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Abstract

In this paper, we investigate the existence and nonexistence of positive solutions for nonlinear fractional differential equation
boundary value problem. By means of fixed-point theorems on a cone and the properties of Green function, some sufficient
criteria are established. Our results can be considered as an extension of some previous results. (©2017 all rights reserved.
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1. Introduction

Fractional calculus is a 300-year-old mathematical topic, starting from 30 September 1695, when the
derivative of order « = } was described by Leibniz [1]. During the last few decades, fractional-order
differential equations have been of great interest. The main advantage of fractional-order differential
equations in comparison with classical integer-order ones is that fractional derivatives provide an excellent
tool for the description of memory and hereditary properties of various processes. For an extensive
collection of such results, we refer the readers to the monographs by Miller and Ross [8], Oldham and
Spanier [9], and Poldubny [10].

Recently, there are some papers dealing with the existence and multiplicity of solutions of nonlinear
initial value fractional differential equation by the use of techniques of nonlinear analysis [2, 3, 5, 6]. In
[3] and [6], the authors considered the Dirichlet-type boundary value problem for fractional differential
equations

D&u(t) +f(t,u(t)) =0, 0<t<1,
oru(t) +f(t, u( ))_0 (L.1)

u(0) = u(1)

where 1 < o0 < 2 is a real number and D is the standard Riemann-Liouville derivative, and f : [0,1] x
[0,00) — [0,00) is continuous. By the use of techniques of fixed-point theorems on cone, the authors
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discussed the existence and multiplicity of positive solutions for (1.1). Though some results have been
obtained for system (1.1), such systems are not well studied yet. In this paper, motivated by the work of
[4, 11, 12], we proceed to develop more results for the existence and multiplicity of positive solutions of
system (1.1). Moreover, we will discuss the nonexistence of positive solutions which is rarely discussed in
previous work.

The tree of this paper is organized as follows. In Sections 2, we list some useful definitions and
properties, and present the properties of Green Function of fractional differential equations with the
boundary value problem. In Section 3, we establish some sufficient conditions for the existence of positive
solutions for (1.1). Finally, in Section 4, we discuss the nonexistence of positive solutions of (1.1).

2. Preliminaries

In this section, we will present several foundational definitions of fractional calculus and preliminary
results. For more details, one can see [3, 6].

Definition 2.1. The fractional integral of order o > 0 of a function y: (0, c00) — R is given by

1

[Fylt) = o) Jo (t—s)* ly(s)ds,

provided that the right side is pointwise defined on (0, co).
Definition 2.2. The fractional derivative of order o > 0 of a continuous function y : (0,00) — R is given
by
1 d\™ "  yls)
o - l =ASCAN
Po-y(t) = 'n—«) <dt> JO (t—s)x—ntl ds,
where n =[] + 1, provided that the right side is pointwise defined on (0, co).
Lemma 2.3. Let o > 0 and uw € C(0,1) NL(0,1), then the fractional differential equation

has solutions
w(t) = ct¥ T ept® 2 4o fent™ T,

forsomeci € R,1=1,2,--- ,n,and n is the smallest integer greater than or equal to o.

Lemma 2.4. Assume that uw € C(0,1) NL(0,1) with a fractional derivative of order & > 0. Then
1D u(t) =u(t) + Crt* 1+ Cot¥ 2 4 4 Cpt™ ™,

forsome cy € R,i=1,2,---,m, nis the smallest integer greater than or equal to o.

Lemma 2.5. Given y € C[0,1] and 1 < « < 2, the unique solution of

Dgiu(t)+y(t) =0, 0<t<l,
u(0)=u(1)=0

is

where

2.1)
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Lemma 2.6. u(t) is a solution of (1.1), if and only if it is also a solution of the following integral equation
1
w(t) = | 6t sifls,uls))ds,
0
where G(t,s) is defined in (2.1).
Lemma 2.7. Let G*(t,s) := t* *G(t,s), then

s — )%l < GH(t,5) € —s(1— )%,
(o)

fort,s € (0,1).

Next, we give the definition for cone and the famous fixed point theorem that will be needed in our
arguments [7].

