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Abstract

The key aim of this article is to present an efficient numerical algorithm based on local fractional homotopy perturbation
Sumudu transform technique for solving local fractional heat-conduction equations in fractal media. The proposed technique
is an effective combination of local fractional homotopy perturbation method (LFHPM) and local fractional Sumudu transform
algorithm. The results obtained by using the suggested scheme show that the approach is straightforward to apply and very
accurate. c©2017 All rights reserved.
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1. Introduction

In the field of science and engineering, fractals are used in many applications, such as fracture me-
chanics, nano fluids and porous media and so on. Since in nano-scale [10, 22] the various transport
phenomena cannot be explained by smooth continuum approach, hence it is necessary to consider the
fractal nature of the objects. In the thermal transport in a fractal bar, it is very important to describe the
heat equations in many ways [2, 7, 12–14, 19, 20, 25, 29, 30, 32, 33].

Recent years, fractional calculus (FC) has gained significant attention and interest due to its wide
applications. For example, Rayneau-Kirkhope et al. [13] discussed the ultra light fractals structures from
hollow tubes. Shih [14] studied a literature survey on numerical heat transfer. Povestenko [12] analyzed
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the fractional heat conduction equation and associated thermal stress. Hristov [7] explained the heat-
balance integral to fractional heat diffusion sub-model. Wang et al. [20] represented the fractional model
for the heat conduction in polar hairs.

More recently, local fractional calculus (LFC) [24, 26] was applied to discuss the non-differentiable
problems, for instance, the local fractional heat-conduction [31–33], Tricomi [16], diffusion [9], damped
and dissipative wave [18], Laplace [23] and Fokker-Planck equations [12], and electric circuit [27], etc.

The local fractional derivative operator is represented as follows [3, 8, 16, 18, 23, 24, 26, 27, 31]:

∂σθ(ξ,η)
∂ησ

=
∆σ (θ(ξ,η) − θ(ξ,η0))

(η− η0)
,

where
∆σ (θ(ξ,η) − θ(ξ,η0)) ∼= Γ(1 + σ) [θ(ξ,η) − θ(ξ,η0)] .

The aim of the present paper is to employ the local fractional homotopy perturbation Sumudu transform
method (LFHPSTM) to solve the local fractional heat conduction equation occurring in fractal media
with the local fractional derivative and initial conditions. The LFHPSTM is a combination of the local
fractional homotopy perturbation method (LFHPM) [28] and Sumudu transform (ST) [17]. The LFHPM
is a generalization of the classical homotopy perturbation method (HPM) [1, 6].

The structure of this paper is as follows: In Section 2, the definitions of local fractional integrals
and derivatives are discussed. In Section 3, the basic idea of the LFHPSTM is demonstrated. Section 4
presents the non-differentiable solutions for local fractional heat conduction equation. Finally, in Section
5, the conclusions are discussed.

2. Local fractional integrals and derivatives

In this section, we present the basic theory of LFC, which is used in the present work.

Definition 2.1. Consider a function θ(η) ∈ Cσ(a,b), while

|θ(η) − θ(η0)| < ε
σ, 0 < σ 6 1, (2.1)

is valid [3, 8, 16, 18, 23, 24, 26, 27, 31], when |η− η0| < δ, for ε, δ > 0 and ε ∈ <.

Definition 2.2. Taking into consideration the interval [a, b] and (ξj, ξj+1 ), j = 0, · · · ,N− 1, ξ0 = a and
ξN = b with ∆ξj = ξj+1 − ξj, ∆ξ = max{∆ξ0,∆ξ1,,∆ξ2,, · · · } be partition of this interval. The local
fractional integral of θ(η) ∈ Cσ(a,b) is represented as follows [3, 8, 16, 18, 23, 24, 26, 27, 31]:

aI
(σ)
b θ(η) =

1
Γ(1 + σ)

b∫
a

θ(ξ)(dξ)σ (2.2)

=
1

Γ(1 + σ)
Lim
∆ξ→0

j=N−1∑
j=0

θ(ξj)(∆ξj)
σ.

