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Abstract

Recently, Luo introduced Fourier expansions of Apostol-Bernoulli, Apostol-Euler and Genocchi polynomials and investi-
gated some interesting identities and properties of these polynomials by using Fourier series. In this paper, we consider three
types of functions given by sums of products of Genocchi functions and derive their Fourier series expansions. In addition, we
will express each of them in terms of Bernoulli functions. (©2017 All rights reserved.
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1. Introduction

Let G (x) be the Genocchi polynomials given by the generating function (see [2, 6, 7, 9-11, 21])

2t . = tm
7et +1€ = TTLZ_OGm(X)Tn_!

For x =0, Giy = G (0) are called Genocchi numbers. The first few Genocchi polynomials are as follows:

Go(x) =0,G1(x) =1,Gy(x) =2x—1,

Ga(x) = 3x% —3x, G4 (x) = 4x> —6x% +1,

Gs(x) = 5x* — 10x% + 5%, Gg(x) = 6x° — 15x* + 15x2 — 3,
Gy(x) = 7x% — 21x° + 35x® — 21x.
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From the relation G, (x) = mE;_1(x), we see that
deg Gm(x) =m-— 1/ Gm = mEmfll GO = 0/ Gl = 1/ G2m+l = 0/ G2m+l 7& 0/

where m > 1. Also,

£ G = MG 106, (M= 1), G+ 1)+ Gulx) = 2mx™ ", (m > 0), (1.1)

From (1.1), we have
Gm(1)+Gm(0) = 26m,l/ (m >0),

1
Jo Gm(x)dx = mi—l (Gm+1(1) = Gmy1(0))

_ 2
C om+1

0, for m even
B _#HGm+1/ for m odd.

(—Gm+1(0) + 8m,p)

For any real number x, we let
<x>=x—[x] €10,1)

denote the fractional part of x.

Here we will consider the following three types of sums of products of Genocchi functions and derive
their Fourier series expansions. Further, we will express each of them in terms of Bernoulli functions
Bm(<x >).

(1) Xm (< x >) = 1o Gr(< x >)Gm_x(< x>), (m > 3);
(2) Bm(<x>)=2 1", WGk(< X >)Gm—k(<x>),(m > 3);
B) Ym(<x>) = X5 g k(< x >)Gm k(< x >), (m > 3).
For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [8, 17, 18,
22]).

As to ym (< x >), we note that the polynomial identity (1.2) follows immediately from Theorems 4.1
and 4.2, which is in turn derived from the Fourier series expansion of ym (< x >),

m—1 1 4 m—2 m\ G 5
Y g G = 3 <k> Ot

k=1

Bi(x), (m>3). (1.2)

The obvious polynomial identities can be derived also for oy, (< x >) and B (< x >) from Theorems
2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is noteworthy that from the Fourier series expan-
sion of the function ) ', mBk( < x >)Bm_x(< x >) we can derive the following corresponding
polynomial identity:

m—1
Y i Be X B (9 (13)

2 1\ 2% 1 /m 2
== <Bm+> + = ( )Bm_kBk () + =Hpm 1B (x), (m>2),
m 2 m = m—k\k m

Simple modification of (1.3) yields a slightly different version of the well-known Miki’s identity (see
[1, 5,19, 20]):

m

= 1 1 & 1 (2m 1
———F— BB BoxBom— —Hom—1Bom, =2).
1<Z1 2k (2m — 2k) D2k Pam-2k = ZZk(Zk) 2kbam 2k+m 2m-1Bom, (M =2)
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With B, = (12&71“1]) Bm = (21"™ —1) Byy = By (), from (1.3) we can also derive

1« 1 /2m\, - 1 =
BokBam-ak = Z BakBam—ok + —Hom-1Bom, (m=>2),

1
Z 2k (2m — 2k) 2k \ 2k

which is the Faber-Pandharipande-Zagier identity (see [4]). Some related works can be found in [3, 12-16].

2. The function oy (< X >)

Let o (x) = ka:_ll Gk (x)Gm—k(x), (m = 3). Note here that deg &y, (x) = m — 2. Then we will consider

the function
m—1

am(<x>) =} Gr(<x>)Gm k(<x>),(m>3),
k=1
defined on (—o0, c0), which is periodic with period 1. The Fourier series of o (< x >) is

00
Z A1(’Lm) e27TlTLX’
n=—oo

where

1

1
AL‘“) = J O (< x >)e 2T qx = J O (X)e 2T X dx.
0 0

Before proceeding further, we note the following.

m—1
xr (x) = (kGr—1(x)Gm—k(x) + (M — k)G (x) Gm_x—1(x))

:1i11 m—

= kG _1(x) Z m—k)G(x)Gm_k—1(x)
k—2 k=1
m—2 m—2

=) (k+1)GKx)Gm 1-k(x)+ ) (M—K)Gk(x)Gm_1-k(x)
k=1 k=1
= (m+1) Z )Gmo1—k(x) = (M +1)atm_1(x).