Definition 2.8. Let X be a Banach space and E be a closed nonempty subset of X. E is said to be a cone if
(i) cu+pPveEforallu,veEandall &, p > 0;
(i) w,—u € Eimply u=0.

Theorem 2.9. Let X be a Banach space, and let E C X be a cone in X. Assume Q1,Qy are open subsets of X with
0€Q1, Q1 CQpandlet T:EN(Q2\ Q1) — E be a completely continuous operator such that either

M) [Tyl = [lyll for any y € EN0Qy, and || Ty|| < [ly|| for any y € EN3Qy, or
2) Tyl < [yl for anyy € EN0Qy, and || Ty|| > |ly|| for any y € ENBQ,.
Then T has a fixed point in EN (Qz \ Q).

3. Existence of positive solutions of (1.1)

In this section, we establish the positive solutions of (1.1) by applying the fixed point theorems on a
cone. In order to explore the existence of positive solutions of (1.1), we suppose the following hypotheses
are always satisfied in the sequel.

(A) f(t,u) is continuous on [0, 1] x [0, 00), and there exist g € C([0,+o0), [0, 4+00)), q1, g2 € C((0,4+00), (O,
+00)) such that
qi(t)g(y) < f(t,t%2y) < qo(t)g(y), t € (0,1), y € [0, 00), (3.1)

where

1
J qi(s)ds < +o0,1=1,2.
0

Let E = C[0,1] be endowed with the ordering u < v if u(t) < v(t) for all t € [0,1], and the maximum
norm ||u|| = maxogt< u(t)l.
Define the cone P C E by P ={u € E | u(t) > 0}. Then we have the following lemma.

Lemma 3.1. Let T : P — E be the operator defined by
1

Twie) = | Gl 5)r(s,uls)ds,
0

then T : P — P is completely continuous.
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It is clear that u(t) is a positive solution of (1.1), whenever u(t) is a fixed point of T, namely, u(t) =
(Tu)(t).
Define the cone K C E by
K={yeEly(t) = (c—1)t(1-1)[yll}
and an operator T* : K — E as follows
1
(Ty)e) = | 6°(65)1(s, 5% 2y(s)ds.
0

Then one has the following lemma.
Lemma 3.2. T*(K) C Kand T* : K — K is completely continuous.

For the sake of convenience and simplicity, we introduce the following notations

g’ = lirr})max ggjy), g™ = lim max g(y)’
y— Yy—oo

go = lim min g(y)/ oo = lim min g(y).
y—0 Yy—r00 y

Moreover, define, for r a positive number, Q. by
Q,={yeCo1]|yl|l <rk

Note that 0Q, ={y € C[0,1] | |Jy|| =1}
Our first result is as follows:

Theorem 3.3. Assume that
(P1)go =00 and (P2)g>® =0

hold. Then system (1.1) has at least one positive solution.

Proof. First, in view of go = oo, there exist pg > 0, M > 0 satisfying

_1\2 1
M(“”J s2(1—s)%qi(s)ds > 1,

4ar(a)  Jo

such that g(y) > My for 0 <y < pg. Then, for any y € Q,,, 0 <y < po, by Lemma 2.7 and (3.1), we have

Tyl > (Ty)(5)
- jol G* (5, 8)fls, 5 Zy(s))ds
> Jol s(1—5)* a1 (s)gly(s))ds
> WE s(1—s5)*1q (s)y(s)ds
> "Wnyr E (1 5)%q: (s)ds
> Ilyll

which implies that || T*y|| > |ly|| for any y € KN 0Q,,.
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On the other hand, by using g* = 0, there exist M* > py > 0 and ¢ > 0 satisfying

1
I3 a—1 1
7]“(0() L s(1—s) qz(s)ds X

N

such that g(y) < ey fory > M*.