Definition 2.3. Let θ(η) satisfy the condition stated in (2.1), then the inverse formula of (2.2) is described
as follows [3, 8, 16, 18, 23, 24, 26, 27, 31]:

dσθ(η0)

dησ
= D

(σ)
η θ(η0) =

∆σ (θ(η) − θ(η0))

(η− η0)σ
,

where
∆σ (θ(η) − θ(η0)) ∼= Γ(1 + σ)[θ(η) − θ(η0)].



D. Zhao, et al., J. Nonlinear Sci. Appl., 10 (2017), 1478–1486 1480

Definition 2.4. The local fractional ST of a function θ(η) is initiated and defined by Srivastava et al. [17]
and represented in the form:

LFSσ {θ(η)} = Θσ(z)

=
1

Γ(1 + σ)

∞∫
0

Eσ(−z
−σησ)

θ(η)

zσ
(dη)σ, 0 < σ 6 1.

The inverse formula is given as [17]:

LFS−1
σ {Θσ(z)} = θ(η), 0 < σ 6 1.

The ST was proposed by Watugala [21] and the further fundamental results were investigated by
Belgacem et al. [4], Bulut et al. [5] and Singh et al. [15], etc.

Definition 2.5. The Mittag-Leffler function was introduced by Mittag-Leffler [11] and is represented as
follows:

Eσ(η) =

∞∑
m=0

ηk

Γ(σm+ 1)
, (σ ∈ C, Re(σ) > 0).

3. Basic idea of the local fractional homotopy perturbation Sumudu transform method (LFHPSTM)

In this section, we demonstrate an efficient computational technique based on the LFHPM [28, 32] and
ST [17] scheme. In order to investigate the basic idea and solution process of the LFHPSTM, we have
taken up the linear partial differential equation involving local fractional derivative:

Lσθσ(ξ,η) + Rσθσ(ξ,η) = h(ξ,η), (3.1)

where Lσ indicates the linear local fractional differential operator, Rσ denotes the remaining linear oper-
ator and h(ξ,η) represents a non-homogenous function of ξ and η arising from source term.

On employing the local fractional ST on (3.1), it yields

Θσ(z,η) = θσ(0,η) + zσθσσ(0,η) + z2σθ2σ
σ (0,η) + · · ·

+ z(k−1)σθ
(k−1)σ
σ (0,η) − zkσLFSσ [Rσθσ(ξ,η)] + zkσLFSσ [h(ξ,η)] .

(3.2)

Applying the inverse of local fractional ST on (3.2), we get

θσ(ξ,η) = θσ(0,η) +
ησ

Γ(1 + σ)
θσσ(0,η) +

η2σ

Γ(1 + 2σ)
θ2σ
σ (0,η) + · · ·

+
η(k−1)σ

Γ(1 + (k− 1)σ)
θ
(k−1)σ
σ (0,η) − LFS−1

σ

[
zkσLFSσ [Rσθσ(ξ,η)]

]
+ LFS−1

σ

[
zkσLFSσ [h(ξ,η)]

]
.

(3.3)

Now we apply the LFHPM [28, 32]

θσ(ξ,η) =
∞∑
m=0

pmσθσ,m(ξ,η). (3.4)

By using (3.4) in (3.3), we get
∞∑
m=0

pmσθσ,m(ξ,η) = θσ(0,η) +
ησ

Γ(1 + σ)
θσσ(0,η) +

η2σ

Γ(1 + 2σ)
θ2σ
σ (0,η) + · · ·

+
η(k−1)σ

Γ(1 + (k− 1)σ)
θ
(k−1)σ
σ (0,η) − pLFS−1

σ

[
zkσLFSσ

[
Rσ

∞∑
m=0

pmσθσ,m(ξ,η)

]]
+ LFS−1

σ

[
zkσLFSσ [h(ξ,η)]