0 m—|—2
m—1
om (1) —oem (0) = (Gk(1)Gm—k(1) — Gk (0)Gm—x(0))
k=1
m—1

= ((—Gx(0) +201,1) (=G m—x(0) +20m—k,1) — Gk (0)Gm—x(0))

= (—2Gk(0)0m—x,1 —20%,1Gm—«(0) + 41, 10m—k,1)

=—4G—1(0) +40m—1,1 = 4G —1(0).
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Thus
am (1) = am(0) <= G—1(0) =0, (m > 3) <= m is even, (m > 3).
Also,
! —4
JO (Xm(X)dX = me
Now, we would like to determine the Fourier coefficients A;m]
Case 1: n #0.

1
Al :J o (x)e 2T dx
0

1
2min

1
S 1 (otm (1) — am (0)) + m+1 J (mel(x)eibﬁnxdx

—27minx 1 1 ! / —27inx
am(x)e +27dn o (x)e dx

2min 2min Jg
1 2
_mt A -b + 7Gm71
~ 2min
1 2
ias b 2 G )+ G
- 2min mn min in
1 12
:71114- Jm Am 2 m+ m—2+—Gm—-1
(27rin)? 2min min min
m+1)m _ 2 m+1 2 2
_ | A;m Vh 2 Gns ———Gm2+ —=-Gm 1
(27tin)2 2mn in 27in min
(m+1)mm—-1)  (m—3  (M+1)m 2 m+1 2 2
= 3 n A2 s 9m-—3 . .—Gm,2+_—Gm_1
(27tin) (2mtin)? min 2min min min
_ (m+1)m— 3 (m+1)_q 2
- (2min)m— = A D Z Qmin)k1 min ™ F
(Mm+1)m_3 (m+1)1 e
=4~ 14 _
(27tin)m—2 Z (27in)k Gm—k
m—2
(m+ 1)y
=4
Z (27tin)k K
k=1
4 " (m2)
= . k m—Kkrs
m+2 = (27tin)
where A = f(l) oz (x)e X dyx = fé(4x —2)e 2minxqx = —n%n.
Case 2: n = 0. We have .
(m) —4
A = dx=—-G
o = | i = =56
and am(< x >), (m > 3) is piecewise C*. In addition, (< x >) is continuous for all even positive

integers m > 4 and discontinuous with jump discontinuities at integers for all odd positive integers
m > 3.
We now recall the following facts about Bernoulli functions By (< x >):
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(1) form > 2,

]

B(<x>)=-ml )

n=—oo,n#0

eZTtinx
(2mrin)m’
(2) form =1,

> g2minx {B1(< x>), for x ¢ Z,

omin 0, for x € Z.

n=—oo,n#0

Assume first that m is an even positive integer > 4. Then a1, (1) = am (0).
am (< x >) is piecewise C*, and continuous. So the Fourier series of o (< x >) converges uniformly to
am (< x >), and

1 4 m—2 m+2 o eZT[inx
= — O
AL S——— D ( k )Gm “( 2 (2min)¥

k=1 n=—oo,n+#0
—4 4 " /m+2
= Gm — ( )Gm—kBk(<X>)
m+2 m+2 = k
4 (m—l—Z)G Bi(<x>), for x¢ Z,
m+2 1 m-t 0, for xe Z
—4 4 " /m+2
= Gm — Z ( )Gm—kBk(<X>)
m+2 m+2 = k
4 (m—|—2>
=— Z Gm-—xkBrk(<x>)
m+4 2 kA1 k

for all x € (—o0, 00). Hence we obtain the following theorem.
Theorem 2.1. Let m be an even integer with m > 4. Then we have the following:

(a) ka:_ll Gk (< x >)Gm—_k(< x >) has the Fourier series expansion

m—1 4 [} 4 m—2 (m+2)k
- = 27tinx
D Gel<x>)Gm k(<x>)=———Gm+ ) <m+2 > i Gm_k> e
k=1 n=—oo,n#0 k=1

for all x € (—o0, 00), where the convergence is uniform;

(b)

m—1 4 m—2 m+2
D Gr(<x>)Gmok(<x>) Di— > ( . >Gkak(<x>)
=1 KO kA

forall x € (—o0, 00), where By (< x >) is the Bernoulli function.

