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Abstract

This paper concerns the asymptotic behavior of solutions to the Neumann exterior problem of a class of semilinear parabolic
equations with a gradient term. The blow-up theorem of Fujita type is established and the critical Fujita exponent is formulated
by spacial dimension, the behavior of the coefficient of the gradient term at infinity and other exponents. (©2017 All rights
reserved.
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1. Introduction

The purpose of paper is to investigate the Fujita type theorems for the homogeneous Neumann exterior
problem

0 _
le}‘la—i = Au+ b(]x])x - Vu + [x|*2uP, x € R"\ By, t>0, (1.1)
0
%(X,t) —0, X €0By, t>0, (1.2)
u(xl O) = LLO(X)/ x € R™ \Ell (13)

wherep > 1,0 <A <A <pA+(p—1)n, 0 < b € CI([1,+00)) satisfies

lim s?b(s) =k, (0<k<+4), (1.4)

S——+o00

0
0 < up € Co(IR™\ By) satisfies % =0, By is the unit ball in R™ and v denotes the unit inner normal
vector to 9B;. '

The critical exponents for diffusion equations with nonlinear internal heat source has attached ex-
tensive attention since 1966, when Fujita [6] proved that for the Cauchy problem of the equation (1.1)
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with b = 0 and A; = A; = 0, the nontrivial nonnegative solution blows up in a finite time if 1 < p <
Pe = 1+2/n, whereas exists globally for small initial data and blows up in a finite time for large ones if
P > pc = 1+ 2/n. This result fully reveals that the exponent p of the nonlinear reaction plays a remark-
able role in affecting the properties of solutions. We call p. with the above properties the critical Fujita
exponent and the similar result a blow-up theorem of Fujita type.

There have been many kinds of extensions of Fujita’s results since then, such as different types of
parabolic equations and systems with or without degeneracies or singularities, various geometries of
domains, different nonlinear reactions or nonhomogeneous boundaries, etc. One can see the survey
papers [3, 7] and the references therein, and more recent works [2, 4, 9, 11-18, 20]. For the semilinear
parabolic equations, which are simple but not insignificant, Aguirre and Escobedo [1] showed that

is the critical Fujita exponent of the Cauchy problem of

d
a—‘t‘ = Au+by-VutuP, xecR" t>0,

with by be a nonzero constant vector. Then, Wang and Zheng [13] considered the Cauchy problem of (1.1)
with b = 0 and the critical Fujita exponent was formulated as

Pe =14+ 2+A)/(n+A).

Recently in [20], the Cauchy problem of (1.1) with A; = A, = 0 was studied and it was shown that

1, K = +00,
Pe=¢ 1+2/(n+x), N < K < 400,
+o0, —o00 <L KK .

As to Neumann exterior problems, Levine and Zhang [8] investigated the critical Fujita exponent of the
homogeneous Neumann exterior problem of (1.1) with b = 0 and A; = A; = 0, and proved that p. is still
1+ 2/n which is the same as that Fujita proved. where QO C R™ with n > 3 is a domain with bounded
complement and v denotes the unit inner normal vector to Q. In [19], the authors concerned the problem
(1.1), (1.2), (1.3) with

b(s)=—, s>0, (—o0<kKk<+00),

and formulated the critical Fujita exponent as

B 1+(2+)\2)/(H+K+7\1), K>—Tl—7\1,
Pe = “+00, K< —n—A.

In this paper, we investigate the Fujita type theorems for the Neumann exterior problem (1.1)-(1.3). It
is proved that the critical Fujita exponent to the problem is

1, K = 400,
Peml 1424 M)/t k+A),  0< k< +oo.

That is to say, if 1 < p < p, there does not exist any nontrivial nonnegative global solution, whereas if
P > Pc, there exist both nontrivial nonnegative global and blow-up solutions. The technique used in this
paper is mainly inspired by [10, 13, 19, 20]. To prove the blow-up of solutions, we use precise energy
integral estimates instead of constructing subsolutions. For the global existence of nontrivial solutions,



Y. Y. Nie, M. J. Zhou, Q. Zhou, Y. Na, J. Nonlinear Sci. Appl., 10 (2017), 1603-1612 1605

we construct a nontrivial global supersolution. It should be noted that we have to seek a complicated
supersolution and do some precise calculations in order to overcome the difficulty from the non-self-
similar construction of (1.1).

