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Abstract

The concept of hesitant triangular intuitionistic fuzzy sets (HTIFSs) presented in this paper is based upon hesitant fuzzy sets
and triangular intuitionistic fuzzy numbers (TIFNs). We have developed some hesitant triangular intuitionistic fuzzy aggregation
operators and standardized hesitant triangular intuitionistic fuzzy aggregation operators. Inspired by Li et al. [D.-Q. Li, W.-
Y. Zeng, Y.-B. Zhao, Inform. Sci., 321 (2015), 103-115], the distance measures of hesitant triangular intuitionistic fuzzy sets
are given, in order to explore the applications of which we have proposed three methods of multi-attribute decision making
(MADM) problems, as well as analysis of the comparison between those methods, thus we give an example to illustrate these
methods’ applicability and availability. (©2017 All rights reserved.
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1. Introduction

It is hard for decision-makers to find an optimal choice that has the highest degree of satisfaction from
a set of alternatives that are characterized in terms of their attributes in some situations, especially when
relying on inaccurate, uncertain, or incomplete information. That is what are called MADM problems. So
far, there have been two common methods for MADM problems. One way is to gather all the information
related to the attributes in the multiple attribute decision making by aggregating operators and to rank
the alternatives by the score function; the other way is to select the best alternative by calculating the
distance measure between each alternative and the ideal one.

With information given by different environment, different aggregating operators have been proposed,
which are being involved in different calculation processes for different decision making environment. In
the research process of data information integration, the weighted averaging [4] operator, the ordered
weighted averaging [20] operator, the weighted geometric [11] operator and the ordered weighted geo-
metric [5, 18] operator are four common data aggregating operators. As the theory of fuzzy sets have
been proposed by Zadeh [21], Atanassov [1, 2] gave the concept of intuitionistic fuzzy set, after the intu-
itionistic fuzzy weighted averaging, intuitionistic fuzzy ordered weighted averaging, intuitionistic fuzzy
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weighted geometric and intuitionistic fuzzy ordered weighted geometric operators were proposed, Torra
[12, 13] introduced the concept of hesitant fuzzy set which permitted membership to have a set of possible
values in order that the hesitant fuzzy set can reflect the human’s hesitant behavior, after which Xia and
Xu [16] proposed some operations of hesitant fuzzy set. And Zhao et al. [23] gave hesitant triangular
fuzzy information and some aggregating operators like hesitant triangular fuzzy weighted averaging op-
erator, hesitant triangular fuzzy ordered weighted averaging operator, hesitant triangular fuzzy weighted
geometric operator, hesitant triangular fuzzy ordered weighted geometric operator to aggregate all the
related information for MADM problems.

Distance measure, as an important topic in the fuzzy set theory that has been extensively applied in
decision making, is an another method to deal with multi-attribute decision making and has attracted
some researchers’ interest. Many distance measures of fuzzy set [9], intuitionistic fuzzy set [17], interval-
valued fuzzy set [22] and interval-valued intuitionistic fuzzy set [10] have been proposed to solve decision
making problems in place of operators, especially the Hamming distance, the Euclidean distance and the
Hausdorff metric. Furthermore, Xu and Xia [19] first investigated distance measures of hesitant fuzzy
sets. Then Li et al. [7, 8] provided some new distance measures on hesitant fuzzy sets which concluded
the values and the number of values in order to overcome some drawbacks of existing distance measures.
In addition, Wan et al. [14] gave the distance of TIFNs based on Hausdorff distance. However, For multi-
attribute decision making, distance measure must satisfy certain conditions, like the ideal alternative
discussed earlier. Obviously, the aggregating operators are more extensive than the distance measures
in multi-attribute decision making. And both the aggregation operators and the distance measures have
to be built in a certain environment, such as intuitionistic fuzzy set, fuzzy environment and so on. In
this paper, we give the hesitant triangular intuitionistic fuzzy set based on the hesitant fuzzy set and the
triangular intuitionistic fuzzy numbers. Since the intuitionistic fuzzy set is a special case of the triangular
intuitionistic fuzzy sets, and the hesitant triangular intuitionistic fuzzy set is the generalization of hesitant
intuitionistic fuzzy sets, thus in many practical problems, the information provided by decision makers
might hardly be described by intuitionistic fuzzy set. What the researchers could give is merely a set of
real numbers on R rather than an exact crisp degree of membership or non-membership. Under such
circumstance, we make full use of the triangular intuitionistic fuzzy number and effectively overcome
the difficulty. Meanwhile, the hesitant triangular intuitionistic fuzzy set is fit for the case when lots of
decision makers provide the data like triangular intuitionistic fuzzy numbers. And inspired by the relative
concepts of the aggregation operators and distance measures given by [8], three methods of the triangular
intuitionistic fuzzy set are proposed to apply in MADM problems.

The remainder of the paper is organized as follows: In Section 2, we recall some basic concepts of
hesitant sets and distance measures. In Section 3, new distance measures of triangular intuitionistic
fuzzy numbers are given. In Section 4, we present the concepts of hesitant triangular intuitionistic fuzzy
sets, and then we have developed some hesitant triangular intuitionistic fuzzy aggregation operators,
standardized hesitant triangular intuitionistic fuzzy aggregation operators and the distance measures of
hesitant triangular intuitionistic fuzzy sets. In Section 5, three methods to MADM problems with hesitant
triangular intuitionistic fuzzy information are given based on Section 4. In Section 6, three methods of
MADM problems, as well as the analysis of the comparison between these methods have been proposed
to illustrate their applicability and availability by an example, and Section 7 comes to the conclusion of
this paper.

2. Preliminaries

Throughout this paper, we use X = {x1, X2, ...xn } to denote the discourse set, TIFNs, HTIFS and HTIFE
stand for triangular intuitionistic fuzzy numbers, hesitant triangular intuitionistic fuzzy set and hesitant
triangular intuitionistic fuzzy element, respectively, H represents the set of hesitant triangular intuitionis-
tic fuzzy elements on X, and H(x) denotes the set of HTIFEs on x.
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Definition 2.1 ([12]). Let X be a reference fixed set, and E be an HFS given in terms of a function that will
return a subset of [0,1] when applied to X.
For convenience, the HFS is often expressed simply by mathematical symbol in Xia and Xu [16]:

E=(<x he(x) > x €X),

where hg(x) is a set of some values in [0,1], denoting the possible membership degree of the element
x € X to the set E. The variable hg (x) is denoted as a hesitant fuzzy element.

Definition 2.2 ([16]). For a HFE h, s(h) = # Zvehy is called the score function of h, where #h is the
number of the elements in h. For two HFEs h; and hy, if s(hy) > s(hy), then h; > hy; if s(hy) = s(hy),
then hl = hz.

