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Abstract
This paper concerns the asymptotic behavior of solutions to the Neumann exterior problem of a class of semilinear parabolic

equations with a gradient term. The blow-up theorem of Fujita type is established and the critical Fujita exponent is formulated
by spacial dimension, the behavior of the coefficient of the gradient term at infinity and other exponents. c©2017 All rights
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1. Introduction

The purpose of paper is to investigate the Fujita type theorems for the homogeneous Neumann exterior
problem

|x|λ1
∂u

∂t
= ∆u+ b(|x|)x · ∇u+ |x|λ2up, x ∈ Rn \B1, t > 0, (1.1)

∂u

∂ν
(x, t) = 0, x ∈ ∂B1, t > 0, (1.2)

u(x, 0) = u0(x), x ∈ Rn \B1, (1.3)

where p > 1, 0 6 λ1 6 λ2 < pλ1 + (p− 1)n, 0 6 b ∈ C1([1,+∞)) satisfies

lim
s→+∞ s2b(s) = κ, (0 6 κ 6 +∞), (1.4)

0 6 u0 ∈ C0(R
n \B1) satisfies

∂u0

∂ν

∣∣∣
∂B1

= 0, B1 is the unit ball in Rn and ν denotes the unit inner normal

vector to ∂B1.
The critical exponents for diffusion equations with nonlinear internal heat source has attached ex-

tensive attention since 1966, when Fujita [6] proved that for the Cauchy problem of the equation (1.1)
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with b ≡ 0 and λ1 = λ2 = 0, the nontrivial nonnegative solution blows up in a finite time if 1 < p <

pc = 1 + 2/n, whereas exists globally for small initial data and blows up in a finite time for large ones if
p > pc = 1 + 2/n. This result fully reveals that the exponent p of the nonlinear reaction plays a remark-
able role in affecting the properties of solutions. We call pc with the above properties the critical Fujita
exponent and the similar result a blow-up theorem of Fujita type.

There have been many kinds of extensions of Fujita’s results since then, such as different types of
parabolic equations and systems with or without degeneracies or singularities, various geometries of
domains, different nonlinear reactions or nonhomogeneous boundaries, etc. One can see the survey
papers [3, 7] and the references therein, and more recent works [2, 4, 9, 11–18, 20]. For the semilinear
parabolic equations, which are simple but not insignificant, Aguirre and Escobedo [1] showed that

pc = 1 + 2/(n+ 1),

is the critical Fujita exponent of the Cauchy problem of

∂u

∂t
= ∆u+ b0 · ∇u+ up, x ∈ Rn, t > 0,

with b0 be a nonzero constant vector. Then, Wang and Zheng [13] considered the Cauchy problem of (1.1)
with b ≡ 0 and the critical Fujita exponent was formulated as

pc = 1 + (2 + λ2)/(n+ λ1).

Recently in [20], the Cauchy problem of (1.1) with λ1 = λ2 = 0 was studied and it was shown that

pc =


1, κ = +∞,

1 + 2/(n+ κ), −n < κ < +∞,

+∞, −∞ 6 κ 6 −n.

As to Neumann exterior problems, Levine and Zhang [8] investigated the critical Fujita exponent of the
homogeneous Neumann exterior problem of (1.1) with b ≡ 0 and λ1 = λ2 = 0, and proved that pc is still
1 + 2/n which is the same as that Fujita proved. where Ω ⊂ Rn with n > 3 is a domain with bounded
complement and ν denotes the unit inner normal vector to ∂Ω. In [19], the authors concerned the problem
(1.1), (1.2), (1.3) with

b(s) =
κ

s2 , s > 0, (−∞ < κ < +∞),

and formulated the critical Fujita exponent as

pc =

{
1 + (2 + λ2)/(n+ κ+ λ1), κ > −n− λ1,

+∞, κ 6 −n− λ1.

In this paper, we investigate the Fujita type theorems for the Neumann exterior problem (1.1)-(1.3). It
is proved that the critical Fujita exponent to the problem is

pc =

{
1, κ = +∞,

1 + (2 + λ2)/(n+ κ+ λ1), 0 6 κ < +∞.

