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Abstract

In this paper, we give a negative answer to the open question raised by Radenovic et al. [S. Radenovi¢, T. Dosenovi¢, T.
A. Lampert, Z. Golubovi¢, Appl. Math. Comput., 273 (2016), 155-164]. Namely, we give two examples which show that the set
of fixed points for cyclic quasi-contractive mappings of Ciri¢ type may be empty. Then, by using a new lemma, we give some
sufficient conditions for the existence of fixed point for cyclic and non-cyclic quasi-contractive mappings of Ciri¢ type in b-metric
spaces. In particular, we show that the condition of Fatou property in the result of Amini-Harandi [A. Amini-Harandi, Fixed
Point Theory, 15 (2014), 351-358] may be omitted. (©2017 All rights reserved.
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1. Introduction and preliminaries

In [4], Ciri¢ established a fixed point theorem for quasi-contractive mappings, which is one of the most
general results in generalizations of classical Banach’s contraction principle. Since then, many authors
discussed and generalized Ciri¢ type fixed point theorem in various directions, see, for instance, [1, 7-
10, 13, 18, 19].

The concept of b-metric was introduced by Czerwik [6] (see also Bakhtin [3]) as a generalization
of metric. Following this paper, a number of fixed point results in b-metric spaces were given, see
[1, 2,11, 12, 14-17] and references therein. In particular, Amini-Harandi [1] established a Cirié type fixed
point result in b-metric spaces with Fatou property.

Definition 1.1 ([6]). Let X be a nonempty setand s > 1, a given real number. A mapping d : X x X — [0, co)
is called a b-metric on X, if it satisfies the following conditions:

(b1) d(x,y) =0, if and only if x =y;
(bZ) d(XIU) = d(U/ X);
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(b3) d(x,z) < sld(x,y)+d(y,z)], forall x,y,z € X.
In this case, the pair (X, d) is called a b-metric space.

For more notions such as b-convergence, b-Cauchy sequence and b-completeness in b-metric spaces,
the reader can refer to [6, 12].

Very recently, Radenovi¢ et al. [16] obtained some equivalences between cyclic contractions and non-
cyclic contractions in b-metric spaces. Moreover, they proposed an open question as follows.

Question 1.2. Prove or disprove the following:
Let {A{}Y_,, where p is a positive integer, be nonempty closed subsets of a b-complete b-metric space (X, d) with
s>1and T:UY_ Ay — UY_| A; satisfies the following conditions (where Ap 1 = A1)

(i) T(A) CAqfor1<i<yp;
(i) there exists A € [0, 1) such that
d(Tx, Ty) < Amax{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)},
forallx € Aj,y € Aipq, 1 <i<p.
If (X, d) has a Fatou’s property, then T has a unique fixed point.

In this paper, inspired by the counterexample given by Ciri¢ in [5, Example 4], we give two examples
which show that the set of fixed points for cyclic mappings of Ciri¢ type may be empty in metric spaces,
as well as in b-metric spaces with Fatou property. From this, we give an negative answer to Question
1.2. Then, in order to consider the existence of fixed point for cyclic quasi-contractive mappings of Ciri¢
type, we give a new lemma. Using this lemma, we establish some fixed point results for cyclic and non-
cyclic quasi-contractions of Ciri¢ type in b-metric spaces. Particularly, we see that the condition of Fatou
property in the result of Amini-Harandi [1] may be removed.

2. Main results
We begin with the following examples.

Example 2.1. Let X be the Euclidean space R3 with the usual metric,
A - {(O/ OIO)I (4101 O)} and B - {(2/2/0)/ (2/ _2/1)}

Set
X = (0/ O/ O)/ U = (4/ O/O)/ u= (2/ 2/O)/ V= (21 _211)

Then

d(x,y) =4, d(x,u) =2v2, d(x,v) =3,
dly,u) = 2V/2, d(y,v) =3, d(u,v) = V17.

Define T: AUB — AUB by
Tx=u, Ty=v, Tu=y and Tv=x.