The paper is organized as follows. Some preliminaries and main results are listed in Section 2, such
as the well-posedness of the problem (1.1)-(1.3) and some auxiliary lemmas to be used later, as well as the
blow-up theorems of Fujita type. The proofs of the main results are obtained in Section 3.

2. Preliminaries and main results
The solutions to the problem (1.1)-(1.3) are defined as follows.

Definition 2.1. A nonnegative function u is called a solution to the problem (1.1)-(1.3) in (0, T) with
0<T< 4oo,if

u € C([0, T), Ljpe (R™ \ B1)) NL§S.(0, T, L®(R™ \ By)),

and the integral identity

T

T
0
J J IxMu(x, t)—(p(x, t)dxdt + J
R™\B;

J u(x,t)(Ae(x,t) —div(b(|x]) @ (x, t)x))dxdt
0 ot 0 JRM\B,

T T
+J J Ix|M2uP (x, 1) @(x, t)dxdt —J J u(x, t) (aa(p(x,t) — |x|2b(|x|)(p(x,t)> dodt
0 JRM\B, 0 JoB, v

+J xMug(x) @ (x, 0)dx = 0,
R™\B;

holds for any 0 < ¢ € C>((R™\ By) x [0,T)) vanishing when t near T or [x| being sufficiently large.

Definition 2.2. A solution u to the problem (1.1)-(1.3) is called a blow-up solution, if there exists some
T, € (0,400), which is called blow-up time, such that

Hu('/t)HLO"(lR“\Bl] — 400, as t— T*_

Otherwise, u is called a global solution.

0
For 0 < ug € Co(R™\ By) with %’aBl =0,0<b e CY[1,+00)) and p > 1, one can establish the

existence, uniqueness and the comparison principle to the local in time solutions of (1.1)-(1.3) by use of
the classical theory on parabolic equations (see, e.g., [5]).
The Fujita type theorems for the problem (1.1)-(1.3) are stated as follows.

Theorem 2.3. Assume that 0 < b € C!([1,+00)) satisfies (1.4) with 0 < k < +o0. Let 1 < p < p.. Then for any

2
nontrivial 0 < vy € Co(R™\ By), %‘aBl = 0, the solution to the problem (1.1)-(1.3) must blow up in a finite

time.
Theorem 2.4. Assume that 0 < b € C1([1,+0)) satisfies (1.4) with 0 < k < 4o00. Let p > pc. Then there exist
both nontrivial nonnegative global and blow-up solutions to the problem (1.1)-(1.3).

3. Proofs of main results

To prove Theorem 2.3, the following auxiliary lemma is necessary. We omit the proof in consideration
of the similar method in [19, 20].
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Lemma 3.1. Assume that 0 < b € C!([1,+00)) satisfies (1.4) with 0 < k < oo, U be a solution to the problem
(1.1)-(1.3), and

h(r), 1<r<R,
_J 1 (r—R)m
Yr(r) =4 = oR
2h(r) 1+ cos 6_1R)’ R <1 <8R,
0, r > 0R,

with

T

h(r) =exp { L sb(s)ds}, r>1.

Then there exist three numbers Ry > 1, & > 1 and Mg > 0 depending only on n and b, such that for any R > Ry,

d

A - -2
i Ly PO ORI > MR 2] Db ax

Bsr\Br (3.1)

+j X2 (x, dr(x)dx, t> 0,
R™\ By

in the distribution sense, where B, denotes the open ball in R™ with radius v and centered at the origin.

Remark 3.2. For the case k = 400, one can prove that (3.1) holds for each fixed R > 1, but & > 1 and
Mo > 0 depend also on R.

Proof of Theorem 2.3. We claim that P, h, Rg, 8 and My are introduced in Lemma 3.1. It follows from
0<k<+ooand 1 < p < p that
24+A
< A —
p—1

TL—)\l.

Fix K to satisfy

24+ A

K< K< 1 —n—Aq, (3.2)

which together with (1.4), yields that there exists Ry > 1 such that

0<s’(s) <R s>R;.

