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Abstract

In a real uniformly convex and uniformly smooth Banach space, we first prove a new path convergence theorem and
then present some new semi-implicit iterative schemes with errors which are proved to be convergent strongly to the common
element of the set of zero points of infinite m-accretive mappings and the set of fixed points of infinite nonexpansive mappings.
The superposition of perturbed operators are considered in the construction of the iterative schemes and new proof techniques
are employed compared to some of the recent work. Some examples are listed and computational experiments are conducted,
which guarantee the effectiveness of the proposed iterative schemes. Moreover, a kind of parabolic systems is exemplified, which
sets up the relationship among iterative schemes, nonlinear systems and variational inequalities. (©)2017 All rights reserved.
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1. Introduction and preliminaries

Let E be a real Banach space with norm || - || and C be a nonempty closed convex subset of E. A
mapping S : C — C is said to be nonexpansive [1], if for all x,y € C,

1% =Syl < [x =yl

We denote by Fix(S) the set of fixed points of S, that is, Fix(S) ={x € C:x = Sx}. A mapping f: C — Cis
said to be a contractive mapping with coefficient k € (0, 1), if

[f0x) —f(y)ll < klx—yll, ¥xyeC.

Let Q be a mapping of E onto C. Then Q is said to be sunny [12], if Q(Q(x) +t(x —Q(x))) = Q(x), for
all x € E and t > 0. A mapping Q of E into E is said to be a retraction [12], if Q* = Q. If a mapping Q is a
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retraction, then Q(z) = z for every z € R(Q), where R(Q) is the range of Q. A subset C of E is said to be a
sunny nonexpansive retract of E [12], if there exists a sunny nonexpansive retraction of E onto C and it is
called a nonexpansive retract of E, if there exists a nonexpansive retraction of E onto C.

Let E* be the dual space of E and let (x, f) denote the value of f € E* at x € E. The normalized duality
mapping ] : E — 2F" is defined by

Pei={f € E: (o 1) = [P, If] = I}, x € E.

If E is uniformly smooth, then ] is norm-to-norm continuous from E to E*, c.f. [1].

A mapping A : D(A) C E — E is said to be accretive [1], if for each x; € D(A) and y; € Ax; (i=1,2),
there exists j(x1 —x2) € J(x1 —x2) such that (y1 —yz, J(x1 —x2)) > 0. An accretive mapping A is said to be
m-accretive, if R(I+AA) =E, for all A > 0.

If A is accretive, then for each v > 0, the nonexpansive single-valued mapping JA :R(I+7TA) — D(A)
defined by J2 := (I1+1A)~! is called the resolvent of A, c.f. [1]. We denote by A~!0 the set of zero points
of A, thatis, A=10 = {x € D(A) : Ax = 0}. Then A~'0 = Fix(J2).

A mapping B : E — E is said to be t-strongly accretive [8], if for each x,y € E, there exists j(x —y) €
J(x —y) such that

(Bx—By,j(x —y)) = tllx -yl
for some T € (0,1). A mapping B : E — E is said to be A-strictly pseudocontractive [8], if for each x,y € E,
there exists j(x —y) € J(x —y) such that

(Bx —By,j(x —y)) < [lx =yl = Allx —y — (Bx — By)|?,

for some A € (0,1).

Designing iterative schemes to approximate zero point of accretive mappings or fixed point of nonex-
pansive mappings is still a hot topic in applied mathematics due to the practical background. Some of
the related works can be seen in [11, 13, 14, 17] and the references therein.

In 2016, using the idea of implicit midpoint rule [2], Wei, et al. [16], presented the following iterative
scheme to approximate the common element of the set of zero points of an m-accretive mapping and the
set of fixed points of infinite nonexpansive mappings:

X()EC,

Yn = PBnXxn + (1 —Pn) Z bn,i[(l - ocn,i)]rAn + (Xn,isi]QCXn/

i=1

Un +
tn = (1=8)yn +8nJ3) (221,
Xn+1 = Yanf(xn) + (I—=ynT)un,
1 n+1
Inil ™= Tagd Z agxg, n =0,
k=1 Ak k=1

where T : C — C is a strongly positive linear bounded operator, f : C — C is a contractive mapping,
A : C — E is m-accretive and S; : C — C is nonexpansive, for i € N. Under some assumptions, both {xn}
and {z,} are proved to be convergent strongly to the unique element qo € ((;—; F(Si)) N A~10, which is

i=

also the solution of the following variational inequality: for all y in (15, F(S;)) N A0,
((T=nf)qo,J(q0—y)) < 0.

