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1. Introduction

Let f(x) and g(x) be continuous real-valued functions on [a,b] and 1
p + 1

q = 1.

(I) If p > 1 and if f(x) > 0, g(x) > 0, then the following Hölder’s inequality holds (see [14]):∫b
a

f(x)g(x)dx 6

( ∫b
a

fp(x)dx

) 1
p
( ∫b

a

gq(x)dx

) 1
q

. (1.1)

(II) If 0 < p < 1 and if f(x) > 0, g(x) > 0, then the following reverse Hölder’s inequality (see [11]) holds:∫b
a

f(x)g(x)dx >

( ∫b
a

fp(x)dx

) 1
p
( ∫b

a

gq(x)dx

) 1
q

. (1.2)

As is well-known, the above Hölder-type inequalities play an important role in different branches of
modern mathematics such as classical real and complex analysis, probability and statistics, numerical
analysis, qualitative theory of differential equations and their applications. Various refinements, exten-
sions and applications of inequality (1.1) and (1.2) have appeared in the literature. For example, Wu
[24, 25] presented some new sharpened and generalized versions of Hölder’s inequality in classical real
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analysis. Tian and Ha [20, 21] gave two new properties of generalized Hölder’s inequalities. Liu [12]
established an important Hölder-type inequality for fuzzy variables. For more detail expositions, the
interested reader may consult [1, 2, 13, 18, 19], and the references therein. Among various extensions of
(1.1) and (1.2), Wong et al. in [23] first established the following time scale versions of Hölder’s inequality
and reverse Hölder’s inequality by using the delta-integral (i.e. ∆-integral).

Theorem 1.1. Let T be a time scale, a,b ∈ T with a < b, let 1
p + 1

q = 1 and let f,g,h ∈ Crd([a,b]T, R). If
p > 1, then ∫b

a

|h(x)||f(x)g(x)|∆x 6

( ∫b
a

|h(x)||f(x)|p∆x

) 1
p
( ∫b

a

|h(x)||g(x)|q∆x

) 1
q

. (1.3)

If 0 < p < 1, then the above inequality (1.3) is reversed.

Later in 2008, Özkan et al. [15] presented the following time scale versions of Hölder’s inequality
and reverse Hölder’s inequality by using the nabla-integral (i.e., ∇-integral) and diamond-α integral (i.e.
�α-integral).

Theorem 1.2. Let T be a time scale, a,b ∈ T with a < b, let 1
p + 1

q = 1, and let f,g,h ∈ Cld([a,b]T, R). If
p > 1, then ∫b

a

|h(x)||f(x)g(x)|∇x 6
( ∫b

a

|h(x)||f(x)|p∇x
) 1
p
( ∫b

a

|h(x)||g(x)|q∇x
) 1
q

. (1.4)

If 0 < p < 1, then the above inequality (1.4) is reversed.

Theorem 1.3. Let 1
p + 1

q = 1, let T be a time scale, a,b ∈ T with a < b, and let f,g,h : [a,b]T → R be
�α-integrable functions. If p > 1, then∫b

a

|h(x)||f(x)g(x)| �α x 6
( ∫b

a

|h(x)||f(x)|p �α x
) 1
p
( ∫b

a

|h(x)||g(x)|q �α x
) 1
q

. (1.5)

If 0 < p < 1, then the inequality (1.5) is reversed.

In 2010, Yang [26] derived a functional generalization of diamond-α integral Hölder’s inequality on
time scales as follows.

Theorem 1.4. Let T be a time scale, a,b ∈ T with a < b, let {fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}
l
j=1 be continuous

real-valued functions on [a,b]T, and let Hl(x1, x2, · · · , xl) > 0, Fm(x1, x2, · · · , xm) and Gk(x1, x2, · · · , xk) be
three arbitrary functions of l, m and k variables, respectively. If p > 1 with 1

p + 1
q = 1, then∫b

a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)Gk(g1,g2, · · · ,gk)| �α x

6
( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x
)1/p

×
( ∫b
a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x
)1/q

.

(1.6)

Recently, Chen and Chen in [6] gave the following reversed version of inequality (1.6).

Theorem 1.5. Let T be a time scale, a,b ∈ T with a < b, let {fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}
l
j=1 be continuous

real-valued functions on [a,b]T, and let Hl(x1, x2, · · · , xl) > 0, Fm(x1, x2, · · · , xm) and Gk(x1, x2, · · · , xk) be
three arbitrary functions of l, m and k variables, respectively. If 0 < p < 1, 1

p + 1
q = 1, then∫b

a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)Gk(g1,g2, · · · ,gk)| �α x

>
( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x
)1/p

×
( ∫b
a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x
)1/q

.

(1.7)
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The aim of this paper is to present some new extensions of the above Hölder-type inequalities (1.3),
(1.4), (1.5), (1.6), (1.7). Some related inequalities are also considered.

2. Preliminaries

In this section, we recall the following concepts related to the notion of time scales. A time scale T

is an arbitrary nonempty closed subset of the real numbers R. The calculus of time scales was initiated
by Hilger [8] in order to unify discrete and continuous analysis. The forward jump operator and the
backward jump operator [8] are defined by:

σ(t) := inf{s ∈ T : s > t}, ρ(t) := sup{s ∈ T : s < t},

(supplemented by inf ∅ = sup T and sup ∅ = inf T). A point t ∈ T is called right-scattered, right-dense,
left-scattered, left-dense, if σ(t) > t, σ(t) = t, ρ(t) < t, ρ(t) = t holds, respectively [8].

