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Abstract
Recently, Luo introduced Fourier expansions of Apostol-Bernoulli, Apostol-Euler and Genocchi polynomials and investi-

gated some interesting identities and properties of these polynomials by using Fourier series. In this paper, we consider three
types of functions given by sums of products of Genocchi functions and derive their Fourier series expansions. In addition, we
will express each of them in terms of Bernoulli functions. c©2017 All rights reserved.
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1. Introduction

Let Gm(x) be the Genocchi polynomials given by the generating function (see [2, 6, 7, 9–11, 21])

2t
et + 1

ext =

∞∑
m=0

Gm(x)
tm

m!
.

For x = 0, Gm = Gm(0) are called Genocchi numbers. The first few Genocchi polynomials are as follows:

G0(x) = 0,G1(x) = 1,G2(x) = 2x− 1,

G3(x) = 3x2 − 3x,G4(x) = 4x3 − 6x2 + 1,

G5(x) = 5x4 − 10x3 + 5x,G6(x) = 6x5 − 15x4 + 15x2 − 3,

G7(x) = 7x6 − 21x5 + 35x3 − 21x.

∗Corresponding author
Email addresses: tkkim@kw.ac.kr (Taekyun Kim), dskim@sogang.ac.kr (Dae San Kim), jgw5687@naver.com (Gwan-Woo

Jang), mathkjk26@gnu.ac.kr (Jongkyum Kwon)

doi:10.22436/jnsa.010.04.31

Received 2016-12-19

http://dx.doi.org/10.22436/jnsa.010.04.31


T. Kim, D. S. Kim, G.-W. Jang, J. K. Kwon, J. Nonlinear Sci. Appl., 10 (2017), 1683–1694 1684

From the relation Gm(x) = mEm−1(x), we see that

degGm(x) = m− 1,Gm = mEm−1, G0 = 0,G1 = 1,G2m+1 = 0,G2m+1 6= 0,

where m > 1. Also,

d

dx
Gm(x) = mGm−1(x), (m > 1), Gm(x+ 1) +Gm(x) = 2mxm−1, (m > 0). (1.1)

From (1.1), we have
Gm(1) +Gm(0) = 2δm,1, (m > 0),∫ 1

0
Gm(x)dx =

1
m+ 1

(Gm+1(1) −Gm+1(0))

=
2

m+ 1
(−Gm+1(0) + δm,0)

=

{
0, for m even,
− 2
m+1Gm+1, for m odd.

For any real number x, we let
< x >= x− [x] ∈ [0, 1)

denote the fractional part of x.
Here we will consider the following three types of sums of products of Genocchi functions and derive

their Fourier series expansions. Further, we will express each of them in terms of Bernoulli functions
Bm(< x >).

(1) αm(< x >) =
∑m
k=0Gk(< x >)Gm−k(< x >), (m > 3);

(2) βm(< x >) =
∑m
k=0

1
k!(m−k)!Gk(< x >)Gm−k(< x >), (m > 3);

(3) γm(< x >) =
∑m−1
k=1

1
k(m−k)Gk(< x >)Gm−k(< x >), (m > 3).

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [8, 17, 18,
22]).

As to γm(< x >), we note that the polynomial identity (1.2) follows immediately from Theorems 4.1
and 4.2, which is in turn derived from the Fourier series expansion of γm(< x >),

m−1∑
k=1

1
k(m− k)

Gk(x)Gm−k(x) = −
4
m

m−2∑
k=0

(
m

k

)
Gm−k

m− k
Bk(x), (m > 3). (1.2)

The obvious polynomial identities can be derived also for αm(< x >) and βm(< x >) from Theorems
2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is noteworthy that from the Fourier series expan-
sion of the function

∑m−1
k=1

1
k(m−k)Bk(< x >)Bm−k(< x >) we can derive the following corresponding

polynomial identity:

m−1∑
k=1

1
k (m− k)

Bk (x)Bm−k (x) (1.3)

=
2
m2

(
Bm +

1
2

)
+

2
m

m−2∑
k=1

1
m− k

(
m

k

)
Bm−kBk (x) +

2
m
Hm−1Bm (x) , (m > 2).