Take 1
>M*+ - ma .
P1 . ye[oﬁ*]{g(y)}
Then by Lemma 2.7 and (3.1), we have
* 1 ! — —
(Tt < g |, s(1=51% (s, 5% Py (s))ds

1
< 1J s(1—5)% 1qa(s)g(y(s))ds

S {L 5(1—5)“1qz(5)maX{9(U(S))}ds+J 8(1—5)“1q2(s)£y(s)d5}

I

< 1J1 s(1—s)*1qa(s)ds max {g(y(s))} + LH‘JH Jls(l —5)%1g,(s)ds
M) Jo y(s)en M) =1 g
p1 vl

Sty

= [lyll,

where Iy ={s € [0,1] |0 < y(s) < M*}, [, ={s € [0,1] | y(s) > M*}. This implies that || T*y|| < ||y]| for any
y € KNoQ,,.

Thus, by Theorem 2.9, T* has a fixed point y in KN(Q,, \ Q,,), thatis, y(t) = fé G*(t,s)f(s, s*2y(s))ds,
t € [0,1]. Itis obvious that u(t) = t*2y(t) is a fixed point of T, and it satisfies u(t) = f(l) G(t,s)f(s,u(s))ds,
t € [0,1]. Finally, we prove u(0) = u(1) = 0.

From y € C[0,1] and (A), we have

rl

Iimu(t) =lim | G(t,s)f(s,u(s))ds

t—0 t—0 Jo

r1

=lim | G(t,s)f(s,s* 2y(s))ds
t—0Jo

rl

< lim | G(t,s)q2(s)g(y(s))ds

t—0Jo
rl
<lim | G(t,s)q2(s)ds  max g(y(s))

t=0Jo 0<lyli<er
=0.
So, u(0) = 0. By (2.1), it is easy to see that u(1) = y(1) = 0. Hence, system (1.1) has a positive solution
u(t) = t*2y(t). Therefore the proof is completed. O

Theorem 3.4. Assume that
(P3) g’ =0 and (P4) goo =00
hold. Then system (1.1) has at least one positive solution.
Proof. Since g° = 0, for any ¢ > 0 satisfying
1
EJ s(1—s)% Lqp(s)ds < 1
Me) Jo Y

there exists p, > 0 such that g(y) < ey for y < p».
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Then by Lemma 2.7 and (3.1), we get

rl
(Ty)(0) < r(la) (1= (s, 57 2y (s))ds
1 ! .
< g | s1=9% aa(s)glyls)ds
e (!
< g | s1=9  aals)y(slas

1
< r(fx)nyuj $(1—5)% 1 qa(s)ds

0
< |yll,

which shows that || T*y|| < |jy|| fory € KN0oQ,,.
Further, since g, = 0o, for any M; > 0 satisfying

s(1—5)*1qq(s)ds > 1,

1

3My (e —1)2 [1
64T (o) J

there exists p3 > pp > 0 such that g(y) > Myy for y > p3. Let

B 16p3
Then for any y € KN 9Q,,, we have
3(x—1) 3(x—1) . 13
> = g
y(t) > =yl 6 P3P te {4,4
Consequently,
* * 1
ITyll > (Ty)3)
! * 1 x—2
=J G* (2, 5)f(s, s 2y(s))ds
0o 2
a—1 1 1
> — 8%
> Grra | s1= 81" an(s)gtyls)ds
Mi(ax—1) (1 w1
= - d
(o) JOS(l s)* qi(s)y(s)ds
3M1((X—1)2 J oa—1
> —
= [lyll,

which implies that || T*y|| > [[y| for any y € KN 3Q,,.

Therefore T* has a fixed point y(t) in KN (Qp, \ Qp,). Clearly, system (1.1) has a positive solution

u(t) = t*2y(t). So the proof is completed.

Theorem 3.5. Assume that the following two conditions hold:

(P5) there exists an r1 > 0 such that g(y) > My for %rl <y <y

(P6) there exists an 1o > 0 such that g(y) < Mara for 0 <y < 1,

O
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where

3 -1
Ml = a1 J4 5(1—5)“1q](5)dS] ’

M; =

Then system (1.1) has at least one positive solution.

