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Abstract

In this paper, we introduce several types of S-y-d-¢-contractive mappings which are generalizations of x-\p-contractive
mappings [B. Samet, C. Vetro, P. Vetro, Nonlinear Anal., 75 (2012), 2154-2165] in the structure of S-metric spaces. Furthermore, we
prove existence and uniqueness of fixed points and common fixed points of such contractive mappings. Our results generalize,
extend and improve the existing results in the literature. We also state some illustrative examples to support our results. (©2017
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1. Introduction

In the last several decades, fixed point theory has attracted many researchers since 1922 with the
famous Banach fixed point theorem. There exists a vast literature on this topic and this is a very active field
of research at present. It is well-known that the contractive-type conditions are very indispensable in the
study of fixed point theory. The first important result on fixed point for contractive-type mappings was the
celebrated Banach Contractive Principle (BCP, for short) in [2, 6]. Due to application potential of the theory,
many authors have directed their attentions to this field and have generalized the Banach contraction
principle in various ways (see, e.g., [4, 9, 11, 13, 15, 21]). Very recently, a new, simple and unified approach
in the theory of contractive mappings was given by Samet et al. [23] by using the concepts of x-1\-
contractive mappings and «-admissible mappings in metric spaces. The results obtained by Samet et al.
[23] showed the Banach fixed point theorem and some other theorems in the literature became direct
consequences of the results. Further, Karapinar and Samet [12] generalized the «-\-contractive type
mappings and obtained various fixed point theorems for this generalized class of contractive mappings.
On the other hand, several authors studied fixed point theory in generalized metric spaces. For details,

*Corresponding author
Email addresses: mizhou330@126.com (Mi Zhou), stellalwp@163. com (Xiao-lan Liu), radens@beotel.rs (Stojan Radenovi¢)

doi:10.22436 /jnsa.010.04.27
Received 2016-10-26


http://dx.doi.org/10.22436/jnsa.010.04.27

M. Zhou, X. L. Liu, S. Radenovi¢, J. Nonlinear Sci. Appl., 10 (2017), 1613-1639 1614

we refer readers to [5, 8, 10, 14, 26]. Not long ago, Sedghi et al. [25] introduced the concept of an S-metric
space and proved some properties of an S-metric space and some fixed point theorems for a self-map
on an S-metric space. After that, Sedghi and Dung [24] proved a generalized fixed point theorem in the
context of S-metric spaces which is an extension of Theorem 3.1 of [25] and obtained many analogues of
fixed point theorem in an S-metric space. Moreover, many authors proved some coupled common fixed
point theorems and coupled coincidence point results for certain contractive contractions in a partially
ordered S-metric spaces. For details, see [7, 28].

Motivated by discussions mentioned above, the purpose of this paper is first to introduce some types
of S-y-¢-p-contractive mappings which are generalizations of x-1p-contractive mappings in the structure
of S-metric spaces and to prove some sufficient conditions for the existence and uniqueness of fixed points
and common fixed points for some S-y-¢-@-contractions in S-metric spaces. Our main results generalize,
extend and improve the existing results on this topic in the literature. Some illustrative examples are
provided to demonstrate the main results and to show the genuineness of our results.

2. Preliminaries

We briefly recall some basic definitions and important results which sever a background to the follow-
ing discussion.

Throughout this paper, IN denotes the set of nonnegative integers, and R* denotes the set of nonneg-
ative real numbers.

Definition 2.1. [23] Let ¥ be the family of functions 1 : [0, c0) — [0, co0) satisfying the following conditions:
1 1 is nondecreasing;
2 £ Pp™(t) < oo Vt > 0, where Y™ is the n'" iterate of .
These functions are known in the literature as (c)-comparison functions.
Lemma 2.2 ([3]). If\ € Y, then the following hold:
(1) (W™(t))nen converges to 0 as n — oo forall t € R™;
(2) W(t) < tforanyt e (0,00);
(3) p is continuous at 0;
(4) the series Y 51 W*(t) converges for all t € RT.
Let @ be a family of functions ¢ : [0,00) — [0, 0o) satisfying the following conditions:
(1) @ is lower semi-continuous;
(2) @(t) =0if and only if t = 0.
The following definitions were introduced by Samet et al. [23].

Definition 2.3. Let (X, d) be a metric space and let T : X — X be a given mapping. We say that T is an
a-\p-contractive mapping if there exist two functions « : X x X — [0, c0) and 1\ € ¥ such that

a(x,y)d(Tx, Ty) < ¥(d(x,y)), Vx,y € X.

Obviously, any contractive mapping, that is, a mapping satisfying Banach contraction principle is an
a-\p-contractive mapping with a(x,y) =1, Vx,y € X and P (t) = kt, Vt > 0 and some k € [0,1).

Definition 2.4. Let T: X — X and « : X x X — [0, 00). We say that T is a-admissible if for all x,y € X, we
have

alx,y) > 1= o(Tx, Ty) > 1.

The main results in [23] are the following fixed point theorems.
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Theorem 2.5. Let (X, d) be a complete metric space and T : X — X be an «-\p-contractive mapping. Suppose that
(1) T is -admissible;
(2) there exists xg € X such that «(xg, Txg) > 1;
(3) T is continuous.

Then there exists x € X such that Tx = x.

Theorem 2.6. Let (X, d) be a complete metric space and T : X — X be an o-~p-contractive mapping. Suppose that
(1) T is a-admissible;
(2) there exists xg € X such that «(xg, Txg) = 1;

(3) if {xn} is a sequence in X such that «(xn,Xn+1) = 1, Vn € N and x, = x € Xasn — oo, then
a(xn,x) =1, ¥n e N.

Then there exists x* € X such that Tx* = x*.

Samet et al. [23] added the following assumption to Theorems 2.5 and 2.6 to guarantee the uniqueness
of the fixed point.

(C) For all x,y € X, there exists z € X such that «(x,z) > 1 and «(y,z) > 1.

Recently, Karapinar and Samet [12] presented the following notion of generalized x-\-contractive
type mappings. Further, Karapinar and Samet [12] established fixed point theorems for this new class of
contractive mappings.

Definition 2.7. Let (X, d) be a metric space and let T : X — X be a given mapping. We say that T is a
generalized o-\-contractive mapping if there exist two functions & : X x X — [0,00) and 1) € ¥ such that
for all x,y € X, we have

a(x,y)d(Tx, Ty) < v(M(x,y)),

where M(x,y) = max{d(x,y), d(X’TX)Zd(y’TU), d(X’TU);d(y’TX)}.

Sedghi et al. [25] introduced the notion of S-metric spaces as follows.

Definition 2.8. Let X be a nonempty set. An S-metric on X is a function S : X3 — [0, 00) that satisfies the
following conditions for all x,y,z, a € X:

(S1) S(x,y,z) =0ifand only if x =y =z =0;
(S2) S(x,y,z) < S(x,x,a)+S(y,y,a) +S(z,z a).
The pair (X, S) is called an S-metric space.
Immediate examples of such S-metric spaces are:

(1) Let R be a real line, then S(x,y,z) = |x —z| + [y — z| is an S-metric on R. This S-metric is called the
usual S-metric on RR.

(2) Let X=R" and | - || be a norm on X, then S(x,y,z) = ||2x +y — 3z|| + ||x — z|| is an S-metric on X for
all x,y,z e X.

(3) Let X be a nonempty set, d is ordinary metric on X, then Sq4(x,y,z) = d(x,z) + d(y, z) is an S-metric
on X for all x,y,z € X.
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Lemma 2.9 ([25]). Let (X,S) be an S-metric space. Then

S(x,x,z) <25(x,x,y) +S(y,y,z) and S(x,x,z) <25(x,%x,y)+S(z,zy)
forall x,y,z € X.
Lemma 2.10 ([25]). Let (X,S) be an S-metric space. Then S(x,x,y) = S(y,y,x) for all x,y € X.
Definition 2.11. Let (X, S) be an S-metric space.

(1) A sequence {x,,} C X is said to be convergent to x € X if S(xn,Xn,x) — 0 as n — oo. That is, for each
€ > 0, there exists ng € IN such that for all n > ng, we have S(x.,xn,x) < €.

(2) A sequence {xn} C X is said to be a Cauchy sequence if S(xy, Xn, Xm) — 0 as n,m — oo. That is, for
each € > 0, there exists ng € IN such that for all n, m > ng, we have S(xn, Xn, Xm) < €.

(3) The S-metric space (X, S) is said to be complete if every Cauchy sequence is a convergent sequence.

(4) A mapping T : X — X is said to be S-continuous if {Txn} is S-convergent to Tx, where {x} is an
S-convergent sequence converging to x.

Lemma 2.12 ([25]). Let (X, S) be an S-metric space. If there exist sequences {xn} and {yn} such that xn, — x and
Yn — Yy as n — oo, then S(xn, Xn,yn) — S(x, %, y).

Lemma 2.13 ([25]). Let (X, S) be an S-metric space. If the sequences {xn} in X such that x, — x, then x is unique.