Simple modification of (1.3) yields a slightly different version of the well-known Miki’s identity (see
[1, 5, 19, 20]):

m−1∑
k=1

1
2k (2m− 2k)

B2kB2m−2k =
1
m

m∑
k=1

1
2k

(
2m
2k

)
B2kB2m−2k +

1
m
H2m−1B2m, (m > 2) .
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With Bm =
(

1−2m−1

2m−1

)
Bm =

(
21−m − 1

)
Bm = Bm

(1
2

)
, from (1.3) we can also derive

m−1∑
k=1

1
2k (2m− 2k)

B2kB2m−2k =
1
m

m∑
k=1

1
2k

(
2m
2k

)
B2kB2m−2k +

1
m
H2m−1B2m, (m > 2) ,

which is the Faber-Pandharipande-Zagier identity (see [4]). Some related works can be found in [3, 12–16].

2. The function αm(< x >)

Let αm(x) =
∑m−1
k=1 Gk(x)Gm−k(x), (m > 3). Note here that degαm(x) = m− 2. Then we will consider

the function

αm(< x >) =

m−1∑
k=1

Gk(< x >)Gm−k(< x >), (m > 3),

defined on (−∞,∞), which is periodic with period 1. The Fourier series of αm(< x >) is
∞∑

n=−∞A
(m)
n e2πinx,

where

A
(m)
n =

∫ 1

0
αm(< x >)e−2πinxdx =

∫ 1

0
αm(x)e−2πinxdx.

Before proceeding further, we note the following.

α ′m(x) =

m−1∑
k=1

(kGk−1(x)Gm−k(x) + (m− k)Gk(x)Gm−k−1(x))

=

m−1∑
k=2

kGk−1(x)Gm−k(x) +

m−2∑
k=1

(m− k)Gk(x)Gm−k−1(x)

=

m−2∑
k=1

(k+ 1)Gk(x)Gm−1−k(x) +

m−2∑
k=1

(m− k)Gk(x)Gm−1−k(x)

= (m+ 1)
m−2∑
k=1

Gk(x)Gm−1−k(x) = (m+ 1)αm−1(x).

From this, we have
(
αm+1(x)
m+2

) ′
= αm(x),∫ 1

0
αm(x)dx =

1
m+ 2

(αm+1(1) −αm+1(0)) ,

αm(1) −αm(0) =
m−1∑
k=1

(Gk(1)Gm−k(1) −Gk(0)Gm−k(0))

=

m−1∑
k=1

((−Gk(0) + 2δk,1)(−Gm−k(0) + 2δm−k,1) −Gk(0)Gm−k(0))

=

m−1∑
k=1

(−2Gk(0)δm−k,1 − 2δk,1Gm−k(0) + 4δk,1δm−k,1)

= −4Gm−1(0) + 4δm−1,1 = −4Gm−1(0).
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Thus

αm(1) = αm(0)⇐⇒ Gm−1(0) = 0, (m > 3)⇐⇒ m is even, (m > 3).

Also, ∫ 1

0
αm(x)dx =

−4
m+ 2

Gm.

Now, we would like to determine the Fourier coefficients A(m)
n .

Case 1: n 6= 0.

A
(m)
n =

∫ 1

0
αm(x)e−2πinxdx

= −
1

2πin

[
αm(x)e−2πinx

]1

0
+

1
2πin

∫ 1

0
α ′m(x)e−2πinxdx

= −
1

2πin
(αm(1) −αm(0)) +

m+ 1
2πin

∫ 1

0
αm−1(x)e

−2πinxdx

=
m+ 1
2πin

A
(m−1)
n +

2
πin

Gm−1

=
m+ 1
2πin

(
m

2πin
A

(m−2)
n +

2
πin

Gm−2

)
+

2
πin

Gm−1

=
(m+ 1)m
(2πin)2 A

(m−2)
n +

m+ 1
2πin

2
πin

Gm−2 +
2
πin

Gm−1

=
(m+ 1)m
(2πin)2

(
m− 1
2πin

A
(m−3)
n +

2
πin

Gm−3

)
+
m+ 1
2πin

2
πin

Gm−2 +
2
πin

Gm−1

=
(m+ 1)m(m− 1)

(2πin)3 A
(m−3)
n +

(m+ 1)m
(2πin)2

2
πin

Gm−3 +
m+ 1
2πin

2
πin

Gm−2 +
2
πin

Gm−1

...