Assume next that m is an odd integer > 3. Then (1) # o (0), and hence o, (< x >) is piecewise
C*, and discontinuous with jump discontinuities at integers. The Fourier series of «;,,(< x >) converges
pointwise to o (< x >), for x ¢ Z, and converges to

! (am(0) + com(1)) = eon(0) 261

for x € Z. Thus, we get the following theorem.
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Theorem 2.2. Let m be an odd positive integer with m > 3. Then we have the following:

(a)

i ( 4 ‘“ZZ (m+2)k - k) ezﬂm:{zkm:fek(<x>)em W(<x>), for x¢Z,

m+2 (27mtin)k S GrGmok —2Gm 1, for x € Z;

n=—oo,n#0 k=1

(b)

4 " /m+2 !
—_ Gm_kBk(<x>) = Gr(<x >)Gm_k(<x>), forx ¢ Z,
m+2 k
k=1 k=1
4 m—2 2 m—1
- M G kBr(< x>) = Y GGk —2Gm_1, for x € Z.
m+2 k
k=2 k=1
3. The function Bm (<X >)
Let Bm(x) = > 1oy mGk(x)Gm_k(X), (m > 3). Then we will consider the function
m—
m(<x>) Z Gir(< x >)Gm_k(<x>),

defined on (—o0, 00), which is periodic with period 1. The Fourier series of (< x >) is
o0
Z Bilm)e%rinx,
n=-—oo
where ) .
BY™ = J Bm(< x >)e ™M dx = J Bm(x)e 2™ dx.
0 0

To proceed further, we observe the following:

m—1

m—k
= Zl {k' m k Gk—l(X)Gm—k(X) +k!(TTL—k)!Gk(X)Gmk1(X)}
! m—2 1
= ];2 - 1 k) Gk 1( )Gm—k(x) + kZ_l mGk(X)Gm_k_l(X)

— Z m 1_ ) Gk(x)Gm—l—k(X)

/
From this, we get (B“”zl(")) = Bm(x), and

[ Bnax =3 (Bmes() - Bmia0),
m—1 1

B =Bm(0) = D =i (Gx(1)Gmk(1) = Gi(0)Gmi(0)

k=1
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m—1
1
= m{(—Gk(O) +26k1) X (=Gm—k(0) +28m k1) — Gk(0)Gm—x(0)}
k=1 ’
m—1 1
T K(m—K)! (*2Gk(0)6m_k,1 —281,1Gm—k(0) +46k,16m_k,1)
k=1 )
1
= i1 (26 1(0) =261 1(0) +45 111
4
= Tmoniom

So, form > 3, Bm (1) — Bm (0 ):_ﬁGm 1-
Hence B (1) = Bm(0) & Gm—1 =0 < mis an even integer with m > 4. Also,

j B () = — 20
0

m! -’
We are now ready to determine the Fourier coefficients B%m)

Case 1: n #£0.

1
B](im) — J Bm(x)e_zm“"dx
0

1 1 .
—27inx —27minx
= d
2mn [Bm( Je ] +Zan B (x)e x
1t o
— g (B = Bnl0)) + = | Broalx)e N ax
_Lgmn 2 Gmo
mn min (m—1)!
1 1 (m—2) 2 Gm_2 2 Gm1
= — B
nin(mn " +7'tin (m—Z)!> min (m—1)!
o 1 (m—2) 2 Gm-2 2 Gm
(min)2 " (min)2 (m—2)!  7win (m—1)!
1 (L (m=3) 2 Gm=3 ) 2 Gm—2 n 2 Gma
~ (min)2 \min " min (m—3)! (min)2 (m—2)!  #win(m-—1)!
. 1 B(m73) 2 Gm-3 + 2 Gm-—2 + 2 Gm1
(min)3 " (min)3 (m—3)!  (min)2 (m—2)! = min (m—1)!
m—3 y
_ m
N (mn e kZ_l (rtin)k (m —k)!
-3 m—
. m k
T (min)m—2 g (rrin)k Z (min)* (m —k)!”
where B = fé Bs(x)e 2minxdqyx = fo(Zx —1)e 2minxdx = — L.
Case 2: n = 0. .
2G
B = | Bl =22
0 m.