In 2012, Ceng, et al. [5], presented the following iterative scheme to approximate zero point of an
m-accretive mapping;:

Xo € E,
Yn = XnXn + (1 — (XTL)IQ‘XTLI (1.1)
Xn+1 = Bnf(xn) + (1= Br) IR Yn —AnttnFJRyn)l, n 20,



L. Wei, R. P. Agarwal, Y. Q. Zheng, ]J. Nonlinear Sci. Appl., 10 (2017), 902-921 904

where T : E — E is a &-strongly accretive and A-strictly pseudocontractive mapping, with 6 +A > 1,
f: E — E is a contractive mapping and A : E — E is m-accretive. Under some assumptions, {xn} is
proved to be convergent strongly to the unique element py € A~10, which solves the following variational
inequality:

(po—f(po),J(po—w)) <0, YueA~'0. (12)

A very interesting thing is considered in Ceng’s work. The mapping F considered in (1.1) is called
a perturbed operator which only plays a role in the construction of the iterative scheme for selecting a
particular zero of A and it is not involved in the variational inequality (1.2).

Motivated by the work in [16] and [5], in Section 2, we shall construct a new semi-implicit iterative
scheme for approximating the common element of the set of zero points of infinite m-accretive mappings
and the set of fixed points of infinite nonexpansive mappings. New proof techniques can be found, the
superposition of perturbed operators are considered instead of one perturbed operator, infinite families of
m-accretive mappings and nonexpansive mappings are discussed instead of finite families of m-accretive
mappings and nonexpansive mappings, and some restrictions on the parameters are weakened compared
to the existing similar works. Moreover, the computational experiments are conducted to clarify the
effectiveness of our new iterative schemes. In Section 3, we shall discuss one kind parabolic systems as
an example to strengthen the validity of the iterative scheme presented in Section 2.

We need the following preliminaries in our paper:

Lemma 1.1 ([6]). Let E be a real smooth Banach space and B : E — E be a A-strictly pseudocontractive mapping and
also be a t-strongly accretive mapping with A+t > 1. Then for any fixed number & € (0,1), I — OB is contractive

with coefficient 1 —8(1— 1/ 15%).
Lemma 1.2 ([1]). Let E be a real Banach space and let C be a nonempty closed and convex subset of E. Let f : C — C
be a contractive mapping. Then f has a unique fixed point u € C.

Lemma 1.3 ([4]). Let E be a real strictly convex Banach space and let C be a nonempty closed and convex subset of
E. Let Ty, : C — C be a nonexpansive mapping for each m > 1. Let {am} be a real number sequence in (0,1) such
that 3 2> 1 am = 1. Suppose that (\n_q Fix(Tm) # 0. Then the mapping Y T 1 amTm is nonexpansive with
Fix(3 on_1 amTm) = Nim_q Fix(Tm).
Lemma 1.4 ([7]). In a real Banach space E, the following inequality holds:

Ix+yl* < II*+20y, i +y), ¥xy €E,
where j(x +y) € J(x +y).

Lemma 1.5 ([9]). Let r,t > 0. If E is uniformly convex, then there exists a continuous strictly increasing and
convex function @ : R™ — R* with ¢(0) = 0 so that

™% =T7yl? < x = yl? = @ (T =T x = (= )yl
forall x,y € R(I+rA) with max{||x|, ||y||} < t, where A : E — E is m-accretive.

Lemma 1.6 ([10]). Let {an} be a real sequence that does not decrease at infinity, in the sense that there exists a
subsequence {an, | so that an, < an, 41, for all k > 0. For every n > ny, define an integer sequence {t(n)} as

Tn) =max{ng < k<n:ax < axyi}

Then t(n) — oo as 1 — oo and for all n > ng, max{ar(n), An} < Ar(n)+1-

2. Path convergence theorem and iterative convergence theorem

Theorem 2.1. Let E be a real uniformly convex and uniformly smooth Banach space and C be a nonempty closed and
convex sunny nonexpansive retract of E. Let Q¢ be the sunny nonexpansive retraction of E onto C. Let f; : E — E
be contractive mappings with coefficient ki € (0,1), Bi : E — E be Ai-strictly pseudocontractive mappings and
Ty-strongly accretive mappings with Ay + 11 > 1, Ay : C — E be m-accretive mappings and S; : C — C be
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nonexpansive mappings, for i € N. Suppose {ai}, {bi}, {wi} and {cn 1} are real number sequences in (0,1), for
ieNandn e N. Suppose Y aillfi]] < 4oo, Y24 bi|Bil| <400, Xt ai =Y 2 bi=Y 2 wi=1and
N5, (ATTONFix(Sy)) # 0. If for each t € (0,1), defined UL : E — E by