3. Main results
We start the main results by introducing the new concept of S-y-\-¢-contractive mappings as follows.

Definition 3.1. Let (X, S) be an S-metric space and let T : X — X be a given mapping. We say that T is an
S-y--@-contractive mapping of type A if there exist three functions y : X3 — [0,00),p € ¥, and ¢ € @
such that for all x,y,z € X, we have that

Y(XIUIZ)S(TXzT\J/TZ) g 1|)(S(X/U/Z)) - (P(S(X/U/Z))-

Definition 3.2. Let (X, S) be an S-metric space and let T : X — X be a given mapping. We say that T is an
S-y--p-contractive mapping of type B if there exist three functions y : X — [0,00),% € ¥, and ¢ € @
such that for all x,y € X, we have that

Y(x,y,y)S(Tx, Ty, Ty) < b(S(x,y,y)) — o(S(x, y,y)). 3.1)

Definition 3.3. Let (X, S) be an S-metric space and let T : X — X be a given mapping. We say that T is an
S-y--p-contractive mapping of type C if there exist three functions vy : X3 = [0,00), € ¥, and ¢ € ®
such that for all x,y € X, we have that

v(x,y, TX)S(Tx, Ty, T) < W(S(x,y, Tx)) — @(S(x,y, Tx)). (3.2)

Definition 3.4. Let T: X — X and v : X3 — [0,00). We say that T is y-admissible if for all x,y,z € X, we
have that

Y(x,y,z) > 1=v(Tx, Ty, Tz) > 1.

Definition 3.5. Let T,f: X — X and v : X® — [0, 00). We say that T is f-y-admissible if for all x,y,z € X,
we have that

v(fx, fy, fz) > 1= vy(Tx, Ty, Tz) > 1.
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If f is the identity mapping, then T is y-admissible.

2, if Zy =z,
o X2y % Then T

Example 3.6. Let X = [1,00) and T : X ++ X. Define Tx = x* and y(x,y,z)= )
0, otherwise.

is y-admissible.
The following example shows that a mapping T which is f-y-admissible may not be y-admissible.

Example 3.7. Let X = [0, 00). Define the mapping y(x,y, z) : X*> — [0, c0) by

if x>y>z,

(x,y,2) v
x,y,z) =
YA %, otherwise.

Also define the mappings T,f : X — X by Tx = % and fx = e * for all x € X.

Suppose that y(x,y,z) > 1. This implies from the definition of y that x > y > z which further implies
that % < # < % Thus y(Tx, Ty, Tz) # 1, that is T is not y-admissible.

Now, we prove that T is f-y-admissible. Let us assume that y(fx, fy, fz) > 1. So

1 1 1
Y(fx, fy,fz) > 1=fx>fy>fz=e *>e Yy >e * = 2 > y—z > 2 = v(Tx, Ty, Tz) > 1.

Therefore, T is f-y-admissible.
Definition 3.8. We say that:
1. a sequence {xn} in X is (T,y)-orbital if x, = T™xp and y(xn, Xn+1,Xn+1) = 1 for alln € IN.

2. T is y-orbital continuous if, for every (T,vy)-orbital sequence {x,,} in X such that x, - x asn — oo,
there exists a subsequence {xn, } of {xn} such that Tx,,, — Tx as k — oo.

3. Xis (T,v)-regular if, for every (T,v)-orbital sequence {x,,} in X such that x, — x as n — oo, there
exists a subsequence {xy, } of {xn} such that y(xn,,x,x) > 1 for all k € IN.

4. Xis y-regular if, for every sequence {x,,} in X such that x, = x asn — co and y(Xn, Xn4+1,Xn+1) =1
for all n € N, there exists a subsequence {xy, } of {xn} such that y(xn,,x,x) > 1 for all k € N.

Remark 3.9.

(1) If T is continuous, then T is y-orbital continuous (for any 7).

(2) If X is y-regular, then X is also (T, y)-regular (for any v).
Definition 3.10. Let y : X3 — [0, 00). We say that vy is transitive if

=1, . .
{Y(X'U'U) implies y(x,z,z) > 1, forall x,y,z € X.

1

Yy, zz) 21,

Lemma 3.11. Let T: X — X and vy : X3 + [0, 00) be y-admissible and transitive, respectively. Assume that there

exists xo € X such that y(xo, Txo, Txo) = 1. Define a sequence {xn} by xn = T™xg. Then y(Xm, Xn,Xn) = 1, for
allm,n € N with m < n.

Proof. Since there exists xg € X such that y(xg, Txo, Txg) > 1, then from the definition of y-admissibility,
we deduce that y(x1,x2,%2) =v(Txg, Tx1, Tx1) > 1.
By continuing this process, we get y(xn, Xn+1,Xn+1) = 1, Vn € {0} UIN.
Suppose that m < n. Since
Y(Xm/Xmel/Xerl) 2 1/
Y(Xm+l/ Xm+2/, Xm+2) 2 1/
by the definition of transitivity of v, we deduce that y(xm, Xm+2,Xm+2) = 1. By continuing this process,
we get Y(Xm, Xn,Xn) = 1, Vm,n € N with m <n. O
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Theorem 3.12. Let (X,S) be a complete S-metric space. Suppose that T : X — X is an S-y-\p-@-contractive
mapping of type B and satisfies the following assumptions:

(A1) T is y-admissible;

(A2) there exists xg € X such that y(xg, Txg, Txg) > 1;
(A3) T is y-orbital continuous.

Then, there exists x* € X such that Tx* = x*.

Proof. Let xo € X such that y(xo, Txg, Txg) > 1. Define the sequence {xn,} in X by xn,+1 = Tx,, foralln > 0.
If X, = Xny+1 for some ng, then x* = x,, is a fixed point of T. So we suppose that x, # x,, 11 for all
n € {0} UIN. Since T is y-admissible, we have that

Y(xo0,x1,%1) =v(x0, Txo, Tx0) 2 1 = v(Txo, Tx1, Tx1) = v(x1,%2,%2) > 1.
By induction, we get that
YXn, Xni1, Xne1) =1, vyn=0,1,2,---. (3.3)
From (3.2) and (3.3), it follows that for all n > 1, we have that

(n—1,%n, Xn)S(Txn—1, Txn, Txn)
(S (Xn—lz Xn, XTI)) — @ (S(Xn—l/ Xn, Xn))
S

(S(xn—1,%n,Xn)).

S(Xn/ Xn+1, Xn+1) = S(Txnflr Txn, Txn) <Yy
<
<

Since 1 is nondecreasing, by induction, we have that
S(Xn, Xn+1, Xnt1) < W™ (S(xo,x1,%1)), Vn =1 (3.4)

Using (S2) and (3.4), we have

m—2

S(Xn, Xm, Xm) <2 Z S(xk, Xk+1/ Xk+1) + S(Xm—1,Xm, Xm)
k=n
m—2

<2 Z V*(S(x0,%1,%1)) + ™ 1(S(x0,%1,%1))-
k=n

Since P € ¥ and S(xg,x1,%1) > 0, by Lemma 2.2, we get that

Iim  S(xn,Xm,Xm) = 0.
n,m—o0

This implies that {x,} is a Cauchy sequence in the S-metric space (X, S).
Since T is y-orbital continuous, then there exists a subsequence {xn, } of {xn} such that Tx,,, converges
to Tx* as k — oco. By the uniqueness of this limit, we get x* = Tx*, that is, x* is a fixed point of T. O

The next theorem does not require y-orbital continuity or continuity of T.

Theorem 3.13. Let (X,S) be a complete S-metric space. Suppose that T : X +— X is an S-y-\p-@-contractive
mapping of type B and satisfies the following assumptions:

(A1) T is y-admissible;

(A2) there exists xg € X such that y(xg, Txg, Txg) > 1;
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(A3) (X,S)is (T,v)-regular.
Then, there exists x* € X such that Tx* = x*.

Proof. From the proof of Theorem 3.12, it follows that the sequence {x,} defined by xn, 1 = Txy, for all
n > 0 is a Cauchy sequence in the complete S-metric space (X, S), that is convergent to x* € X.
Since {xn} is a (T,v)-orbital sequence, by (A3), there exists a subsequence {xn, } of {xn} such that

Y(Xn,, x5,x*) >1, VkelN. (3.5)

Using (3.1) and (3.5), we have that

S(xnp41, Tx*, Tx*) = S(Txn,, Tx*, Tx")
< 'Y(Xnk; X*/ X* )S(TXT‘LkI TX*/ TX*)
< 'LI)(S(Xnk, X*/ X* )) - (P(S(Xnk/ X*/ X* ))
<P(Slxny, X", x")).
Letting k — oo, since 1 is continuous at t = 0, it follows that S(x*, Tx*, Tx*) = 0, then x* = Tx*. O

With the following examples, we show that the hypotheses in Theorems 3.12-3.13 do not guarantee
uniqueness of fixed point.

Example 3.14. Let X = [0, c0) be an S-metric space with the S-metric defined by S(x,y,z) = [x —z| + Iy —
z|,¥x,y,z € X. For all k > 1, consider the self-mapping T : X — X given by

Also, define y : X3 — [0,00) as

1, xy,z€[0,1],
0, otherwise.

Y(X/U/Z) = {

Let ¥(t) = %,Vt >0and @(t) = ﬁ,Vt > 0. Then we conclude that T is an S-y-{-¢-contractive mapping
of type B. In fact, for all x,y,z € X, we have that

Y(X/U/U)S(TX/TU, TU) g IP(S(X/U/U)) - (P(S(X/U/U))
On the other hand, there exists xg € X such that y(xg, Txg, Txg) > 1. Indeed, for xg = 1, we have

11

1,T1,T1) =v(1,>, >
v(1,T1,T1) v(,4,4

)=1.
Notice that T is continuous. We only need to check that T is y-admissible. For this purpose, let x,y,z € X
such that y(x,y,z) > 1, which implies that x,y, z € [0, 1]. Due to the definitions of y and T, we have that

_X ) _Zz
TX—4€[O,1], Ty 46[0,1], Tz 4E[O,l].

Hence, v(Tx, Ty, Ty) > 1. As a result, all the assumptions of Theorem 3.12 are satisfied. Note that
Theorem 3.12 guarantees the existence of a fixed point but not the uniqueness. In fact, 0 and 5= are two

fixed points of T.