Throughout the text, we shall denote a time scales interval by

[a,b]T = {t ∈ T : a 6 t 6 b,a,b ∈ T},

and denote

Tk :=

{
T − {t1}, if T has a left-scattered maximum t1,
T, otherwise,

Tk :=

{
T − {t2}, if T has a right-scattered minimum t2,
T, otherwise,

and
T∗ = Tk ∩Tk.

Definition 2.1 ([5]). A function f : T → R is said to be rd-continuous, if it is continuous at each right-
dense point and the left sided limit exists at every left-dense point. The set of all rd-continuous functions
is denoted by Crd[T, R].

Definition 2.2 ([5]). A function f : T → R is said to be ld-continuous, if it is continuous at all left-dense
points in T and its right-sided limits finite at all right-dense points in T. The set of all ld-continuous
functions is denoted by Cld[T, R].

Definition 2.3 ([9]). A function f : Tk → R is called differentiable at t ∈ Tk, with delta derivative f∆(t),
if given ε > 0 there exists a neighborhood U of t such that

|f(σ(t)) − f(s) − f∆(t)(σ(t) − s)| 6 ε|σ(t) − s|,

for all s ∈ U.

Remark 2.4 ([9]). If T = R, then f∆(t) becomes the usual derivative, that is, f∆(t) = f ′(t). If T = Z, then
f∆(t) reduces to the usual forward difference, that is, f∆(t) = ∆f(t).

Definition 2.5 ([9]). A function F : T→ R is called a delta antiderivative of f : T→ R provided F∆ = f(t)
holds for all t ∈ T. In this case we define the delta integral of f by∫t

s

f(τ)∆τ = F(t) − F(s),

where s, t ∈ T.

Definition 2.6 ([4]). A function f : Tk → R is called nabla differentiable at t ∈ Tk, with nabla derivative
f∇(t), if given ε > 0 there exists a neighborhood V of t such that

|f(ρ(t)) − f(s) − f∇(t)(ρ(t) − s)| 6 ε|ρ(t) − s|,

for all s ∈ V.
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Definition 2.7 ([4]). A function G : T → R is called a nabla antiderivative of g : T → R provided
G∇ = g(t) holds for all t ∈ T. In this case we define the nabla integral of g by∫t

s

g(τ)∇τ = G(t) −G(s),

where s, t ∈ T.

Definition 2.8 ([17]). Let T be a time scale and f(t) be differentiable on T in the 4 and ∇ senses. For
t ∈ T we define the diamond-α derivative f�α(t) by

f�α(t) = αf4(t) + (1 −α)f∇(t), 0 6 α 6 1.

Thus f is diamond-α differentiable if and only if f is 4 and ∇ differentiable.

Remark 2.9 ([17]). The diamond-α derivative reduces to the standard4 derivative for α = 1 or the standard
∇ derivative for α = 0.

Proposition 2.10 ([17]). Let f,g : T→ R be diamond-α differentiable at t ∈ T. Then

(i) f+ g : T→ R is diamond-α differentiable at t ∈ T with

(f+ g)�α(t) = f�α(t) + g�α(t).

(ii) For any constant c, cf : T→ R is diamond-α differentiable at t ∈ T with

(cf)�α(t) = cf�α(t).

(iii) fg : T→ R is diamond-α differentiable at t ∈ T with

(fg)�α(t) = f�α(t)g(t) +αfσ(t)g4(t) + (1 −α)fρ(t)g∇(t).

Definition 2.11 ([17]). Let a, t ∈ T and h : T → R. Then the diamond-α integral from a to t of h is
defined by ∫t

a

h(τ) �α τ = α
∫t
a

h(τ)4τ+ (1 −α)

∫t
a

h(τ)∇τ, 0 6 α 6 1.

Remark 2.12 ([17]). We may notice that since the �α integral is a combined4 and ∇ integral, we in general
do not have ( ∫t

a

h(τ) �α τ
)�α

= h(t), t ∈ T.

Proposition 2.13 ([17]). Let T be a time scale, a,b ∈ T with a < b. Assume that f(x) and g(x) are �α-integrable
functions on [a,b]T. Then

(i)
∫t
a[f(τ) + g(τ)] �α τ =

∫t
a f(τ) �α τ+

∫t
a g(τ) �α τ;

(ii)
∫t
a cf(τ) �α τ = c

∫t
a f(τ) �α τ;

(iii)
∫t
a f(τ) �α τ = −

∫a
t f(τ) �α τ;

(iv)
∫t
a f(τ) �α τ =

∫b
a f(τ) �α τ+

∫t
b f(τ) �α τ;

(v)
∫a
a f(τ) �α τ = 0.

For more details on time scales theory, readers may consult [3, 9, 10, 16, 22] and the references therein.
Now, we present the following extensions of Hölder’s and reverse Hölder’s inequality on time scales via
the diamond-α integral.
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3. Main results

In this section, we shall give the following lemmas firstly before we give our results.

Lemma 3.1 ([17]). Let T be a time scale, a,b ∈ T with a < b. Assume that f(x) and g(x) are �α-integrable
functions on [a,b]T.

(1) If f(x) > 0 for all x ∈ [a,b]T, then
∫b
a f(x) �α x > 0.

(2) If f(x) 6 g(x) for all x ∈ [a,b]T, then
∫b
a f(x) �α x 6

∫b
a g(x) �α x.

(3) If f(x) > 0 for all x ∈ [a,b]T, then f(x) = 0 if and only if
∫b
a f(x) �α x = 0.