Unx_tzal +(1—t)( I—ethB Zwl —cni)JR + cniSiQcx),

then U} has a fixed point xit, for each t € (0,1) and 6 € (0, 1). Moreover, if % — 0, then x{* converges strongly
to the unique solution of the following variational inequality, as t — 0,

(po— > _aifi(po), J(po—q)) <0, quﬂ S0 () Fix(S: (2.1)

Proof. We split the proof into five steps.

Step 1. U : E — E is a contractive mapping, for t € (0,1), ¢ € (0,1) and n € N.
In fact, for all x,y in E, using Lemma 1.1, we have:

Ux —Ufyll < tZ aiflfi(x) = fily)|+ (1 -1)

x| Z bi(I—0:B1)(>_ wil(1—cn )R, +cn,iSiQcX)
i=1

i=1

—Zbi(l—etai)(z wil(T—cn I +eniSQcy

i—1

ad 1—Ti
tZalk =yl +(1—1) > bill—0¢(1—/ .
i=1 i=1
<M—(1-) aik)tfx—yll,
i=1

which implies that U} is a contractive mapping. By Lemma 1.2, there exists x}* such that U{x{* = x{*.
That is, x}* =t 3521 aifi(x]) + (1 —t)(1— 8¢ 3521 biBi) (X5 wil(l—cni) it 4+ cniSiQox).
Step 2. {x{'} is bounded, for n € N and 0 < t < @, where a is a sufficiently small positive number.

For all p in N2, (A; 0 Fix(S:)), we know that

)|l
Nl =y

I —pll < tzalk 2 =pll+.3_ aalfi(p) =l + (1= 080 3_bilBipl
i i=1

1—1) Zb |(I—0¢B; Zwl 1—cn,i)] ,i‘l‘cn,isi]QCX?
— Z wil(1 = eni)JRY +cn,iSiQcep)|

<t) aiffilp) —pll+ @ —t+t> aiki)lxf —pll+ (1—1)0: Y bi|[Billllpll.
i= i=1 i=1

Then
Y2 aillfilp) —pll + & X2, bil|By el
1—3 52 aiky
Since lim¢_q % = 0, then there exists a sufficiently small positive number a such that 0 < & < 1, for
0 < t < @ Thus x{* is bounded for n € N and 0 < t < @a. Then both {]ercx } and {S; cht} are

Xt =l <
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bounded forie N, neNandO0O<t<a

Step 3. If lim¢_, % =0, then x{* — Y 2, wi[(1— Cn,i)]é,f,i +cn,iSiQexf — 0,ast — 0, forn € N.
In view of Step 2,

[xt — Zwl 1_Cn1)]r LteniSi JQex{ | < tZale xt)

i=1

+tZle —Cn,i ]Tm+CnIS]QcXt l

+ (1 —1)0¢ Z bi”Bi(Z wil(1—cni)JH,
i=1 i=1

+cn,iSi]QCx{‘)H — 0,
ast — 0.

Step 4. If the variational inequality (2.1) has solutions, the solution must be unique.
Supposed pg € m;il(A;lo (Fix(Si)) and qo € ﬂioil(A;10 () Fix(Si)) are two solutions of (2.1), then

{Po— i aifi(po), J(po—qo)) <O, (2.2)

and )
<q0_iaif1(q0)/](q0_PO)> <O0. (2.3)

Adding up (2.2) and (2.3), "
{po— i] aifi(po) —qo+ i aifi(do), J(Po—qo)) < 0. (24)

Since

<P0—Zaif1(Po)—qo+Zaif1(CIo),](Po—qo))
= |lpo— qolI* — Zax (Po) —fi(do), J(po — do))

> [lpo — qol* — Z aikillpo — qol* = 0,
i=1
then (2.4) implies that pp = qo.