Proof. Without loss of generality, we can assume that r; > r,. By (P5), Lemma 2.7, and (3.1), for any
y € KN9Q,,, we have

1
1Tyl > (Ty)(5) = JO G* (2, 5)f(s, 5% 2y(s))ds

2 2
—1 (3
z :F(oc) J}L s(1—5)* Tqu(s)gly(s))ds
M —1) (i
mh s(1—s)*"qu(s)ds
=m1=[yll,

which leads to || T*y|| > ly|| for any y € KN 0Q,,.
On the other hand, by (P6), one has

* 1 ! x—1 x—2
T y)(t)<wjos(1—s> fi(s, 5 2y(s))ds

<1J15(1—s)°‘1 (s)g(y(s))ds
S Tl . q20(s8)gly

=12 = [lyl,

which yields || T*y|| < |ly|| for any y € KN 0Q,,. o
Therefore, from Theorem 2.9, T* has a fixed point in KN (Qy, \ Q,). Further, we can obtain that
system (1.1) has at least one positive solution. The proof is completed. O

Theorem 3.6. Assume that (P2), (P3), and (P5) hold. Then system (1.1) has at least two positive solutions.
Proof. Firstly, by (P3), for any & > 0 satisfying

1
€ x—1
) L s(1—s)* "qa(s)ds <1,

there exists pg € (0, 11) such that g(y) < ey fory < p4.
Then by Lemma 2.7 and (3.1), we have

1 1
(Ty)(t) < J s(1— )% (s, 5% 2y(s))ds
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< e [ 1—g)1 d
\r(chLS( — 5)% 1gy(s)y(s)ds

<yl

which shows that || T*y|| < |jy|| fory € KN0oQ,,.
Secondly, in view of (P2), for any ¢ > 0 satisfying

! 1
o |, s =9 taals)ds < 5,

N

there exists an My > 0, such that g(y) < ey fory > My. Let

1
p5s > My +11+ - max {g(y)}
€ yelo,M;]

Then we have

—_

(T* r(l(XJO S oc 1f 72y(8))d8
1 1
< WL s(1—5)%""qa(s)g(y(s))ds
S r(l(x{ s(1—s) Glz(S)mélx{g(y(S))}dsJrJI 5(1—5)“1qz(s)ey(s)ds}
1 1
< r((xJ (1—5s)*""qa2(s) max{g(y(s))}ds + ﬁ”y,\ JO s(1—s)% Lqp(s)ds
[yl
Tep 2
= llyll,
where Il = {S S [0/1] | 0 < y(S) < MQ}, 12 = {S c [O,ﬂ | y(S) > M2} Hence, HT*yH < HUH for
y € KNaQ,,.

Finally, set Q., ={y € C[0,1] | [ly|| < r1}. Then, by (P5), we get

Tyl = (Ty)(5

~ 4N («) 1

Mi(a—1) (3

jl(ro((oc) )rlJ:11 s(1—s)*1qq(s)ds
=11 = yl|,

which yields [[T*y[| > [ly|| for any y € KN 23Qy,.
Therefore, T* has a fixed point y; in Qy, \ Q,,, and a fixed point y, in Q,. \ Qr,. One can easily

see that both u; = t*2y; and w, = t*2y,, t € [0,1] are positive solutions of system (1.1). The proof is

completed. O

Theorem 3.7. Assume that (P1), (P4), and (P6) hold. Then system (1.1) has at least two positive solutions.
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Proof. In view of (P1), for any M3 > 0 satisfying
Ms (o —1)2 Jl )
—_— 1—s)% ds >1,
i | S
there exists a pg € (0,12) such that g(y) > Masy for y < ps. Then by Lemma 2.7 and (3.1), we obtain

Iyl > Ty

M | s syt
>Mi“i"i1|| ||J (1—5)%qs (s)ds
> [yl

which yields || T*y|| > |ly|| for any y € KN 0Q,,. In addition, by (P4), for any M4 > 0 satisfying

3M4(cx— 1)2

3
4
o)1 S
64T (o) Lls(l s)* quls)ds > 1,

there exists p; > 0 such that g(y) > Myy fory > p;. Take

~ 16p7
then for any y € KN9Q,,, we have
3(ec—1) 3(ec—1) . 13
> — =20,
y(t) > =yl 6 P> te g
Furthermore,
* * 1
Tyl > (T*y)(3)
a—1 !
> 1— ax—1
T | s T agtyls)as

which implies that || T*y|| > |ly|| for any y € KN 0Q,,.
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Finally, by (P6), we have