Xu and Xia [16] also defined some operations on the HFEs h, h;, and hy:

(1) ha =Uyeny™);
(2) Ah=Uyen{l = (1 -y}
(8) 1 ®h2 = Uy,ehyyaen{¥1 +v2 = V1725
(4) hl & h'2 = UV1€h1,Y2€h2{’Y1'Y2}-
Definition 2.3 ([19]). Let M and N be two hesitant fuzzy sets on X, then the distance measure between M
and N is defined as which satisfies the following properties:
) 0<dM,N)<TL;
(ii) d(M,N) =0if and only if M = N;
(iii)) d(M,N) = d(N,M).

Notice that the number of elements in different hesitant fuzzy elements may be different. To operate
correctly, Xu and Xia [19] gave the following regulation: the shorter one is extended by adding the
minimum value, the maximum value, or any value in it until it has the same length with the longer one.
And Li et al. [8] extended the shorter one by adding the minimum value and proposed the concepts of
distance measures considering hesitance degree.

Definition 2.4 ([8]). Let M be a hesitant fuzzy set on X = {x1,%2,...xn}, and for any x; € X, l(hm(xi)) be
the length of ha(xi). Denote

ulhm(xi)) =1—

we call u(ha(xi)) the hesitance degree of hps(xi), and u(M) the hesitance degree of M.

Definition 2.5 ([8]). Let {M, My, ..., M} be a set of HFS on X = {x1, X2, ..., Xn}, then for any My and My,
k,t = 1,2,..,m, the normalized Hamming distance including hesitance degree between My and M, is
defined as

n Ly

dnun(My, My) = % D [l (xa)) =l () + LY 1m0 () — 0 o)l
i=1 X‘j =1

The normalized Euclidean distance including hesitance degree between My and M, is defined as

n

dhue(Mk,Mt)ﬂ%[ﬂu(hmk(xi))— (P, (1) |2+—Z|th xi) —ha) G P12,

i=1
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The normalized generalized distance including hesitance degree between My and M, is defined as

n

dhug(Mi, M) = [% D (ulhm, (1) —ulha, (6)) + F Z |th Xi) )(X MV,
i=1 *j=1

where A > 1 and h’Mk(xi) and h]}vlt(xi) are the jth values in hpy, (xi) and hpag, (xi), respectively, and
Ly, = maxqer{l(hq(xi))}, I=1{1,2,.., m}

3. Distance measure of triangular intuitionistic fuzzy numbers

3.1. The definition and operations of TIFNs
Definition 3.1 ([3]). A TIFN d=((a ,a, a);wg,ug) is a special IFS on the set R of real numbers, whose
membership function and non-membership function are defined as follows:

)
[

wg, ifas<x<a,
ifx=aq,

c—wg, ifa<x<a,

0, ifx<aorx>a,

€9
xgl o

=
[}
Ra?
I
o
|

and

— 2 jfa<x<aq,
Ug, ifx =aq,

et @XM jfa<x<a,

1, if x<aorx>a,

va(x) =

respectively. The values wg and ug represent the maximum degree of membership and the minimum
degree of nonmembership, respectively, such that they satisfy the conditions 0 < wg < 1,0 <ug <1, and
O0<wg+ug<l,a,a,aeR

Let
ma(x) =1—pa(x) —valx),
which is called an intuitionistic fuzzy index of an element x in d. It is the degree of the indeterminacy

membership of the element x in .
The used arithmetical operations over triangular intuitionistic fuzzy numbers may be shown as follows

[6]:
Definition 3.2 ([6]). Let d=((a ,a, @);wg,ug) and b=((b ,b, b);wg,up) be two TIENs and A be a real number.
The arithmetical operations are stipulated as follows:

d+b=((atb,atb,a+b);min{wg, wgl, max{ug, ug}),

(ab, ab, ab); min{fwg, wg}, max{ug, ug}), if @ >0 and b >0,
ab, ab, ab); min{ws, wg}, max{ug, ug}), if & <0and b >0,
ab, ab, ab); min{wg, wg}, max{ug, ug}), if @ <0and b<o0,

=< ((a
(
(a/b,a/b,a/b); min{wg, wg}, max{ug,ug}), if a>0and b>0,
(@/b,a/b,a/b); min{ws, wg}, max{ug, ug}), if d<0andb >0,
(a/b,a/b,a/b); min{wyg, wgl, max{ug, ug}), if @ <0and b<0,
((Aq,Aq,Ad); wg,ug), ifA>0,

a/b{
{ (Ad,Aa,Aa); wg,ug), ifA<DO,

((1/a,1/a,1/a); wa, ua).

(
(
(
(
(
(
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It is proven that the results from multiplication and division are not TIFNs. But we always use TIFNs
to express these operational results approximately.

3.2. The distance of TIFNs

In [14], the values of the membership function p4(x) and the non-membership function v4(x) for the
TIFN d=((a ,a, @);wg,ug) are calculated as follows:

(a+4a+d)wg
— ; )
(a+4a+a)(l—pq)
- ; ,

(3.1)

(3.2)

respectively.
At the same time, the ambiguities of the membership function p4(x) and the non-membership function
vg(x) for the TIFN d=((a ,a, a);wg4,ug) are calculated as follows:

Ap(d) = ((_1;1)(1)(1,
A (d) = (ﬁ—a)él—ua)/

respectively.
Based on the values and ambiguities of TIFNs, we give the following definition.

Definition 3.3. Let d=((a ,a, a);w1,1;) and b=((b ,b, b);w,, 1) be two TIFNs. The distance between them
is defined as follows:

T 1 ™ T ) * ~\ % ) *
dn(da,b) = 5[?\(|Vu(ﬁ)* = V(b)) [+ IV (@)" = Vo (b)) + (1 = A (IAL(@)" — Ap(b)* +1Av(a)" — Ay (b)*])],
where Vu(d)*:%/ VP_L ~)* — %/ Vy(d)* = (Q+4a-222(1—k_ta)/ VV(B)* _ (h+4b-zgl(1—uﬁ)’
Ap(a)r =188ws A (fyr = (D)0 A gy — laallloma) A gy — OB ke) and 0 <A< 1. o

and b* are standardized constants.

Remark 3.4. The values of a* and b* depend on the requirement of environment. It concludes two cases:
(1) the two numbers” distance of TIFNs a;=((a; ,ai, di);wj,ui) without any scene: a* = b* = max{a;};
(2) the a* of TIFNs can be embodied in the specific environment and satisfy the condition a* > max{a},
such as the following example.

Example 3.5. In the final assessment of a class, the distribution of the final examination results of all the
students is a TIFN d=((50,70,80),0.6,0.3), the total score is 100, and the students in the class of the usual
performance is the TIFN b=((5,7,8),0.6,0.3), the total scores is 10. Then we have a* = 100, b* = 10, and

dh(d/ 6) = de(d/ 6) = 0/

so the final examination results are consistent with the usual performance. This conclusion is apparent in
line with the reality.