Bm(< x >), (m > 3) is piecewise C*. In addition, B (< x >) is continuous for all even positive
integers m > 4 and discontinuous with jump discontinuities at integers for all odd positive integers

m > 3.
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Assume that m is an even positive integer with m > 4. Then (1) = Bm(0). Bm(< x >) is piecewise
C*, and continuous. Hence the Fourier series of 3. (< x >) converges uniformly to 3. (< x >), and

m—2

2G 0 2 Gm— Tinx
Pm(<x>)=— m! * Z <Z (in)¥ (m_]:)!)ez

n=—oon#0 k=1

-2 . .
pICIRE (m> e2rinx
=— — ) okl Gm— x(—k! 7)

T mok > e
m! m! — k e om0 (27tin)
-2
2Gm 1§ k+1
= Tml m kzzz

m 4 (m Bi(<x>), for x¢ Z,
Gm_kBr(<x>)—— Gm_1 X
(k) m-kBil<x>) m!(l) mt {O, for x e Z
2G 1 m
= — mT'n_ﬁ sz+l<k>Gkak <X>)

(

(
Z ZkH( ) m—kBx(<x>), forall x € (—oo,00).
L 0,k#£1

Thus we have the following theorem.
Theorem 3.1. Let m be an even integer with m > 4. Then we have the following:
(@) > mGk(< x >)Gm—_k (< x >) has the Fourier series expansion

o0 m—2
2

2G Gm—k minx
Cm! + Z (Z (7rin)k (m—k)!)62

n=—oon#0 k=1

for all x € (—o0, 00), where the convergence is uniform;

(b)

wl\/l;':*

Gr(<x >)Gm_x(<x>) = Z 2“1( > m_kBr(< x >)
k 0,k#£1

forall x € ( 00), where By (< x >) is the Bernoulli function.

Assume next that m is an odd integer with m > 3. Then, (1) # Bm(0), and hence B (< x >) is
piecewise C* and discontinous with jump discontinuities at integers. Thus the Fourier series of (<
X >) converges pointwise to 3., (< x >) for x ¢ Z, and converges to
2

1
E(Bm(O) +Bm(1)) =PBm(0) — m

Gmfl

for x € Z. Thus we get the following theorem.

Theorem 3.2. Let m be an odd positive integer with m > 3. Thus we have the following:

(a)

oo m—

2
Z ( 2 Gm_x )eZﬁinx B Zk 1 WGk(< X >)Gm k(< X > fOT X ¢ Z,

n=—ocon#0 k=

(b)
1 m—2 m m—1 1
- kZ_l <k>Gm kBr(<x >) 2 k!(m—k)!Gk(<X>)Gm k(< x>), for x ¢
_2 1
e (M e e =Y Giene 2 G ez
m S k)T = kl{m—k)! m (m—1) "
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4. The function y, (< x >)

Let ym(x) = Z?:_ll ﬁGk(x)Gm_k(x), (m > 3). Then we will consider the function

m—1
Ym(<x>) =} k(ml_k)Gk(< x >) Gk (< X >),
k=1

defined on (—o0, 00), which is periodic with period 1. The Fourier series of v (< x >) is

00

(m) _27tin
> Caemny,
n=—oo

where .

1
cim = J Ym(< x >)e 2 dx = J Ym(x)e 2 dx.
0 0

Before proceeding further, we note the following

m—1
Yinlx) = Y i (K610 m(x) + (m = K)G(x) G (x))
k=1
m—1 1 nlz—Z 1
= Gr—1(x)Gm—k(x) + =Gr(x)Gm—k—1(x)
k=2 m—k k=1 S
2 1 1
-2 (=7 + 1) 6k X)Gmo1-k0)
m—2 1
=(m-1) Z Km—1—K) Gk (x)Gm—1-k(x)
k=1

! 1
| Ym0 = - (v (1) =y 0),

Y1) = ¥m(0) = Y i (Gul1)Gm (1) ~ G(0)Gm1(0))

k=1
m—1 1
= 3 =10 (60 +251) (=G 1(0) + 28m 1) — Gx(0)Gm(0))
k=1
m—1 1
=Y e (—ZGk(O)émfk,l 281Gk (0) + 4511 5m7k,1>
k=1
1
4
~Tmo1om!

Thus,
Ym(1) =vm(0) & Gn-1(0)=0 (Mm>3) & m iseven (m > 3).
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Also,

! 4
J Ym(x)dx = —@Gm.
0

We are now ready to determine the Fourier coefficients cim
Case 1: n #£0.