According to the definitions of the sets A,B and the mapping T, it follows that TA C B and TB C A.
Further, we have

d(Tx, Tu) = d(u,y) = 2vV2 < d(x, Tu) = d(x,y) =4,
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d(Tx, Tv) = d(u,x) =2v2 < d(v, Tx) = d(v,u) = V17,
d(Ty, Tu) = d(v,y) =3 < d(u, Ty) = d(u,v) = V17,
d(Ty,Tv) =d(v,x) =3 < d(y,Tv) =d(y,x) =4

Thus T satisfies all conditions of Question 1.2, where s = 1 and A = 2, but T does not have any fixed point
in ANB.

Example 2.2. Let X = R3 and || - || the usual norm on X. Define d : X x X — [0, 00) by

3
d(x,y) =[x —yll2.

We can deduce that (X, d) is a b-metric space with s = V2. In fact, since @(t) = t2 (t > 0) is a concave
function, we have, for all x,y,z € X,

3 3
dix,y) = [x—yll> < (x—z||+]z—y|)>
_ i,(HX—ZIIJrHZ—yH)g
2
3 3
x—=z]2 +z—y2
2
=V2[d(x,z) + d(z,y)].

w

Let A ={x,y} and B = {u, v}, where
x=1(0,0,0), y=1(4,0,0), u=(2,2,0), v=(2,-21).
Define T: AUB — AUB by
Tx=u, Ty=v, Tu=y and Tv=x.

According to the definitions of the sets A, B and the mapping T, it follows that TA C B and TB C A.
Clearly, (X, d) has a Fatou property because d is a continuous mapping. Further, we have

15

d(Tx, Tw) = d(u,y) = 2v2)? < ﬁ id(x,Tu) _ \}i o4,
d(Tx, Tv) = d(u,x) = (2v2)? < ﬁ %d(\) Tx) = \1@ : 1—5 VT,
ATy, T) = divy) =31 < = 2, Ty) = = 2 VI7,
d(Ty, Tv) =d(v,x) = 33 < \15 . %d(y,'ﬁ)) — \2 . %5 43
Thus T satisfies all conditions of Question 1.2, where s = v/2 and A = T \[, but T does not have any fixed

point in A N B.

Remark 2.3. From Example 2.1 and Example 2.2, we see that the set of fixed points for cyclic quasi-
contractions of Ciri¢ type may be empty. This means that the open question raised by Radenovi¢ et al.
(that is, Question 1.2) has been answered.

Next we give some sufficient condition for the existence and uniqueness of fixed point for Ciri¢ type
cyclic quasi-contractive mappings. To this end, we need the following lemma.

Lemma 2.4. Let (X,d) be a b-complete b-metric space with s > 1 and {A;}Y_; nonempty closed subsets of X.
Suppose that T : UY_ Ay — UY_, Ay satisfies the following conditions (where Ap 1 = Aq)
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(i) T(A) CAfor1 <i<p;
(ii) there exists A € [0, %) such that
d(Tx, Ty) < Amax{d(x,y),d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}, (2.1)
forallx € Aj,y € Ajpq, 1 <i<p.
If the following condition (F) holds,

(F) there exists xo € UY_ A; such that
lim d(xn/Xn+1) = 0/ (22)

n—oo

where Xy, = Txpn_1,n=12,---,
then T has a unique fixed point.
Proof. By the condition (F), there exists xo € U}_; A; such that

lim d(xn,xn4+1) =0,
n—o0

where x,, = Txh_1,n=1,2,--- . Denote

D, = max{d(xi,x;) :0<1i,j<nandije N},
Do =sup{d(xi,x;) :1,j > 0and i,j € N},
j =

on = sup{d(xi, x;) : 1, nand i,j € N},

for all n € IN. The proof will be broken into six steps.