In the following example, T is not continuous.
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Example 3.15. Let (X, S) be defined as in Example 3.14. Let T : X — X be a map given by

e~ x>1,
TXZ{H 0<x<1
4 7 \X\ .

Also, define y : X3 — [0, 00) as

1, xvy,ze[0,1],
0, otherwise.

’Y(X,U,Z) = {

Let Y(t) = %,Vt >0and @(t) = %,Vt > 0. Then we conclude that T is an S-y-{-¢@-contractive mapping of
type B. In fact, for all x,y,z € X, we have that

Y(X/U/H)S(TX/TszU) < w(S(X/U/U)) - (P(S(Xzyzy))
On the other hand, there exists xg € X such that y(xg, Txg, Txg) > 1. Indeed, for xy = 1, we have that

11
"272
Let {x,,} be a (T,v)-orbital sequence such that x, — x as n — oco. By the definition of vy, we have x, € [0,1).
Then, there exists a subsequence {xn, } of {xn} such that y(xn,,x,x) > 1 for all k € IN.

To show that T satisfies all hypotheses of Theorem 3.13, it suffices to observe that T is y-admissible.
For this purpose, let x,y,z € X such that y(x,y,z) > 1, which implies that x,y,z € [0,1). Due to the
definitions of v and T, we have that

3—x 3—y 3—z
=~ €[0,1), Ty= 4 €1[0,1), Tz= 1
Hence, y(Tx, Ty, Tz) > 1. As a result, all the assumptions of Theorem 3.13 are satisfied. In this example,
T is not continuous, and 1 and 2 are two fixed points of T.

v(1,T1,T1) =vy(1 )=1.

Tx

€ [0,1).

Theorem 3.16. Let (X,S) be a complete S-metric space. Suppose that T : X — X is an S-y-\p-@-contractive
mapping of type C and satisfies the following assumptions:

(A1) T is y-admissible;
(A2) there exists xg € X such that y(xg, Txg, Txg) > 1;

(A3) if {xn}is asequence in X such that y(Xn, Xn+1,Xn4+1) =1 foralln € N and x, — x*, then y(xn, x*, Xn41) =
1 for allm € N.

Then, there exists x* € X such that Tx* = x*.

Proof. Following the proof of Theorem 3.12, we only have to prove that x* is a fixed point of T.
Since the sequence {xn,} defined by x,,411 = Txy for all n > 0 converges to x* € X. From (3.3) and (A3),
we have that

Y(Xn, X", xnp1) =1, Yn>0. (3.6)
With (3.2) and (3.6), we have
S(Xna1, TX, Xni2) = S(Txn, TX*, T2xy)
<Y (%, X X 1) S (T, T, Tx0)

SWU(S(xn, X", Txn)) — @(S(xn, x*, Txn))
< II)(S(Xn, X*IX’TL+1))‘

Letting n — oo, since 1\ is continuous at t = 0, it follows that S(x*, Tx*,x*) = 0, that is x* = Tx*. O
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The following theorems can be derived easily from Theorems 3.12 and 3.16.

Theorem 3.17. Let (X,S) be a complete S-metric space. Suppose that T : X — X is an S-y-\p-@-contractive
mapping of type A and satisfies the following assumptions:

(A1) T is y-admissible;

(A2) there exists xg € X such that y(xg, Txg, Txg) > 1;
(A3) T is y-orbital continuous.

Then, there exists x* € X such that Tx* = x*.

Theorem 3.18. Let (X,S) be a complete S-metric space. Suppose that T : X +— X is an S-y-\p-@-contractive
mapping of type B and satisfies the following assumptions:

(A1) T is y-admissible;
(A2) there exists xg € X such that y(xg, Txg, Txg) = 1;

(A3) if{xn}isasequencein X such that y(Xn, Xn4+1,Xn+1) =1 foralln € IN and x,, — x*, then y(xn, X", Xn41) >
1 for allm € N.

Then, there exists x* € X such that Tx* = x*.

Theorem 3.19. Adding the following condition to the hypotheses of Theorem 3.16 (resp. Theorems 3.12 and 3.13),
we obtain the uniqueness of a fixed point T.

(A4) Forall x,y € X, there exists z € X such that y(x,z,z) > 1 and y(y,z,z) > 1.

Proof. Let u,v € X be two fixed points of T. By (A4), there exists z € X such that y(u,z,z) > 1 and
Y(v,z,z) > 1.
Since T is y-admissible, we get by induction that

vu,w,T'z) >1 and vy(v,v,T"z)>1, VneN. (3.7)
From (3.7) and (3.2), we have that
S(u, Tz, u) = S(Tu, T(T™ 12), T?u)
<y(w, TV 1z, Tw)S(Tu, T(T™12), T?0)
< 'll)(S(U., Tnle, Tu)) - (P(S(U., Tnilzl Tu))
<YP(S(u, T 'z, Tw)).
Letting n — oo, and since \J € ¥, we have that
S(u, T"z,u) — 0.

This implies that {T™z} is convergent to u. Similarly, we can get {T™z} is convergent to v. By Lemma 2.13,
we get u = v, that is, fixed point of T is unique. O

Definition 3.20. Let (X, S) be an S-metric space and let T : X — X be a given mapping. We say that T is an
S-y--p-contractive mapping of type D if there exist three functions y : X3 — [0,00),p € ¥, and ¢ € @
such that for all x,y € X, we have that

v(x,y,y)S(Tx, Ty, Ty) < Y(M(x,y)) — ¢(M(x,y)), (3.8)

2S5 (x,Tx, Tx)+S(y,Ty,Ty) 2S(y,Tx,Tx)+S(x,Ty,Ty) }
3 ’ 3 :

where M(x,y) = max{S(x,y,y),
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Theorem 3.21. Let (X,S) be a complete S-metric space. Suppose that T : X — X is an S-y-\p-@-contractive
mapping of type D and satisfies the following assumptions:

(A1) T is y-admissible;

(A2) there exists xg € X such that y(xg, Txg, Txg) > 1;
(A3) (X,S)is (T,v)-regular.

Then, there exists x* € X such that Tx* = x*.

Proof. In view of assumption (A2), let xg € X be such that y(xo, Txg, Txg) > 1. Define the sequence {x,,} in
X as follows

Xni1 = IXn, Yn=0.
Since T is y-admissible, we have that
Y(x0,x1,%1) = v(%0, Txo, TX0) = 1 = v(Txo, Tx1, Tx1) > 1.
Using mathematical induction, we get that
Y(Xn, Xni1, Xns1) =1, vn=0,1,2,.... (3.9)

If Xn, = Xny+1 for some ng, then x* = x,, is a fixed point T, and so we have finished the proof. For this,
we assume that S(xn, Xn1+1,Xn+1) > 0, for all n € IN. Now, from (3.8) and (3.9), we have that

<Y, Xn4 1, Xn+1)S(Txm, Txn g1, Txng1)
< 1~p(]vl(xnzxn+l)) - (p(M(Xn/Xn+1))
<YM

(M(xn,Xn+1))

for all n € IN. On the other hand, we have that

S(Txn, Txni1, Txni1)

28 (xn, Txn, Txn) + S(xni1, Txni1, TXni1)
3

}

2S(xn, Xn+1, Xn—l—l) +3S (Xn+1/ Xn+2, Xn+2)
3

M (Xn, Xn+1) = max{S(Xn, Xn41, Xni1),

2S (Xn+1l TXTU TXTL) + S(an TXTL+11 TXTLJrl)
’ 3

— maX{S (XTI/ Xn+1rXn+1 )/

) 2S(Xn+1/Xn+1/Xn+1;+ S(xn, Xn+2, Xn+2)}
< max{S(xn, Xn+1, Xn+1), S(Xn+1, Xn+2, Xn+2)}-
Hence, we have that
S(Txn, Txnp1, Txng1) < W(max{S(xn, Xn11,Xn41), S(Xn41, Xn42,Xn42)}),  Vn € N. (3.10)
If for some n > 1 we have S(xn, Xn41, Xn+1) < S(Xni41,Xn12,Xn12), from (3.10), we have that
SOn+1, Xn+42, Xn42) K W(S(Xnt1, Xn+2,Xn+2)) < S(Xnt1,Xn42,Xn+42),

which is a contradiction. Thus, for all n > 1, we conclude that

max{S(xn, Xn+1,Xn+1 ) S(Xn+1z Xn+2, Xn+2)} = S(xn, Xn+1,Xn+1 ).
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So, we have that

S(Txn, Txn41, Txnt1) = S(Xn+1, Xn42, Xn+2) < W(S(xXn, Xnt1, Xn+1))-
Continuing this process inductively, we obtain that
S(xn, Xn41, Xn41) S W™ (S(xo, x1,%1)), V= 1. (3.11)

From (3.11) and Lemma 2.9, for all k > 1, we have that
n+k—2

S(n Xt Xngtd) 20> S(xi,Xig1,Xi11) + S(Xn k1, Xn 11, Xn 410
i=n
n+k—2 )
<2 ) WHS(xo,x1,x)) F B (S (xo, %1, %))

Since P € ¥ and S(xg,x1,%1) > 0, by Lemma 2.2, we have that

lim  S(xn, Xn ik, Xnix) =0.
n,k—o0

This implies that {x,,} is a Cauchy sequence. Since (X,S) is complete, then there exists x* € X such that
Xn — X*, as n — oo.