Lemma 3.2 (Radon’s inequality, see page 61 in [7]). Let ζi > 0 and ξi > 0, for i = 1, 2, · · · ,m.

(a) If γ > 0 or γ < −1, then (∑m
i=1 ζi

)γ+1(∑m
i=1 ξi

)γ 6
m∑
i=1

(
ζ
γ+1
i

ξ
γ
i

)
. (3.1)

(b) If −1 < γ < 0, then inequality (3.1) is reversed.

Next, we give the following extension of Schlömilch’s inequality [7] on time scales for diamond-α
integral.

Lemma 3.3. Let T be a time scale, a,b ∈ T with a < b, let {fj(x)}mj=1 and {hj(x)}
l
j=1 be continuous real-valued

functions on [a,b]T, let Hl(x1, x2, · · · , xl) > 0 with
∫b
aHl(h1,h2, · · · ,hl) �α x = 1 and let Fm(x1, x2, · · · , xm)

be an arbitrary function of m variables. If s > r > 0, then( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|s �α x
) 1
s

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|r �α x
) 1
r

.

Proof. In order to prove Lemma 3.3, we need Bernoulli’s inequality, that is, if x > 0, then

xp > px+ 1 − p, if p > 1.

Since s > r > 0, we have sr > 1. Thus, by Bernoulli’s inequality, we have∫b
a

Hl(h1,h2, · · · ,hl)
(

|Fm(f1, f2, · · · , fm)|∫b
aHl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)| �α x

) s
r

�α x

>
∫b
a

Hl(h1,h2, · · · ,hl)
( s

r |Fm(f1, f2, · · · , fm)|∫b
aHl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)| �α x

+ 1 −
s

r

)
�α x

= 1,

that is, ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|
s
r �α x

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)| �α x
) s
r

.
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Letting Fm be replaced by Frm in the above inequality, we get∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|s �α x

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|r �α x
) s
r

.

Hence ( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|s �α x
) 1
s

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|r �α x
) 1
r

.

Thus, the proof of Lemma 3.3 is completed.

By the same method as in Lemma 3.3, we can obtain the following Schlömilch’s inequality [7] on time
scales.

Lemma 3.4. Let T be a time scale, a,b ∈ T with a < b, let h(x) : [a,b]T → [0,+∞) be �α-integrable function
such that

∫b
a h(x) �α x = 1, and let f(x) : [a,b]T → [0,+∞) be �α-integrable function. If s > r > 0, then( ∫b

a

h(x)fs(x) �α x
) 1
s

>

( ∫b
a

h(x)fr(x) �α x
) 1
r

.

Now, we present the following �α-integrable Hölder-type inequalities.

Theorem 3.5. Let 1
p + 1

q = 1
r with p,q, r ∈ R − {0}, let T be a time scale, a,b ∈ T with a < b, let

{fj(x)}
m
j=1, {gj(x)}kj=1 and {hj(x)}

l
j=1 be continuous real-valued functions on [a,b]T and let Hl(x1, x2, · · · , xl) >

0, Fm(x1, x2, · · · , xm) and Gk(x1, x2, · · · , xk) be three arbitrary functions of l,m and k variables, respectively.

(I) If p > 0 and q > 0 or p > 0, q < 0 and r < 0, then( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x
) 1
r

6

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x
) 1
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x
) 1
q

.

(3.2)

(II) If p > 0, q < 0 and r > 0 or p < 0 and q < 0, then( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x
) 1
r

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x
) 1
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x
) 1
q

.

(3.3)

Proof.

(I). Case 1: Let p > 0, q > 0. From 1
p + 1

q = 1
r , we find that

p

r
> 1,

1
p/r

+
1
q/r

= 1.

Hence, from inequality (1.6) we have
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∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x

6

( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)|
p
r �α x

) r
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|Grk(g1,g2, · · · ,gk)|
q
r �α x

) r
q

,

which implies ( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x
) 1
r

6

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x
) 1
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x
) 1
q

.

Case 2: Let p > 0, q < 0 and r < 0. By the same method as in the above Case 1, we can obtain the desired
inequality (3.2).

(II). Case 3: Let p > 0, q < 0 and r > 0. From 1
p + 1

q = 1
r , we find that

r

p
> 1,

1
r/p

+
1

−q/p
=
p

r
−
p

q
= p

(1
r
−

1
q

)
= 1.

Thus, from inequality (1.6) we have∫b
a

Hl(h1,h2, · · · ,hl)|Fpm(f1, f2, · · · , fm)| �α x

=

∫b
a

Hl(h1,h2, · · · ,hl)|Fpm(f1, f2, · · · , fm)||Gpk(g1,g2, · · · ,gk)||G
−p
k (g1,g2, · · · ,gk)| �α x

6

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fpm(f1, f2, · · · , fm)Gpk(g1,g2, · · · ,gk)|
r
p �α x

)p
r

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|G
−p
k (g1,g2, · · · ,gk)|

−q
p �α x

)−p
q

=

( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x
)p
r

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|G
q
k(g1,g2, · · · ,gk)| �α x

)−p
q

,

which implies ( ∫b
a

Hl(h1,h2, · · · ,hl)|Fpm(f1, f2, · · · , fm)| �α x
) 1
p

6

( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x
) 1
r

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|G
q
k(g1,g2, · · · ,gk)| �α x

)− 1
q

.

(3.4)
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Therefore, by inequality (3.4), we have( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)| �α x
) 1
r

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fpm(f1, f2, · · · , fm)| �α x
) 1
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|G
q
k(g1,g2, · · · ,gk)| �α x

) 1
q

.