That is to say, if 1 < p < pc, there does not exist any nontrivial nonnegative global solution, whereas if
p > pc, there exist both nontrivial nonnegative global and blow-up solutions. The technique used in this
paper is mainly inspired by [10, 13, 19, 20]. To prove the blow-up of solutions, we use precise energy
integral estimates instead of constructing subsolutions. For the global existence of nontrivial solutions,
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we construct a nontrivial global supersolution. It should be noted that we have to seek a complicated
supersolution and do some precise calculations in order to overcome the difficulty from the non-self-
similar construction of (1.1).

The paper is organized as follows. Some preliminaries and main results are listed in Section 2, such
as the well-posedness of the problem (1.1)-(1.3) and some auxiliary lemmas to be used later, as well as the
blow-up theorems of Fujita type. The proofs of the main results are obtained in Section 3.

2. Preliminaries and main results

The solutions to the problem (1.1)-(1.3) are defined as follows.

Definition 2.1. A nonnegative function u is called a solution to the problem (1.1)-(1.3) in (0, T) with
0 < T 6 +∞, if

u ∈ C([0, T),L1
loc(R

n \B1))∩ L∞loc(0, T ;L∞(Rn \B1)),

and the integral identity∫T
0

∫
Rn\B1

|x|λ1u(x, t)
∂ϕ

∂t
(x, t)dxdt+

∫T
0

∫
Rn\B1

u(x, t)(∆ϕ(x, t) − div(b(|x|)ϕ(x, t)x))dxdt

+

∫T
0

∫
Rn\B1

|x|λ2up(x, t)ϕ(x, t)dxdt−
∫T

0

∫
∂B1

u(x, t)
(
∂ϕ

∂ν
(x, t) − |x|2b(|x|)ϕ(x, t)

)
dσdt

+

∫
Rn\B1

|x|λ1u0(x)ϕ(x, 0)dx = 0,

holds for any 0 6 ϕ ∈ C2,1((Rn \B1)× [0, T)) vanishing when t near T or |x| being sufficiently large.

Definition 2.2. A solution u to the problem (1.1)-(1.3) is called a blow-up solution, if there exists some
T∗ ∈ (0,+∞), which is called blow-up time, such that

‖u(·, t)‖L∞(Rn\B1) → +∞, as t→ T−∗ .

Otherwise, u is called a global solution.

For 0 6 u0 ∈ C0(R
n \ B1) with

∂u0

∂ν

∣∣
∂B1

= 0, 0 6 b ∈ C1([1,+∞)) and p > 1, one can establish the
existence, uniqueness and the comparison principle to the local in time solutions of (1.1)-(1.3) by use of
the classical theory on parabolic equations (see, e.g., [5]).

The Fujita type theorems for the problem (1.1)-(1.3) are stated as follows.

Theorem 2.3. Assume that 0 6 b ∈ C1([1,+∞)) satisfies (1.4) with 0 6 κ < +∞. Let 1 < p < pc. Then for any

nontrivial 0 6 u0 ∈ C0(R
n \ B1),

∂u0

∂ν

∣∣
∂B1

= 0, the solution to the problem (1.1)-(1.3) must blow up in a finite
time.

Theorem 2.4. Assume that 0 6 b ∈ C1([1,+∞)) satisfies (1.4) with 0 6 κ 6 +∞. Let p > pc. Then there exist
both nontrivial nonnegative global and blow-up solutions to the problem (1.1)-(1.3).

3. Proofs of main results

To prove Theorem 2.3, the following auxiliary lemma is necessary. We omit the proof in consideration
of the similar method in [19, 20].
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Lemma 3.1. Assume that 0 6 b ∈ C1([1,+∞)) satisfies (1.4) with 0 6 κ < +∞, u be a solution to the problem
(1.1)-(1.3), and

ψR(r) =


h(r), 1 6 r 6 R,

1
2
h(r)

(
1 + cos

(r− R)π

(δ− 1)R

)
, R < r < δR,

0, r > δR,

with

h(r) = exp
{ ∫r

1
sb(s)ds

}
, r > 1.