N

For any R > Ry, one can get that
0 < Wr(lxl) < h(Ixxm,sr(1x])

OR
J Sb(s)ds}xn,m(IXI)
! (3.3)
J: sb(S)ds} exp {ﬁ J;R %ds}x[mmum

= MR®xrsr) (X)), X =1,

where X1 sg] is the characteristic function of the interval [1, 3R], while M > 0 depends only on 1, b, Ry, &
and K. Let u be the solution to the problem (1.1)-(1.3), and denote

wR(t)zj Xl g (x)dx, 3 0.
R™\ B,
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For any R > max{Ry, R;}, Lemma 3.1 implies

d
LIS )>—M0R2j u(x,t)wk(|x|)dx+J KPP (x OR(x)dx, t>0.  (34)
dt Bsr\Br R™\B1

The Holder inequality and (3.3) yield

J w(x, () dx
Bsr\Br

(p—1)/ 1/
(J g0 U (ax) * ([ e sax)
Bsr\Br Bsr\Br (3.5)

MRR—A2/ (p—1) J 1/p

Bsr\Br

p—l)/pRn+|~<—(n+l~<+7\2)/p (J
R™\ By

ax) " (LW\BR PP (x, g () dx)

1/
<M xPeuP (x, e (x)dx) 7, >0,

(
1
with M; = M(d™ —1)w,, > 0 and wy, is the volume of the unit ball in R™. Substituting (3.5) into (3.4)
gives

d 1/p

Zwr(t) = _MOMip—l)/PRn+|"<727(n+k+)\2)/p (J

AP (x, t d
= g, PP G0 D))

(3.6)
+J XP2uP (x, tpr(x)dx, t> 0.
R™\B;

It follows from Ay < pA; + (p —1)n that n+ (pA; —A2)/(p —1) > 0, which together with the Holder
inequality and (3.3), leads to

J P, ) (1x]) dx
R"™\B1

_ _ (p—1)/p 1/p
| e ) (] e, s ax)
R™\ By R™\B;

1/p

) (p—1)/p

< (MRK J r(PA—A2)/ (P—de) (J xP2uP (x,t)le(le)dx>

Bsr\B1 R™\ By

) SR 1/p
(MRannJ

(p—1)/p
ot e ) T ([ e el a)
1 R™\B;

. o 1/p
Mép 1)/PRn+K+}\1—(n+K+?\2)/p (J |X|}\2U.p (X, t)le“XDdX) L t>0,
R™\ By
M —1 om
with M, = np—Dwn > 0, then
n(p—1)+pAd—A
J xP2uP (x, g () dx > My PTYRT(PDMAREAD M AP (1) ¢ > 0, (3.7)
R™\B;

Substituting (3.7) into (3.6), one gets that for any R > max{Ro, R1},

P—1/p i
%WR(t) > — MO (Nll> R—Z—)\le(t) + Mz_(p—l)R—(p—l)(n+K+>\1)+7\1—}\2WE(t)
(3.8)

M (p—1)/p o . _
=wg(t) ( My <1) R—2—M +M, (p 1)R—(P—1)(n+|<+7\1)+7\1—7\zwg l(t)), t>0.
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Notice that (3.2) implies
—2—M<—(p—1)(M+K+A1)+A—Ay,
while wg(0) is nondecreasing with respect to R € (1, +o0) and
sup{wg(0) : R > 1} > 0.

Therefore, there exists Ry, > 1 such that for any R > Ry,
M (p—1)/p 1 o B _
MO <1> R7277\] < EMZ (P 1)R7(p71)(TL+K+>\1)+}\17>\2WE 1(0) (39)

Fix R > max{Ry, Ry, R2}. Then, (3.8) and (3.9) yield that

%WR(J{) > %M;(pfl)R—(p—l)(n+k+7\1)+?\1—?\2Wg(t)/ t>0.