Now, we will show that x* is a fixed point of T. We assume on contrary that S(x*, Tx*, Tx*) > 0. By
(A3), we have a subsequence {xn, } of {xn} such that y(xn,,x*,x*) > 1, for all k € IN. Then by Lemma 2.9,
Lemma 2.10, and (3.8), we have that

S(x*, Tx*, Tx™) < 2S(x*, Txn,, Txn, ) + S(Txn,, Tx*, Tx*)
S()C",Txnk,Txn )—I—y(xnk,x* x*)S(Txn,, Tx*, Tx*)
SO, Txny, Ty ) + 0 (M(xn,,, X)) — @(M(xn,, "))
(

S X /Txnk/TXT‘L(k)) +II)( (Xnk/X*))'

NN M\/

2
2
2

On the other hand, we have
2S(xny, Txn,, Txn, ) + S(x*, Tx*, Tx*)
3

}

2§ (Xnk/ Xny+1, Xnk—l—l) +3S (X*/ TX*/ TX*)
3
2§ (X*/ Xny+1/ XTLk+1) + S(Xnk/ TX*/ TX*)
’ 3
From above inequality and equality, we get that

S(X*/TX*/TX*) g 2S(X*/Txnk/TXnk) +¢(M(XnkIX*))

M(xn,,x*) = max{S(xn,,x*,x*),

2S(x*, Txn,, Txn, ) + S(xn,, Tx*, Tx*)
! 3

= max{S(xn,, x*, x*),

).

zs(xnk/ Xnk+1/ Xnk+1) + S(X*/ TX*/ TX*)
3

= 25 (X*/ XnkJrl/ XT‘LkJrl) + ll)(max{s (Xnk/ X*/ X*)/
2§ (X*/ Xny+1/ Xnk+1) + S(Xnk/ TX*/ TX*)
! 3
Letting k — oo in above inequality, it yields that
S(x*,Tx*,Tx*)) - S(x*, Tx*, Tx*)
3 3 ’
which is a contradiction. Hence, we have that S(x*, Tx*, Tx*) = 0, that is x* = Tx*. This shows that x* is
a fixed point of T. O

R

SO, T, TxT) <
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Theorem 3.22. In addition to the hypotheses of Theorem 3.21, suppose that for all x,y € X, there exists z € X such
that y(x,z,z) > 1and y(y,z,z) > 1. Then T has a unique fixed point.

Proof. Let u,v € X be two fixed points of T. By hypotheses, then there exists z € X such that
yiu,z,z) 21 and vy(v,z,z) > 1. (3.12)

Define the sequence {z,} in X by z, = T"z for all n > 0 and zy = z. Since T is y-admissible, we have from
(3.12) that

Y(W,zn,zn) 21 and v(v,zn,zn) 21, Vn>0. (3.13)

Applying (3.8) and (3.13), we obtain that for alln > 0,

S(u, ZTL+1/ Zn+1) == S(Tu/ TZTU TZTL) < Y(u/ Zn, Zn)S(TU, TZTL/ TZTL)
< VM(w,zn)) — 9(M(u, zn))
< V(M zn)).

On the other hand, we have that foralln > 0

2S(uw, Tu, Tw) + S(zn, Tzn, Tzn) 2S(zn, Tu, Tu) +S(u, Tzn, Tzn)
3 ! 3
< max{S(w,zn, zn), S(W, zZn41,Zn1)}

}

M(u/ Z‘Tl) = maX{S (u/ Zn/ ZTI )/

Using above two inequalities, owing to the monotone property of 1\, we obtain that
S(W, zn41, Zns1) < W(max{S(w, zn, zn), S(W, Znt1,Zn41)}), Y 2= 0. (3.14)
If max{S(u,zn,zn), S(W, Zni1,2Zni1)} = S(W, zZni1,Zni1), we have from (3.14) and Lemma 2.2 that
S, zni1, Zng1) S W(S(W, znt1, Zng1)) < S(W, Zngt, Znsa),

which is a contradiction. Hence, max{S(w, zn,zn), S(W, zn11,2Zns1)} = S(W, zn, zn) and S(w, zn 41, 2n41) <
P(S(u, zn, zn)) for all n > 0. This implies that

S(w,zni1,2ni1) < UV(S(w,z,2)),Vn > 0.

Letting n — oo in above inequality, we can infer that

lim S(u,zn,zn) =0. (3.15)
n—oo
Similarly, we also have that
Iim S(v,zn,zn) = 0. (3.16)
n—oo
It follows from (3.15) and (3.16) that u = v. O

In what follows, we present an illustrative example to show the validity of Theorem 3.21.

Example 3.23. Consider X = R and S(x,y,z) = [x —y|+[x —z|. Then (X, S) is a complete S-metric space.
Let xp =1 and r = 2, then

Bslxo, 11 = Bs[1,2] ={y € XIS(xo,y,y) <2} =10,2].
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Now, let T : Bs[1,2] + X, Tx = 7 and define vy : X3 — [0,00) as

1, ifx,y,z€0,1],
0, otherwise.

vmwﬂz{
Let(t) =t,Vt > 0 and @(t) = 1, Vt > 0. In fact, for all x,y € Bs[1,2],

1 1
SHRJQJQ)ZZWX—TW:ﬂx—yhziﬁh—w)ziﬂny&L
and
2S(x, Tx, Tx) +S(y, Ty, Ty) 2S(y, Tx, Tx) + S(x, Ty, Ty)
3 ! 3

M(X/U) = maX{S(XIUIU)/ }

so, we have that

Y(x,4,9)S(Tx, Ty, Ty) < b(M(x,y)) — @(M(x,y)).

On the other hand, there exists xg € X such that y(xg, Txg, Txg) > 1. Indeed, for xg = 1, we have
y(L,TL,T1) =v(1,%,3) =1

Let {xn} be a (T,v)-orbital sequence such that x, — x as n — oco. By the definition of y, we have that
xn € [0,1]. Then there exists a subsequence {xn,, } of {xn} such that y(xn,,x,x) > 1 for all k € N. Now, we
only need to show that T is y-admissible. For this purpose, let x,y,z € X such that y(x,y,z) > 1 which

further implies that x,y, z € [0, 1]. Due to the definition of T and vy, we have that

€01, Ty=2e0,1, Tz=

Tx = >

c [0,1].

N x
NN

Hence, v(Tx, Ty, Tz) > 1.
As a result, all the hypotheses of Theorem 3.21 are satisfied. In fact, x* = 0 is a fixed point of T.

Definition 3.24. Let (X, S) be an S-metric space and let T : X — X be a given mapping. We say that T is
an S-y--@-contractive mapping of type E if there exist three functions y : X3 +— [0,00),p € ¥, and ¢ € @
such that for all x,y € X, we have that

w(Y(le/y)S(TX/ TUITU)) < ll)(Ml(Xry)) - (p(Ml(X/y))l (317)
where Ml (X;U) = max{S(x, U;U)/ S(X/ Tx, TX)/ S(U; Tery)}

Theorem 3.25. Let (X,S) be a complete S-metric space. Suppose that T : X — X is an S-y-\p-@-contractive
mapping of type E and satisfies the following assumptions:

(A1) T is y-admissible and transitive;

(A2) there exists xg € X such that y(xg, Txg, Txg) > 1;

(A3) (X,S)is (T,v)-reqular;

(A4) either y(u,v,v) > 1orvy(v,u,u) > 1, whenever u = Tuand v = Tv.

Then, T has a unique fixed point in X, that is, there exists a unique x* € X such that x* = Tx*.

Proof. In view of assumption (A2), let xg € X such that y(xo, Txg, Txg) > 1. Define the sequence {x,} in X
as follows

Xnt1 = IXn, Yn=0.
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Since T is y-admissible, we have that
Y(x0,x1,%1) = v(x0, Tx0, Tx0) = 1 = v(Tx0, Tx1, Tx1) = v(x1,%2,%2) > 1.
By induction, we get that
Y(Txn, Txpni1, Txny1) =21, Yyn=0,1,2,---. (3.18)

If Xn, = Xn,+1 for some ng, then x* = xy, is a fixed point of T and so we have finished the proof. For this,
we assume that S(xn, Xn+1,Xny1) >0 forall n > 1.
Now, from (3.17) and (3.18), we have that

(Y(an Xn+1, Xn+1)s (Txn/ Txn+1/ Txn+1))

PY(S(Xn41,Xn42,Xn42)) <
< (Ml (X'ranJrl)) - (p(Ml(Xn/Xn+l))/ n > 1.

)
i)
On the other hand, we have

My (an XTL+1) = max{$S (Xn/ Xn+4+1,Xn+1 ), S(xn, Txn, Txn), S(Xn+1/ TXn+1, Txn+1 )}

= max{S(xn, Xn+1, Xn+1), S(Xn+1, Xn+2, Xn+2)}.