Case 4: Let p < 0 and q < 0. By the same method as in the above Case 3, we can obtain the desired
inequality (3.3). The proof of Theorem 3.5 is completed.

Corollary 3.6. (T = R) Let 1
p + 1

q = 1
r with p,q, r ∈ R − {0}, let {fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}

l
j=1 be con-

tinuous real-valued functions on [a,b] and let Hl(x1, x2, · · · , xl) > 0, Fm(x1, x2, · · · , xm) and Gk(x1, x2, · · · , xk)
be three arbitrary functions of l,m and k variables, respectively.

(I) If p > 0 and q > 0 or p > 0, q < 0 and r < 0, then( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)|dx
) 1
r

6

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|pdx

) 1
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|qdx
) 1
q

.

(II) If p > 0, q < 0 and r > 0 or p < 0 and q < 0, then( ∫b
a

Hl(h1,h2, · · · ,hl)|Frm(f1, f2, · · · , fm)Grk(g1,g2, · · · ,gk)|dx
) 1
r

>

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|pdx

) 1
p

×
( ∫b

a

Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|qdx
) 1
q

.

Corollary 3.7. (T = Z) Let 1
p + 1

q = 1
r with p,q, r ∈ R − {0}, let {ai1,ai2, . . . ,aim}ni=1, {bi1,bi2, . . . ,bik}ni=1

and {ci1, ci2, . . . , cil}ni=1 be real numbers for any m,k, l ∈ N, and let Hl(x1, x2, · · · , xl) > 0, Fm(x1, x2, · · · , xm)
and Gk(x1, x2, · · · , xk) be three arbitrary functions of l,m and k variables, respectively.

(I) If p > 0 and q > 0 or p > 0, q < 0 and r < 0, then( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Frm(ai1,ai2, · · · ,aim)Grk(bi1,bi2, · · · ,bik)|
) 1
r

6

( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Fm(ai1,ai2, · · · ,aim)|p
) 1
p

×
( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Gk(bi1,bi2, · · · ,bik)|q
) 1
q

.
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(II) If p > 0, q < 0 and r > 0 or p < 0 and q < 0, then( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Frm(ai1,ai2, · · · ,aim)Grk(bi1,bi2, · · · ,bik)|
) 1
r

>

( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Fm(ai1,ai2, · · · ,aim)|p
) 1
p

×
( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Gk(bi1,bi2, · · · ,bik)|q
) 1
q

.

Theorem 3.8. Let T be a time scale, a,b ∈ T with a < b, let {fj(x)}
m
j=1, {gj(x)}kj=1 and {hj(x)}

l
j=1 be con-

tinuous real-valued functions on [a,b]T, let Hl(x1, x2, · · · , xl) > 0 with
∫b
aHl(h1,h2, · · · ,hl) �α x = 1 and let

Fm(x1, x2, · · · , xm) and Gk(x1, x2, · · · , xk) be two arbitrary functions of m and k variables, respectively. If p > 0,
q > 0 with 1

p + 1
q < 1, then∫b

a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)Gk(g1,g2, · · · ,gk)| �α x

6

( ∫b
a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x

) 1
p

×
( ∫b
a
Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x

) 1
q

.

Proof. Write ρ := 1
p + 1

q , α = ρp, β = qρ. Then α > 1, β > 1 and 1
α + 1

β = 1. Hence, from Lemma 3.3 with
α < p, β < q and Theorem 1.4, we find that∫b

a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)Gk(g1,g2, · · · ,gk)| �α x

6

( ∫b
a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|α �α x

) 1
α

×
( ∫b
a
Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|β �α x

) 1
β

6

( ∫b
a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|p �α x

) 1
p

×
( ∫b
a
Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|q �α x

) 1
q

.

The proof of Theorem 3.8 is completed.

Corollary 3.9. (T = R) Let {fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}
l
j=1 be continuous real-valued functions on [a,b],

let Hl(x1, x2, · · · , xl) > 0 with
∫b
aHl(h1,h2, · · · ,hl)dx = 1 and let Fm(x1, x2, · · · , xm) and Gk(x1, x2, · · · , xk)

be two arbitrary functions of m and k variables, respectively. If p > 0, q > 0 with 1
p + 1

q < 1, then∫b
a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)Gk(g1,g2, · · · ,gk)|dx

6

( ∫b
a
Hl(h1,h2, · · · ,hl)|Fm(f1, f2, · · · , fm)|pdx

) 1
p

×
( ∫b
a
Hl(h1,h2, · · · ,hl)|Gk(g1,g2, · · · ,gk)|qdx

) 1
q

.
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Corollary 3.10. (T = Z) Let {ai1,ai2, . . . ,aim}ni=1, {bi1,bi2, . . . ,bik}ni=1 and {ci1, ci2, . . . , cil}ni=1 be real num-
bers for any m,k, l ∈ N, let Hl(x1, x2, · · · , xl) > 0 with

∑n
i=1Hl(ci1, ci2, · · · , cil) = 1, let Fm(x1, x2, · · · , xm)

and Gk(x1, x2, · · · , xk) be two arbitrary functions of m and k variables, respectively. If p > 0, q > 0 with
1
p + 1

q < 1, then

n∑
i=1

Hl(ci1, ci2, · · · , cil)|Fm(ai1,ai2, · · · ,aim)Gk(bi1,bi2, · · · ,bik)|

6

( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Fm(ai1,ai2, · · · ,aim)|p
) 1
p

×
( n∑
i=1

Hl(ci1, ci2, · · · , cil)|Gk(bi1,bi2, · · · ,bik)|q
) 1
q

.