Since p > 1, there exists T, > 0 such that

wg(t) = J IxMu(x, g ([x))dx — 400, as t—T,.
R™\B;

It follows from suppPr(Ix|) = Bsg \ By that
lu(-, )|l (rn\By) — +00, as t— T,
i.e.,, ublows up in a finite time. O
Now, let us prove Theorem 2.4. Firstly, we study self-similar supersolutions of (1.1) of the form
u(x, t) = (t+10) " V((t+1) Plx|), x€R™\By, t>0, (3.10)
with

24+ A 1

Terap-n P zeA

and T > 0 will be determined. If v € C1([0, +00)) solves

n—1

v (r) + V() + (E+0)2Prb((t4+ )PV (1) + BV (1) + arMv(r) £ TV (1) €0, T>0,

0
then u given by (3.10) is a supersolution to (1.1). Moreover, v/(r) < 0 (r > 0) implies o > 0.
0V 19B;x(0,400)

Lemma 3.3. Assume that 0 < b € C!([1,+00)) satisfies (1.4) with 0 < k < +00, p > Pe,
v(r) = ne_Am, >0, (3.11)
with A € CY1([0, +00)) satisfies A(0) = 0 and

Aqrith 0<r<1?

, B 12(n+|<2+7\1)
ATT) =9 Aprl+h (A — AT

A2r1+7\1 + (Al _ A2)1n+K2+7\1T1+7\1’ > l,
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where 0 < 1 < 1 to be determined,

2(24+ A7)
2+ M)+ ki +A)(p+pc—2)

i=1,2,

i
with —m < k1 < K < K satisfying
inf{s?b(s): s >0} > k1, M4k +A)P+pe—2)>22+MN).

Then, there exist 0 < 1 < 1, T > 0 and 1 > 0 such that u given by (3.10) and (3.11) is a supersolution to (1.1).
Furthermore,

ou

= > 0.
0V 9By x (0,+00)

Proof. Denote kg = inf{s?b(s) :s > 0}. For0 < r < 12,

V(T (1) 4 (0P rb (TP (1) 4+ BN (1) + o)

=1My(r) (AL (1 + A1) + AP M — (n—1DA; — A (t+1)2P2?b((t+1)Pr) — A prPTM + )
24+ A

2+A)p—1)

2(2+ A2)(ko — K1) (2+A2)(p —Ppc)

N o _ 2+A1 A1
_< Zra et AP +pe—2)  CFMp+pe—2p—1) " T RAIT )T v(r),

which yields that there exists 0 < l; < 1 such that for any 0 < 1 < 1,

< r7‘1v(r) <—(n+ Ko+ A1)A1 + + (A1 — B)Ap‘”“)

-1
V() 4+ 200 () 4+ (E40)2Pb((t 4 1) P (1) + BTV (7) 4+ oo Mu(r)
3.12)
Q4M)p—pe) ) (
< — ™y(r), 0<r<15, t>0.
22+ M)(p+pc—2)(p—1)
For 12 < r < 1, it holds that
1
V() BT D ) 4 A (1) + ar(r)
1
—v(r) <(A’(r))2 _A(r) — “*%A'(r) —BrMA/ () + mM>
A 12(n+k2+A1) 12(n+K2+A1) Y
=T 1V(T) <(A2+(A1_A2)rn+|<2+7\1) <A2+(A1_A2)TTL+K2+7\1_B>T 1
24+ A
—n+rk+MAI+
(nt 2+ M)Az (2+m(p—1)>

(24+2A2)(p—Pc)
2+AM)(p+pc—2)(p—1)

<My(r) <— + (A — B)AlTZH‘l) ,

which implies that there exists 0 < 1, < 1; such that forany 0 <1 < 1,

(2+A2)(p—Ppc)

n+k —1 B
22+M)p+pc—2)(p—1)

V(1) + Br MY (1) 4+ arMy(r) < My(r), P<r<l  (313)

V//(T') +

For r > 1, one gets that

n+ky—1
T

V(1) + BrAMY (1) + oMy (r)

VN(T) +
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=v(r) ( (Ax+ (A1 — /\2)1““2“1)2 22— (4 kg + M) (Ag + (A — Ag) UM FReth) M

24 A
—B (Ax+ (Ag — Ag)Umirathny 202~ 2 M)
B2+ (M= Ao) )T 2+nip—1"

A o (2+7\2)(P_Pc) o B n_+|<2+)\])
=0 (A BTy M A
+ (AZ + (Al o A2)1n+K2+7\1) (AZ + (Al . A2)1n+K2+7\1 o B) T2+27\1V(T)
(2+22)(p —pe)
22+ M)(p+pc—2)(p—1)
+ (A2 + (Al o Az)anerJr?\l) (A2 + (Al _ Az)ln+K2+7\1 _ B) T2+2)\1\1(T).