Step 1. We prove
lim d(xn,xnik) =0,k=2,3,---,p.

n—oo

Using (2.2) and the triangular inequality, for k =2,3,--- ,p, we have
d(xn/ X'r1+k) < Sd(xn/ Xn—!—l) + Szd(xn—i—l/ Xn+2) +- 4+ Skd(xn—l—k—l/ Xn+k)/

implies

Iim d(xn,Xnik) =0.
n—oo

Further, we see the set {d(xn,xn+x) :k=1,2,--- ,pandn =0,1,2,---} is bounded, that is, there exists
M > 0 such that

d(xn, Xnt+k) <M, (2.3)
forallke{1,2,--- ,ptand n €{0,1,2,--- }.
We put
Mn = max{d(xn,Xn4+x) : k=1,2,---,p}, (2.4)
for n € IN. Then we deduce that lim,, ., = 0 and
T}i_r)rgo(sup{m :i>2n}) =0. (2.5)

Step 2. We prove {Dy,} is bounded and D, < 0.
Let n € IN be given. For any i,j € N with 0 <1i,j <nand i # j, we consider the following three cases.

Casei. If1 <i,j<nandl|i—j|=1 mod p, then by using (2.1), we get
d(xi,x5) = d(Txi—1, Txj-1)
< Amax{d(xi—1,%j—1), d(xi—1, Txi—1), d(xj-1, Txj—1), d(xi—1, Txj—1), d(xj-1, Txi—1)}
=A max{d(xi_l, Xj—])l d(xi—ll Xi)/ d(Xj_l,Xj )/ d(xi—ll Xj )/ d(xj—ll Xi)}-

It follows that
d(Xi, Xj) < ADqp. (26)
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Caseii. fi=0andj=1 mod porj=(p—1) mod p, then |[p—j|=1 mod p. Using (2.3) and (2.6), we
get
d(xi, %) = d(xo,%j)
< sd(xo, xp) + sd(xp, x;)
<

Caseiii. f0<i<j<nandj—i#1 mod p, then there exists a natural number t € {1,2,--- ,p —1} such
thatj— (i+t) =1 mod p. Using (2.3) and (2.6), we have

d(xi, %) < sd(xq,Xitt) +sd(Xivt, %)
< sM + sAD,,.

Thus we conclude that
d(xi,xj) < sM+sADp,

for all i,j € N with 0 < 1,j <n, which implies
Dy < sM+sADq,.

Consequently, we see that
sM

1—sA’

This means that {D, } is bounded and D, < % < o0.

Dn <

Step 3. We prove
lim &, = 0. 2.7)

n—oo

Since Dy, < 00, we have 0, < 89 = D < 00, for all n € IN. Let n > 1 be given. For any i,j > n with i <j,
we consider the following two cases.

Casei. If j—i=1 mod p, then by using (2.1), we get
d(xi,x5) = d(Txi—1, Txj-1)
< Amax{d(xi—1,%-1), d(xi—1, Txi—1), d(x5-1, Txj—1), d(xi—1, Txj—1), d(xj—1, Txi-1)}
= Amax{d(xi—1,%j—1), d(xi—1,%i), d(xj—1,%;5), d(xi—1,%;5), d(xj—1, %1 )}.
It follows that
d(xi,xj) < Adn_1, (2.8)
foralli,j >nwithj>iandj—i=1 mod p.
Observe that |[j — (i+p)|=1 mod p and j,i+p > n+ 1. Then by using (2.8), we get
< sd(xi, Xiqp) +sd(Xigp, %)
< sd(xi, Xiqp) + SAdn.
From (2.4), we see that
d(xi,xj) < sny +sAdn < ssup{ng i > n}+ sAdn.
Caseii. If j —1# 1 mod p, then there exists a natural number t € {1,2,--- ,p—1}such thatj—(i+t) =1
mod p. Using (2.4), (2.8) and j,i+t > n + 1, we get that
d(xi,x5) < sd(xq, xiyt) +sd(xire,%5)
< s1y + SAOn
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<ssup{ni :i>nj+ sAon.
Thus we obtain that
d(xi, %) < ssup{ni :i>n}+ sAdy,

for all i,j > n. This means that
On < ssup{ni:i>=n}+ sAdn,

which implies

S .
on < TN sup{ni : i > n}.