Theorem 3.11. Let T be a time scale, a,b ∈ T with a < b, let {f1j(x)}
k1
j=1, {f2j(x)}

k2
j=1, . . ., {fmj(x)}kmj=1 and

{hj(x)}
l
j=1 be continuous real-valued functions on [a,b]T and let Hl(x1, x2, · · · , xl) > 0, Fk1(x1, x2, · · · , xk1),

Fk2(x1, x2, · · · , xk2), . . ., Fkm(x1, x2, · · · , xkm) be m+ 1 arbitrary functions of l, k1, k2, . . . , km variables, respec-
tively.

(I) If 1 < λ1, λ2, · · · , λm <∞,
∑m
i=1

1
λi

= 1, then∫b
a

Hl(h1,h2, · · · ,hl)
∣∣∣∣ m∏
i=1

Fki(fi1, fi2, · · · , fiki)
∣∣∣∣ �α x

6
m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣λi �α x) 1
λi

.

(3.5)

(II) If λ1 > 0, λ2, · · · , λm <∞ with
∑m
i=1

1
λi

= 1, then inequality (3.5) is reversed.

Proof. We need to prove only Case (I). The proof of Case (II) is similar. Inequality (3.5) is trivially true
when Fki(fi1, fi2, · · · , fiki) (i = 1, 2, · · · ,m) is identically zero. Let

m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣λi �α x) 1
λi

6= 0,

and let

Φi =
H

1
λi

l (h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣( ∫b
aHl(h1,h2, · · · ,hl)

∣∣Fki(fi1, fi2, · · · , fiki)
∣∣λi �α x) 1

λi

,

where i = 1, 2, · · · ,m.
By the famous AG inequality

m∏
i=1

Φi 6
m∑
i=1

Φλii
λi

, (3.6)

(where 1 < λ1, λ2, · · · , λm <∞,
∑m
i=1

1
λi

= 1; If λ1 > 0, λ2, · · · , λm < 0,
∑m
i=1

1
λi

= 1, then inequality (3.6)
is reversed) we find that∫b

a

m∏
i=1

Φi �α x 6
∫b
a

( m∑
i=1

Φλii
λi

)
�α x

=

m∑
i=1

1
λi

∫b
a

Hl(h1,h2, · · · ,hl)|Fki(fi1, fi2, · · · , fik)|λi∫b
aHl(h1,h2, · · · ,hl)|Fki(fi1, fi2, · · · , fik)|λi �α x

�α x
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=

m∑
i=1

1
λi

= 1.

Hence, we get the desired inequality (3.5).

Corollary 3.12. (T = R) Let {f1j(x)}
k1
j=1, {f2j(x)}

k2
j=1, . . ., {fmj(x)}kmj=1 and {hj(x)}

l
j=1 be continuous real-valued

functions on [a,b] and let Hl(x1, x2, · · · , xl)>0, Fk1(x1, x2,· · ·, xk1), Fk2(x1, x2,· · ·, xk2), . . ., Fkm(x1, x2,· · ·, xkm)
be m+ 1 arbitrary functions of l, k1, k2, . . . , km variables, respectively.

(I) If 1 < λ1, λ2, · · · , λm <∞,
∑m
i=1

1
λi

= 1, then

∫b
a

Hl(h1,h2, · · · ,hl)
∣∣∣∣ m∏
i=1

Fki(fi1, fi2, · · · , fiki)
∣∣∣∣dx

6
m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣λidx) 1
λi

.

(3.7)

(II) If λ1 > 0, λ2, · · · , λm <∞ with
∑m
i=1

1
λi

= 1, then inequality (3.7) is reversed.

Corollary 3.13. (T = Z) let {a1
i1,a1

i2, . . . ,a1
ik1

}ni=1, {a2
i1,a2

i2, . . . ,a2
ik2

}ni=1, . . ., {ami1 ,ami2 , . . . ,amikm}
n
i=1 and

{ci1, ci2, . . . , cil}ni=1 be real numbers for any k1,k2, . . . ,km, l ∈N and letHl(x1, x2,· · ·, xl)>0, Fk1(x1, x2,· · ·, xk1),
Fk2(x1, x2, · · · , xk2), . . ., Fkm(x1, x2, · · · , xkm) be m+ 1 arbitrary functions of l, k1, k2, . . . , km variables, respec-
tively.

(I) If 1 < λ1, λ2, · · · , λm <∞,
∑m
i=1

1
λi

= 1, then

n∑
i=1

Hl(ci1, ci2, · · · , cil)
∣∣∣∣ m∏
j=1

Fkj(a
j
i1,aji2, · · · ,ajikj)

∣∣∣∣
6

m∏
j=1

( n∑
i=1

Hl(ci1, ci2, · · · , cil)
∣∣Fkj(aji1,aji2, · · · ,ajikj)

∣∣λj) 1
λj

.

(3.8)

(II) If λ1 > 0, λ2, · · · , λm <∞ with
∑m
i=1

1
λi

= 1, then inequality (3.8) is reversed.

