,y)/

where a+b+c < 1land v > 0. Assume that T is a-admissible and there exists xg € X such that «(xg, Txg) = 1.
Then T has the approximate fixed point property. In addition, if T is x-continuous and (X, d) is an x-complete
metric space, then T has a fixed point.

Moreouver, if for each two fixed points x,y of T there exists z € X such that «(x,z) > 1 and «(y,z) > 1, then T
has a unique fixed point.

Proof. By taking h(x,y) = (x +1)Y and F(s,t) = (1 + 1), where T > 0, the mapping T is partial (h-F)-
generalized convex contraction of rank 3, so the result follows from Theorem 3.1. O

The following example illustrates Theorem 3.1 and shows that the existence of z € X for any two fixed
points x,y € X such that «(x,z) > 1 and «(y,z) > 1 is essential to guarantee the uniqueness of the fixed
point.

Example 3.4. Let X = (0,00) and d : X x X — R defined by d(x,y) = [x —y| for all x,y € X. Define
T:X—= Xand o: X x X — [0,00) by

xH, x €[1,3],
Tx = ¢ &4 x € (3,5),

5x + 20, otherwise,
h(x,y) = xy, F(s,t) = st, and

x(x,y) = 1, x,y € [1,3],
= 0, otherwise.
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For «(x,y) > 1, we have x,y € [1, 3] and so,

4 4
h(‘x(xly)/ d(Tsx, TSU)) e d(TSX, Tgy) < d <T2H—, TZy‘i’)

5 5
B x+24 _y+24
_d<T 25 T 25 >
x4y
N 125 7 125
_L| _ ‘
BEVER
24 24 2 4 4 1
<§ x+24 y+ 2 |x+4 y+ 4= x—yl
4| 25 25 16| 5 5 64

= ad(sz, sz) +bd(Tx, Ty) + cd(x,y)

= F(1, ad(T*x, T?y) + bd(Tx, Ty) + cd(x, y)).
Therefore, T is (h-F)-partial generalized convex contraction with a = 2, b= % and ¢ = 4.
Moreover, it is easy to see that T is an x-admissible and there exists xg = 2 € X such that

6

Z) =1

o(xg, Txg) = (2, T(2)) = (2, 5

It is easy to see that all conditions of Theorem 3.1 are satisfied, x = 1, x = 4 are two fixed points of T
and there is no z € X such that «(1,z) > 1 and «(4,z) > 1.

Theorem 3.5. Let (X, d) be a metric space and T : X — X be a partial (h-F)-subgeneralized convex contraction of
rank 3 with the mapping p : X x X — R*. Assume that T is p-subadmissible and there exists xo € X such that
w(xo, Txo) < 1. Then T has the approximate fixed point property.

In addition, if T is p-continuous and (X, d) is p-complete metric space, then T has a fixed point. Moreover, if
for each two fixed points x,y of T, there exists z € X such that w(x,z) < 1 and p(y,z) <1, then T has a unique
fixed point.

Proof. Let xg € X such that p(xg, Tx,) < 1. Define a sequence {x,,} C X as in the proof of Theorem 3.1. If
Xn, = Xny+1 for some ng € IN U {0}, then it is clear that x,, is a fixed point of T and hence the proof is
completed.

Suppose that x;, # xn4+1 for all n € IN U{0}. Since T is a p-subadmissible mapping and u(xg, Tx,) <1,
we deduce that w(xq, Txq) = u(Txo,TZXO) < 1, continuing this process, we deduce that p(xn, Txn) =
W(xn,Xni1) < 1 forall n € N U{0}.

The rest of the proof follows directly from the same argument as in the proof of Theorem 3.1, by
replacing «(x,y) by u(x,y).

O]

Definition 3.6. Let (X, d) be a metric space. The mapping T : X — X is called a partial (h-F)-generalized
convex contraction of rank 3 and order 3, if there exist a mapping « : X x X — R™ and constants
aj, az, as, by, by, bz € [0,1), with a; + ap + a3 + by + by + bz < 1, satisfies the following condition:
For all x,y € X, with «(x,y) > 1 implies
h(x(x,y), d(T?x, Ty)) < F(1, a3d(T?x, T°x) + aad(Tx, T>x) + ard(x, Tx)

(3.9)
+b3d(T?y, T?y) + bad(Ty, T?y) + bid(y, Ty)),

where the pair (F, h) is an upper class of type 1.