Now, if M1 (Xn, Xn+1) = S(Xn+1,Xn+2,Xn+2), from above inequality, for all n € IN, we deduce that
Y(S(xn+1, Xn+2,Xn+2)) K W(S(xn+1, Xn+2,Xn+2)) — @(S(Xn+1, %n+2, Xn+2)) < W(S(xn+1, Xn+2,Xn+2))
and S(Xn1,%Xn+2,Xn12) =0 for all n € IN, which is a contradiction. Thus,
M1 (Xn, Xn+1) = S(xn, Xn+1,Xn+1) >0
for all n € IN, we get that
W(S(xn+1, Xn+2, Xn+2)) < W(Sxn, Xn+1,%n+1)) — @(S(xn, Xn41, Xn+1)) < W(S(xn, Xn+1,%n+1))-

Since 1 is nondecreasing, by induction, we have that

B (S(xn, Xn+1,Xn+1)) < Y™ (S(x0,x1,%1)), Vn >0. (3.19)

Letting n — oo in (3.19) and by (1), (3) of Lemma 2.2, we have

llm II)(S(XTL/Xn+1/XT1+1)) g llm ll)n(S(XO,Xl, Xl)) = 0/
n—o00 n—o00

which implies that

lim S(xn,Xn+1,%n+1) = 0. (3.20)
n—oo

Next, we will prove {x} is a Cauchy sequence. Suppose to the contrary, that is, {x,} is not a Cauchy
sequence. Then there exists € > 0 for which we can find two subsequences {xm, } and {xn, } of {xn} such
that ny is the smallest index for which ny, > my >k,

S(Xmy, Xn, Xn, ) = €.
This means that
S(Xmys Xny—1,Xn—1) < €.
From (3.19), (3.20) and (S2), we obtain that

€ < S(ka/ Xnyr Xnk) < ZS(ka, Xn—1s Xnk—l) + S(Xnk—lz Xnys Xnk) <2e+ S(Xnk—lr Xnys Xnk)-
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Letting k — oo in above inequality, we obtain that

€ < klim S(Xmy, Xny, Xn, ) = €7 < 2e. (3.21)
— 00

From (3.17) and Lemma 3.11, with x = X, , Yy = xn,, we get that

IP(S(Tka, Txnk/ Txnk )) < II)(Y(ka, Xnyr Xny )S(Txmk/ Txnk/ Txnk )
< V(M1 (xmy, Xn, ) — @ (M1 (xm,, X0, )
< lb(Ml (ka/ Xnk ) )/

where My (Xm,, Xn,) = max{S(Xm,, Xn,, X )r S(Xmy, Xmy+1, Xmy+1), S(Xny, Xnp 41, Xny +1)}. Since ) is non-
decreasing, we have that

S (ka+1/ Xnk+l/ Xnk+1) < Ml (ka/ Xnk ) .
Letting k — oo in above inequality, by (3.20) and (3.21), we get that

+ _ 15 : _ -t
€e" = lim S(ka+1rxnk+lrxnk+l) < lim Ml (karxnk) =€,
k—o00 k—o00

which implies € = 0, a contradiction with € > 0.

Hence, {xn} is a Cauchy sequence. Since (X, S) is complete, there exists x* € X such that x, — x*.
Since X is (T,v)-regular, there exists a subsequence {xn,, } of {xn} such that y(xn,,x*,x*) > 1, for all k € IN.
If x* # Tx*, applying contractive mapping assumption (3.17) with x = x,,, y = x*, we obtain that

w(S(TXnk/TX*/TX*)) < ll)(‘Y(Xle/X*/X*)S(Txnk/TX*/TX*)) < ll)(Ml (Xnk/X*)) - (P(Ml (Xner*))/
where M (xn,,x*) = max{S(xn,, x*, x*), S(Xn,, Xn+1, Xn+1), S(x*, Tx*, Tx*)}. Now, from
S(Xnk/X*/x*)/S(Xnk/Xnk+1/Xnk+1) — 0/ as k — oo.

We deduce that lim M (xn,,x*) = S(x*, Tx*, Tx*). On the other hand, we have that

k—o0

S(x*, Tx*, Tx™) S(X*, Xny, Xny ) + S(xn,, Tx®, Tx™)

<2
g ZS (X*/ Xnk/ Xnk) + 28 (Xnk/ TXTLk/ Txnk) + S (TXTLkI TX*/ TX* )/
which implies

S(x*, Tx*, Tx*") < lign infS(Txn,, Tx*, Tx™).
—00

Since 1 is nondecreasing, we get that

WSO, T, Tx)) < b(HminfS (Tom,, TxT, TxT)) S B (S(x7, TxT, TxT)) — @ (S(x7, T, Tx)),
— 00

which implies S(x*, Tx*, Tx*) = 0, that is x* = Tx* and x* is a fixed point of T. The uniqueness of the
fixed point is a direct consequence of the assumptions of (Al) and (A4), so we omit the details. O

Example 3.26. Let X = [0,00) and S(x,y,z) = |x —y|+Ix —z|,¥x,y,z € X. Then (X,S) is a complete
S-metric space.
Define T: X — X and v : X3 — [0, 00) as follows:

1, ifx,y,z€0,1],

T kx—(k—1), k>1,x>1,
X =
0, otherwise.

and Y,z) =
%, x € 10,11, viy.2) {
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Let(t) =t,Vt > 0and @(t) = §,Vt > 0.

We first verify that the contractive condition of type E holds true, that is (3.17) is satisfied. If y(x,y,y) =
0, it obviously follows that (3.17) holds true. If y(x,y,y) # 0, it follows that x,y € [0,1] and v(x,y,y) = 1.
Then, we have that S(Tx, Ty, Ty) = S(},4,%) = %Ix—yl, W(S(Tx, Ty, Ty)) = %Ix—yl and M;(x,y) =
max{2[x —y, 3IxI, 3 yl}.

Indeed, if M(x,y) = max{2/x —yl, 3x|, 2jy|} = 2/x —y, then %IX —y| < 2x—y|l— %2|X —y| = 3x—yl.
If My(x,y) = max{2x —yl, 3Ix|, 2jyl} = 3Ix|, then Flx —yl < 3Ix|— 13IxI = gl If My(x,y) = max{2/x —
yl,élxl,%lyl} = %Iyl, then %Ix—yl < %Iyl — }I%Iyl = %Iyl. Hence, the contractive condition of type E is
satisfied. Next, we will show that T is y-admissible. For this, let x,y, z € X such that y(x,y,z) > 1 which
further implies that x,y,z € [0, 1]. Due to the definition of T and y, we have that

Tx = Z cl0,1, Ty= % cl0,1], Tz= i € [0,1l.
Then, y(Tx, Ty, Tz) > 1. Set xg = 1, then y(1,T1,T1) = y(1, %, %) = 1. Hence, assumption (A1) is satisfied.

Let {xn} be a (T,vy)-orbital sequence such that x,, = x as n — oo. By the definition of v, we have
that x, € [0,1]. Then there exists a subsequence {xn,} of {xn} such that y(xn,,x,x) > 1 for all k € IN.
Therefore, (A3) holds true. Hence, all hypotheses except (A4) of Theorem 3.25 are satisfied. In fact x* =0
and x* =1 are two fixed points of T.

Next, we prove some common fixed point results for two self-mappings satisfying certain S-y-\-¢-
contractive condition.
Now, we first present the new notion of S-y-)-¢-contractive pair mappings as follows:

Definition 3.27. Let (X,S) be an S-metric space and let f,T : X — X be two given mappings. We say
that the pair (f, T) is an S-y-\-¢-contractive pair of mappings of type D’ if there exist three functions
v:X3 = [0,00), € ¥, and @ € ® such that for all x,y € X, we have that

Y(fx’l fUIfU)S(TX, T‘J; TU) < II)(MZ(X,U)) - @(MZ(XIH))/ (322)

2S5 (fx, Tx,Tx)+S(fy,Ty,Ty) ZS(fy,Tx,Tx)+S(fx,Ty,Ty)}
3 4 3 :

where M (x,y) = max{S(fx, fy, fy),

Theorem 3.28. Let (X,S) be a complete S-metric space and f,T : X — X be such that T(X) C f(X). Assume that
the pair (f, T) is an S-y-\p-@-contractive pair of mappings of type D' and satisfies the following assumptions:

(A1) T is f-y-admissible;
(A2) there exists xg € X such that y(fxg, Txg, Txg) = 1;

(A3) if {fxn} is a sequence in X such that y(fxn, fxny1, fxni1) = 1, foralln € {0} UIN and fx, — fx € f(X) as
n — oo, then there exists a subsequence {fxn, } of {fxn} such that y(fxn,, fx,fx) > 1 for all k € IN.

Also suppose that f(X) is closed. Then, T and f have a coincidence point, that is, there exists x* € X such that
Tx* = fx™.

Proof. In view of assumption (A2), let xg € X be such that y(fxog, Txo, Txg) > 1.
Since T(X) C f(X), we can choose a point x; € X such that Txp = fx;. Continuing this process having
chosen x1, %3, -+, Xn, we choose x,, 1 € X such that

fXni1=Txn, ¥n=0,12---. (3.23)
Since T is f-y-admissible, we have that

Y(fxo, Txo, Txo) = v(fxo, fx1, fx1) = 1 = v(Txo, Tx1, Tx1) = v(fxq, fxp, fx2) > 1.
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Using mathematical induction, we get that
Y(txn, fXni1, ™Xne1) =1, Yn=0,1,2---. (3.24)

If Txn, = Txny41 for some ng, then by (3.23), Tx,, = fxn,, that is T and f have a coincidence point at

X*

n e N.
Now, from (3.22) and (3.24), we have that

(an, fXn1, fXni )S(TXTL/ Txn41, TXnJrl)

S(Txn, Txni1, Txnyp1) <Y
¢(M2(anxn+1)) - (p(MZ(Xn/Xn+1))/ vn € IN.

<
<

On the other hand, we have that

2S(fxn, Txn, Txn) + S(fxn—l—l/ Txn—l—lz TXn—l—l)

MZ (an Xn+1) - maX{S (fXT\.I fXTLJrll fXTL+1 )/

3
' 3
2S(Txp—1, Txn, T S(Tx. T T
:maX{S(TXnillTXn,TXn), ( Xn—1, H Xn, Xn)‘; ( Xn, 1 Xn41, XTL+1)

2S(Txn, Txn, Txn) + S(Txn_1, Txn+1/ Txn+1) }
’ 3

<max{S(Txn_1, Txn, Txn), S(TXn, TXn+1/ TXn—l—l )}

Hence, we have that

S(Txn, Txni1, Txni1) < b(max{S(Txn_1, Txn, Txn), S(Txn, Txni1, Txni1)}), VneNN.
If for some n > 1, we have S(Txn_1, Txn, Txn) < S(Txn, TXni1, Txni1), from (3.25), we have that
S(Txn, Txng1, Txng1) S W(S(Txn, Txna1, Txn1)) < S(Txn, Txng1, Txn1),
which is a contradiction. Thus, for all n > 1, we conclude that
max{S(Txn_1, Txn, Txn), S(Txn, Txns1, Txni1)} = S(Txn_1, Txn, Txn).
So, we have that
S(Txn, Txn41, Txnt1) < W(S(Txn_1, Txn, Txn)).
Continuing this process inductively, we obtain that
S(Txn, Txni1, Txne1) < Y™(S(Txp, Txq, Tx1)), Vn> 1.