Remark 3.6. The distance contains both values and ambiguities of TIFNs, and the preferences between
values and ambiguities depends on the value A. When we only consider values of TIFNs (A = 0),

dn(@,b) = AV (@) = Vi (B)| + Vo (@) — V (B)]).

Definition 3.7. For a TIEN @, s(d) = (Q+2a+4di£wruﬁ) and h(d) = (Q+2a+2()1£wd+uﬁ) are called the score

function and the accuracy function of d, respectively, where a* is a standardized constant.
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For two TIFNSs d; and d,

e if s(d;) > s(dy), then @y = dp;
e if s(d1) < s(dy), then d; < dy;
e if s(dy) = s(dp) and

(dp), then d; >~ dp;

(dp), then d; < dp;

So we can compare two score functions and judge the magnitudes of two TIFNs.

4. Hesitant triangular intuitionistic fuzzy information

4.1. Hesitant triangular intuitionistic fuzzy sets

As can be seen from Definition 2.1, hesitant fuzzy set expresses the membership degrees of an element
to a given set only by several real numbers between 0 and 1, while in many real-world situations assigning
exact values to the membership degrees do not describe properly the imprecise or uncertain decision
information. Thus, it seems to be difficult for the decision makers to rely on hesitant fuzzy sets for
expressing uncertainty of an element.

To overcome the difficulty associated with expressing uncertainty of an element to a given set, the
concept of hesitant triangular intuitionistic fuzzy set is introduced here to let decision makers provide
the data like triangular intuitionistic fuzzy numbers based on the concepts of hesitant fuzzy sets and
triangular intuitionistic fuzzy numbers.

Definition 4.1. Given a fixed set X, a hesitant triangular intuitionistic fuzzy set (HTIFS) on X is in terms of
a function that is applied to each x in X and returns a set of some possible triangular intuitionistic fuzzy
numbers.

To be easily understood, we express the HTIFS by a mathematical symbol:

E={<xht(x)>KxeX],

where ﬁ’E (x) is a set of some possible triangular intuitionistic fuzzy numbers, denoting the possible mem-
bership degrees of the element x € X to the set E. For convenience, we call FL’E (x)=U;((a;, ai, ai);wiwg) (i=
1,2,..,1(h’)) a hesitant triangular intuitionistic fuzzy element (HTIFE)(L(h') is the length of HTIFE) and
E the set of all HTIFEs.

0.5,0.3),((4,7,8);0.6,

Example 4.2. Let X = {x1, x>} be a fixed set, and h{(x1) ={((5,8,9);0.6,0.3), ((6,7,8);
i=1,2) toaset E. E can be

0.3)} and h{ (x2) = {((4,6,10);0.4,0.3),((5,7,9);0.7,0.2)} be the HTIFEs of x;(
considered an HTIFS, and can be denoted as follows:
E={<x,{((589)0.6,0.3),((6,7,8);0.5,0.3),((4,7,8);0.6,0.3)} >,
< x2,{((4,6,10);0.4,0.3),((5,7,9);0.7,0.2)} >}.

4.2. Some aggregating operators with hesitant triangular intuitionistic fuzzy information
Definition 4.3. Let @’ = |J;((a;, ai, @i);wi,ui) and b’ = Ui (b, b5, bj);wj,15) be two HTIFEs and A > 0,
the operations are given as follows:

(1) Ad" = Uil((Aay, Aai, Adi);wi, uy)},

2) @ =Ud((a}, a}, ad);wj, uy)},
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(3) @'+ b’ = Uj;{((ay +gj, ai + by, ai + bj);min{ws, wj}, max{uy, u;))},

Ui;{((aibj, ab, ab); min{wg,, ng}, max{udi,ugi})}, if d; > 0and b; >0,
(4) a’'b’ = Ui,j{((QiBj/ aibj, aib;); min{wa,, ij}, max{udi,ugj})}, if d; < 0 and Bj >0,
Ui,)'{((diBj/ aibj, a;b;); min{wa,, ij}, max{uai,uf?j})}, if d; < 0 and 6]- < 0.

For comparing two HTIFEs, we give the score function as follows:

Definition 4.4. Let ﬁ’:Ui((gi, ai, ai);wiuy) (i=1,2,...,1(h)) be an HTIFE and

1(n') _
1 (a; +2ai + ai)(wi —uy)
h) = L
sth) =157 ; 4a*

be the score function of h/, where 1(h’) is the number of the triangular intuitionistic fuzzy values in h/,
and a* is the standardized constant. For two HTIFEs h{ and hj, if s(h{) > s(hj}), then h{ > h}, and, if
s(h{) = s(hj), then h{ =hJ.

Based on the operational principle for HTIFEs, we develop the hesitant triangular intuitionistic fuzzy
weighted averaging (HTIFWA) operator and hesitant triangular intuitionistic fuzzy ordered weighted
averaging (HTIFOWA) operator.

Deﬁnitionf4.5. Let ﬁj’ = U; (( aij, aij, Gij); wij, wij) (j = 1,2,..,m) be a collection of HTIFEs. Let HTIFWA:
(OIS OIS |

n n n n
HTIFWA (h{, R}, ..., h)) = ijﬁj’ = U{((Z wjay;, ij aij, Zwij dj);mjin wij,mjaxuij)}, (4.1)
j=1 i - =

where Q is the set of all HTIFEs, wj is the weight of ﬁj/ satisfying that w; € [0,1] (j = 1,2,..,1) and
Yinwi =1

Definition 4.6. Let ﬁj’ = Ui((ayj, aij, @i3); wij, wij) (5 =1,2,..,m) be a collection of HTIFEs. Let HTIFWA:
an — Q, if

mn
HTIFOWA (h{, R}, ..., h)) = Zwiﬁfr(j)
— (4.2)

n

n
=) _wiaeq) Zw;ag (i) Z Jmin o iy, max g i)
(1) j=1 =

where Q is the set of all HTIFEs, wj is the weight of ﬁj/ satisfying that w; € [0,1] (] =1,2,..,n) and
Z)T;l w; = 1, (o(il), 0(i2), ..., o(in)) is a permutation of (1,2,...,n), such that h’ E for all j =
1,2,..,n—1.

In the following, we propose the hesitant triangular intuitionistic fuzzy weighted geometric (HTIFWG)
operator and hesitant triangular intuitionistic fuzzy ordered weighted geometric (HTIFOWG) operator.