Using (2.5), we get limn 00 0 = 0.

Step 4. We prove {xn} is a b-Cauchy sequence.
For all n,m > 1 with n < m, we have d(xn,xm) < dn. From (2.7), it follows that {x,} is a b-Cauchy
sequence. Since X is b-complete, there exists x* € X such that

lim x, = x™. (2.9)
n—oo

Using the cyclic character of T, there exists a subsequence of {x,} for which belongs to A; for i €
{1,2,,---,p}. Hence, from the closedness of A;, we see that x* € ﬂ‘f:lAi.

Step 5. We prove x* is a fixed point of T.
We claim limy, ;o X = Tx*. In fact, by using (2.1), we have
d(xn+1, Tx*) = d(Txn, Tx")
< }\ max{d(xn/ X* )I d(xn/ TXTL)/ d(X*/ TX* )/ d(X*/ TXTI)I d(xn/ TX* )}
=A max{d(xn, x* ), d(XT‘L/ Xn+1 ), d(X*f Tx* ), d(X*l Xn+1 ), d(XT‘L/ " )}
Notice the following two facts.

(1) If d(xni1, Tx*) < Ad(x*, Tx*), then we have d(xn11, Tx*) < sAd(x*, xn11) + sAd(xni1, Tx*), which

implies
* sA «
d(xn1, TXF) < I —skd(x S Xni1)-
(2) If d(xns1, Tx*) < Ad(xn, Tx*), then we have d(xn 1, Tx*) < sAd(xn, xni1) + sAd(xny1, Tx*), which
implies
dlxn1, TX) < 0 )
Xn+1, 11X ) & 1—sA Xn,Xn+1)-
Thus
d(xn+1lTX ) < maX{)\d(Xn,X )/}\d(xn/ XTL+1)I md(x /XTL—O—l)I}\d(X 1XTL+1)/ md(xnlxﬂﬂ-l)}
SA . ,
S 7o max{d(xn, x7), dlxn, Xnr1), A(XT, X))

Using (2.2) and (2.9), we see that lim,, .o, xn = Tx*. Since a b-convergent sequence has a unique limit in
b-metric spaces, we get Tx* = x*, that is x* is a fixed point of T.

Step 6. We prove the fixed point of T is unique.
Suppose that y* is another fixed point of T. Then using (2.1), we have
d(x*,y*) = d(Tx*, Ty")
< Amax{d(x*,y"), d(x*, Tx"), d(y", Ty™), d(x", Ty™), d(y*, Tx")}
= Ad(x*,y").

Since A < % < 1, we deduce that d(x*,y*) =0 and x* = y*. O
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Remark 2.5. If we take Ay = X, for all 1 < i < p, in Lemma 2.4, we can get that the non-cyclic case of
Lemma 2.4.

Theorem 2.6. Let (X, d) be a b-complete b-metric space with s > 1 and {Ai}le nonempty closed subsets of X.
Suppose that T : UY_ | Ay — UY_, A4 satisfies the following conditions (where Apy1 = A1)

1) T(AL) C Aigr, for 1 <i<p;
(ii) there exists A € [0, %) such that

d(x, Ty) +d(y, Tx)
2

d(Tx, Ty) < Amax{d(x,y),d(x, Tx), d(y, Ty), }, (2.10)

forallx € Ay, y € Ajq, 1 <i<p.
Then T has a unique fixed point.

Proof. Since the condition (2.10) implies the condition (2.1), it suffices to prove the condition (F) in Lemma
2.4 holds. Let x¢ € UleAi be given and let x,, = Tx,—1,n =1,2,---. Using (2.10),

d(xn—1, Xn+1) +d(xn,xn)

}

d(Xn/ Xn+l) <A max{d(xnflr Xn)/ d(anlz Xn)/ d(xn/ Xn+1 )/

2
d(xn_1,x%
= Amax{d(xn—1,%n), d(Xn,Xn11), (nlszrl)}
We get the following three cases.
Case i. If max{d(xn_1,%n), d(xn, xn 1), 2242080} = d (5 1, %n), then d(xn, Xn+1) < Ad(Xn_1,%n).