]
.
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The above result is obtained by combining the local fractional ST [17] and LFHPM [28, 32].
Now by equating the coefficients of likewise powers of p, we have

p0σ : θσ,0(ξ,η) = θσ(0,η) +
ησ

Γ(1 + σ)
θσσ(0,η) +

η2σ

Γ(1 + 2σ)
θ2σ
σ (0,η) + · · ·

+
η(k−1)σ

Γ(1 + (k− 1)σ)
θ
(k−1)σ
σ (0,η) + LFS−1

σ

[
zkσLFSσ [h(ξ,η)]

]
,

p1σ : θσ,1(ξ,η) = −LFS−1
σ

[
zkσLFSσ [Rσθσ,0(ξ,η)]

]
,

p2σ : θσ,2(ξ,η) = −LFS−1
σ

[
zkσLFSσ [Rσθσ,1(ξ,η)]

]
,

...

Thus, series solution of local fraction differential (3.1) is expressed as follows:

θσ(ξ,η) = lim
M→∞

M∑
m=0

θσ,m(ξ,η).

4. Non-differential solutions for local fractional heat-conduction equations

In this section, we obtain the non-differential solutions for the linear heat conduction equations by
using the combination of the LFHPM and local fractional ST operator.

Example 4.1. We consider the following linear local fractional heat conduction equation associated with
local fractional derivative along with the initial conditions

∂2σθσ(ξ,η)
∂ξ2σ −

∂σθσ(ξ,η)
∂ησ

= 0, ξ > 0, η > 0, (4.1)

θσ(0,η) = 0,

∂σθσ(0,η)
∂ξσ

= Eσ(η
σ).

By applying the local fractional ST on (4.1), we have

Θσ(z,η) = zσEσ(ησ) + z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]
. (4.2)

Employing the inverse of local fractional ST on (4.2), we easily get the following formulation:

θσ(ξ,η) =
ξσ

Γ(1 + σ)
Eσ(η

σ)

+ LFS−1
σ

[
z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]]
.

Now by applying LFHPM [28, 32], we get

∞∑
m=0

pmσθσ,m(ξ,η) =
ξσ

Γ(1 + σ)
Eσ(η

σ) + pLFS−1
σ

z2σLFSσ

∂
σ

( ∞∑
m=0

pmσθσ,m(ξ,η)
)

∂ησ


 .
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Making the comparison of the coefficients of the power-like orders of p, we get the following components
of the series solution

p0σ : θσ,0(ξ,η) =
ξσ

Γ(1 + σ)
Eσ(η

σ),

p1σ : θσ,1(ξ,η) =
ξ3σ

Γ(1 + 3σ)
Eσ(η

σ),

p2σ : θσ,2(ξ,η) =
ξ5σ

Γ(1 + 5σ)
Eσ(η

σ),

...

and so on. By appealing the same way, we obtain the remaining iterates of the approximate solution.
Thus, the solution of local fractional heat-conduction equation (4.1) is expressed as:

θσ(ξ,η) =
∞∑
m=0

θσ,m(ξ,η)

= Eσ(η
σ)

[
ξσ

Γ(1 + σ)
+

ξ3σ

Γ(1 + 3σ)
+

ξ5σ

Γ(1 + 5σ)
+ · · ·

]
.

It can also be presented in closed form as

θσ(ξ,η) = Eσ(ησ)
∞∑
m=0

ξ(2m+1)σ

Γ [1 + (2m+ 1)σ]
.

Example 4.2. Let us consider the nonhomogeneous local fractional heat equation associated with local
fractional derivative along with the initial conditions given as follows:

∂σθσ(ξ,η)
∂ησ

−
∂2σθσ(ξ,η)
∂ξ2σ = −

ξσ

Γ(1 + σ)
Eσ(−η

σ), ξ > 0, η > 0, (4.3)

θσ(0,η) = 0,

∂σθσ(0,η)
∂ξσ

= Eσ(−η
σ). (4.4)

Using the local fractional ST on (4.3), we obtain

Θσ(z,η) = zσEσ(−ησ) + z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]
+ z2σLFSσ

[
ξσ

Γ(1 + σ)
Eσ(−η

σ)

]
.