Then there exist three numbers R0 > 1, δ > 1 and M0 > 0 depending only on n and b, such that for any R > R0,

d

dt

∫
Rn\B1

|x|λ1u(x, t)ψR(|x|)dx > −M0R
−2
∫
BδR\BR

u(x, t)ψR(|x|)dx

+

∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx, t > 0,
(3.1)

in the distribution sense, where Br denotes the open ball in Rn with radius r and centered at the origin.

Remark 3.2. For the case κ = +∞, one can prove that (3.1) holds for each fixed R > 1, but δ > 1 and
M0 > 0 depend also on R.

Proof of Theorem 2.3. We claim that ψR, h, R0, δ and M0 are introduced in Lemma 3.1. It follows from
0 6 κ < +∞ and 1 < p < pc that

κ <
2 + λ2

p− 1
−n− λ1.

Fix κ̃ to satisfy

κ < κ̃ <
2 + λ2

p− 1
−n− λ1, (3.2)

which together with (1.4), yields that there exists R1 > 1 such that

0 6 s2b(s) < κ̃, s > R1.

For any R > R1, one can get that

0 6 ψR(|x|) 6 h(|x|)χ[1,δR](|x|)

6 exp
{ ∫δR

0
sb(s)ds

}
χ[1,δR](|x|)

6 exp
{ ∫R1

0
sb(s)ds

}
exp
{
κ̃

∫δR
R1

1
s
ds
}
χ[1,δR](|x|)

=MRκ̃χ[1,δR](|x|), |x| > 1,

(3.3)

where χ[1,δR] is the characteristic function of the interval [1, δR], while M > 0 depends only on n, b, R1, δ
and κ̃. Let u be the solution to the problem (1.1)-(1.3), and denote

wR(t) =

∫
Rn\B1

|x|λ1u(x, t)ψR(x)dx, t > 0.
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For any R > max{R0, R1}, Lemma 3.1 implies

d

dt
wR(t) > −M0R

−2
∫
BδR\BR

u(x, t)ψR(|x|)dx+
∫

Rn\B1

|x|λ2up(x, t)ψR(|x|)dx, t > 0. (3.4)

The Hölder inequality and (3.3) yield∫
BδR\BR

u(x, t)ψR(|x|)dx

6
( ∫
BδR\BR

|x|−λ2/(p−1)ψR(|x|)dx
)(p−1)/p( ∫

BδR\BR

|x|λ2up(x, t)ψR(|x|)dx
)1/p

6
(
MRκ̃−λ2/(p−1)

∫
BδR\BR

dx
)(p−1)/p( ∫

BδR\BR

|x|λ2up(x, t)ψR(|x|)dx
)1/p

6M(p−1)/p
1 Rn+κ̃−(n+κ̃+λ2)/p

( ∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

, t > 0,

(3.5)

with M1 = M(δn − 1)ωn > 0 and ωn is the volume of the unit ball in Rn. Substituting (3.5) into (3.4)
gives

d

dt
wR(t) > −M0M

(p−1)/p
1 Rn+κ̃−2−(n+κ̃+λ2)/p

( ∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

+

∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx, t > 0.
(3.6)

It follows from λ2 < pλ1 + (p − 1)n that n + (pλ1 − λ2)/(p − 1) > 0, which together with the Hölder
inequality and (3.3), leads to∫

Rn\B1

|x|λ1u(x, t)ψR(|x|)dx

6
( ∫

Rn\B1

|x|(pλ1−λ2)/(p−1)ψR(|x|)dx
)(p−1)/p( ∫

Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

6
(
MRκ̃

∫
BδR\B1

r(pλ1−λ2)/(p−1)dx
)(p−1)/p( ∫

Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

=
(
MRκ̃nωn

∫δR
1
rn−1+(pλ1−λ2)/(p−1)dr

)(p−1)/p( ∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

6M(p−1)/p
2 Rn+κ̃+λ1−(n+κ̃+λ2)/p

( ∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

, t > 0,

with M2 =
Mn(p− 1)ωnδn

n(p− 1) + pλ1 − λ2
> 0, then

∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx >M
−(p−1)
2 R−(p−1)(n+κ̃+λ1)+λ1−λ2w

p
R(t), t > 0. (3.7)

Substituting (3.7) into (3.6), one gets that for any R > max{R0,R1},

d

dt
wR(t) > −M0

(
M1

M2

)(p−1)/p
R−2−λ1wR(t) +M

−(p−1)
2 R−(p−1)(n+κ̃+λ1)+λ1−λ2w

p
R(t)

=wR(t)

(
−M0

(
M1

M2

)(p−1)/p
R−2−λ1 +M

−(p−1)
2 R−(p−1)(n+κ̃+λ1)+λ1−λ2w

p−1
R (t)

)
, t > 0.