=
(m+ 1)m−3

(2πin)m−3 A
(3)
n +

m−3∑
k=1

(m+ 1)k−1

(2πin)k−1
2
πin

Gm−k

= −4
(m+ 1)m−3

(2πin)m−2 + 4
m−3∑
k=1

(m+ 1)k−1

(2πin)k
Gm−k

= 4
m−2∑
k=1

(m+ 1)k−1

(2πin)k
Gm−k

=
4

m+ 2

m−2∑
k=1

(m+ 2)k
(2πin)k

Gm−k,

where A(3)
n =

∫1
0 α3(x)e

−2πinxdx =
∫1

0(4x− 2)e−2πinxdx = − 2
πin .

Case 2: n = 0. We have

A
(m)
0 =

∫ 1

0
αm(x)dx =

−4
m+ 2

Gm

and αm(< x >), (m > 3) is piecewise C∞. In addition, αm(< x >) is continuous for all even positive
integers m > 4 and discontinuous with jump discontinuities at integers for all odd positive integers
m > 3.

We now recall the following facts about Bernoulli functions Bn(< x >):
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(1) for m > 2,

Bm(< x >) = −m!
∞∑

n=−∞,n 6=0

e2πinx

(2πin)m
;

(2) for m = 1,

−

∞∑
n=−∞,n 6=0

e2πinx

2πin
=

{
B1(< x >), for x /∈ Z,
0, for x ∈ Z.

Assume first that m is an even positive integer > 4. Then αm(1) = αm(0).
αm(< x >) is piecewise C∞, and continuous. So the Fourier series of αm(< x >) converges uniformly to
αm(< x >), and

αm(< x >) =
−4
m+ 2

Gm +

∞∑
n=−∞,n 6=0

(
4

m+ 2

m−2∑
k=1

(m+ 2)k
(2πin)k

Gm−k

)
e2πinx

=
−4
m+ 2

Gm −
4

m+ 2

m−2∑
k=1

(
m+ 2
k

)
Gm−k

−k!
∞∑

n=−∞,n 6=0

e2πinx

(2πin)k


=

−4
m+ 2

Gm −
4

m+ 2

m−2∑
k=2

(
m+ 2
k

)
Gm−kBk(< x >)

−
4

m+ 2

(
m+ 2

1

)
Gm−1 ·

{
B1(< x >), for x /∈ Z,
0, for x ∈ Z

=
−4
m+ 2

Gm −
4

m+ 2

m−2∑
k=2

(
m+ 2
k

)
Gm−kBk(< x >)

=
−4
m+ 2

m−2∑
k=0,k6=1

(
m+ 2
k

)
Gm−kBk(< x >)

for all x ∈ (−∞,∞). Hence we obtain the following theorem.

Theorem 2.1. Let m be an even integer with m > 4. Then we have the following:

(a)
∑m−1
k=1 Gk(< x >)Gm−k(< x >) has the Fourier series expansion

m−1∑
k=1

Gk(< x >)Gm−k(< x >) = −
4

m+ 2
Gm +

∞∑
n=−∞,n 6=0

(
4

m+ 2

m−2∑
k=1

(m+ 2)k
(2πin)k

Gm−k

)
e2πinx

for all x ∈ (−∞,∞), where the convergence is uniform;
(b)

m−1∑
k=1

Gk(< x >)Gm−k(< x >) = −
4

m+ 2

m−2∑
k=0,k6=1

(
m+ 2
k

)
Gm−kBk(< x >)

for all x ∈ (−∞,∞), where Bk(< x >) is the Bernoulli function.