My (r)

< —

The choice of k1, K leads to

1
2+ M
which yields that there exists 0 < 13 < 1, such that forany 0 <1 < 13,

Ag+ (A — ATt < )

lim (Az+ (A — Ag)IMTReth) = Ay <

1—0+

=B,

and thus

—1
v,,(T)+n+ Ko

(2+2A2)(p—Ppc)
22+ M)(p+pc—2)(p—1)

Fix 0 < 1 < 13, (1.4) insures that one can choose T > 0 sufficiently large such that

V(1) + BTV (1) 4+ artv(r) < — M), r>1 (3.14)
(t+1)2Brb((t+1)Pr) > % r>12, t>0. (3.15)

It follows from (3.12), (3.13), (3.14), (3.15) that

n—1

V() + (t+0)2Brb((t+1)Pr)v (1) + BriT A (1) 4+ oMy (r)

—1
H%vl(r) + BT MY (1) oM (r) (3.16)

(2+A2)(p —Ppc)
22+M)(p+pc—2)(p—1)
Due to 0 < A1 < A2, p > 1 and the definition of A,

v (1) +
T

<V +

™y(r), Te(0,12)Uu(Z)U(l,40), t>0.

< —

0< My =sup M= (PmDAM) o,
>0

Choose n > 0 sufficiently small such that

T]pfl < (2+7\2)(P _pc)
T 2Mo(2+ A1) (p+pe —2)(p—1)

Then, (3.16) implies that

1
v”(r)—i—n V(1) + (E+1)2Bro((t+ 1) P (1) 4+ BritA (r) 4+ oMy (1) + 122vP (1)

2+A)(p—pc) 1 A=A —(P—1)A

< (r ( 4Pl A (pDA(T)

22+M)(p+pe—2)(p—1)

2+ M) (p—pc) 4 >

< M +nP~ M,

T <22+A1 p+pe—2p-1 0

<0, te(0,1P)Uu(Z)U(l,+o0), t>0.

Since v € CY1([0, +0)), u given by (3.10) and (3.11) is a supersolution to (1.1). O
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Proof of Theorem 2.4. The comparison principle and Lemma 3.3 yield that there exists a nontrivial global
solutions to the problem (1.1)-(1.3). We will show that the problem also admits a blow-up solutions. Fix
R > Rp. Assume that u is a solution to the problem (1.1)-(1.3). Lemma 3.1 and Remark 3.2 imply that

d

—wg(t) = —MyR 2w (t) +J x|M2uP (x, t)Ppr(lx))dx, t>0, (3.17)
where Vg, Ry, 5, Mo and wg(t) are given in Lemma 3.1, Remark 3.2 and the proof of Theorem 2.3. The
Holder inequality yields

J e, g () dx
R™\ B,

(p—1)/ 1/
([ ety a) (| ’
R™\ B, R

xPuP (x, R () dx )
™\By

(p—1)/p 1/p
([ ) (] e iax) L e
R™\ Bq R™\ B4

which implies

1—
J xPuP (x, g (X)) dx > (J XPM/ P g (xdx) wh(t), t>0.  (318)
R™\ B, R™\ By
Substituting (3.18) into (3.17) to get
d I-p __
—wr() > wr(t){ — MoR ™2+ (J XPM/ P g (xax) W], >0, (3.19)
If ug is so large that
Wwr(0) = J X (x) g (1x])dx > (2MgR~2)/ (P J XIPA/ (P (1) dix,
R™\ B4 R™\Bj
then (3.19) leads to
d 1 1-p
£ S - pAL/(p—1) p .
a0z 5(] Prliax) whit), >0
The same argument as in the proof of Theorem 2.3 shows that u must blow up in a finite time. O

Remark 3.4. For the critical case p = p. with 0 < k < +00, we need an additional condition (see [20]) that
+oo Zb _
0 < J S(SS)de < too, if 0< k< too. (3.20)
1

Similar to the proof in critical case in [19, 20], one can show the blow-up of solutions to the problem
(1.1)-(1.3) for the critical case p = p. with 0 < k < 400, if (3.20) holds.
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