Case ii. If max{d(xn—1,%n), d(xn,Xn11), W} = d(xn,xn41), then d(xn, xn11) < Ad(xn, Xn41)-

From A < 1, we see that d(x, xn 1) =0.

Case iii. If max{d(xn_1,%xn), d(Xn,Xn+1),

d(Xn_1,Xn+1) Ad(Xn—1,Xn+1)
n§n+l}_ n§n+1,then

d(xn, Xn+1) <A d(Xn—lzw

SA
< 7[d(xn—1lxn) + d(XTLI XTL+1)]/

which implies
SA

md(xnflrxnl

d(xn/ Xn+1) <

Put B = max{5 f)s‘)\, Al. Then we conclude that
d(Xn/XnJrl) < Bd(xnflz Xn)/

for all n € IN. This leads to
d(xﬂ./ Xn+1) g Bnd(XOI Xl)'

Since 3 < 1, we get limy o d(Xn, Xn+1) = 0, that is the condition (F) holds. O

Remark 2.7. 1f we replace the condition (2.10) in Theorem 2.6 by the following stronger condition

d(x, Ty) +d(y, Tx)
2s

then the proof of Theorem 2.6 will become straightforward because we can prove

d(Tx, Ty) < Amax{d(x,y),d(x, Tx), d(y, Ty), b (2.11)
d(xn, Xn+1) < AMd(xo,x1),

which implies that {xn} is b-Cauchy. The following example shows that the condition (2.11) is strict
stronger than the condition (2.10).
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Example 2.8. Let X = R and let d(x,y) = (x —y)? for each x,y € X. Then (X, d) is a b-complete b-metric

space with s = 2. Set
11

A ={0,1}, B={0, g}.
Define T: AUB — AUB by

T0=T1=0, T%zl.
We have TA C B and TB C A. Further, we have

d(T0, T0) = d(T0,T1) =0,

11 1. 11, 121
d(To, T 5 ) =d(0,1) < 2d(0, 5 ) 50
11 14(L,TH) +d(8,T1) 121

dTLTZ)=d(0,1)=1<7 > = Io0°

Thus T satisfies all conditions of Theorem 2.6. In fact, 0 is the unique fixed point of T. But T does not
satisfy the condition (2.11) because

11
d(Tl,Tg) =d(0,1) =1

1 11 11 11, d(1, T8 +d(E, 1)
> EmaX{d(l,g), d(].,T].), d(g,Tg), 22 }
T2 25" 7 25"100" 25

Theorem 2.9. Let (X,d) be a b-complete b-metric space with s > 1 and {A;}}_, nonempty closed subsets of X.
Suppose that T : UleAi — UleAi satisfies the following conditions (where Ay, 11 = A1)

(i) T(A{) € Ajqq for 1 <i<p;

(ii) there exists A € [0, %) such that

d(Tx, Ty) < Amax{d(x,y), d(x, Tx),d(y, Ty),

AT 4y, 1), .12)

forallx € Ay, y € Ajq, 1 <i<p.
Then T has a unique fixed point.

Proof. Since the condition (2.12) implies the condition (2.1), it suffices to prove the condition (F) in Lemma
2.4 holds. Let xg € UY_; A; be given and let x, = Txn—1,n=1,2,---. Using (2.12),

d(xnl Xn+1) = d(Tanll TXn)

d(xnflr Xn+1)

LI d(n, X))

< Amax{d(xn_1, Xn)/ d(xn—1, Xn)r d(xn, Xn—l—l)/

d(xn—lr Xn+1) )
B E—

Similar to the proof in Theorem 2.6, we can get the condition (F) holds. O

= )\ maX{d(Xn_l, Xn)/ d(xn/ Xn+l )I

The next are two examples which show that Theorem 2.6 and Theorem 2.9 are independent of each
other.