From (3.26) and Lemma 2.9, for all k > 1, we have that

n+k—2
(T, Txnpio Txnak) <20 S(Txg, Txigr, Txisn) + S(Txmre—1, Téngk—1, TXn k)
i=n
n+k—2 .
<2 ) WHS(Txo, Txy, Txa)) + ™ 1 (S(Txo, Txa, Txa)).
i=n

= Xn,, and so we have finished the proof. For this, we assume that S(Txn, Txn11, Txn41) > 0, for all

(3.25)

(3.26)
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Since P € ¥ and S(Txo, Tx1, Tx1) > 0, by Lemma 2.2, we have that

im S(Txn, Txnix, Txnqx) =0.
n,k—o0

This implies that {Tx, } is a Cauchy sequence. Since (X, S) is complete, by (3.23) we have {Txn} = {fxn4+1} C
f(X) and f(X) is closed, then there exists x* € X such that

lim fx, 1 = fx*. (3.27)

n—oo

Now, we will show that x* is a coincidence point of T and f. We assume on contrary that S(fx*, Tx*, Tx*) >
0.

By (A3) and (3.27), we have a subsequence {xn, } of {xn} such that y(fxn,, fx*,fx*) > 1, for all k € IN.
Then by Lemma 2.9, Lemma 2.10, and (3.22), we have that

S(fx*, Tx*, Tx*) S (fx , Txny, Txn,
(
(
(

S(fx* Txnk, Txn,

+ S(Txn,, Tx*, Tx")
+ v (Fxn,, IX*, FX*)S(Txn, , TX™, Tx™)
+P(Ma(xn,, x*)) — @(Ma(xn,, X))
+ P (Ma(xn,, X))

NN NN
NNNN
»v »n

)+
)
)
)

On the other hand, we have

2S(fxn,, Txn,, Txn, ) + S(fx*, Tx*, Tx*)
3

2

Ma(xn,, x*) = max{S(fxn,, fx*, fx*),

2S(fx*, Txn,, Txn, ) + S(fxn,, Tx*, Tx*)
! 3

From above inequality and equality, we get that

S(fX*/ TX*/ TX*) g ZS(fX*/ TXnk/ TXﬂk) + .LI)(MZ(XTIkI X*))

2S(fxn,, Txny, T S(fx*, Tx™, Tx*
= DS (X", 1, Pt 1) b max(S (P, i, ), 2 s Do Do) # ST, T )

3
2S(fx*, Txn,, Txn, ) + S(fxnk,Tx*,Tx*)})
7 3 .
Letting k — oo in above inequality, it yields that
S(fx*, Tx*, Tx* S(fx*, Tx*, Tx*
S(he, T, Txt) < (ST S, T, TxT),
3 3
which is a contradiction. Hence, we have that S(fx*, Tx*, Tx*) = 0, that is fx* = Tx*. This shows that x*
is a coincidence point of T and f. O

The next theorem shows that under additional hypotheses we can obtain the existence and uniqueness
of a common fixed point.

Theorem 3.29. In addition to the hypotheses of Theorem 3.28, suppose that for all u,v € C(f, T), where C(f,T)
denotes the set of coincidence points of T and f, there exists w € X such that y(fu, fw, fw) > 1and y(fv, fw, fw) >
1, and f and T commute at their coincidence points. Then T and f have a unique common fixed point.

Proof. Let u,v € C(f, T). By hypotheses, then, there exists w € X such that
v(fu, fw,fw) >1 and vy(fv,fw,fw) > 1. (3.28)

According to the fact T(X) C f(X), define the sequence {wy} in X by fwy 1 = Twy for all n > 0 and
Wy =W
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Since T is f-y-admissible, we have from (3.28) that
yvfu, fwn, fwe) > 1 and y(fv,fw,, fwy) >1, vYn>0.
Applying (3.22) and (3.28), we obtain that for alln > 0,

S(fu, fwn 1, fwn 1) = S(Tu, Twy, Twy)

v(fu, fwn, fwn )S(Tu, Twy, Twy)
Y(Ma(u, wn)) — @(Ma(u, wn))
P(Mz(w, wn)).

INCINCIN

On the other hand, we have that for alln > 0,
2S(fu, Tu, Tu) + S(fwy, Twy, Twy)

M2 (u/ WTL) = maX{S (fu/ fWTl/ fWTl )/ 3
2S(fwn, Tu, Tu) + S(fu, Twy, Twy) )
’ 3
< max{S(fu, fwn, fwy ), S(fu, Twy, Twy )}

= maX{S (fu/ an, f‘V\)TL )/ S (fu/ fWTl+1I fwn+l )}
Using above two inequalities, owing to the monotone property of 1, we obtain that
S(fu, fwn 1, fwn 1) < W(max{S(fu, fwn, fwy ), S(fu, fw, 1, fwni1)}), Yn > 0. (3.29)

If max{S(fu, fwn, fwy), S(fu, fwn 1, fwai1)} = S(fu, fwy 41, fwe 1), we have from (3.29) and Lemma 2.2
that

S(fu/ fwni1, fwn+l) < I‘I)(S(fu/ fwni1, anJrl)) < S(fu/ fwni1, fwni )/
which is a contradiction. Hence,

max{S(fu, fwy, fwy), S(fu, fwy 1, fw 1)} = S(fu, fwy, fwy),
and
S(fu/ anJrl/ an+1) < w(s(fu/ fwn/ an))/ vn 2 0.

This implies that
S(fu, fwn 1, fwn1) <P (S(fu, fw, fw)), vn > 0.

Letting n — oo in above inequality, we can infer that

lim S(fu, fwy,, fwy,) =0. (3.30)
n—oo
Similarly, we also have that
lim S(fv, fwy,fw,) =0. (3.31)
n—oo

It follows from (3.30) and (3.31) that fu = fv. Next, we prove the existence of a common fixed point.
Let u € C(f,T), that is fu = Tu. Owing to the commutativity of f and T at their coincidence points,
we have that

fu = fTu = Tfu. (3.32)

Let us denote fu = x*, then from (3.32), fx* = Tx*. Thus, x* is a coincidence of point of f and T. Then we
have that fu = fx* = x* = Tx*. Hence, x* is a common fixed point of f and T. Suppose that x’ is another
common fixed point of f and T. Then x’ € C(f, T), so we have x’ = fx’ = fx* = x*. O
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In what follows, we present an illustrative example to demonstrate Theorem 3.29 on the existence and
uniqueness of a common fixed point.

Example 3.30. Let X = [0, 0c0) equipped with S-metric S(x,y,z) =[x —y|+ [x —z| for all x,y,z € X. Define
the mappings T : X — X and f : X — X by

2x— 32, ifx>2;
Tx) = 2 X~ and f(x) = =, ¥x € X.
5 if0<x<2. 2

Now, we also define the mapping v : X3 — [0, 00) by

1, ifx,y,z€[0,1],
0, otherwise.

vmwﬂz{

Clearly, the pair (T,f) is an S-y-{-@-contractive pair of mappings of type D’ with (t) = %t, vt > 0,
@(t) = £,Vt > 0. In fact, for all x,y € [0,1],

«

2
v(fx, fy, fy)S(Tx, Ty, Ty) =1 -2% —=| = gS(fx, fy, fy) < gS(fx, fy, fy).

Q1

It follows from above that
v(fx, fy, fy)S(Tx, Ty, Ty) < b(Ma(x,y)) — @(M2(x,y)), Vx,ye X

Moreover, there exists xg € X such that y(fxg, Txg, Txg) > 1. Indeed, for xg = 1, we have y(%, %, %) =1.
Next, we will show that T is f-y-admissible. For this, let x,y,z € X such that y(fx, fy,fz) > 1. This
implies that fx, fy, fz € [0, 1] and by the definition of f, we have x,y, z € [0, 2]. Therefore, by the definition

of T and f, we have

Tx = g €01, Ty=2e0,1, Tz= g €0,1], v(Tx, Ty Tz)=1.
Thus, T is f-y-admissible. Clearly T(X) C f(X) and f(X) is closed.

At last, let {fx} be a sequence in X such that y(fxn, fxn4+1,fxny1) = 1 for all n € {0} UN and
fxn — fx € f(X) as n — oo. Since y(fxn, fXny1, fxny1) = 1 for all n € {0} U, by the definition of v, we
have fx,, € [0,1] for all n € {0}UN and fx € [0,1]. Then, y(fxn,fx,fx) > 1. Hence all the hypotheses
of Theorem 3.28 are satisfied. Consequently, f and T have a coincidence point. Furthermore, all the
hypotheses of Theorem 3.29 are also satisfied, here 0 is the unique common fixed point of f and T.

=

Definition 3.31. Let (X,S) be an S-metric space and let f,T : X — X be two given mappings. We say
that the pair (f, T) is an S-y-{-@-contractive pair of mappings of type E’ if there exist three functions
v: X3 = [0,00), € ¥, and @ € ® such that for all x,y € X, we have that

Y(y(fx, fy, fy)S(Tx, Ty, Ty)) < b(Ms(x,y)) — o(Ms(x,y)), (3.33)
where M3(x,y) = max{S(fx, fy, fy), S(fx, Tx, Tx), S(fy, Ty, Ty)}.