Theorem 3.14. Let T be a time scale, a,b ∈ T with a < b, let {f1j(x)}
k1
j=1, {f2j(x)}

k2
j=1, . . ., {fmj(x)}kmj=1 and

{hj(x)}
l
j=1 be continuous real-valued functions on [a,b]T, letHl(x1, x2, · · · , xl) > 0 with

∫b
aHl(h1,h2, · · · ,hl) �α

x = 1 and let Fk1(x1, x2, · · · , xk1), Fk2(x1, x2, · · · , xk2), . . ., Fkm(x1, x2, · · · , xkm) be m arbitrary functions of k1,
k2, . . . , km variables, respectively. If 1 < λ1, λ2, · · · , λm <∞ with

∑m
i=1

1
λi
< 1, then

∫b
a

Hl(h1,h2, · · · ,hl)
∣∣∣∣ m∏
i=1

Fki(fi1, fi2, · · · , fiki)
∣∣∣∣ �α x

6
m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣λi �α x) 1
λi

.

Proof. Let ϕ := 1
λ1

+ 1
λ2

+ . . . + 1
λm

< 1, βi := ϕλi < λi (i = 1, 2, . . . ,m). Then 1
β1

+ 1
β2

+ . . . + 1
βm

= 1.
Hence, from Theorem 3.11, Lemma 3.3 we obtain that∫b

a

Hl(h1,h2, · · · ,hl)
∣∣∣∣ m∏
i=1

Fki(fi1, fi2, · · · , fiki)
∣∣∣∣ �α x



J.-F. Tian, M.-H. Ha, J. Nonlinear Sci. Appl., 10 (2017), 937–953 948

6
m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣βi �α x) 1
βi

6
m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣λi �α x) 1
λi

.

The proof of Theorem 3.14 is completed.

Corollary 3.15. (T = R) Let {f1j(x)}
k1
j=1, {f2j(x)}

k2
j=1, . . ., {fmj(x)}kmj=1 and {hj(x)}

l
j=1 be continuous real-valued

functions on [a,b], let Hl(x1, x2, · · · , xl) > 0 with
∫b
aHl(h1,h2, · · · ,hl)dx = 1, let

Fk1(x1, x2, · · · , xk1), Fk2(x1, x2, · · · , xk2), . . . , Fkm(x1, x2, · · · , xkm)

be m arbitrary functions of k1, k2, . . . , km variables, respectively. If 1 < λ1, λ2, · · · , λm <∞ with
∑m
i=1

1
λi
< 1,

then ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣∣∣ m∏
i=1

Fki(fi1, fi2, · · · , fiki)
∣∣∣∣dx

6
m∏
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)
∣∣Fki(fi1, fi2, · · · , fiki)

∣∣λidx) 1
λi

.

Corollary 3.16. (T = Z) Let {a1
i1,a1

i2, . . . ,a1
ik1

}ni=1, {a2
i1,a2

i2, . . . ,a2
ik2

}ni=1, . . ., {ami1 ,ami2 , . . . ,amikm}
n
i=1 and

{ci1, ci2, . . . , cil}ni=1 be real numbers for any k1,k2, . . . ,km, l ∈N, let Hl(x1, x2, · · · , xl) > 0 with

n∑
i=1

Hl(ci1, ci2, · · · , cil) = 1

and let Fk1(x1, x2, · · · , xk1), Fk2(x1, x2, · · · , xk2), . . ., Fkm(x1, x2, · · · , xkm) be m arbitrary functions of k1, k2, . . . ,
km variables, respectively. If 1 < λ1, λ2, · · · , λm <∞ with

∑m
i=1

1
λi
< 1, then

n∑
i=1

Hl(ci1, ci2, · · · , cil)
∣∣∣∣ m∏
j=1

Fkj(a
j
i1,aji2, · · · ,ajikj)

∣∣∣∣
6

m∏
j=1

( n∑
i=1

Hl(ci1, ci2, · · · , cil)
∣∣Fkj(aji1,aji2, · · · ,ajikj)

∣∣λj) 1
λj

.

By the same method as in Theorem 3.5, Theorem 3.8, Theorem 3.11 and Theorem 3.14, respectively,
we can obtain the following results.

Theorem 3.17. Let 1
p + 1

q = 1
r with p,q, r ∈ R − {0}, let T be a time scale, a,b ∈ T with a < b, let

h(x), f(x),g(x) : [a,b]T → R be �α-integrable functions.

(I) If p > 0 and q > 0 or p > 0, q < 0 and r < 0, then( ∫b
a

|h(x)||fr(x)gr(x)| �α x
) 1
r

6

( ∫b
a

|h(x)||fp(x)| �α x
) 1
p
( ∫b

a

|h(x)||gq(x)| �α x
) 1
q

.

(II) If p > 0, q < 0 and r > 0 or p < 0 and q < 0, then( ∫b
a

|h(x)||fr(x)gr(x)| �α x
) 1
r

>

( ∫b
a

|h(x)||fp(x)| �α x
) 1
p
( ∫b

a

|h(x)||gq(x)| �α x
) 1
q

.
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Theorem 3.18. Let T be a time scale, a,b ∈ T with a < b, let h(x), f(x),g(x) : [a,b]T → R be �α-integrable
functions. If p > 0, q > 0 with 1

p + 1
q < 1, then∫b

a

|h(x)||f(x)g(x)| �α x 6
( ∫b

a

|h(x)||fp(x)| �α x
) 1
p
( ∫b

a

|h(x)||gq(x)| �α x
) 1
q

.

Theorem 3.19. Let T be a time scale, a,b ∈ T with a < b and let fi(x) (i = 1, 2, · · · ,m), h(x) : [a,b]T → R be
�α-integrable functions.