Definition 3.7. Let (X, d) be a metric space. The mapping T : X — Xis called a partial (h-F)-subgeneralized
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convex contraction of rank 3 and order 3, if there exist a mapping p: X x X = R and a1, by, ap, by, a3, bs €
[0,1), with a; + a2 + a3z + by + by + bz < 1, satisfies the following condition:
For all x,y € X, with p(x,y) <1 implies
h(1, d(T’x, T°y)) < Flu(x, y), a3d(T?x, T°x) + azd(Tx, T>x) + ard(x, Tx)
+b3d(T?y, Ty) + b2d(Ty, T?y) + b1d(y, Ty)),

where the pair (F, h) is an upper class of type 1.

Theorem 3.8. Let (X, d) be a metric space and T : X — X be a partial (h-F)-generalized convex contraction of rank
3 and order 3 with the based mapping o : X x X — R™. Assume that T is «-admissible and there exists xg € X
such that «(xo, Txg) > 1. Then T has the approximate fixed point property.

In addition, if T is «-continuous and (X, d) is an x-complete metric space, then T has a fixed point. Moreover,
if a(x,y) = 1 for each two fixed points x,y of T then T has a unique fixed point.

Proof. Let xg € X such that «(xg, Tx,) > 1. Define a sequence {x,} C X as in Theorem 3.1 by x,, 11 =
Tl (xg) = Txn for n € N U{0}. Since the result is clear if Xny = Xno+1 for some ng € IN U{0}, we consider
Xn # Xn41 for all n € NU{0}. By the assumption of the mapping T is an x-admissible mapping and
a(xo, Tx,) = 1, we deduce that a(xn, Txn) = &(xn,Xn4+1) = 1 for all n € N U{0}.

Assume that s = d(T?xg, T3xg) + d(Txo, T?xg) + d(x0, Txg) = d(x2,%3) + d(x1,%2) + d(x0,%1), & =1—b3
and 0 = a; + a + az + by + bo. Using that T is partial h-F-generalized convex contraction, we have

h(1, d(xn+31 Xn+4)) < h(o(xn, Xn+1)/ d(Xn+3, Xn+4))
< F(L, azd(T™2xg, T™x0) + and(T™ Fxo, T 2x0) 4+ a1d(T™xo, T H1x)

+b3d(T™ 3%, T xg) + bad(T™2xg, T F3x0) + brd(T™ xg, T 2x0)),
which implies that,

d(xn+3, Xnt4) < a3d(Xn42, Xn+3) + a2d(Xn41, Xn+2) + a1d(xn, Xn41) (3.10)
+b3d(Xn 3, Xn44) + b2d(xn12,Xn3) +brd(Xni1, Xn12)- ‘

Using above inequality for n = 0, we have

d(x3,x4) < azd(xz,x3) + azd(xq,%x2) + ard(xo, x1)
+bsd(x3,x4) + bad(x2,x3) + brd(x1,%x2)
< ais+ (ba+asz)s+ (b; + az)s + bsd(xs, x4).

Thus,
d(xsz,x4) < %s. (3.11)

From inequality (3.10) (with n = 1) and (3.11) we get

d(x4,x5) < azd(xs,x4) + axd(x2,x3) + a;d(x1,x2)
+ bad (x4, x5) + bad(x3,x4) + b1d(x2,%3)

o
<as+ (by + (13)ES + (b1 + az)s + bzd(xy, x5)

< ais+ (ba+az)s+ (by +az)s + bzd(xg, x5).