Theorem 3.32. Let (X,S) be a complete S-metric space and f,T : X — X be such that T(X) C f(X). Assume that
the pair (f, T) is an S=y-\p-@-contractive pair of mappings of type £ and satisfies the following assumptions:

(A1) T is f-y-admissible and transitive;
(A2) there exists xg € X such that y(fxg, Txg, Txg) = 1,

(A3) (X,S)is (T,v)-regular;
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(A4) either y(fu, fv,fv) > 1 or y(fv, fu, fu) > 1, whenever fu = Tu and fv = Tv.

Then, T and f have a unique coincidence point in X. Moreover, if f and T commute at their coincidence points, then
f and T have a unique common fixed point.

Proof. In view of assumption (A2), let xg € X such that y(fxo, Txg, Txg) > 1. Define the sequences {x,, } and
{yn}in X by

Yn = fXny1 =Txn, vn2=0.

Moreover, we assume that if yn, = Txn = Txntk = Yn+k, then we choose X k41 = Xn4+1. The proof is
completed, since T(X) C f(X). In particular, if yn = yn41, then x,, 11 is a point of coincidence of T and f.
So we can suppose that yn # yny1 foralln € IN.

By assumption (A2), we have y(fxo, Txg, Txo) = v(fxo, fx1, fx1) > 1. Since T is f-y-admissible, we have
that

v (fxo, Txo, Txo) = v(fxo, fx1,fx1) = 1 = v(Txo, Txq, Tx1) = v(fxq, fxp, fxo) > 1.
By induction, we get that
Y(fxn, fXni1, xni) =21, vn=0,1,2,---. (3.34)
Now, from (3.33) and (3.34), we have that

(v(fxn, fXnt1, Xn41)S (Txn, Txni1, Txni1 ))
(MS(anXnJrl)) - (P(MS(Xn/XnJrl))z vn > 1.

P(S(fxni1, fxny2, fxni2)) <
<P
On the other hand, we have

M3 (Xn/ Xn+1) = max{S (an, X1, X )/ S (an, Txn, Txn )/ S (fxn—l—l/ Txn—l—lr Txn—l—l )}

= max{S(Yn—1,Yn,Yn), S(Yn,Yn+1,Yn+1)}
Now, if M3(Xn, Xn+1) = S(Un, Un+1,Yn+1), from above inequality, for all n € IN, we deduce that
W(S(fxnt1, xna2, fxnt2)) K OS(Yn, Ynt1, Yn+1)) — @(SUn, Yn+1,Yn+1)) < $(S(Yn, Yn+1,Yn+1))
and S(Yn,Yn+1,Yn+1) = 0 for all n € IN, which is a contradiction. Thus,
Ms(Xn, Xn+1) = S(Yn—1,Yn,yn) >0

for all n € IN, we get that

V(S(Yn, Ynt1, Yn+1)) S USUYn—1,Yn, Yn)) = @(S(Yn—1,Yn,Yn)) <W(S(Yn—1,Yn, yn)).
Since 1 is nondecreasing, by induction, we have that

V(S(Yn, Yn+1,Yn+1)) < V" (S(Yyo,y1,y1)), Yn > 0. (3.35)

Letting n — oo in (3.35) and by (1), (3) of Lemma 2.2, we have

Lim P (S(Yn, Yn+1,Yn+1)) < T}grgow”(s(yo,yl,yl)) =0,

n—oo

which implies that

lim S(Yyn,Yn+1,Yn+1) =0. (3.36)

n—oo
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Next, we will prove {yn} is a Cauchy sequence. Suppose to the contrary, that is, {yn} is not a Cauchy
sequence. Then there exists € > 0 for which we can find two subsequences {ym, } and {yn, } of {yn} such
that ny is the smallest index for which ny > my > k,

S(ymk/ ynk; ynk) > €.

This means that

S(ymk/ ynkfllynkfl) < €.

From (3.35), (3.36), and (S2), we obtain that

€ < S(Umkzynk/ynk) < 2S(ymk/ynk—1/ynk—l) + S(ynk—lrynk/ynk) < 2e + S(ynk—llynk/ynk)~

Letting k — oo in above inequality, we obtain that

+

€ < klim S(Umk/ynkzynk) =€’ < 2e. (3.37)
—00

From (3.33) and Lemma 3.11, with x = X, , Yy = xn,, we get that

w(S(Tka,TXnk,TXnk)) < w(Y(mek/fxnk/fxnk)S(TkarTXnk/TXnk))
g w(MCi(ka/Xnk)) - (p(M3(ka/XTLk))
< q)(Mf;(ka/Xle))/

where M3(Xm,,Xn,) = max{S(fxm,, fxn,, xn, ), S(Fxm,, Txm, Txm, ), S(fxn,, Txn,, Txn,)}. Since ¥ is
nondecreasing, we have that

S (Txmk+1/ TXnk, Txnk) < M3 (ka/ Xnk)°

Letting k — oo in above inequality, by (3.36) and (3.37), we get that

et = lim S(ymk,ynk,ynk) < lim M3(ka,Xnk) = €+,
k—o0 k—o00

which implies € = 0, a contradiction with e > 0. Hence, {yn} is a Cauchy sequence. Since (X,S) is
complete, there exists z € X such that yn, — z. Let y’ € X be such that fy’ = z. Since X is (T, y)-regular,
there exists a subsequence {yn, } of {yn} such that y(yn,, fy’, fy’) > 1 for all k € IN. If fy’ # Ty’, applying
contractive mapping assumption (3.33) with x = xy,, y = y’, we obtain that

W(S(Txn,, Ty’, Ty")) < W(y(fxn,, fy’, fy")S(Txn,, Ty’, Ty")) < b(Msz(xn,,y")) — ©(Ms(xn,, y")),

where M3(xn,,y’) = max{S(fxn,, fy’, fy’), S(fxn,, Txn,, Txn, ), S(fy’, Ty’, Ty’)}.
Now, from

S(fxny, fy’, fy’), S(fxn,, Txn,, Txn,) = 0, as k — oo,

we deduce that klirn M3 (xn,,y’) = S(fy’, Ty’, Ty’). On the other hand, we have that
—00

S(fy’, Ty’, Ty") < 2S(y’, fxn,—1, fXn—1) + S(fxn,—1, Ty’, Ty’)
2

<
< 2S(fy’, fxny—1, Txn—1) + 2S(fxn, —1, Txn,, Txn, ) + S(Txn,, Ty’, Ty’),
which implies

S(fy’, Ty’, Ty’) < ligninfS(Txnk,Ty’, Ty').
— 00



M. Zhou, X. L. Liu, S. Radenovi¢, J. Nonlinear Sci. Appl., 10 (2017), 1613-1639 1635

Since 1 is nondecreasing, we get that
$(S(fy’, Ty, Ty")) < wliminfS (Txn, Ty’, Ty")) <$(S(Fy, Ty, Ty")) — @[Sy’ Ty', Ty"),

which implies S(fy’, Ty’, Ty’) =0, that is fy’ = Ty’ and y’ is a coincidence point of T and f.
The uniqueness of the coincidence point is a direct consequence of the assumptions of (Al) and (A4).
Now, if z is the point of coincidence of f and T, since T and f commute at their coincidence points, so
z = fz = Tz. Consequently, z is the unique common fixed point of T and f. O

Example 3.33. Let X = [0, 0c0) equipped with S-metric S(x,y,z) =[x —y|+ [x —z| for all x,y,z € X. Define
the mappings T, f : X — X by

T(x) = X,Vx € Xand f(x) = g,Vx e X.

5
Now, we also define the mapping y : X3 + [0, 00) by

(xy,2) = 1, ifx,y,z€[0,1],
yeds = 0, otherwise.

Clearly, the pair (T,f) is an S-y-\-¢@-contractive pair of mappings of type E/ with {(t) = it, o(t) =
%,Vt > 0. In fact, for all x,y € [0, 3],

Xy y
fx, fy, f 1
v(fx, fy, fz) = (3 3 3) ,
X Yy 2
Tx, Ty, Ty) =2[Tx —Ty|=2|= — 2| = Z|}x —
S(Tx, Ty, Ty) =2[Tx —Ty| |5 5| 5Ix yl,

4 2 8
Wy (fx, fy, fy)S(Tx, Ty, Ty)) = (S(Tx, Ty, Ty)) = ¢ - cx —yl = =x —yl,
2 4 4
M;s(x,y) = max{S(fx, fy, fy), S(fx, Tx, Tx), S(fy, Ty, Ty)} = max{glx —yl, EX' —Sy}.
(1) fogx< %y, then, M3(x,y) = max{%(y —x), %x, %y} = %(y —x).
() If 2y < x <y, then, M3(x,y) = max{3(y —x), 5%, 15U} = 75V
3) Ify Sx< %U/ then, MS(X,H) = max{%( —x), 145X1 159} = %

4) If gy < x, then, M3(x,y) = max{%(y —x), 14—5x, 14—513} = %(x—y).

From the discussion above, we have that

() 0<x <3y, phk—yl=5ly—x) <3 3y—x);
(2) %U <x <y, g|x—y|:%(y_x)<%_%y:%y;
O y<x< 3y Akovi= Bl <§- b= Ay

w

@) 3y<x, 2x—yl=Lx—y) <2 -I(x—y)=2Kx—y).
It follows from above that
P(y(fx, fy, fy)S(Tx, Ty, Ty)) < b(Ms(x,y)) —o(Ms(x,y)), Yx,y € X

Moreover, there exists xg € X such that y(fxg, Txg, Txg) > 1. Indeed, for xg = 1, we have y(f1,T1,T1) =
v b A1
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Next, we will show that T is f-y-admissible. For this, let x,y,z € X such that y(fx, fy,fz) > 1. This
implies that fx, fy, fz € [0,1] and by the definition of f, we have x,y,z € [0, 3]. Therefore, by the definition
of T and f, we have

Tx = g €01, Ty= % €01, Tz= g €01, v(Tx, Ty Tz) =1.