Example 2.10. Let X = R and let d(x,y) = (x —y)? for each x,y € X. Then (X, d) is a b-complete b-metric
space with s = 2. Set

2

1 4
A=(0-3) B=(012) cz{o,ig

10’
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Define T: AUBUC - AUBUC by
1 9

TO=T(—Z)=Tl=T_ =
0=T(—5) =Tl =T =0,
9 4 1
T2=_, T-=—

10° 5 5

We have TA C B, TB C C and TC C A. Further, we have

d(T0,T0) = d(T0,T1) =0,

d(T0,T2) = d(0, %) - % < %d(O,Z) —2,
A(T(~5),T0) = d(T(~), T1) =0,
AT(5),T2) = A0, o) = o < Za((—£),2) = o,
d(To, T190) = d(Tl,T%) =0,
AT, T2) = 4(0,—5) = o < (0, 5) =
d(Tl,T%) _ d(O,—%) . % ;d(l T1) = %
d(T2,T0) = d(19—0,0) - 18010 ;d(z 0) = %
aT2, Ty = d,0) = 2 < ;d(z T );d(lo’m 1,
4
AT2,TE) = d(2,—5) = 1o < 2 az 5); a1 _ =)
d(To, T( 1)) = d(Tg,TO) =d(T— 9 ,T(— 1)) =0,
5 10 10 5
AT, T0) = d(~1,0) = % %d(%,O) s

Thus T satisfies all conditions of Theorem 2.6. In fact, 0 is the unique fixed point of T. But T does not
satisfy the condition (2.12) in Theorem 2.9 because

9 1. 121
T2, T )=
d(r2, 5) 15 ~5) = 100
1 4 4 _4 4
= 5 max{d(2, £),d(2,T2), d(5,T5), Lae, T5) d(3,12)}

1 36 121 12

2 {25 100’ L 50 7 100

=,m R}

Example 2.11. Let X = R and let d(x,y) = (x —y)? for each x,y € X. Then (X, d) is a b-complete b-metric

space with s = 2. Set

9 9 37

A =10, 2} B={0,— 10’ 20} C={0,1}

Define T: AUBUC - AUBUC by

9 9
T0 = T% TE 0,
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Tzzl%, T%:l, T1:29—0.
We have TA C B, TB C C and TC C A. Further, we have
d(T0,TO) = d(To,Tl%) =0,
d(TO,T%) —d(0,1)=1< %d(o,%) = %,
9 9 _9
d(T920 ;:) A 37 9 1369
T35 T25) = d(oél) 812(1(210 150! = S0
(T2, T90) = d(lg() ,0) = 18010 %d(lz ,0) :29,
d(T2, T;g) d(lgo ,0) = 11@ % 2d;27,Tm)9: 1,
d(T2,T5) = d(lo,gl) = 18@ %d(z ) :1800,
d(Tgo,Tl) = d(0, 575) = 455 < 54(0,1) = 5,
d(T190’T0) - 9. 8 1.9 _9 81
d(T5,T1) = (0, 55) = 305 < 54035 T15) = 300
d(T%,TO) = d(1,0)=1< ;d(zg 0) = 1830609,

37 9 121 137 289
d(Tzo’gl) =420 =200 <220V = 500
4(T0,T55) =0,

4(T0,T2) :d(o,l%) - 18010 ;d(o 2) =2,

d(T1,T0) = d(290 0) = % < %d(l,O) _ %
d(Tl,T290) d(zgo 0)= 48010 % %d(l’T%) - 411’

d(T1,T2) = d(290 190) % < %d(l,Z) :%.