Step 5. If lim¢_,0 % =0, then x¢y — po € m;";l(A;lo (Fix(Si)), as t — 0, which solves the variational
inequality (2.1).
Assume ty, — 0. Set x7;, :=x{* and defined n: E — R by

u(x) = LIM|x —x|?>, x €E,
where LIM is the Banach limit on I*°. Let
K={xeE:pux) = 1;n€i%r:_1LIMHXI}1 — x|
It is easily seen that K is a nonempty closed convex bounded subset of E. Since

Zwl 1_Cn1)lrnl+cnls]QCX — 0,
i=1

then for x € K,
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() wil(1—cn)JRL +cniSidQex) = LIM|x — 3~ wil(1—cni) ], + cn,iSilQex|?
i=1 i=1

< LIM|jx, — x| = (x),
it follows that > 2, wil(1— cn,i)]éf,i +¢n,iSi]Qc(K) C K, that is, K is invariant under

o0

D wil(l—cn i )JR, +eniSiQc.

i=1
Since a uniformly smooth Banach space has the fixed point property for nonexpansive mappings,
Y wil(l— cn,i)]f\;.l + ¢n,i1S1]Qc has a fixed point, say po, in K. That is,
Zwl —cn )]t 4 cniSiQcpo =po € C,
which ensures from Lemma 1.3 that py € ﬂc{‘;l(Ai—lO () Fix(S1)). Since py is also a minimizer of u over E,
it follows that, for t € (0,1)

m(po+t Y ioq aifi(po) — tpo) — ulpo)

0<

t
_ L = po = t 224 aifilpo) + tpol” = Ik — ol

t
:LIM<XI111_p0 tZl 1(11_ p0)+tp0/l( m_pU tZl lal PO)+tPO >_”Xm 'POHZ
t
= LIM({xm —Po, J (xm —Po —tZ aifi(po) +tpo))
i=1
+t{po— Y aifi(po), JOxm —po—t ) aifi(po) + tpo)) — IIxh — pol®)/t
i— i-1

Since E is uniformly smooth, then by letting t — 0, we find the two limits above can be interchanged and
obtain

LIM(D _ aifi(po) —po, J(xm —Po)) < 0. (2.5)
i=1
Since .
Xm —Po = tm(Z aifi(xm) —po) + (1 —tm)
{(I—6y,, Zb B:) Z [(1—cn )]0, +cn,iSiQcxim) —pok,
i=1
then

Xt = Poll® = (i — o, J(xIn — Po))

(o.¢]

m<Z aifi(xm) — Z aifi(po), J(xh, —Po)) + tm(Z aifi(po) —po, J(xmm — Po))
i i io1

1—tm) HZwl (I—cni)] +Cn1 ]Qexim — pollllxm — ol
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+ (1 —tm)04,|| i biBi(i wil(1—cn )]+ cniSUQexm) X, — pol

i=1 i=1
SI—tm+tm i aiki) [[xih —pol® + tm<i aifi(po) — po, J(x3, —Po))
i=1 i=1
1 tm)oe, | Zb Byl Z (1= e )2, + e SUQEX) T —Poll
Therefore,
Ix = poll* < T-5% ak Z aifi(po) —Po, J (xj — Po))

(2.6)

0
““ZbB wa — e IR+ eniSTQexI X — polll.

Since et‘nT — 0, then from (2.5), (2.6) and the result of Step 2, we have

LIM||x3i —poll* <0,

which implies that LIM||x™, —po||> = 0, and then there exists a subsequence which is still denoted by {x™,}

such that x7}, — po.
Next, we shall show that pg solves the variational inequality (2.1).
Note that

(o]

_thal 1_tm) I_et Zb B Zwi[(l_cn,i)lmi +Cn,isi]QCX21)/

i=1 i=1

then for all q in ﬂioil(Ai_lO () Fix(S1)),
Zwl CTLI +Cn1 ]QCXTan_Zaifi(X?n)/I(X?n_q»
i=1
= —((I—6y, Zbisi)(z;ilwim —cna)J AL+ eniSUQexin), J(xim — q))

tmethbB Z [(1—cn )]0, +en,iSiQex), J(xm — q))

i=1

1w o , n
= tm<; bi(1— 01, Bi)(£32 wil(1—cni)J A, +cn,iSQexT)
=) bi(1—0,B) (I wil(l—cn )]0, +cn,iSilQcq), J(xih — q))
i=1

1 n 0 m EOO n
- me_qHz_ tt < blqu/](Xm_q)>
m m

+ 04, ( Zb Bi (252 wil(1—cn )], +cniSQexim), J(xi — q))