(3.8)
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Notice that (3.2) implies

−2 − λ1 < −(p− 1)(n+ κ̃+ λ1) + λ1 − λ2,

while wR(0) is nondecreasing with respect to R ∈ (1,+∞) and

sup{wR(0) : R > 1} > 0.

Therefore, there exists R2 > 1 such that for any R > R2,

M0

(
M1

M2

)(p−1)/p

R−2−λ1 6
1
2
M

−(p−1)
2 R−(p−1)(n+κ̃+λ1)+λ1−λ2w

p−1
R (0). (3.9)

Fix R > max{R0,R1,R2}. Then, (3.8) and (3.9) yield that

d

dt
wR(t) >

1
2
M

−(p−1)
2 R−(p−1)(n+κ̃+λ1)+λ1−λ2w

p
R(t), t > 0.

Since p > 1, there exists T∗ > 0 such that

wR(t) =

∫
Rn\B1

|x|λ1u(x, t)ψR(|x|)dx→ +∞, as t→ T−∗ .

It follows from suppψR(|x|) = BδR \B1 that

‖u(·, t)‖L∞(Rn\B1) → +∞, as t→ T−∗ ,

i.e., u blows up in a finite time.

Now, let us prove Theorem 2.4. Firstly, we study self-similar supersolutions of (1.1) of the form

u(x, t) = (t+ τ)−αv((t+ τ)−β|x|), x ∈ Rn \B1, t > 0, (3.10)

with

α =
2 + λ2

(2 + λ1)(p− 1)
, β =

1
2 + λ1

,

and τ > 0 will be determined. If v ∈ C1,1([0,+∞)) solves

v ′′(r) +
n− 1
r
v ′(r) + (t+ τ)2βrb((t+ τ)βr)v ′(r) +βr1+λ1v ′(r) +αrλ1v(r) + rλ2vp(r) 6 0, r > 0,

then u given by (3.10) is a supersolution to (1.1). Moreover, v ′(r) 6 0 (r > 0) implies
∂u

∂ν

∣∣∣
∂B1×(0,+∞)

> 0.

Lemma 3.3. Assume that 0 6 b ∈ C1([1,+∞)) satisfies (1.4) with 0 6 κ 6 +∞, p > pc,

v(r) = ηe−A(r), r > 0, (3.11)

with A ∈ C1,1([0,+∞)) satisfies A(0) = 0 and

A ′(r) =


A1r

1+λ1 , 0 6 r 6 l2,

A2r
1+λ1 + (A1 −A2)

l2(n+κ2+λ1)

rn+κ2−1 , l2 < r < l,

A2r
1+λ1 + (A1 −A2)l

n+κ2+λ1r1+λ1 , r > l,
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where 0 < l < 1 to be determined,

Ai =
2(2 + λ2)

(2 + λ1)(n+ κi + λ1)(p+ pc − 2)
, i = 1, 2,

with −n < κ1 < κ2 < κ satisfying

inf{s2b(s) : s > 0} > κ1, (n+ κ2 + λ1)(p+ pc − 2) > 2(2 + λ2).

Then, there exist 0 < l < 1, τ > 0 and η > 0 such that u given by (3.10) and (3.11) is a supersolution to (1.1).
Furthermore,

∂u

∂ν

∣∣∣
∂B1×(0,+∞)

> 0.