Definition 4.7. Let ﬁj’ = Ui((gij, aij, 4ij); wij, wij) (G = 1,2,..,n) be a collection of HTIFEs with a; > 0.
Let HTIFWG: Q™ — Q, if
n n
AR AN Ciwy wj wj WiV i .. ..
HTIFWG(R{, hy, ..., Ay,) = 1‘{ R =U Tey T T e’ T aghiminws, maxwy)), - @3)

where Q) is the set of all HTIFEs, wj is the weight of ﬁj/ satisfying that w; € [0,1] (j = 1,2,..,1) and
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Definition 4.8. Let ﬁj’ = Ui((ayj, aij, @) wij, wij) (G = 1,2,..,m) be a collection of HTIFEs with a; > 0.
Let HTIFWG: Q™ — Q, if

n
HTIFOWG(R{, i), ..., i) = [ [(Rb)™

(4.4)

n

=U {((H(%(m)w’ H(%(m)W"IH(ﬁoai))Wj);mjin “’ii'm]-ax“ﬁ)} ’
i j=1

j=1 j=1
where Q is the set of all HTIFEs, wj is the weight of ﬁj’ satisfying that w; € [0,1] (j = 1,2,..,1) and

Z)“ 1wJ =1, and (o(il), 0(i2), ..., 0(in)) is a permutation of (1,2,...,,n), such that FLE].) < ﬁ(’jﬂ)
i=1,2,.,n—1

We can aggregate hesitant triangular intuitionistic fuzzy information by Definitions 4.5, 4.6, 4.7, 4.8.

for all

4.3. Some aggqregating operators with the standardized hesitant triangular intuitionistic fuzzy information
Based on TIFNs and the (3.1) and (3.2), we give the following definition.

Definition 4.9. Let h/={J;((a;, ai, @;);wi,wi) (i = 1,2,...,1(h)) be an HTIFE and W) = (@i+daita)w;

6a*(1+wi—uy) 7
Via) = (Qggi‘?liig?_(t)“i) be the values of the membership degree and the non-membership degree of

the HTIFE. Then we call H' = Ul(h{a ) Yia))t G = 1,2,...,1(H")) the standardized HTIFE (1(H’) is
the length of the standardlzed HTIFE) and E = {< x,l:l’E(X) > |x € X} the standardized HTIFS. For
convenience, we call it S-HTIFS for short.

Example 4.10. As it is showen like Example 4.2, we get E = {< x4,{((5,8,9);0.6,0.3),((6,7,8);0.5,0.3),

((4,7,8);0.6,0.3)} >, < x2,{((4,6,10);04,0.3), ((5,7,9);0.7,02)} >}. And ax=10, then y?, | = grridctaid,

_ i) 6a*(I+wi—uy) ’
= (2'164:*“(1{: g?_(tl)“i). So we can easily calculate that

E ={<x,{(0.35,0.41),(0.29,0.41), (0.31,0.36)} >, < x2,{(0.23,0.40), (0.33,0.37)} >}.
Given two standardized HTIFEs A’ = |J{(p(di)* v(@)*} and B’ = Uj{(u(Bj)*,v(Bj)*} and
A > 0, inspired by the operations of hesitant fuzzy set [12], we give the following operations:
(1) AR = U1 — (1 —pig )N (1= (1 =V, M
@) A% = Uiduig N Vi) )
3) {\/ oB’ = Uu{ ”fdl K, ~ Mlan My Yiao T V(6 ~ Vian V(s b
@) A @B = Uilluia 17

Definition 4.11. For a standardized HTIFE H’ = |J,{(n ))} i=12,..1H)),s(H)

(M{a,) —V{a,)) is called the score function of H’. For two standard1zed HTIFEs H{ and Hj, if s( ) s( HJ),

then Hj > H’, and, if s(H{) = s(H}), then H{ = HJ.

Based on the above operations for the standardized HTIFEs, we also introduce the standardized hesi-
tant triangular fuzzy weighted averaging (S-HTIFWA) operator, the standardized hesitant triangular fuzzy
ordered weighted averaging (S-HTIFOWA) operator, the standardized hesitant triangular fuzzy weighted
geometric (S-HTIFWG) operator and the standardized hesitant triangular fuzzy ordered weighted geo-
metric (S-HTIFOWG) operator.

Definition 4.12. Let l:lj’ = Ui{(u’{dij % v?‘dij ) )} be the standardized HTIFE. The standardized hesitant trian-
gular fuzzy weighted averaging operator is a mapping Q™ — Q) such that

‘L

n
S-HTIFWA(H, Hy, .., A}) = & ywiH = U{1—H 1—u?‘aij))whl—H(l—V’{aﬁ))Wi)}, (4.5)
j=1 j=1

where Q) is the set of all HTIFEs, wj is the weight vector of Hj, and w; € 0,1](j =1,2,..,n), >y wj = 1.
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Definition 4.13. Let l:lj’ = Ui{(u’(‘ dij),v? c~lij))} be the standardized HTIFE. The standardized hesitant tri-
angular fuzzy ordered weighted averaging operator of dimension n is a mapping Q™ — Q, that has an

associated weight vector w = (wy, wo, ... wn )T such that wj > 0 and Z _1wj = 1. Furthermore,
n
AR Y4 YA * Wj * W
S-HTIFOWA(FI{, P13, ..., },) = @] yw;H U{ (1- ]1 (1= Wfay )" 1 1_{(1 ~Viag)" ) (46)
j j=
where (0(i1), 0(i2), ..., o(in)) is a permutation of (1,2, ...,,n), such that F{Ej) )+1 forallj=1,2,..,n—1.

Definition 4.14. Let l:lj’ = Ui{(p.’(k ay)’ vz‘ ag) )} be the standardized HTIFE. The standardized hesitant trian-
gular fuzzy weighted geometric operator is a mapping QO™ — Q such that

n n
S-HTIFWG(H, iy, ..., F,) = @7 wiH] = U{(H(HT ™ T [ o) 4.7)
i j=1 j=1
where Q is the set of all HTIFEs, wj is the weight vector of H/, and w; €[0,1](G=1,2,...,m), Z;lzl wj =1.

Definition 4.15. Let l:lj' = Ui{(u’(‘ dij),v’{ dﬁ))} be the standardized HTIFE. The standardized hesitant tri-
angular fuzzy ordered weighted geometric operator of dimension n is a mapping QO™ — Q, that has an

associated weight vector w = (w1, wy, ... wn )T such that wj > 0 and Z —1wj = 1. Furthermore,
n n
S-HTIFOWG(F, Pz, ., i) = @i Py = U] T0hfa, )™ T 100000 (4.8)

j=1 i=1

where (0(i1), 0(i2), ..., o(in)) is a permutation of (1,2, ..., n), such that l:lE].) forallj=1,2,..,n—1.

]+1

4.4. The distance measure of hesitant triangular intuitionistic fuzzy sets

In order to improve the distance measure of hesitant fuzzy sets, Li et al. [8] gave the hesitance degree
of hesitant fuzzy set. Similarly, we give the hesitance degree of hesitant triangular intuitionistic fuzzy set.