* L ! a1 ox—2
T < g | s(1=97 15,5 2yls))ds
<! 1 1 a1 d
\r(oc)LS( ) 1gy(s)g(y(s))ds
Mar, (! a1
< Mo LS(l—S) qz2(s)ds
-

which yields ||T*y]| < [y for any y € KN 03Qy,. B
Therefore, T* has a fixed point y; in Q., \ Q,,, and a fixed point y, in Qy, \ Q,,. Thus, system (1.1)
has at least two positive solutions 1; = t* 2y, up = t* 2y, t € [0, 1]. The proof is completed. O

Theorem 3.8. Assume that

(P7) 90 = € [O, Mz) and (PS) Joo = [?)] € (:S(C)(lil)Mll OO)

hold, where My, My are defined in Theorem 3.5. Then system (1.1) has at least one positive solution.

Proof. By (P7), for e = My — &; > 0, there exists a sufficiently small ¥, > 0 such that

maxg(yy)<oq—|—£:i\/lz, for y <y,

which yields g(y) < My < M»f,. Hence, the condition (P6) is satisfied.

By (P8), for e = 31 — ﬁi\/ll > 0, there exists a sufficiently large r1 > 0, such that

9(y) 16 3(x—1)

. _ — >
min >pB1—e¢ 73(0(—1)]\41' for y=> 16

T1.

Thus, when 3(01‘6_1)T1 <y < 11, we have

16 16 3(ax—1)
2 My > M, -
3a—1) T 30— T 16

which implies the condition (P5) hold. By Theorem 3.5, we complete the proof. O

gly) > T =M1y,

Theorem 3.9. Assume that

(P9) go= oo € (3( 16

Tl)M], OO) and (P].O) goo = [32 € [O, Mz)

hold, where My, My are defined in Theorem 3.5. Then system (1.1) has at least one positive solution.

Proof. By (P9), for e = oz — 5 ;6_1) M; > 0, there exists a sufficiently small #; > 0 such that

g(y) 16
>O(2—£—m

M, for y < fy.

Thus, when 3(01‘6_1)?1 <y < f1, one has,
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which yields the condition (P5) holds. In view of (P10), for ¢ = My — 32 > 0, there exists a sufficiently
large v > 0 such that
gly) -
maxT <Ba+e=Mp, for y>r.

In the following, we will show that (P6) holds and the discussion is divided into two cases.

Case one: Suppose that g(y) is unbounded, then exists g* € C([0,+00),[0,+00)) such that g(y) < g*(y*)
for y < y* and when y* > r, max % < M. If we choose y* =1 > 1, we will get
9(y) < g*(y*) < May* = Mom fory < y* =1y,
which yields the condition (P6) holds.
Case two: Suppose that g(y) is bounded, there exists an M > 0, such that for any y, we have g(y) < M.
In this case, taking sufficiently large r, > MMz’ then g(y) < M < Mor; for 0 < y < 1,, which implies the

condition (P6) holds.
Therefore, by Theorem 3.5 we complete the proof.

Theorem 3.10. Assume that (P6), (P8), and (P9) hold. Then system (1.1) has at least two positive solutions.

Proof. From (P8) and the proof of Theorem 3.8, we know that there exists a sufficiently large r; > 1, such

that
3(ec—1)

16

In view of (P9) and the proof of Theorem 3.9, we see that there exists a sufficiently small rj € (0, 12)
such that

gly) > Myry, for

T <Y< T

3(a—1) , .

gly) > Myrj, for e M <y<ng
Noting that (P6) is valid, then from the proof of Theorem 3.5, we know T* has at least two fixed points.
Thus, system (1.1) has at least two positive solutions. The proof is completed. O

Theorem 3.11. Assume that (P5), (P7), and (P10) hold. Then system (1.1) has at least two positive solutions.

Proof. From (P7) and the proof of Theorem 3.8, we know that there exists a sufficiently small , € (0,11)
such that
gly) < Mprp, for 0 <y < m.