Proof. Denote κ0 = inf{s2b(s) : s > 0}. For 0 < r < l2,

v ′′(r)+
n− 1
r
v ′(r) + (t+ τ)2βrb((t+ τ)βr)v ′(r) +βr1+λ1v ′(r) +αrλ1v(r)

= rλ1v(r)(−A1(1 + λ1) +A
2
1r

2+λ1 − (n− 1)A1 −A1(t+ τ)
2βr2b((t+ τ)βr) −A1βr

2+λ1 +α)

6 rλ1v(r)

(
−(n+ κ0 + λ1)A1 +

2 + λ2

(2 + λ1)(p− 1)
+ (A1 −β)A1r

2+λ1

)
=

(
−

2(2 + λ2)(κ0 − κ1)

(2 + λ1)(n+ κ1 + λ1)(p+ pc − 2)
−

(2 + λ2)(p− pc)

(2 + λ1)(p+ pc − 2)(p− 1)
+ (A1 −β)A1r

2+λ1

)
rλ1v(r),

which yields that there exists 0 < l1 < 1 such that for any 0 < l < l1,

v ′′(r) +
n− 1
r
v ′(r) + (t+ τ)2βb((t+ τ)βr)rv ′(r) +βr1+λ1v ′(r) +αrλ1v(r)

6 −
(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
rλ1v(r), 0 < r < l2, t > 0.

(3.12)

For l2 < r < l, it holds that

v ′′(r) +
n+ κ2 − 1

r
v ′(r) +βr1+λ1v ′(r) +αrλ1v(r)

= v(r)

(
(A ′(r))2 −A ′′(r) −

n+ κ2 − 1
r

A ′(r) −βr1+λ1A ′(r) +αrλ1

)
= rλ1v(r)

((
A2 + (A1 −A2)

l2(n+κ2+λ1)

rn+κ2+λ1

)(
A2 + (A1 −A2)

l2(n+κ2+λ1)

rn+κ2+λ1
−β

)
r2+λ1

−(n+ κ2 + λ1)A2 +
2 + λ2

(2 + λ1)(p− 1)

)
6 rλ1v(r)

(
−

(2 + λ2)(p− pc)

(2 + λ1)(p+ pc − 2)(p− 1)
+ (A1 −β)A1r

2+λ1

)
,

which implies that there exists 0 < l2 < l1 such that for any 0 < l < l2,

v ′′(r) +
n+ κ2 − 1

r
v ′(r) +βr1+λ1v ′(r) +αrλ1v(r) 6 −

(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
rλ1v(r), l2 < r < l. (3.13)

For r > l, one gets that

v ′′(r) +
n+ κ2 − 1

r
v ′(r) +βr1+λ1v ′(r) +αrλ1v(r)
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= v(r)

((
A2 + (A1 −A2)l

n+κ2+λ1
)2
r2+2λ1 − (n+ κ2 + λ1)

(
A2 + (A1 −A2)l

n+κ2+λ1
)
rλ1

−β
(
A2 + (A1 −A2)l

n+κ2+λ1
)
r2+2λ1 +

2 + λ2

(2 + λ1)(p− 1)
rλ1

)
= rλ1v(r)

(
−

(2 + λ2)(p− pc)

(2 + λ1)(p+ pc − 2)(p− 1)
− (n+ κ2 + λ1)(A1 −A2)l

n+κ2+λ1

)
+
(
A2 + (A1 −A2)l

n+κ2+λ1
) (
A2 + (A1 −A2)l

n+κ2+λ1 −β
)
r2+2λ1v(r)

6−
(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
rλ1v(r)

+
(
A2 + (A1 −A2)l

n+κ2+λ1
) (
A2 + (A1 −A2)l

n+κ2+λ1 −β
)
r2+2λ1v(r).

The choice of κ1, κ2 leads to

lim
l→0+

(
A2 + (A1 −A2)l

n+κ2+λ1
)
= A2 <

1
2 + λ1

= β,

which yields that there exists 0 < l3 < l2 such that for any 0 < l < l3,

A2 + (A1 −A2)l
n+κ2+λ1 < β,

and thus

v ′′(r) +
n+ κ2 − 1

r
v ′(r) +βr1+λ1v ′(r) +αrλ1v(r) 6 −

(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
rλ1v(r), r > l. (3.14)

Fix 0 < l < l3, (1.4) insures that one can choose τ > 0 sufficiently large such that

(t+ τ)2βrb((t+ τ)βr) >
κ2

r
, r > l2, t > 0. (3.15)

It follows from (3.12), (3.13), (3.14), (3.15) that

v ′′(r) +
n− 1
r
v ′(r) + (t+ τ)2βrb((t+ τ)βr)v ′(r) +βr1+λ1v ′(r) +αrλ1v(r)

6 v ′′(r) +
n+ κ2 − 1

r
v ′(r) +βr1+λ1v ′(r) +αrλ1v(r)

6 −
(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
rλ1v(r), r ∈ (0, l2)∪ (l2, l)∪ (l,+∞), t > 0.