Definition 4.16. Let h’/ be a hesitant triangular intuitionistic fuzzy set on X = {x1, Xy, ...xn}, and for any
xi € X, l(h/(x{)) be the length of h'(x;). Denote

u(h’(xy)) =1— o)

1 n
=_ E u(h’(x
n-e
i=1

where u(h’(x)) is the hesitance degree of h'(x;), and u(h’) the hesitance degree of h/, respectively.

For the number of elements of a HTIFE, we denote l(h’E(X)) as the number of elements. When
l(h]’,( X)) =+ l(h’Q( X)) with two HTIFEs h]’,( ) and h’Q( <) we add the shorter one with some values. The
problem is how to select the value. We give a method as follows:

For a HTIFE h{i(x) = {ay, dy, ..., an} (@i = ((ay, ai, @i); wi, W), Anii = ol + 0pdy + ... + ndn is
the added one for the shorter HTIFE, where &, xy, ..., &, are the weight of dy, dy, ..., dn, respectively,
i=12.,0a4+00m+..+an=1 Whenog = 0p = ... = atn = &, njq = m Obviously, the
added Value of a HTIFS depends on the existing HTIFEs. In [8, 19], the added one of a HFS depends on the
decision makers’ risk preferences and the decision makers always hold a pessimistic attitude subjectively,
the method is more objective than that of [8, 19]. On the other hand, as the information of HTIFEs is
given by decision makers, the weights can reflect the importance of different decision makers in decision
making problem.

Based on Definitions 3.3, 4.1, and 4.16, we give some distances of HTIFSs in the following.
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Definition 4.17. Let hi, h{ be two HTIFSs on X = {x1, X2, ...xn} and

hi() = J ((ayy, aij, @) way, vay), hi0g) = ((by, aij, by); wg, 1)
i i
be two HTIFEs, where k,t = 1,2, ..., m, then the distance is defined as

L.
j

1 = 1 ~ * - * ~ *
dnen (g hy) = 5 > Thu(hi (%)) —w(hy (%)) + T > AV (ag ™ ) = Vi (b5 + va (a ™)
j=1

X 4
) i=1

— Vo (B ) ) + (1= A (AL (E] ™) — A (BT ™) |+ 1Ay (a5 )" — Ay (B) D)),

where
otk (7$(k) +4a$(k) 4 dlj(k))wNG[k) ot (b +4b + b o(k )) Ef[k)
Vu(dij )* — 6(1* 1 , vp(bl] )* — 6b* ij ,
(af™ +4af™ +af ™)1 — o) (0™ + 467 157 (1 — o)
V-\/(~U(k))* _ ij VV(BG(k))* _
R 6a* ’ CR 6b* ’
(GS(k) —a (k))w-o(k) (B?(k) _hg(k))wﬁo(k)
A (~U(k))* _ ) 1 i A (Bﬁ(k))* _ ) ) ij
KA 3(1* 7 it 3b* ’
_o(k k ~o(k
(@™ —af™)(1 - _op) (B5™ — b5 ™)1 ~ o)
A, (@) = ) ) 4y Ay (BER)yx = ) )
U 3a* ’ iy T 3b* '

=4y 77y 7T

Lo, = maxqerU(ng(x))} T =1{1,2,..,m}, 0 <A < 1, and ()™ = U (), o™, af); wayy, may)
and hy(x;)°™) = (J; ((h?(k) a2 E.U.(k]);wgg(k), Hgoto) are the jth values in hi(x;) and he(xj),
ij ij

§ sy by respec-
tively, a* and b* are standardized constants.
We give an example to illustrate the calculating process of dnn:
Example 4.18. Assume that
hy ={<x1,{((3,4,5);0.4,0.3),((5,6,7);0.5,0.3)}, < x2,{((3,5,7);0.6,0.2) }},
h; ={< x1,{((3,4,6);0.6,0.3),((5,7,7);0.4,0.3), ((4,7,10);0.7,0.1)}, < x2,{((3,4,6);0.5,0.1)}}.

So a* = max{ai, b;} = 10. And we consider @, i = aleraz to extend the shorter HTIFE, we can obtain
Let A = 0.5, then dng = gl13 — 5|+ § x ((0.5x 0.4+0.5 x 0.12) + (0.5 x &3 +0.5 x 57) + (0.5 x Z5 +0.5 x
0)) +10—0/+ 1 x (0.5 x & + 0.5 x 55)] = 0.074.

Considering the preferences between the hesitance degree and the values and ambiguities of TIFNs,
we propose the distance with preferences as follows:

Definition 4.19. Let hy, h{ be two HTIFSs on X = {x1, X2, ...xn} and hy (x;) = {U; ((aij, aij, aij); Way/ Hay ),
hi(xj) = U; ((by, aij, byy); W,/ IJ.BU) be two HTIFEs, k,t = 1,2, ..., m, then the distance measure is defined
as

1y,
n )
1—« ~ * = * ~ *
dpnen(hi, hy Z afu(hy (%)) —w(hi(x))l + E Z(Mlvu(afj(k)) _Vu(bfj(k)) |_’_|Vv(ag(k))
=1 ) oi=1

—vv(bij““) D+ =N 0AWEG )" = AL )+ 1Ay (@) = A (B,

3}
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where
(@f™ +4af™ + af™)w o ) b + 407 + 7w o0
Vu(dgj(k))* _ ” CI Vu(b;(k))* _ o i
(k) (7%(1& +4afj(k) + afj(kJ)(l — M o)) ot (hgj(k) +4bf).(k) " ij(k))(l ~Hge)
Vv(ai]- ) = 6a* ’ ’ VV (bl] ) = 6b* : 4
(dio_j(k) _ng(k))w~o[k) (Bg(k) _hg(k))wgs(k)
Au(..(f(k))* _ ij AH(BG(k))* _ ij
Y 3a* ! Y 3b* !
(@™ — a1 —ngew) (55 —bZ™M) (1 — o)
A (dU(k))* _ ) ) i A (Bc(k))* _ ) ) by
v 3a* ’ v 3b* ’

1 771 [Ahaa¥]

Lo, = maxger{l(h} (xi))}, 1 ={1,2,...m}, 0 < A < 1, and Ry (x)°™ = U; (0™, o™, af™); way, pay)
and h¢(x;)°™) = J; (%) qo) potiy. Wy o), Heot) are the jth values in hy(x;) and he(x;)
ij ij

1) 77y ij , respec-

tively, a* and b* are standardized constants.

Definition 4.20. Let h; and h{ be two hesitant triangular intuitionistic fuzzy sets on X = {x1,%2, ..., Xn},
then the distance measure between h; and h{ is defined as d(h;, h{), which satisfies the following prop-
erties:

(1) 0< d(hf,h{) < 1;
(2) d(hy,h{) =0if and only if h| = h{;
(3) d(h],h}) = d(h],h]).
Theorem 4.21. dyy, and dpyy, are distance measures.