Thus T satisfies all conditions of Theorem 2.9. In fact, 0 is the unique fixed point of T. But T does not
satisfy the condition (2.10) in Theorem 2.6 because

9 37
d(T55,To5) =d(0,1) =
1 9 37 9 9. 37 37 dlx,T55)+d(3, T
> 2max{d(zo 20) d(E,T%),d(%,T%), 5 }
L a2, 8L 289 149,
~ 2772574007 400" 80
_ &
507

Now we give a result for non-cyclic quasi-contractive mappings of Ciri¢ type, which improves the
result of Amini-Harandi in [1].
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Theorem 2.12. Let (X, d) be a b-complete b-metric space with s > 1 and T : X — X a self-mapping. Suppose that
there exists A € [0, %) such that

d(Tx, Ty) < Amax{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}, (2.13)
forall x,y € X. Then T has a unique fixed point.

Proof. Using the non-cyclic case of Lemma 2.4, we see that it suffices to prove the condition (F) holds. Let
xp € X be given and let x, = Tx—1,n=1,2,---. Denote

D, =max{d(xi,xj) : 0 <1i,j <n},

pn = max{d(xp,x;) : 1 <j < n}h

Then we can prove D, = py, for any n € IN. Indeed, we easily see that p,, < Dy,. Next we show Dy, < pn.
Let n € IN be given. If 1 <1i,j < n, then, using (2.13), we get

d(Xi,Xj) = d(TXifl,TXjfl)
< Amax{d(xi—1,%-1), d(xi—1, Txi—1), d(xj-1, Txj—1), d(xi—1, Txj—1), d(xj—1, Txi 1)}
= Amax{d(xi_1,%5-1), d(xi—1,%i), d(xj_1,%j), d(xi—1,%j), d(xj-1,%1)}
<AD, < Dj.

Hence D,, = d(xg,x) for some 1 < 1 < n. This leads to D;; < pn.
Now we claim that {D,} is bounded. In fact, for fixed n € IN, by using (2.13), we have

< sd(xp,x1) +sd(x1,%;)
< sd(xq,x1) + sAmax{d(xo, xj—1), d(x0, x1)d(xj—1,%;)d(x0, %) d(xj—1,%1)}
< sd(xo,x1) + sADq,

for all j < n, which implies that
Dn = pn < sd(xo,x1) + sADn.

Thus S

Dy <
TS 1A

d(XOI X1 )/

that is, {Dy} is bounded and

d(X’OI Xl)-

Do £ sup{d(xi,xj) : 1,j = 0} < 7 _Ss)\

We put 6, = sup{d(xi,%;) : ,j > n} for n € IN. Then the condition (2.13) implies 6, < Adn_1 for all
n > 1. Thus we get

d(xn, Xn+1) < O0n <A
< <A
in SA™
=A Doo X 1 _s}\d(XO/Xl)'
Since A < 1, we get limp 00 d(Xn, Xn+1) = 0, that is the condition (F) holds. O

Remark 2.13. From Theorem 2.12, we see that the condition of Fatou property in the result of Amini-
Harandi [1] may be omitted.

Following the ideas of Radenovi¢ et al. in [16], we see that in Question 1.2, if ﬂleAi # () then T must
have a fixed point. Now, we will consider that if the intersection of two sets in {A;}}’_; is non-empty then



F. He, X.-Y. Zhao, Y.-Q. Sun, J. Nonlinear Sci. Appl., 10 (2017), 1075-1088 1086

whether T have a fixed point. Similar to Example 2.1, we give the following example which shows that T
may not have a fixed point if the intersection of two sets in {Ai}‘.le is non-empty. Meanwhile we find that
if p = 3 and the intersection of two sets in {A;}}_; is non-empty then T must have a fixed point.

Example 2.14. Let X be the Euclidean space R3 with the usual metric. Let A; = {x,y}, A2 = {u, v, w},
Az ={x,y,z} and A4 = {u, v}, where

X = (0/0/ 0)/ y = (4-/ OIO)I = (_4/01 0)/ u= (2/2/ 0)/ V= (2/ _2/1)/ W = (0/4/ 0)
Then

d(x,y) =4, d(x,u) =2v?2, d(x,v) =3, d(x,w) =4,
u) =2v2, d(y,v) =3, d(u,v) = V17, dly,w) = 4V,
u) = 2v/10, d(z,v) = Val, d(z,w) = 44/2.