It gives,
d(x4,x5) < %s. (3.12)

Again using (3.10) (with n = 2), (3.11) and (3.12) we have
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d(xs,x6) < azd(xs, x5) + apd(x3,x4) + a;d(x2, x3)
+ bsd(xs, %) + bad(x4,x5) + brd(x3,x4)
= a1d(x2,x3) + (az + by)d(x3,x4) + (a3 + ba)d(x4, x5) + bzd(xs5, x6)

o
<ais+ (a +b1)%s + (a3 —I—bz)gs + bzd(xs, x¢)

< ais+ (ap+by)s+ (az+ ba)s + bsd(xs, xe).

Hence, -
d(xs,x6) < Es. (3.13)

Moreover, by (3.10) (with n = 3), (3.11), (3.12) and (3.13) we have

d(xe,x7) < azd(xs,xe) + axd(x4, x5) + a;d(x3, x4)
+ bad(xe,x7) + bad (x5, x6) + b1d(x4,%5)
= a;d(x3, x4) + (a2 +by)d(xs, x5) + (a3 + bz)d(xs, x) + b3d(xs, X7)

o o o
< (1128 + (ap +b1)zs + (az + bz)ES + bsd(xs, xg),

and so, -
d(X6/X7) < (E)ZS'

By continuing in the same process as in proof of Theorem 3.1 we get

o
d(xn/XnJrl) < (E)lsz
where n =31+ 7, 1 €{0,1,2}. This implies that

d(xn, Xn11) = d(T™x0, T"1x9) - 0, as n — oo.

Therefore, T is an asymptotically regular at a point xg € X, then by Lemma 2.4, we conclude that T has
the approximate fixed point property.
The proof of existence of fixed point of T can be done by replacing 3 by ¢ in proof of Theorem 3.1.
Now, we will show the uniqueness of fixed point under our assumption. Assume that x,y are two
fixed points of T. By the assumption x(x,y) > 1, by condition (3.9) and the properties of h and F we have
n(1,d(xy)) < h(alxy), d(T Ty)
= h(x(x,y),d(x,y))
< F(1, azd(T, T°x) + a2d(Tx, T) + ard(x, Tx)
+b3d(T?y, Ty) + bad(Ty, T2y) + brd(y, Ty)),

therefore,

d(x,y) < agd(sz, T3x) + ard(Tx, sz) + az;d(x, Tx)
+ b3d(T?y, T3y) 4 bod(Ty, T?y) + bid(y, Ty)
=0,

which implies that x =y O
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Corollary 3.9. Let (X, d) be a metric space, o« : X x X — R and T : X — X be mappings satisfy the following
contraction:
For all x,y € X with «(x,y) > 1 implies

d(T3x, Ty) < azd(T?x, T3x) + a»d(Tx, T2x) 4+ a1d(x, Tx)
+ b3d(T?y, T2y) + bad(Ty, T?y) + bid(y, Ty),

where a1+ ar +az +by +by +bsy < 1. Assume that T is o-admissible and there exists xg € X such that
o(xp, Txg) = 1. Then T has the approximate fixed point property. In addition, if T is x-continuous and (X, d) is an
o-complete metric space, then T has a fixed point.

Moreover, if a(x,y) > 1 for each two fixed points x,y of T then T has a unique fixed point.

Proof. By taking h(x,y) =y and F(s, t) = st, the mapping T is partial (h-F)-generalized convex contraction
of rank 3, so the result follows from Theorem 3.8. O

Corollary 3.10. Let (X, d) be a metric space, x : X x X — R* and T : X — X be mappings satisfy the following
contraction:
For all x,y € X with «(x,y) > 1 implies

(d(T3x, Ty) + 7)) < aad(T?x, T3%) 4+ apd(Tx, T2x) + ad(x, Tx)
+ b3d(T2y, T3y) + bad(Ty, T2y) + brd(y, Ty) + %

where a1 +ap +az3+by+by+by <1, t>1and { > 1. Assume that T is x-admissible and there exists xg € X
such that o(xo, Txg) = 1. Then T has the approximate fixed point property. In addition, if T is x-continuous and
(X, d) is an o-complete metric space, then T has a fixed point.

Moreover, if «(x,y) > 1 for each two fixed points x,y of T then T has a unique fixed point.