Proof. As dny, is a particular case of dyp,, we only give the proof of dppin.

Assume that h; and h{ are two hesitant triangular intuitionistic fuzzy sets, based on Definition 4.20,
(1) and (3) are straightforward. Below let us prove d(h;,h{) = 0 if and only if h; = hy{.

Obviously, when h; = h{, d(h,h{) = 0. On the contrary, when d(h;,h{) = 0, we have u(h;(x;)) —
w(hi(x)) =0, Vu(a ) = V(65" = 0, V(@) — vy (85" = 0, Au(af) — AL B = 0
and A ()" — Ay (6]))* = 0, then hy, =h{.

This completes the proof. O

Theorem 4.22. If h¢, hy, hy are three HTIFSs, then d(hg, hy) < d(hg, hy) + d(hy, hy) for dpg, and dpp.

Proof. Now we give the proof of the case dph,. Assume

h’; = U ((§1]/ Sij, g1.) )/ w§ij/ HS‘H )/ ht = U ((il]/tl)lfl) )/ w{ij’ M{ij ) ,/ and ha = U ((gul qij/ ql) )/ wqi]‘/ Mqij )
i i i

are three HTIFS, as

u(h(x5)) —w(hg ()] < e(hf(x3)) = u(h (%)) + [u(hf (x;)) — u(h§ (x;))],
Va5 = V(G < IV G5 = Vi@ ™))+ Vi@ ) = i),
V(85 ) = Vo (B )T < IV 55" = v @ ™)+ vy (@) = v (),
AL = ALET <AL — Au@d ™)+ 1A f“) — Au(E ),
AV = AV ET) T <AV ES) = A @] )+ AV (@5 ) — AV RS,

we have dppm(hy, e q) < dphn (g, M) + dpnen (hy, ha ). And the proof of the case dpy, is similar to that of
dphth- 0
P
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Next, we consider both the different preferences between the influences of the hesitance degree and
the values and ambiguities of TIFNs and the weight of each element x € X, then the weighted distance
measure with preferences is given as follows:

Definition 4.23. Let h;, h{ be two HTIFSs on X = {x1, %2, ...xn} and h; (x;) = U; ((a;j, aij, @ij); way;, May),
hi(xj) = U; ((by, aij, byy); W,/ ugﬁ) be two HTIFEs, k,t = 1,2, ..., m, then the distance is defined as

1y,
n )
1 — X ~ * T~ * ~ *
duphen (1, 1) Z jlodu(hi () = u(hy ()l + 5 > AV (@™ = Vi (B )+ va(ag™)
j=1 Xj i1

=V (B ) ) + (1= A (AL(E]™)* — A (BT ) |+ 1Ay ()" — Ay (BT) D)),

where
(ij(k) +4a?j(k) + d?j(k))w~6[k) ) (b +4b + b o(k )) E,?“‘)
Vv (~U(k))*_ ij Vo G(k))*_ i
Y N 6a* ! Y - 6b* !
k k k
B [ T AN (A )1 pgoa)
Vy(dg )" = -, Vy(bg; )= ,
) 6a* B2 6b*
_o(k k k k
o (agj( ) ij( ))wd?[k) . (b?j( ) bfj( ))wﬁg(k)
Al»l( ( ))* — j AH( ( ))* — j
Y 3a* ! Y 3b* ’
(@™ —af™) 1 - p o) (677 — b2 ™)1 - o)
o)y _ Y ) 4y Fo(k)ye D ) i
Av(ai' ) - ’ Av(b ) - ’
) 3a* 2 3b*

Ly, = maxqer{lhy (x))}, 1= {1,2,..,m}, 0 < A < 1, and hi(x;)°™ = U; (@™, aZ™, al™); way, may)
)

1) 7Y 7Y
and ht(xj)“(k) = U ((hg(k), ag(k),ﬁg(k));w k), uf)iﬁj(k)) are the jth values in hy(x;) and h¢(x;), respec-

5
ij
tively, a* and b* are standardized constants.

Assume that if w1 = wy = ... = wy, = %, then dypnen (hy, hy) is reduced to dpnm(hi, hj)-
Theorem 4.24. dyyy, is a distance measure.

Proof. Based on Theorem 4.21, it is obvious. O

5. Several methods to MADM problems with hesitant triangular intuitionistic fuzzy information

The traditional aggregation operations and the distance measures are of great use in MADM prob-
lems. In this section, we give three methods to MADM problems with hesitant triangular intuitionistic
fuzzy information. The following assumptions are used to represent the MADM problems for poten-
tial evaluation of emerging technology commercialization with hesitant triangular intuitionistic fuzzy
information. For a multiple decision making problem with hesitant triangular intuitionistic fuzzy infor-
mation, let X = (X1, Xy, ..., Xim) be a discrete set of alternatives, and let G = (Gy, Gy, ..., Gy,) be a finite
set of attributes, w = (w1, Wy, ..., wn )T is the weighting vector of the attribute G; i = 1,2,..,m), where

€[0,1], 31 wy = 1. If the dec1s1on makers provide several triangular 1ntu1t1omst1c fuzzy values for
the alternatlve Xi under the attribute Gj, these values can be regarded as hesitant triangular intuitionis-
tic fuzzy element ﬁ’ )- Suppose that H= ( ij))mn is the hesitant triangular intuitionistic fuzzy decision
matrix.

Now we present three methods to the MADM problems with hesitant triangular intuitionistic fuzzy
information as follows:



J. J. Chen, X. ]J. Huang, J. Nonlinear Sci. Appl., 10 (2017), 1012-1029 1024

METHOD 1.

Step 1. We utilize the decision information given in matrix H, and the HTIFWA (4.1), HTIFWG (4.3),
HTIFOWA (4.2) and HTIFOWG (4.4) operators to aggregate the hesitant triangular intuitionistic fuzzy
elements hi(i = 1,2,...,m) of the alternative X;.

Step 2. Calculate the scores S(h;) of the hesitant triangular intuitionistic fuzzy elements h;(i = 1,2,..., m)
of the alternative X; by Definition 4.4.

Step 3. Rank all the alternatives X;(i = 1,2, ..., m) based on the rank of hi and select the best one(s).
Step 4. End.

METHOD 2.

Step 1. We calculate the values of the membership degree and the non-membership degree of every trian-
gular intuitionistic number of the HTIFEs u{; ) and v{, ,, respectively. Then we can obtain the standard-

ized hesitant triangular intuitionistic fuzzy 1nformat10n matrix H’ by using l:l]’i(x) = Ui{(uzk ﬁi),v?‘ di)}(i =
1,2,..,1(H") instead of hi (x)=UJ;((a, ai, @i);wi,ui) (i = 1,2, ..., (R)).