Assume next that m is an odd integer > 3. Then αm(1) 6= αm(0), and hence αm(< x >) is piecewise
C∞, and discontinuous with jump discontinuities at integers. The Fourier series of αm(< x >) converges
pointwise to αm(< x >), for x /∈ Z, and converges to

1
2
(αm(0) +αm(1)) = αm(0) − 2Gm−1

for x ∈ Z. Thus, we get the following theorem.
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Theorem 2.2. Let m be an odd positive integer with m > 3. Then we have the following:

(a)

∞∑
n=−∞,n 6=0

(
4

m+ 2

m−2∑
k=1

(m+ 2)k
(2πin)k

Gm−k

)
e2πinx =

{∑m−1
k=1 Gk(< x >)Gm−k(< x >), for x /∈ Z,∑m−1
k=1 GkGm−k − 2Gm−1, for x ∈ Z;

(b)

−
4

m+ 2

m−2∑
k=1

(
m+ 2
k

)
Gm−kBk(< x >) =

m−1∑
k=1

Gk(< x >)Gm−k(< x >), for x /∈ Z,

−
4

m+ 2

m−2∑
k=2

(
m+ 2
k

)
Gm−kBk(< x >) =

m−1∑
k=1

GkGm−k − 2Gm−1, for x ∈ Z.

3. The function βm(< x >)

Let βm(x) =
∑m−1
k=1

1
k!(m−k)!Gk(x)Gm−k(x), (m > 3). Then we will consider the function

βm(< x >) =

m−1∑
k=1

1
k!(m− k)!

Gk(< x >)Gm−k(< x >),

defined on (−∞,∞), which is periodic with period 1. The Fourier series of βm(< x >) is

∞∑
n=−∞B

(m)
n e2πinx,

where

B
(m)
n =

∫ 1

0
βm(< x >)e−2πinxdx =

∫ 1

0
βm(x)e−2πinxdx.

To proceed further, we observe the following:

β ′m(x) =

m−1∑
k=1

{
k

k!(m− k)!
Gk−1(x)Gm−k(x) +

m− k

k!(m− k)!
Gk(x)Gm−k−1(x)

}

=

m−1∑
k=2

1
(k− 1)!(m− k)!

Gk−1(x)Gm−k(x) +

m−2∑
k=1

1
k!(m− k− 1)!

Gk(x)Gm−k−1(x)

= 2
m−2∑
k=1

1
k!(m− 1 − k)!

Gk(x)Gm−1−k(x)

= 2βm−1(x).

From this, we get
(
βm+1(x)

2

) ′
= βm(x), and

∫ 1

0
βm(x)dx =

1
2

(
βm+1(1) −βm+1(0)

)
,

βm(1) −βm(0) =
m−1∑
k=1

1
k!(m− k)!

(
Gk(1)Gm−k(1) −Gk(0)Gm−k(0)

)
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=

m−1∑
k=1

1
k!(m− k)!

{(−Gk(0) + 2δk,1) × (−Gm−k(0) + 2δm−k,1) − Gk(0)Gm−k(0)}

=

m−1∑
k=1

1
k!(m− k)!

(
−2Gk(0)δm−k,1 − 2δk,1Gm−k(0) + 4δk,1δm−k,1

)
=

1
(m− 1)!

(
−2Gm−1(0) − 2Gm−1(0) + 4δm−1,1

)
= −

4
(m− 1)!

Gm−1.

So, for m > 3, βm(1) −βm(0) = − 4
(m−1)!Gm−1.

Hence βm(1) = βm(0)⇔ Gm−1 = 0⇔ m is an even integer with m > 4. Also,∫ 1

0
βm(x)dx = −

2Gm
m!

.

We are now ready to determine the Fourier coefficients B(m)
n .

Case 1: n 6= 0.

B
(m)
n =

∫ 1

0
βm(x)e−2πinxdx

= −
1

2πin

[
βm(x)e−2πinx

]1

0
+

1
2πin

∫ 1

0
β ′m(x)e−2πinxdx

= −
1

2πin

(
βm(1) −βm(0)

)
+

1
πin

∫ 1

0
βm−1(x)e

−2πinxdx

=
1
πin

B
(m−1)
n +

2
πin

Gm−1

(m− 1)!

=
1
πin

( 1
πin

B
(m−2)
n +

2
πin

Gm−2

(m− 2)!

)
+

2
πin

Gm−1

(m− 1)!

=
1

(πin)2B
(m−2)
n +

2
(πin)2

Gm−2

(m− 2)!
+

2
πin

Gm−1

(m− 1)!

=
1

(πin)2

( 1
πin

B
(m−3)
n +

2
πin

Gm−3

(m− 3)!

)
+

2
(πin)2

Gm−2

(m− 2)!
+

2
πin

Gm−1

(m− 1)!