(I) If 1 < λ1, λ2, · · · , λm <∞,
∑m
i=1

1
λi

= 1, then∫b
a

∣∣∣∣h(x)( m∏
i=1

fi(x)
)∣∣∣∣ �α x 6 m∏

i=1

( ∫b
a

|h(x)||fi(x)|
λi �α x

) 1
λi

. (3.9)

(II) If λ1 > 0, λ2, · · · , λm < 0 with
∑m
i=1

1
λi

= 1, then inequality (3.9) is reversed.

Theorem 3.20. Let T be a time scale, a,b ∈ T with a < b and let fi(x) (i = 1, 2, · · · ,m), h(x) : [a,b]T →
[0,+∞) be �α-integrable functions with

∫b
a h(x) �α x = 1. If 1 < λ1, λ2, · · · , λm <∞ with 1

λ1
+ 1
λ2

+ · · ·+ 1
λm

<

1, then ∫b
a

h(x)
( m∏
i=1

fi(x)
)
�α x 6

m∏
i=1

( ∫b
a

h(x)fλii (x) �α x
) 1
λi

.

4. Applications

In this section, we firstly present two time scales versions of Minkowski’s inequality by using the
obtained results.

Theorem 4.1. Let T be a time scale, a,b ∈ T with a < b, let Hl(x1, x2, · · · , xl) > 0, Fk1(x1, x2, · · · , xk1),
Fk2(x1, x2, · · · , xk2), . . ., Fkm(x1, x2, · · · , xkm) be m+ 1 arbitrary nonnegative real-valued functions of l, k1, k2,
. . . , km variables, respectively and let {f1j(x)}

k1
j=1, {f2j(x)}

k2
j=1, . . ., {fmj(x)}kmj=1 and {hj(x)}

l
j=1 be continuous real-

valued functions on [a,b]T.

(I) If p > 1, then [ ∫b
a

Hl(h1,h2, · · · ,hl)
( m∑
i=1

|Fki(fi1, fi2, · · · , fiki)|
)p
�α x

] 1
p

6
m∑
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fki(fi1, fi2, · · · , fiki)|
p �α x

) 1
p

.

(4.1)

(II) If 0 < p < 1, then [ ∫b
a

Hl(h1,h2, · · · ,hl)
( m∑
i=1

|Fki(fi1, fi2, · · · , fiki)|
)p
�α x

] 1
p

>
m∑
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)|Fki(fi1, fi2, · · · , fiki)|
p �α x

) 1
p

.

(4.2)

Proof. We only consider the case (I). For p > 1, from Jenson’s inequality, we have( m∑
i=1

Fki(fi1(x), fi2(x), · · · , fiki(x))
)p

>
m∑
i=1

F
p
ki
(fi1(x), fi2(x), · · · , fiki(x)).

Denote Φ(x) =
∑m
i=1 Fki(fi1(x), fi2(x), · · · , fiki(x)). Without loss of generality, we may assume that∫b

a h(x)Φ
p(x) �α x > 0. From Theorem 3.5, for r = 1, p > 0, q > 0 and 1

p + 1
q = 1, we obtain that
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∫b
a

|Fki(fi1, fi2, · · · , fiki)Hl(h1,h2, · · · ,hl)Φp−1(x)| �α x

6

( ∫b
a

|Hl(h1,h2, · · · ,hl)||Fki(fi1, fi2, · · · , fiki)|
p �α x

) 1
p

×
( ∫b

a

|Hl(h1,h2, · · · ,hl)||Φ(x)|(p−1)q �α x
) 1
q

=

( ∫b
a

|Hl(h1,h2, · · · ,hl)||Fki(fi1, fi2, · · · , fiki)|
p �α x

) 1
p

×
( ∫b

a

|Hl(h1,h2, · · · ,hl)||Φ(x)|p �α x
) 1
q

.

(4.3)

Hence, from inequality (4.3), we get∫b
a

|Hl(h1,h2, · · · ,hl)Φp(x)| �α x

=

∫b
a

|Hl(h1,h2, · · · ,hl)Φ(x)Φp−1(x)| �α x

=

∫b
a

|Hl(h1,h2, · · · ,hl)Fk1(f11, f12, · · · , f1k1)Φ
p−1(x)| �α x

+ . . . +
∫b
a

|Hl(h1,h2, · · · ,hl)Fkm(fm1, fm2, · · · , fmkm)Φ
p−1(x)| �α x

6

( ∫b
a

|Hl(h1,h2, · · · ,hl)||Φ(x)|p �α x
) 1
q

×
[ m∑
i=1

( ∫b
a

|Hl(h1,h2, · · · ,hl)||Fki(fi1, fi2, · · · , fiki)|
p �α x

) 1
p

]
.

Thus, we obtain the desired inequality (4.1).

Remark 4.2. If p > 1, m = 2, then inequality (4.1) reduces to inequality (2.5) obtained by Yang [26]. If
0 < p < 1, m = 2, then inequality (4.2) reduces to inequality (2.4) obtained by Chen and Chen [6].

Theorem 4.3. Let T be a time scale, a,b ∈ T with a < b and let fi(x) (i = 1, 2, · · · ,m), h(x) : [a,b]T → R be
�α-integrable functions.

(I) If p > 1, then [ ∫b
a

∣∣∣∣h(x)( m∑
i=1

fi(x)
)p∣∣∣∣ �α x

] 1
p

6
m∑
i=1

( ∫b
a

|h(x)||fi(x)|
p �α x

) 1
p

. (4.4)

(II) If 0 < p < 1, then [ ∫b
a

∣∣∣∣h(x)( m∑
i=1

fi(x)
)p∣∣∣∣ �α x

] 1
p

>
m∑
i=1

( ∫b
a

|h(x)||fi(x)|
p �α x

) 1
p

. (4.5)

Remark 4.4. If p > 1, m = 2, then inequality (4.4) reduces to inequality (3.7) obtained by Özkan et al. [15].
If 0 < p < 1, m = 2, then inequality (4.5) is the reversed version of inequality (3.7) obtained by Özkan et
al. [15].
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Secondly, we shall establish two time scales versions of Beckenbach-Dresher’s inequality [7] via
diamond-α integral.