Proof. By taking h(x,y) = (y+71)* and F(s,t) = st + %, where T > 1, ¢ > 1, the mapping T is partial
(h-F)-generalized convex contraction of rank 3, so the result follows from Theorem 3.8. O

Theorem 3.11. Let (X, d) be a metric space and T : X — X be a partial (h-F)-subgeneralized convex contraction of
rank 3 and order 3 with the mapping w: X x X — R*. Assume that T is p-subadmissible and there exists xg € X
such that u(xo, Txo) < 1. Then T has the approximate fixed point property.

In addition, if T is u-continuous and (X, d) is a u-complete metric space, then T has a fixed point. Moreover, if
w(x,y) < 1 for each two fixed points x,y of T then T has a unique fixed point.

Proof. The proof follows from the same argument as in proof of Theorem 3.8. O

4. Approximate fixed point with graph

In this section, we give the existence of approximate fixed point property on a metric space endowed
with graph. Before presenting our results, we give the following notions and definitions.

Let (X, d) be a metric space. We assume that G is a reflexive graph with the vertex set V(G) = X and
the edge set E(G) contains no multiple edges. So we can identify G with the pair (V(G), E(G)). Wherever
it appears A means the set of all edges {(x,x);x € X}.

Our graph theory notations and terminology are standard and can be found in any graph theory
books, such as ([4]).

Definition 4.1. Given a graph G. Then

1. An infinite path is a sequence of vertices (xn )5, such that (x,—1,%n) € E(G) forn=1,2,---.
2. An infinite path (x)$°_, is a Cauchy path if and only if (x;,) is a Cauchy sequence in (X, d).

n=0

o
n=0
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[e¢]

3. An infinite path (xn) is called convergent path if and only if (xn)_, is convergent sequence in

n=0 n=0
(X, d).
4. The metric space X is said to be E(G)-complete if and only if every Cauchy path {x,}in G converges
in (X,d).

Definition 4.2. Let X be a nonempty set endowed with a graph G. and T : X — X be a mapping. Then

1. T preserves edge, if for every (x,y) € E(G) implies (Tx, Ty) € E(G).
2. T is an E(G)-continuous mapping on (X, d), if for each convergent infinite path {x,} to x € X we
have Txn, — Tx.

Theorem 4.3. Let (X, d) be a metric space endowed with a graph G and a mapping T : X — X satisfies the following
contraction:
For all (x,y) € E(G) we have

A(T%x, T%y) < ad(T?x, T?y) + bd(Tx, Ty) + cd(x,y), (4.1)

where a+b+c < 1. Assume that T preserves edge and there exists xo € X such that (xo, Txg) € E(G). Then
T has the approximate fixed point property. In addition, if T is E(G)-continuous and (X, d) is an E(G)-complete
metric space, then T has a fixed point. Moreover, if for any two fixed points x and y, there exists z € X such that
(x,z) € E(G) and (z,y) € E(G), then T has a unique fixed point.

Proof. Consider a mapping « : X x X — [0, co) to be defined by:

() = 1, (x,y) € E(G),
= 0, otherwise.

For any x,y € X such that «(x,y) > 1 implies (x,y) € E(G) and T satisfies condition (4.1).

By assumption, there exists xy € X such that (xo, Txg) € E(G), so by definition of & we have x(xo, Txg) =
1. Since T preserves edges, then clearly T is x-admissible mapping.

Thus, by Corollary 3.2, T has approximate fixed point property. One can easily see that the rest of
hypotheses of Corollary 3.2 are satisfied, so T has a fixed point which is unique. O

Theorem 4.4. Let (X, d) be a metric space endowed with a graph G and a mapping T : X — X satisfies the following
contraction:
For all (x,y) € E(G) we have

d(T3x, TPy) < a1d(T?x, T3x) + apd(Tx, T2x) + azd(x, Tx) + b1 d(T?y, TPy) + bad(Ty, T?y)
+bad(y, Ty),
where a1+ ap + az + by + by + b3 < 1. Assume that T preserves edge and there exists xg € X such that (xg, Txg) €
E(G). Then T has the approximate fixed point property. In addition, if T is E(G)-continuous and (X, d) is an E(G)-

complete metric space, then T has a fixed point. Moreover, if for any two fixed points x and y we have (x,y) € E(G),
then T has a unique fixed point.