=
1

(πin)3B
(m−3)
n +

2
(πin)3

Gm−3

(m− 3)!
+

2
(πin)2

Gm−2

(m− 2)!
+

2
πin

Gm−1

(m− 1)!
...

=
1

(πin)m−3B
(3)
n +

m−3∑
k=1

2
(πin)k

Gm−k

(m− k)!

= −
1

(πin)m−2 +

m−3∑
k=1

2
(πin)k

Gm−k

(m− k)!
=

m−2∑
k=1

2
(πin)k

Gm−k

(m− k)!
,

where B(3)
n =

∫1
0 β3(x)e

−2πinxdx =
∫1

0(2x− 1)e−2πinxdx = − 1
πin .

Case 2: n = 0.

B
(m)
0 =

∫ 1

0
βm(x) = −

2Gm
m!

.

βm(< x >), (m > 3) is piecewise C∞. In addition, βm(< x >) is continuous for all even positive
integers m > 4 and discontinuous with jump discontinuities at integers for all odd positive integers
m > 3.
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Assume that m is an even positive integer with m > 4. Then βm(1) = βm(0). βm(< x >) is piecewise
C∞, and continuous. Hence the Fourier series of βm(< x >) converges uniformly to βm(< x >), and

βm(< x >) = −
2Gm
m!

+

∞∑
n=−∞,n 6=0

(m−2∑
k=1

2
(πin)k

Gm−k

(m− k)!

)
e2πinx

= −
2Gm
m!

−
1
m!

m−2∑
k=1

2k+1
(
m

k

)
Gm−k ×

(
−k!

∞∑
n=−∞,n 6=0

e2πinx

(2πin)k
)

= −
2Gm
m!

−
1
m!

m−2∑
k=2

2k+1
(
m

k

)
Gm−kBk(< x >) −

4
m!

(
m

1

)
Gm−1 ×

{
B1(< x >), for x /∈ Z,
0, for x ∈ Z

= −
2Gm
m!

−
1
m!

m−2∑
k=2

2k+1
(
m

k

)
Gm−kBk(< x >)

= −
1
m!

m−2∑
k=0,k6=1

2k+1
(
m

k

)
Gm−kBk(< x >), for all x ∈ (−∞,∞).

Thus we have the following theorem.

Theorem 3.1. Let m be an even integer with m > 4. Then we have the following:

(a)
∑m−1
k=1

1
k!(m−k)!Gk(< x >)Gm−k(< x >) has the Fourier series expansion

−
2Gm
m!

+

∞∑
n=−∞,n 6=0

(m−2∑
k=1

2
(πin)k

Gm−k

(m− k)!

)
e2πinx

for all x ∈ (−∞,∞), where the convergence is uniform;
(b)

m−1∑
k=1

1
k!(m− k)!

Gk(< x >)Gm−k(< x >) = −
1
m!

m−2∑
k=0,k6=1

2k+1
(
m

k

)
Gm−kBk(< x >)

for all x ∈ (−∞,∞), where Bk(< x >) is the Bernoulli function.

Assume next that m is an odd integer with m > 3. Then, βm(1) 6= βm(0), and hence βm(< x >) is
piecewise C∞ and discontinous with jump discontinuities at integers. Thus the Fourier series of βm(<
x >) converges pointwise to βm(< x >) for x /∈ Z, and converges to

1
2
(βm(0) +βm(1)) = βm(0) −

2
(m− 1)!

Gm−1

for x ∈ Z. Thus we get the following theorem.

Theorem 3.2. Let m be an odd positive integer with m > 3. Thus we have the following:
(a)

∞∑
n=−∞,n 6=0

(m−2∑
k=1

2
(πin)k

Gm−k

(m− k)!

)
e2πinx =

{∑m−1
k=1

1
k!(m−k)!Gk(< x >)Gm−k(< x >), for x /∈ Z,∑m−1

k=1
1

k!(m−k)!GkGm−k −
2

(m−1)!Gm−1, for x ∈ Z;

(b)

−
1
m!

m−2∑
k=1

2k+1
(
m

k

)
Gm−kBk(< x >) =

m−1∑
k=1

1
k!(m− k)!