In view of (P10) and the proof of Theorem 3.9, we see that there exists a sufficiently large v5 > r such
that
gly) < Marj, for 0 <y <13,

Noting that (P5) is also satisfied, then from the proof of Theorem 3.5, we know T* has at least two fixed
points. Thus, system (1.1) has at least two positive solutions. The proof is completed. O

Theorem 3.12. Assume that (P1) and (P10) hold. Then system (1.1) has at least one positive solution.

Proof. In view of (P1), we know from the proof of Theorem 3.3 that, for any y € KNoQ,,, [T*y|| = |y]l-
By (P10), it follows from the proof of Theorem 3.9, there exists a sufficiently large 12 > pg such that
g(y) < Mar; for 0 <y < 1 and ||T*y|| < ||y|. This completes the proof. O

Similar to Theorem 3.12, one immediately has the following consequences.
Theorem 3.13. Assume that (P2) and (P9) hold. Then system (1.1) has at least one positive solution.

Theorem 3.14. Assume that (P3) and (P8) hold. Then system (1.1) has at least one positive solution.
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Theorem 3.15. Assume that (P4) and (P7) hold. Then system (1.1) has at least one positive solution.
Theorem 3.16. Assume that (P1), (P6), and (P8) hold. Then system (1.1) has at least two positive solutions.

Proof. In view of (P1), we know from the proof of Theorem 3.3 that || T*y|| > ||y|| for any y € KN 0Q,,.
Since (P8), from the proof of Theorem 3.8, there exists a sufficiently large r; > 12 such that g(y) > Min;
for 3(0{51)r1 <y<r.

For any y € KN9Q,,, we have

Tyl = (Ty)(5)

=11 = [Jyll-

Further, from the proof of Theorem 3.5, for any y € KN 09Q,,, we have ||T*y|| < ||y||. Therefore, system
(1.1) has at least two positive solutions. The proof is completed. O

The following statements are immediately obtained by applying similar arguments as used in the
proof of Theorem 3.16.

Theorem 3.17. Assume that (P2), (P5), and (P7) hold. Then system (1.1) has at least two positive solutions.
Theorem 3.18. Assume that (P3), (P5), and (P10) hold. Then system (1.1) has at least two positive solutions.

Theorem 3.19. Assume that (P4), (P6), and (P9) hold. Then system (1.1) has at least two positive solutions.

4. Nonexistence of positive solutions of (1.1)
In this section, we will explore the nonexistence of positive solutions of system (1.1).

Theorem 4.1. Assume that (P8), (P9), and the following condition hold

16
(P11) min 90 ¢ < MLOO)/
frey<detly Y 3(ax—1)

where 11, T1 are defined as the proof of Theorems 3.6 and 3.7, respectively. Then (1.1) has no positive solution.

Proof. From (P8) and the proof of Theorem 3.8, it follows that there exists a sufficiently large v{ > 1 such
that g(y) > ﬁl\/{ly fory > 3(0{51)1‘1.
From (P9), and the proof of Theorem 3.9, it follows that there exists a sufficiently small #; > 0 such

that g(y) > saeyMay for y < f1.

By (P11), we can obtain g(y) > 3(01(7671)1\/[19 for any vy.
If T* has a fixed point y, then

1
Iyl = [Tyl > (Ty)(3) = L G* (2, 6)(s, s 2y(s))ds
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3
ax—1 (2 B
g 4F(oc)J s(1=5)*"q1(s)g(y(s))ds
1
3
oa—1 16 1 e
Z 4@ 3" L s(1—)* "qu(s)y(s)ds
3
1 16 3 : ox—1
> e 3™ 1g @ Vil L S(1— 5)* gy (s)ds
= Iyl
which is a contradiction. The claim is valid. -

The next consequence is presented below whose proof is similar to that of Theorem 4.1, and therefore
is omitted.

Theorem 4.2. Assume that(P7), (P10), and the following condition hold

(P12) max 9y) € [0,Ma),

fa<y<m Y

where T, 15 are defined as the proof of Theorems 3.8 and 3.9, respectively. Then system (1.1) has no positive solution.
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