Define T: Ut_ Ay — Ut_ A by
Tx=u, Ty=v, Tz=v, Tu=y, Tv=x and Tw=uy.

According to the definitions of the sets A;,1 < i < p and the mapping T, it follows that TA; C Aj 4 for
i=1,2,3,4, where A5 = A;. Further, we have

d(Tx, Tu) = d(Tu, Tx) = d(u, y) ) =2v2 < d(x, Tu) = d(x, y) =4,
d(Tx, Tv) = d(Tv, Tx) = d(u,x) =2v2 < d(v, Tx) = d(v,u) = V17,
d(Tx, Tw) = d(Tw, Tx) = d(u,y) =2v2 < d(x, w) =4,

d(Ty, Tu) = d(Tu, Ty) =d(v,y) =3 < d(u, Ty) = d(u,v) = V17,
d(Ty, Tv) =d(Tv, Ty) =d(v,x) =3 < d(y,Tv) =d(y,x) =4,
d(Ty, Tw) = d(Tw, Ty) = d(v,y) =3 < d(y,w) =4V?2,

A(Tz, Tu) = d(Tu, Tz) = d(v,y) =3 < d(z,u) = zf

d(Tz, Tv) = d(Tv, Tz) = d(v,x) =3 < d(z,v ) = V41,
d(Tw,Tz) = d(y,v) =3 < d(w,z) = 4V2.

Thus T satisfies all conditions of Question 1.2, where s = 1 and A = 2, but T does not have any fixed point
in N?_,As.

Theorem 2.15. Let (X, d) be a b-complete b-metric space with s > 1 and {A;};_, nonempty closed subsets of X.
Suppose that T: US_ Ay — U?ZlAi satisfies the following conditions (where Ay = Aq)

(@) T(A) S A for 1 <i<3;
(ii) there exists A € [0, ) such that
d(Tx, Ty) < Amax{d(x,y),d(x,Tx), d(y, Ty), d(x, Ty), d(y, Tx)}, (2.14)
forallx € Aj,y € Aizq, 1 <1<3
Then the following statements are equivalent:
(1) M_ A #0;
(2) AxNAx1 #0Dforallk €{1,2,3}
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(3) AxN A1 # 0 for some k €{1,2,3);
(4) AiNAy #0;
(5) T has a unique fixed point.

Proof. Using the cyclic character of T, it is easy to verify that the conditions (2), (3) and (4) are equivalent.
Following the ideas of Radenovi¢ et al. in [16], we see that the conditions (1) and (5) are equivalent. It is
clear that the condition (1) implies the condition (4). Thus we only need to prove the condition (4) implies
the condition (5).

Assume that AyNA; # (. Let xg € A7;NAz and xy = Txn_1, n =1,2,3,---. Since T(A1NA;) C
ArNA3z T(A2NA3) CAyNAsand T(Az3NA) C A1 NA, we get that x3x € A1 N Ay, X3k11 € A2 N A3z and
X3k4+2 € A3NA;g forall k =0,1,2,---. This means that, for all i,j € {0,1,2,---}, x; and x; lie in different
adjacently labeled sets Ay and Ay for certain k € {1,2,3}, and therefore they can apply the contractive
condition (2.14). In the same way as Theorem 2.12, we see that x satisfies the condition (F) in Lemma 2.4.
Thus T has a unique fixed point. O

Remark 2.16. 1If we take A; = Ay = Az = X in Theorem 2.15, we see that Theorem 2.12 is a special case of
Theorem 2.15. Furthermore, it is easy to verify that Theorem 2.15 remains true, if p < 5. Then a natural
question arises.

Question 2.17. Does Theorem 2.15 hold if p > 5?
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