Gk(< x >)Gm−k(< x >), for x /∈ Z,

−
1
m!

m−2∑
k=2

2k+1
(
m

k

)
Gm−kBk(< x >) =

m−1∑
k=1

1
k!(m− k)!

GkGm−k −
2

(m− 1)!
Gm−1, for x ∈ Z.
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4. The function γm(< x >)

Let γm(x) =
∑m−1
k=1

1
k(m−k)Gk(x)Gm−k(x), (m > 3). Then we will consider the function

γm(< x >) =

m−1∑
k=1

1
k(m− k)

Gk(< x >)Gm−k(< x >),

defined on (−∞,∞), which is periodic with period 1. The Fourier series of γm(< x >) is

∞∑
n=−∞C

(m)
n e2πinx,

where

C
(m)
n =

∫ 1

0
γm(< x >)e−2πinxdx =

∫ 1

0
γm(x)e−2πinxdx.

Before proceeding further, we note the following

γ ′m(x) =

m−1∑
k=1

1
k(m− k)

(
kGk−1(x)Gm−k(x) + (m− k)Gk(x)Gm−k−1(x)

)

=

m−1∑
k=2

1
m− k

Gk−1(x)Gm−k(x) +

m−2∑
k=1

1
k
Gk(x)Gm−k−1(x)

=

m−2∑
k=1

( 1
m− k− 1

+
1
k

)
Gk(x)Gm−1−k(x)

= (m− 1)
m−2∑
k=1

1
k(m− 1 − k)

Gk(x)Gm−1−k(x)

= (m− 1)γm−1(x).

From this, we note that
(
γm+1(x)
m

) ′
= γm(x),

∫ 1

0
γm(x)dx =

1
m

(
γm+1(1) − γm+1(0)

)
,

γm(1) − γm(0) =
m−1∑
k=1

1
k(m− k)

(
Gk(1)Gm−k(1) −Gk(0)Gm−k(0)

)
=

m−1∑
k=1

1
k(m− k)

(
(−Gk(0) + 2δk,1)(−Gm−k(0) + 2δm−k,1) −Gk(0)Gm−k(0)

)

=

m−1∑
k=1

1
k(m− k)

(
−2Gk(0)δm−k,1 − 2δk,1Gm−k(0) + 4δk,1δm−k,1

)
=

1
m− 1

(
−2Gm−1(0) − 2Gm−1(0) + 4δm,2

)
= −

4
m− 1

Gm−1.

Thus,
γm(1) = γm(0) ⇔ Gm−1(0) = 0 (m > 3) ⇔ m is even (m > 3).
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Also, ∫ 1

0
γm(x)dx = −

4
m2Gm.

We are now ready to determine the Fourier coefficients C(m)
n .

Case 1: n 6= 0.

C
(m)
n =

∫ 1

0
γm(x)e−2πinxdx

= −
1

2πin

[
γm(x)e−2πinx

]1

0
+

1
2πin

∫ 1

0
γ ′m(x)e−2πinxdx

= −
1

2πin

(
γm(1) − γm(0)

)
+
m− 1
2πin

∫ 1

0
γm−1(x)e

−2πinxdx

=
m− 1
2πin

C
(m−1)
n +

2
πin

Gm−1

m− 1

=
m− 1
2πin

(m− 2
2πin

C
(m−2)
n +

2
πin

Gm−2

m− 2

)
+

2
πin

Gm−1

m− 1

=
(m− 1)(m− 2)

(2πin)2 C
(m−2)
n +

m− 1
2πin

2
πin

Gm−2

m− 2
+

2
πin

Gm−1

m− 1

=
(m− 1)(m− 2)

(2πin)2

(m− 3
2πin

C
(m−3)
n +

2
πin

Gm−3

m− 3

)
+
m− 1
2πin

2
πin

Gm−2

m− 2
+

2
πin

Gm−1

m− 1

=
(m− 1)(m− 2)(m− 3)

(2πin)3 C
(m−3)
n +

(m− 1)(m− 2)
(2πin)2

2
πin

Gm−3

m− 3
+
m− 1
2πin

2
πin

Gm−2

m− 2
+

2
πin

Gm−1

m− 1
...