By applying the inverse of local fractional ST on (4.4), we have

θσ(ξ,η) =
ξσ

Γ(1 + σ)
Eσ(−η

σ) + LFS−1
σ

[
z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]]
+ LFS−1

σ

[
z2σLFSσ

[
ξσ

Γ(1 + σ)
Eσ(−η

σ)

]]
.

Now employing LFHPM [28, 32], we get

∞∑
m=0

pmσθσ,m(ξ,η) =
ξσ

Γ(1 + σ)
Eσ(−η

σ) + pLFS−1
σ

z2σLFSσ

∂
σ

( ∞∑
m=0

pmσθσ,m(ξ,η)
)

∂ησ




+ LFS−1
σ

[
z2σLFSσ

[
ξσ

Γ(1 + σ)
Eσ(−η

σ)

]]
.
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Taking into account the coefficients of the power-like orders of p, we obtain the following components of
the series solution

p0σ : θσ,0(ξ,η) =
ξσ

Γ(1 + σ)
Eσ(−η

σ) +
ξ3σ

Γ(1 + 3σ)
Eσ(−η

σ),

p1σ : θσ,1(ξ,η) = −
ξ3σ

Γ(1 + 3σ)
Eσ(−η

σ) −
ξ5σ

Γ(1 + 5σ)
Eσ(−η

σ),

p2σ : θσ,2(ξ,η) = +
ξ5σ

Γ(1 + 5σ)
Eσ(−η

σ) +
ξ7σ

Γ(1 + 7σ)
Eσ(−η

σ),

...

Thus, the solution of local fractional heat conduction equation (4.3) is presented as follows:

θσ(ξ,η) =
∞∑
m=0

θσ,m(ξ,η)

= Eσ(−η
σ)

[
ξσ

Γ(1 + σ)
+

ξ3σ

Γ(1 + 3σ)
−

ξ3σ

Γ(1 + 3σ)
−

ξ5σ

Γ(1 + 5σ)
+

ξ5σ

Γ(1 + 5σ)
· · ·
]

.

Finally, we obtain the solution in closed form as

θσ(ξ,η) = Eσ(−ησ)
ξσ

Γ(1 + σ)
.

Example 4.3. Consider the nonhomogeneous local fractional heat equation associated with local fractional
derivative

∂σθσ(ξ,η)
∂ησ

−
∂2σθσ(ξ,η)
∂ξ2σ =

ξσ

Γ(1 + σ)
cosσ(ησ), ξ > 0, η > 0, (4.5)

with the initial conditions given as follows:

θσ(0,η) = 0,
∂σθσ(0,η)
∂ξσ

= sinσ(ησ).

By employing local fractional ST on (4.5), we have the following:

Θσ(z,η) = zσ sinσ(ησ) + z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]
− z2σLFSσ

[
ξσ

Γ(1 + σ)
cosσ(ησ)

]
.

(4.6)

Using the inverse of local fractional ST on (4.6), we get

θσ(ξ,η) =
ξσ

Γ(1 + σ)
sinσ(ησ) + LFS−1

σ

[
z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]]
−LFS−1

σ

[
z2σLFSσ

[
ξσ

Γ(1 + σ)
cosσ(ησ)

]]
.