Step 2. We utilize the decision information given in matrix H’, and the S-HTIFWA (4.5), S-HTIFWG (4.7),
S-HTIFOWA (4.6) and S-HTIFOWG (4.8) operators to aggregate the hesitant triangular intuitionistic fuzzy
elements Hi(i = 1,2, ..., m) of the alternative X;.

Step 3. Calculate the scores S(;) of the hesitant triangular intuitionistic fuzzy elements Hi(i=1,2,..,m)
of the alternative X; by Definition 4.9.

Step 4. Rank all the alternatives Xi(i = 1,2, ..., m) based on the rank of H; and select the best one(s).
Step 5. End.

METHOD 3.

Step 1. We can use the equation

1y,
n )
1 — X -~ * T~ 3 ~ *
duwphen(hi, by Z Lo (g 04)) =g )+ = 3 AOVi(@ ™) = V(@5 )1+ vy (ag ™)
j=1 Xj1=1

—vv(f);j-(”) D+ @ =N AL ) — AL B+ 1Ay (@™ ) — Ay (B )],

to calculate the distance measure d; between the ideal alterative and the alterative X; based on Definition
4.23.

Step 2. Rank all the alteratives X;(i = 1,2,..., m) based on the rank of H; and select the best one(s) based
on the distance measure d;.

Step 3. End.

6. Numerical example

Thus, in this section we present a numerical example for supplier selection in supply chain manage-
ment problems with hesitant triangular intuitionistic fuzzy information in order to illustrate the methods
proposed in this paper. Let us suppose there are four alternatives (prospect supplier) X;(i = 1,2,3,4)
for three attributes G;(j = 1,2,3) with product quality (G1), service (G2), ad price (G3). And the hesitant
triangular intuitionistic fuzzy information matrix is shown in Table 1.
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Table 1: Hesitant triangular intuitionistic fuzzy information matrix.

Gy Go Gs
A1 [ 1(06,8,8),0,6,03)] | {((6,7,8);07,02)} [(6,7,8),0.7,02)]
(((,5,6),07,0.2), {((4,6,8);06,03),
As | {((4,6,8);0,5,03)} | ((3,5,7);05,03), ((6,7,9);0.6,0.3)),
((4,5,6),05,0.3)} ((6,7,8),0.6,0.3)
(((3,4,4),0,6,03),
As| (44,6);05,03), |{((2,46);07,03)) (((4,6,6);05,0.2))}
((4,6,8);0.5,02))
Aa | (o0 ) ((4,5,6)70.6,0.2)) | {((6,6,8),08,0.1),((2,6,8);,0.4,0.1))

In the table, the total score of decision makers is 10. And the attribute weights is known as follows:
w =(04,0.2,04).

METHOD 1.

Step 1. We utilize the decision information given in matrix H, and the HTIFWA (4.1) and HTIFWG
(4.3) operators to aggregate the hesitant triangular intuitionistic fuzzy elements hi(i = 1,2,...,m) of the
alternative X;. Take alternative A4 for an example, we have

n

HTIFWA(R{, RS, ..., h)) = > wyhf
j=1

n

n n
JUO wyai;, D wyayy, D wija;);min wij, max;)}
i =1 i—1 i—1 ) )
{((5.6,6.2,7.6);0.6,0.3),((4,6.2,7.6);0.4,0.3), ((5.6,6.6,8);0.5,0.3),
((4,6.6,8);0.4,0.3)},

HTIFWG(R{, R}, ..., h}) Ry

I
.:3

-
I
_

n

n n
Wj Wj; _W; .
([ Tai" TTes TT a5 minws;, maxug;)}
. ) )
j=1

j=1 j=1
(5.5326,6.1531,7.5527);0.6,0.3), ((3.5652,6.1531,7.5527);0.4,0.3),
5.5326,6.4907,7.9170);0.5,0.3), ((3.5652, 6.4907,7.9170);0.4,0.3) }.

Il
-

=1
(

—_ e

Step 2 and Step 3. Calculate the scores S(hi) of the hesitant triangular intuitionistic fuzzy elements
hi(i=1,2,.., m) of the alternative X; by Definition 4.4. Rank all the alternatives X;(i =1,2,..., m) based
on the rank of h;. The results are listed as Table 2.

Table 2: Results of S(h;) and rankings.
A1 Ar Az Ay Rankings
HTIFWA | 02160 | 0.122 | 0.098 | 0.1125 | Ay = Ay = A4 = As
HTIFWG | 0.2158 | 0.1210 | 0.0999 | 0.1106 | A1 = Ay = Ay = A3
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METHOD 2.

Step 1. We calculate the values of the membership degree and the non-membership degree of every
triangular intuitionistic number of the HTIFEs uf, , and v{, ,, respectively. Then we can obtain the
standardized hesitant triangular intuitionistic fuzzy information matrix H’ as Table 3.

Table 3: The standardized hesitant triangular intuitionistic fuzzy information matrix H'.

Gy Gz Gs
Ay | [(0.3539,04128)] | {(0.3267,0.3733]] 1(03267,03733)]
1(0.2333,0.2667), [(0.2769,0.3231),
Ay | {(025,035)) | (0.2083,0.2917), (0.3308, 0.3859),
(0.2083,0.2917)} (0.3231,0.3769)}
701769, 0.2064),
As | (01856,02528), |  {(0.2,0.2)) ((0.2179,0.3487))
(0.2308,0.3692)}
A {(((())3322:;(());576699))} [(0.2143,0.2857)} | {(0.298,0.3353), (0.1744,0.3923))

Step 2. We utilize the decision information given in matrix H’, and the S-HTIFWA (4.5) and S-HTIFWG
(4.7) operators to aggregate the hesitant triangular intuitionistic fuzzy elements H;(i = 1,2,...,m) of the
alternative X;. Take A4 for an example, we have

S-HTIFWA(H{, Hy, ..., Hy,) = & ywyHJ

)
n n

= Jla =TT = wia )™ 1 =TT =v{a )™
i j=1 j=1
={(0.2924, 0.3429), (0.2450, 0.3660), (0.2938, 0.3780), (0.2464,0.3999)},
S-HTIFWG(H{, H, ..., Hp,) = @ wiHj
n n
= U Tta )™ T IO ag )™
i j=1 j=1
={(0.2882,0.2530), (0.2326, 0.3623), (0.2893, 0.3675), (0.2335,0.3913)}.

Step 3 and Step 4. Calculate the scores S(F;) of the hesitant triangular intuitionistic fuzzy elements
Hi(i=1,2,..., m) of the alternative X; by Definition 4.9. Rank all the alternatives X;(i = 1,2, ..., m) based
on the rank of F; and select the best one(s). The results are listed as Table 4.