=
(m− 1)m−3

(2πin)m−3 C
(3)
n +

m−3∑
k=1

(m− 1)k−1

(2πin)k−1
2
πin

Gm−k

m− k

= −
2
m

(m)m−2

(2πin)m−2 +
4
m

m−3∑
k=1

(m)k
(2πin)k

Gm−k

m− k

=
4
m

m−2∑
k=1

(m)k
(2πin)k

Gm−k

m− k
,

where C(3)
n =

∫1
0 γ3(x)e

−2πinxdx =
∫1

0(2x− 1)e−2πinxdx = − 1
πin .

Case 2: n = 0.

C
(m)
0 =

∫ 1

0
γm(x)dx = −

4
m2Gm.

γm(< x >), (m > 3) is piecewise C∞. In addition, γm(< x >) is continuous for all even positive
integers m > 4 and discontinuous with jump discontinuities at integers for all odd positive integers
m > 3.

Assume first that m is an even positive integer with m > 4. Then γm(1) = γm(0). γm(< x >) is
piecewise C∞ and continuous. Hence the Fourier series of γm(< x >) converges uniformly to γm(< x >),
and

γm(< x >) = −
4
m2Gm +

∞∑
n=−∞,n 6=0

( 4
m

m−2∑
k=1

(m)k
(2πin)k

Gm−k

(m− k)

)
e2πinx
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= −
4
m2Gm −

4
m

m−2∑
k=1

(
m

k

)
Gm−k

m− k
×
(
−k!

∞∑
n=−∞,n 6=0

e2πinx

(2πin)k
)

= −
4
m2Gm −

4
m

m−2∑
k=2

(
m

k

)
Gm−k

m− k
Bk(< x >) −

4
m

(
m

1

)
Gm−1

m− 1
×

{
B1(< x >), for x /∈ Z,
0, for x ∈ Z

= −
4
m

m−2∑
k=0,k6=1

(
m

k

)
Gm−k

m− k
Bk(< x >).

Hence we have the following theorem.

Theorem 4.1. Let m be an even integer with m > 4. Then we have the following:

(a)
∑m−1
k=1

1
k(m−k)Gk(< x >)Gm−k(< x >) has the Fourier series expansion

m−1∑
k=1

1
k(m− k)

Gk(< x >)Gm−k(< x >) = −
4
m2Gm +

∞∑
n=−∞,n 6=0

( 4
m

m−2∑
k=1

(m)k
(2πin)k

Gm−k

m− k

)
e2πinx

for all x ∈ (−∞,∞), where the convergence is uniform;
(b)

m−1∑
k=1

1
k(m− k)

Gk(< x >)Gm−k(< x >) = −
4
m

m−2∑
k=0,k6=1

(
m

k

)
Gm−k

m− k
Bk(< x >)

for all x ∈ (−∞,∞), where Bk(< x >) is the Bernoulli function.

Assume next that m is an odd integer with m > 3. Then, γm(1) 6= γm(0), and hence γm(< x >)
is piecewise C∞ and discontinuous with jump discontinuities at integers. Thus the Fourier series of
γm(< x >) convergence pointwise to γm(< x >) for x /∈ Z, and converges to

1
2
(γm(0) + γm(1)) = γm(0) −

2
(m− 1)

Gm−1

for x ∈ Z. Thus we get the following theorem.

Theorem 4.2. Let m be an odd positive integer with m > 3. Thus we have the following:
(a)

∞∑
n=−∞,n 6=0

( 4
m

m−2∑
k=1

(m)k
(2πin)k

Gm−k

(m− k)

)
e2πinx =

{∑m−1
k=1

1
k(m−k)Gk(< x >)Gm−k(< x >), for x /∈ Z,∑m−1

k=1
1

k(m−k)GkGm−k −
2

(m−1)Gm−1, for x ∈ Z;

(b)

−
4
m

m−2∑
k=1

(
m

k

)
Gm−k

m− k
Bk(< x >) =

m−1∑
k=1

1
k(m− k)

Gk(< x >)Gm−k(< x >), for x /∈ Z,

−
4
m

m−2∑
k=2

(
m

k

)
Gm−k

m− k
Bk(< x >) =

m−1∑
k=1

1
k(m− k)

GkGm−k −
2

(m− 1)
Gm−1, for x ∈ Z.
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