Theorem 4.5. Let T be a time scale, a,b ∈ T with a < b, let {f1j(x)}
k1
j=1, {f2j(x)}

k2
j=1, . . ., {fmj(x)}

km
j=1

and {hj(x)}
l
j=1 be continuous real-valued functions on [a,b]T, let Fk1(x1, x2, · · · , xk1), Fk2(x1, x2, · · · , xk2), . . .,

Fkm(x1, x2, · · · , xkm) be m arbitrary nonnegative real-valued functions of k1, k2, . . . , km variables, respectively,
and let Hl(x1, x2, · · · , xl) > 0 with

∫b
aH

r
l(h1,h2, · · · ,hl) �α x > 0.

(I) If p > 1 > r > 0, then(∫b
aHl(h1,h2, · · · ,hl)

(∑m
i=1 Fki(fi1, fi2, · · · , fiki)

)p �α x∫b
aHl(h1,h2, · · · ,hl)

(∑m
i=1 Fki(fi1, fi2, · · · , fiki)

)r �α x
) 1
p−r

6
m∑
i=1

(∫b
aHl(h1,h2, · · · ,hl)F

p
ki
(fi1, fi2, · · · , fiki) �α x∫b

aHl(h1,h2, · · · ,hl)Frki(fi1, fi2, · · · , fiki) �α x

) 1
p−r

. (4.6)

(II) If 0 < p < r or r < p < 0, then inequality (4.6) is reversed.

Proof. Case (I). Let p > 1 > r > 0. Write γ = r
p−r > 0,

ζi =

( ∫b
a

Hl(h1,h2, · · · ,hl)F
p
ki
(fi1, fi2, · · · , fiki) �α x

) 1
p

,

and

ξi =

( ∫b
a

Hl(h1,h2, · · · ,hl)Frki(fi1, fi2, · · · , fiki) �α x
) 1
r

.

Then γ+ 1 = p
p−r . By Lemma 3.2, we have

(∑m
i=1 ζi

)γ+1(∑m
i=1 ξi

)γ =

[∑m
i=1
( ∫b
aHl(h1,h2, · · · ,hl)F

p
ki
(fi1, fi2, · · · , fiki) �α x

) 1
p

] p
p−r[∑m

i=1
( ∫b
aHl(h1,h2, · · · ,hl)Frki(fi1, fi2, · · · , fiki) �α x

) 1
r

] r
p−r

6
m∑
i=1

([( ∫b
aHl(h1,h2, · · · ,hl)F

p
ki
(fi1, fi2, · · · , fiki) �α x

) 1
p
] p
p−r

[( ∫b
aHl(h1,h2, · · · ,hl)Frki(fi1, fi2, · · · , fiki) �α x

) 1
r
] r
p−r

)

=

m∑
i=1

(∫b
aHl(h1,h2, · · · ,hl)F

p
ki
(fi1, fi2, · · · , fiki) �α x∫b

aHl(h1,h2, · · · ,hl)Frki(fi1, fi2, · · · , fiki) �α x

) 1
p−r

. (4.7)

On the other hand, from p > 1 > r > 0 and Theorem 4.1, we have[ m∑
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)F
p
ki
(fi1, fi2, · · · , fiki) �α x

) 1
p
]p

>
∫b
a

Hl(h1,h2, · · · ,hl)
( m∑
i=1

Fki(fi1, fi2, · · · , fiki)
)p
�α x, (4.8)

and [ m∑
i=1

( ∫b
a

Hl(h1,h2, · · · ,hl)Frki(fi1, fi2, · · · , fiki) �α x
) 1
r
]r

6
∫b
a

Hl(h1,h2, · · · ,hl)
( m∑
i=1

Fki(fi1, fi2, · · · , fiki)
)r
�α x.

(4.9)
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Combining inequalities (4.7), (4.8) and (4.9) yields inequality (4.6) immediately. Clearly, the desired in-
equality (4.6) also holds for p = r or r = 0. This completes the proof of Case (I).

Similarly, we can prove the Case (II). The proof of Theorem 4.5 is completed.

Similar to the proof of Theorem 4.5 but using Theorem 4.3 in place of Theorem 4.1, we immediately
obtain the following result.

Theorem 4.6. Let T be a time scale, a,b ∈ T with a < b, let fi(x) (i = 1, 2, · · · ,m), h(x) : [a,b]T → [0,∞) be
�α-integrable functions and let

∫b
a h(x)f

r
i(x) �α x > 0 (i = 1, 2, . . . ,m).

(I) If p > 1 > r > 0, then(∫b
a h(x)

(∑m
i=1 fi(x)

)p �α x∫b
a h(x)

(∑m
i=1 fi(x)

)r �α x
) 1
p−r

6
m∑
i=1

(∫b
a h(x)

(
fi(x)

)p �α x∫b
a h(x)

(
fi(x)

)r �α x
) 1
p−r

. (4.10)

(II) If 0 < p < r or r < p < 0, then inequality (4.10) is reversed.
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[14] D. S. Mitrinović, Analytic inequalities, In cooperation with P. M. Vasić, Die Grundlehren der mathematischen
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