Thus, T is f-y-admissible. Clearly T(X) C f(X) and f(X) is closed.

At last, let {fxn,} be a sequence in X such that y(fxn, fxn+1, fxny1) > 1 for all n and fx, — fx € f(X),
as n — oo. Since y(fxn, fxn41,fxn41) > 1 for all n € {0} U N, by the definition of vy, we have fx,, € [0,1]
for all n € {0}UIN and fx € [0,1]. Then y(fxn, fx, fx) > 1.

Hence all the hypotheses of Theorem 3.32 are satistied. Consequently, f and T have a unique coinci-
dence point x = 0. Furthermore, here 0 is the unique common fixed point of f and T.

In the past several decades, there have been enormous results in the study of fixed point problems
of contractive mappings in metric spaces endowed with a partial order. The first famous result in this
direction was given by Turinici [27], where he extended the BCP in partially ordered set. After then, Ran
and Reurings [20] generalized Turinici’s theorem to matrix equations. Moreover, many interesting and
useful results have been obtained relating to the existence of a fixed point for contraction type mappings
in partially ordered metric spaces (see, e.g., [1, 9, 13, 16-19, 21, 22]). In what follows, we will present some
fixed and common point results on an S-metric space endowed with a partial order. For this, we require
the following concepts.

Definition 3.34. Let (X, <) be a partially ordered set and T : X — X be a given mapping. We say that T is
nondecreasing with respect to < if x,y € X,x <y then Tx < Ty.

Definition 3.35. Let (X, <) be a partially ordered set. A sequence {x,,} C X is said to be nondecreasing
with respect to < if x, < x4 forallm € IN.

Definition 3.36. Let (X, <) be a partially ordered set and S be an S-metric on X. We say that (X, <, S) is
regular if for every nondecreasing sequence {x,} C X such that x, — x € X as n — oo, there exists a
subsequence {xn, } of {xn} such that x,,, < x for all k € IN.

Definition 3.37. Let (X, <) be a partially ordered set and S be an S-metric on X. We say that (X, <, S) is
f-regular where f : X — X, if for every nondecreasing sequence {fx,} C X such that fx, — fx € X as
n — oo, there exists a subsequence {fxn, } of {fx,,} such that fx,, < fx for all k € N.

Definition 3.38. Let (X, <) be a partially ordered set and T, f : X — X be two given mappings. We say that
T is f-nondecreasing with respect to < if x,y € X, fx < fy then Tx < Ty. In particular, if we choose f = I,
where I, denotes the identity mapping, then we can get that f-nondecreasing reduces to nondecreasing.

Theorem 3.39. Let (X, =) be a partially ordered set and S be an S-metric on X such that (X, S) is complete. Let
T,f: X +— X be such that T(X) C f(X) and T be a f-nondecreasing mapping w.r.t. <. Suppose that there exist two
functions \p € ¥ and ¢ € © such that

S(Tx, Ty, Ty) < ¥»(Ma(x,y)) — @(Ma(x,y)),

where Ma(x,y) = max{S(fx, fy, fy), 2>xTx TXHS“U Ty, Ty) 2S(fy’TX’TX)3+S(fX’TU’Ty)}for all x,y € X with

fx = fy. Suppose that the following assumptions hold
(A1) there exists xg € X such that fxg < Txo;
(A2) (X,=,S) is f-reqular.

Also suppose that £(X) is closed. Then, T and f have a coincidence point in X. Moreover, if every pair (u,v) €
C(f,T) x C(f,T), there exists w € X such that fu < fw and fu < fw, and f and T commute at their coincidence
points, then f and T have a unique common fixed point.



M. Zhou, X. L. Liu, S. Radenovi¢, J. Nonlinear Sci. Appl., 10 (2017), 1613-1639 1637

Proof. Define the mapping y : X° ~ [0, 00) by

1, ifx=<vy,
0, otherwise.

Y(lely) = {

It is easily to check that the pair (T, f) is an S-y-{-@-contractive pair of mappings of type D’, that is

v(fx, fy, fy)S(Tx, Ty, Ty) < v(Ma(x,y)) — @(Ma(x,y))

forall x,y € X.
Notice that in view of (Al), we have y(fxg, Txo, Txg) = 1. Moreover, for all x,y € X, from the f-
monotone property of T, we have

vifx, fy,fy) 2 1= fx Jfy=Tx Ty = y(Tx, Ty, Ty) > 1,

which implies that T is f-y-admissible.

Now, let {fx,,} be a sequence in X such that y(fxn, fxny1, fxny1) > 1 foralln € N and fx, — fx € X as
n — oo. From the f-regularity, there exists a subsequence {fxn,, } of {fx,,} such that fx,,, < fx for all k € IN.
Then, by the definition of y, we have that y(fxn,, fx,fx) > 1. Hence, all the hypotheses of Theorem 3.28
are satisfied. Therefore, we deduce that f and T have a coincidence point x*, that is fx* = Tx*.

Next, we need to show the existence and uniqueness of common fixed point. For this purpose, let
u,v € C(f, T). By assumption, there exists w € X such that fu < fw and fv < fw, which accounts to say
from the definition of y that y(fu, fw,fw) > 1 and y(fv, fw, fw) > 1. Thus, we deduce the existence and
uniqueness of common fixed point by Theorem 3.29. O

Theorem 3.40. Let (X, =) be a partially ordered set and S be an S-metric on X such that (X, S) is complete. Let
T,f: X +— Xbe such that T(X) C f(X) and T be a f-nondecreasing mapping w.r.t. <. Suppose that there exist two
functions \p € Y and ¢ € © such that

S(Tx, Ty, Ty) < b(Ms(x,y)) — 9(Ms(x,y)),

where M3(x,y) = max{S(fx, fy, fy), S(fx, Tx, Tx), S(fy, Ty, Ty)} for all x,y € X with fx < fy. Suppose that the
following assumptions hold:

(A1) there exists xg € X such that fxy < Txp;

(A2) if a sequence {xn} C X such that xn = Xni1 foralln € N and x, — x € X as n — oo, there exists a
subsequence {xn, } of {xn} such that x,,, < x forall k € N;

(A3) forall u,v e C(f,T), then fu < fvor fu > fv.

Then, T and f have a unique coincidence point in X. Moreover, if f and T commute at their coincidence points, then
fand T have a unique common fixed point.

Proof. Define the mapping y : X3 [0, o) by

1, ifx,yef(X)and x <y,
0, otherwise.

v(x, Yy y) = {
Clearly, the pair (T, f) is an S-y-\-@-contractive pair of mappings of type E’, that is,

V(v (fx, fy, fy)S(Tx, Ty, Ty)) < »(Ms(x,y)) — ¢(Ms(x,y))

for all x,y € X.
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Notice that in view of (Al), we have y(fxg, Txo, Txg) = 1. Moreover, for all x,y € X, from the f-
monotone property of T, one can show easily that T is f-y-admissible.

Now, let {x,,} be a sequence in X such that y(xn,Xn4+1,Xn+1) = 1 and xn — x as n — oco. By the
definition of 'y, we have that

Xn,Xn+1 € f(X)I Xn X Xn+1, vn € IN.

Since X is complete, we deduce that x € X. By (A2), there exists a subsequence {x, } of {xn} such that
Xn, = x for all k € IN and y(xn,,x,x) > 1 for all k € N and so X is y-regular. Moreover, from the
transitive property of partial order, we have that y(xm,Xn,xn) = 1 for all m,n € IN with m < n. Hence,
the hypotheses (A1)-(A4) of Theorem 3.32 are satisfied. Then, T and f have a unique common fixed
point. O

From Theorem 3.39 and Theorem 3.40, if we set f = I the identity mapping on X, we deduce the
following corollaries on fixed point results on an S-metric space endowed with a partial order.

Corollary 3.41. Let (X, =) be a partially ordered set and S be an S-metric on X such that (X, S) is complete. Let
T : X +— X be a nondecreasing mapping w.r.t. <. Suppose that there exist two functions \p € W and ¢ € ® such
that

S(Tx, Ty, Ty) < b(My(x,y)) — @(M;(x,y)),

ZS(X,TX,TX);’O—S(y,Ty,Ty), ZS(y,Tx,Tx);—S(x,Ty,Ty)}for all X,y € X with fx < fy.

where Mé(x,y) = max{S(x,y,y),
Suppose that the following assumptions hold:

(A1) there exists xg € X such that xop = Txo;
(A2) (X, =,S) is reqular.

Then, T has a fixed point in X. Moreover, if u = v or v = u, whenever w = Tu and v = Tv, then T has a unique
common fixed point in X.

Corollary 3.42. Let (X, =) be a partially ordered set and S be an S-metric on X such that (X, S) is complete. Let
T : X+ X be a nondecreasing mapping w.r.t. <. Suppose that there exist two functions \p € ¥ and ¢ € © such
that

S(Tx, Ty, Ty) < V(M3(x,y)) — @(M3(x,y)),

where Mé(x,y) = max{S(x,y,y),S(x,Tx, Tx), S(y, Ty, Ty)} for all x,y € X with x < y. Suppose that the
following assumptions hold:

(A1) there exists xg € X such that fxg < Txp;

(A2) if a sequence {xn} C X such that xn = xn11 foralln € N and xn, — x € X as n — oo, there exists a
subsequence {xn, } of {xn} such that x,,, < x forall k € IN;

(A3) ifu = vorv < u, whenever u=Tuand v =Tv.

Then, T has a unique fixed point in X.
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