1
C1(1m) _ J ym(x)efﬁnnx dx

727'(1n 1
e

1
J ‘Y:n(X)eiznlnXdX

2min Jg
1
() (@) + 2 L Yim1(x)e 2 dx
1C m—1) iGmfl
Zmn " minm—1
:m_1<m_2C(m72)+ 2 Gm_z) 2 Gm—1
2min \ 2mwin " minm—2/ mnm-—1
_(m_l)(m_z)c(m—Z) m—12 Gno, 2 Gn
- (2min)2 " 2min minm—2  mnm-—1
_(m—l)(m—Z)(m—3C(m_3)+ 2 Gm,g) m—1 2 G2 2 Gm—1
n (27tin)? 2min mnm-—3 2min rinm—2  minm-—1

(m—-1)(m—-2)(m—3) \(m-3) , (M—-1)(m—=2) 2 Gm3 ,m-12 Gno 2 Gm1
(27tin)3 " (27in)? minm—3  2mn minm—2 mnm-—1

_ (m—l)m3C(3)+mZ3 (m—1)k—1 2 Gm—x

(27tin)m—3 2min)k 1 min m—k

=1

-3
- (m)k Gm—k

Kk
_ 2 (Mmoo 4 Y
m (2min)m—2  m = (2min)k m —k

—2
_ 4 & (M Gm_x
m (2min)k m—k’
k=1
where CY) = [ v3(x)e 2 dx = [§(2x —1)e 7 dx = — L.
Case 2: n =0.

1
C(()m) = L Ym(x)dx = _WGm'

Ym(< x >), (m > 3) is piecewise C*. In addition, ym (< x >) is continuous for all even positive
integers m > 4 and discontinuous with jump discontinuities at integers for all odd positive integers
m > 3.

Assume first that m is an even positive integer with m > 4. Then vy (1) = Ym(0). ym(< x >) is
piecewise C* and continuous. Hence the Fourier series of vy (< x >) converges uniformly to ym (< x >),
and

00 4 m—2

Z (m)k Gm—k )eZTtinx
Tk _
e a0 m — (2min)k (m—Xk)
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4 4 "2 m Gm—x = e27inx
IS (u Caiag)
m2- "™ m Z <k) m—k Z (2mtin)k
k=1 n=—oo,n#0

m—2
_ A 4 5 <m> Gm_ kBk(<x>)—4<m> Gt {Bl(<x>), for x ¢ Z,
m

m?2 m — k)m—k 1/m-—1 0, for xe Z

_ 4 mZZ m Gmka (<x>)
T m k) m—k '
k=0,k#1

Hence we have the following theorem.
Theorem 4.1. Let m be an even integer with m > 4. Then we have the following:

(@ > mGkK x >)Gm—_k(< x >) has the Fourier series expansion

m—1 0

1 . 4 4 Gm—« 2minx
Z k(m—k)Gk(<X>)Gm*k(<X>)_ szm+ Z (m Z Zmn m— k>e
k=1 n=—oo,n#0 k=1

forall x € (—oo, 00), where the convergence is uniform;
(b) ) )
m— m
1 4 m\ G —k
E ——Gr(<x>)G k(< x>)=—— E ( > M B (< x >)
= k(m—Xk) m. O£l k/m—k

forall x € (—oo, 00), where By (< x >) is the Bernoulli function.

Assume next that m is an odd integer with m > 3. Then, ym (1) # ym(0), and hence ym (< x >)
is piecewise C* and discontinuous with jump discontinuities at integers. Thus the Fourier series of
Ym (< x >) convergence pointwise to ym (< x >) for x ¢ Z, and converges to

2

1
~(ym(0) +ym(1)) =vm(0) — m

2

for x € Z. Thus we get the following theorem.

Gm—l

Theorem 4.2. Let m be an odd positive integer with m > 3. Thus we have the following:

(a)

i (i mZZ Gm_x )ezmnx _ E‘;ll 7k(m aGk(<x>)Gm x(<x>), for x¢Z,
m 2mn —k) 21:_11 k(T]14<)G1<GT,1_1< ﬁGmfl, for x € Z;

n=—oo,n#0 k=1
(b)
4 m—2 m m 5 m—1 1
— Bk(<x>) ——Gr(<x>)Gm_k(<x>), forx ¢ Z,
m k k(m —k)
k=1 k=1
4" 'm\ G ! 2
- B G Gk ———Gp_1, Z.
m (k)m—k k(< x>) Zk kGm—k (m—1) mlfOTXE
k=2 k=1
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