Proof. The proof follows from Corollary 3.9 by similar argument to proof of Theorem 4.3. O

The following example shows that the assumption “ there exists xo € X such that (xp, Txg) € E(G)” is
essential.

Example 4.5. Let X = [0,1] and d : X x X — R be defined by d(x,y) = [x —y| for all x,y € X. Define
T:X—=Xand «: X x X — [0,00) by
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and the edge set of the graph G
1
E(G)={(0,y):y €0, ZL]}UA'

Now, it is easy to see that for any (x,y) € E(G), we have either y = x (which implies condition (4.1) is
satisfied), or x =0, y € [0, %], and so

11

a0,y =y, AT, Ty) =d(5,3) =0, d(T20,Ty) = (5, ) =0,

11
d(T%0, T3y) = d(=, =) =0.
( y) (3 3)
Hence,
d(T%0,T%y) < a(0) +b(0) +cy
= ad(T?0,T?y) + b d(T0, Ty) +c d(0,y).

Therefore, T satisfies condition (4.1) with a =b =c = %. To show that T is an E(G)-continuous, the tail
of any convergent path x, to x, should be either

(i) a constant path; or

(i) subset of [0, 1] such that the non-zero term of the path converges to 0.

If (i) is the case, then x, = (¢) — ¢. If ¢ € [0, 4] then T(xn) = % — T(e), if c € (%,1] then
T(xn) = § — § = T(c). If (ii) is the case, then the tail of T(x,) = % = T(0). Therefore, T is

E(G)-continuous.

By using argument as above one can show that ([0, 1], d) is an E(G)-complete. Moreover, it is clear that
there is no x¢ € X such that (xg, Txg) € E(G).

One can note that the mapping T has no fixed point. Furthermore, T has no approximate fixed point

property. For instance assume there isanx € F X (T). Then d(x,Tx) < ﬁ. Thus, if x € [0, 4] then

[x — ,| < 100 which implies x > 300 which is a contradiction. If x € (%, 1], then [x — §| < 100 which implies
x < 800 which is a contradiction.

Example 4.6. Let X = (0,00) and d : X x X — R defined by d(x,y) = [x —yl for all x,y € X. Define
T:X—= Xby

- [xH, x € [2,5],

~5x+ 10, otherwise,
and the edge set of the graph G,

1
E(G) :{(2,24—;) :meNJUA.

For (x,y) € E(G), either (x,y) = (2,2 + %) or (x,y) = (x,x). If (x,y) = (x,x), then (Tx, Tx) € E(G) and
it is clear that condition (4.1) is satisfied. If (x,y) = (2,2 + %), then (T2, T(2+ %)) =(2,2+ %) € E(G).
Moreover,

42,2+ 4= 2,
n n
1 1
d(T2, T2+ =) = —,
n 3n
2 D 1 1
d(T2,T° 2+ =) = —,
n In
a(Té2 T3(2+1)) _ 1
! n 27n’
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Hence,

1 1
dT2, T2+ =) = -
( 2+)) =50

11,11, 11
S 409n  403n  40n

1 1 1
:ad(T22,T2(2+E))+bd(T2,T(2+E))+cd(2,2+;).

Thus, T satisfies condition (4.1) with a =b =c¢ = 41—0. Moreover, (xg, Txg) = (2, T(2)) = (2,2) € E(G). To
show that the mapping T is E(G)-continuous follow the same argument as in previous example, also it is
clear that (X, d) is E(G)-complete. Therefore, all conditions of Theorem 4.3 are satisfied and x = 2 is the
unique fixed point of T.

Figure 1: This figure depicts graph G in Example 4.6 where H is the subgraph of G with vertex set V(H) = (0,00) —1{2, 2+ % :
n € N} and edge set E(H) ={(x,x); x € V(H)}.
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