Now applying LFHPM [28, 32], we obtain that

∞∑
m=0

pmσθσ,m(ξ,η) =
ξσ

Γ(1 + σ)
sinσ(ησ) + pLFS−1

σ

z2σLFSσ

∂
σ

( ∞∑
m=0

pmσθσ,m(ξ,η)
)

∂ησ




− LFS−1
σ

[
z2σLFSσ

[
ξσ

Γ(1 + σ)
cosσ(ησ)

]]
.
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Comparing the coefficients of the power-like orders of p, we get the following components of the series
solution

p0σ : θσ,0(ξ,η) =
ξσ

Γ(1 + σ)
sinσ(ησ) −

ξ3σ

Γ(1 + 3σ)
cosσ(ησ),

p1σ : θσ,1(ξ,η) =
ξ3σ

Γ(1 + 3σ)
cosσ(ησ) +

ξ5σ

Γ(1 + 5σ)
sinσ(ησ),

p2σ : θσ,2(ξ,η) = −
ξ5σ

Γ(1 + 5σ)
sinσ(ησ) +

ξ7σ

Γ(1 + 7σ)
cosσ(ησ),

...

Hence, the solution of local fractional heat conduction equation (4.5) is given as follows:

θσ(ξ,η) =
∞∑
m=0

θσ,m(ξ,η)

=
ξσ

Γ(1 + σ)
sinσ(ησ) + cosσ(ησ)

ξ3σ

Γ(1 + 3σ)
− cosσ(ησ)

ξ3σ

Γ(1 + 3σ)

+ sinσ(ησ)
ξ5σ

Γ(1 + 5σ)
−

ξ5σ

Γ(1 + 5σ)
sinσ(ησ) +

ξ7σ

Γ(1 + 7σ)
cosσ(ησ) · · · .

Consequently, we get the solution in closed form as

θσ(ξ,η) =
ξσ

Γ(1 + σ)
sinσ(ησ).

Example 4.4. Finally, let us consider the nonhomogeneous local fractional heat conduction equation asso-
ciated with local fractional derivative along with the initial conditions given as follows:

∂σθσ(ξ,η)
∂ησ

−
∂2σθσ(ξ,η)
∂ξ2σ = 1, ξ > 0, η > 0, (4.7)

θσ(0,η) =
ησ

Γ(1 + σ)
,

∂σθσ(0,η)
∂ξσ

= 0.

By putting up the local fractional ST on (4.7), we get

Θσ(z,η) =
ησ

Γ(1 + σ)
− z2σ + z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]
. (4.8)

Using the inverse of local fractional ST on (4.8), we have the following:

θσ(ξ,η) =
ξσ

Γ(1 + σ)
−

ξ2σ

Γ(1 + 2σ)

+ LFS−1
σ

[
z2σLFSσ

[
∂σθσ(ξ,η)
∂ησ

]]
.

By applying LFHPM [28, 32], we get

∞∑
m=0

pmσθσ,m(ξ,η) =
ξσ

Γ(1 + σ)
+ pLFS−1

σ

z2σLFSσ

∂
σ

( ∞∑
m=0

pmσθσ,m(ξ,η)
)

∂ησ


 .
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Considering the comparison of the coefficients of the power-like orders of p, we obtain the following
components of the series solution

p0σ : θσ,0(ξ,η) =
ησ

Γ(1 + σ)
−

ξ2σ

Γ(1 + 2σ)
,

p1σ : θσ,1(ξ,η) =
ξ2σ

Γ(1 + 2σ)
,

p2σ : θσ,2(ξ,η) = 0,
...

Thus, the solution of local fractional heat conduction equation (4.7) is expressed as:

θσ(ξ,η) =
∞∑
m=0

θσ,m(ξ,η)

=
ησ

Γ(1 + σ)
−

ξ2σ

Γ(1 + 2σ)
+

ξ2σ

Γ(1 + 2σ)
+ 0 + · · · .

Finally, we get the exact solution in the form:

θσ(ξ,η) =
ησ

Γ(1 + σ)
.

5. Conclusions

In this work the local fractional heat-conduction equations arising in fractal media have been investi-
gated. The LFHPSTM is applied to find the non-differentiable solutions of the heat-conduction equations
in fractal media. For the various real world problems, the introduced computational technique is very
simple, easy to employ and computationally very attractive. Thus, we can conclude that the proposed
technique is a powerful tool for solving the local fractional linear equations arising in fractal media.
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