Table 4: Results of S(h;) and rankings.
A1 An Asz Ay Rankings
S-HTIFWA | -0.0517 | -0.0738 | -0.0871 | -0.1023 | A1 = Ay = Az > Ay
S-HTIFWG | -0.0513 | -0.0752 | -0.0772 | -0.1045 | A1 = Ay = A3z = Ay

METHOD 3.

Suppose that the ideal alternative is the hesitant triangular intuitionistic fuzzy number E, = {((10, 10,
10);1,0), ((10,10,10);1,0), ((10,10,10);1,0)}, which is seen as a special HTIFS. Then, we can select the best
alternative by calculating the distance between each alternative and the ideal alternative. And we utilize
the distance measure to select the most desirable supplier. In order to facilitate the analysis, we adopt
parameters A = 0.5 and « = 0,0.01,0.1,0.5,0.9. The results are listed as Table 5.
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Table 5: Results of d,,phtn and rankings (A = 0.5).

A1 As Az Ay Rankings
=0 0.2665 | 0.3428 | 0.3719 | 0.3144 | A1 = Ay = Ap = A3

o =0.01 | 0.2705 | 0.3420 | 0.3666 | 0.3103 | A1 = Ag > Ay = A3
oa=0.1 | 0.3065 | 0.3352 | 0.3697 | 0.2942 | A4 = A1 = Ay = A3
oa=0.5 | 04666 | 0.3047 | 0.3831 | 0.2227 | Ay = Ay = A3z = Aq
oa=0.9 | 0.6267 | 0.2743 | 0.3966 | 0.1512 | Ay = Ar = Az = A4

It is worth mentioning that Method 1 is simple and effective under hesitant triangular intuitionistic
fuzzy environments, and the key to this approach lies in the expression of the distance measure dyphin-
Inspired by Li et al. [8], the distance measure not only takes the hesitance degree, the values and ambigu-
ities of TIFNs into account, but also considers the different preferences of the decision makers. In other
words, we extend the distance measure from hesitant fuzzy sets to hesitant triangular intuitionistic fuzzy
sets, thus, we can deal with the situations without giving properly the imprecise or uncertain decision
information in the real-world environments assigning exact values. On the other hand, the distance mea-
sure, what considers the effect of the hesitance degree of HTIFS, is meaningful. When « = 0, the results
and the rankings are almost different from that of « = 0.01,0.1,0.5,0.9, for example, with the increase
of parameter o, A1 >~ Ay > Ay > Az is changed as A4y > A; > A; > Az, and at last obtaining that
Ay = Ay = Az > A; in Table 5. Besides, the parameter A have a great effect on the results and rankings,
we give the case of o« = 0.5 and « = 0.1,0.3,0.7,0.9 in Table 6. Obviously, as the parameter A changes, the
results and rankings are different.

Table 6: Results of d,,phtn and rankings (« = 0.5).

A1 As Az Ay Rankings
A=0.1] 04242 | 0.2573 | 0.3190 | 0.3837 | A1 = Ay = Ap = A3
A=03 ] 05121 | 0.3668 | 0.4455 | 0.4829 | Ay = A1 = Ay = A3
A=0.71] 0.7342 | 0.5855 | 0.6984 | 0.6815 | Ay = Ay = A3z = A4
A=09 ] 0.7751 | 0.6948 | 0.8248 | 0.7807 | A1 = Ay = Ay = A3z

From the results of Method 1 or Method 2, it is easily seen that the rankings of the alternatives are the
same by using two operators respectively. And the overall rankings of alternatives are slightly different
between Method 1 and Method 2, and the optimal alternative is A;. For the Method 3, the rankings
of alternatives depend on the select of the parameter A, which represents the preference of the hesitant
degree and the membership values. As a whole, the three methods are basically coincident. When
A = 0.01, the ranking of these three methods have little difference, and the most desirable supplier is A;.
This shows that these three methods are feasible and practical.

6.1. Analysis of three methods

These three methods are used to solve the problem of multiple attribute decision making based on the
triangular intuitionistic fuzzy information. In order to have a good knowledge of these methods, we give
some analysis and description:

1. The scope of the above three methods is different. In terms of the first method, since the operation
law of the triangular intuitionistic fuzzy numbers @ and b in Definition 3.2 is different from the sign
(positive, negative) of @ and b, the aggregation operators HTIFWG and HTIFOWG are required to
ensure that the value a of the hesitant triangular fuzzy element @’ = ((a, a, @); w, u) is positive. After
that we can handle the decision making information to solve the problem. For the other two methods,
the value d is free without restrictive condition. In other words, the last two methods are more widely
used than the first one. As a matter of fact, the sign (positive, negative) a in the triangular intuitionistic
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fuzzy number d@ = ((a, a,d); w,u) in some references [15] are not taken into account. To a certain
extent, the limit of the operator we set is relatively not so large.

2. The ways to solve the problem are not the same. In the first two methods, in order to figure out the
problem, we compare the quantified abstract information based upon the information from the aggre-
gating operators and then rank the alternatives through score function. The third method calculates
the distance measure between the ideal alternative and the given alternative to evaluate the merits of
the scheme. During the process of solving the problem, the first two methods are more complex than
the third one in terms of the problem-solving steps.

3. The conditions of the above three methods are also different. The third method needs an ideal alter-
native to be the standard one. In this respect, the first two methods can be applied to more types of
multiple attribute decision making problems than the third one.

4. In the process of solving problems, the operators” arithmetical operations in the first method is differ-
ent from the second one. The operations of the second method’s operators is more commonly used to
apply in the hesitant fuzzy set and intuitionistic fuzzy set. But the second methods can make the fuzzy
information standardization into an interval valued intuitionistic fuzzy form, which is quite compli-
cated in computation. In the third method, the preference of the hesitant degree, the membership
value, as well as the hesitance degree of HTIFE are all taken into account to reduce the error of the
distance measure.

7. Summaries

In this paper, we aim to propose three approaches of hesitant triangular intuitionistic fuzzy sets for
dealing with Multi-attribute decision making (MADM) problems. We firstly recall some basic concepts
related to hesitant fuzzy sets and triangular intuitionistic fuzzy numbers and present the concepts of
hesitant triangular intuitionistic fuzzy sets. Then we develop some hesitant triangular intuitionistic fuzzy
aggregation operators and standardized hesitant triangular intuitionistic fuzzy aggregation operators and
distance measures of hesitant triangular intuitionistic fuzzy sets. Finally, three methods of MADM prob-
lems, as well as the analysis of the comparison between the methods are proposed to illustrate their
applicability and availability by an example in order to study the application of hesitant triangular in-
tuitionistic fuzzy sets. What is worth mentioning is that we simply give some basic hesitant triangular
intuitionistic fuzzy aggregation operators and standardized hesitant triangular intuitionistic fuzzy ag-
gregation operators, hence in our future work we will investigate the operators of hesitant triangular
intuitionistic fuzzy sets and their application in MADM problems.
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