(3.16)

Due to 0 6 λ1 6 λ2, p > 1 and the definition of A,

0 < M0 = sup
r>0

rλ2−λ1e−(p−1)A(r) < +∞.

Choose η > 0 sufficiently small such that

ηp−1 6
(2 + λ2)(p− pc)

2M0(2 + λ1)(p+ pc − 2)(p− 1)
.

Then, (3.16) implies that

v ′′(r) +
n− 1
r
v ′(r) + (t+ τ)2βrb((t+ τ)βr)v ′(r) +βr1+λ1v ′(r) +αrλ1v(r) + rλ2vp(r)

6 rλ1v(r)

(
−

(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
+ ηp−1rλ2−λ1e−(p−1)A(r)

)
6 rλ1v(r)

(
−

(2 + λ2)(p− pc)

2(2 + λ1)(p+ pc − 2)(p− 1)
+ ηp−1M0

)
6 0, r ∈ (0, l2)∪ (l2, l)∪ (l,+∞), t > 0.

Since v ∈ C1,1([0,+∞)), u given by (3.10) and (3.11) is a supersolution to (1.1).
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Proof of Theorem 2.4. The comparison principle and Lemma 3.3 yield that there exists a nontrivial global
solutions to the problem (1.1)-(1.3). We will show that the problem also admits a blow-up solutions. Fix
R > R0. Assume that u is a solution to the problem (1.1)-(1.3). Lemma 3.1 and Remark 3.2 imply that

d

dt
wR(t) > −M0R

−2wR(t) +

∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx, t > 0, (3.17)

where ψR, R0, δ, M0 and wR(t) are given in Lemma 3.1, Remark 3.2 and the proof of Theorem 2.3. The
Hölder inequality yields∫

Rn\B1

|x|λ1u(x, t)ψR(|x|)dx

6
( ∫

Rn\B1

|x|(pλ1−λ2)/(p−1)ψR(|x|)dx
)(p−1)/p( ∫

Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

6
( ∫

Rn\B1

|x|pλ1/(p−1)ψR(|x|)dx
)(p−1)/p( ∫

Rn\B1

|x|λ2up(x, t)ψR(|x|)dx
)1/p

, t > 0,

which implies∫
Rn\B1

|x|λ2up(x, t)ψR(|x|)dx >
( ∫

Rn\B1

|x|pλ1/(p−1)ψR(|x|)dx
)1−p

w
p
R(t), t > 0. (3.18)

Substituting (3.18) into (3.17) to get

d

dt
wR(t) > wR(t)

{
−M0R

−2 +
( ∫

Rn\B1

|x|pλ1/(p−1)ψR(|x|)dx
)1−p

w
p−1
R (t)

}
, t > 0. (3.19)

If u0 is so large that

wR(0) =
∫

Rn\B1

|x|λ1u0(x)ψR(|x|)dx > (2M0R
−2)1/(p−1)

∫
Rn\B1

|x|pλ1/(p−1)ψR(|x|)dx,

then (3.19) leads to

d

dt
wR(t) >

1
2

( ∫
Rn\B1

|x|pλ1/(p−1)ψR(|x|)dx
)1−p

w
p
R(t), t > 0.

The same argument as in the proof of Theorem 2.3 shows that u must blow up in a finite time.

Remark 3.4. For the critical case p = pc with 0 6 κ < +∞, we need an additional condition (see [20]) that

−∞ 6
∫+∞

1

s2b(s) − κ

s
ds < +∞, if 0 6 κ < +∞. (3.20)

Similar to the proof in critical case in [19, 20], one can show the blow-up of solutions to the problem
(1.1)-(1.3) for the critical case p = pc with 0 6 κ < +∞, if (3.20) holds.
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