1 1—74 01, —
<—t—(1—Zbin—etm(1— DI —alP + = 3 balBallllallixh, —al
m i1 t moi=1



L. Wei, R. P. Agarwal, Y. Q. Zheng, ]J. Nonlinear Sci. Appl., 10 (2017), 902-921 909

+9thb 1B+ Zwm (1—en )], + eniSQexi)ll X — dl

i=1

O,
< E bil[Billlqll[xm — qll
m i

+0¢, > bi|Bid wil(l—cni)JR
i=1 i=1
+eniSidQexy )l —all = 0,

as t,, — 0. Since x, — po and | is uniformly continuous on each bounded subsets of E, then taking
the limit on both sides of the above inequality, (po — > i ; aifi(po), J(po— q)) < 0, which implies that po
satisfies the variational inequality (2.1).

Next, to prove the net {x{'} converges strongly to po, as t — 0, suppose there is another subsequence
{xt; } of {x{'} satisfying x{° — qo as tx — 0. Denote x{\ by x{*. Then result of Step 3 implies that

0= hm Zwl Cn1 +Cn1 ] ka —QO—Z(UI _Cﬂ.l ,i‘i‘cn,isi]QCqO/

tk—>0

which ensures that qo € (2, (A; 0 Fix(Si)) in view of Lemma 1.3. Repeating the above proof, we can
also know that (g solves the variational inequality (2.1). Thus pg = qo by using the result of Step 4.
Hence x¢ — po, as t — 0, which is the unique solution of the variational inequality (2.1).
This completes the proof. O

Theorem 2.2. Let E be a real uniformly convex and uniformly smooth Banach space, C be a nonempty closed
convex sunny nonexpansive retract of € and Q¢ be the sunny nonexpansive retraction of E onto C. Let f; : E — E
be contractive mappings with coefficient ki € (0,1), By : E — E be Ai-strictly pseudocontractive mappings and
Ti-strongly accretive mappings with A\; + 11 > 1, Ay : C — E be m-accretive mappings and S; : C — C be
nonexpansive mappings, for i € N. Suppose {otn}, {Bn}, {dn}, {&En) {¥nl {Cn} {un}, {ail, {bil, {7, (A {wi}
and {cn 1} are real number sequences in (0,1), wheren € N and i € N. Suppose {rni} C (0,400), wheren € N
and 1 € N. {e/,} C E and {e]l} C C are error sequences. Further suppose (\re ( 10 (Fix(Si)) # 0. Let {xn} be
generated by the following iterative scheme:

X1 € C,
Yn = Qcl(l—an)(xn +ep)],

j(Yntom,

Zn = 6nyn+ anwi[(l_cn,i”ﬁi +Cn,isi 5

i=1

Xn4+1 =VYn Z aifi(xn) + (1 _Yn)(l — Cnln ZbiBi) Z wi]ﬁizn/ neN.
i=1 P s

+&nen, 2.7)

Under the following assumptions that

(i) dn+PBn+é&n=1, forneN;

(i) 22 e =2 b= T wi=1
(iii) > nqllenll <4oo, X F_qlleqll <+oo, Y qam <+oo, 3 4 &n < +00, liMnee) 2gCni =0
(iv) imnseoyn =0, XY 0 qV¥n = +o0;

(v) limp 00 61 =0, ||€;1H +an =0(yn), & =o0(vyn), Cnkn =o0(yn), asn — oo;
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(vi) 232 aillfill < 4oo, 3524 bi[Bill < +oo,
the iterative sequence xn — Po € (5o1 (A7 10\ Fix(Si)), which is the unique solution of the variational inequality

2.1).

Proof. We split the proof into four steps.

Step 1. {zn} is well-defined and so is {xn}.
For s,t € (0,1), define G5 : C = C by Ggx = su+tG(uT+X) 4+ (1—s—t)v, where G : C — Cis
nonexpansive for x € C and u,v € C. Then, for all x,y in C,

u+x u—i—y

1Gs,1x = Gspyll <t < *II =yl

Thus G ¢ is a contractive mapping, which ensures from Lemma 1.2 that there exists x; ¢ € C such that
GstXst = Xst. Thatis, xs ¢ = su—i—tG(M) (1—s—t)v.

Since Y °, w; = 1 and both JAi and S; are nonexpansive for n € N and i € N, then {z,} is well-
defined, which implies that {x,} is well defined.

Step 2. {xn} is bounded.
For all p in N2, (A; "0 Fix(Si)), we can easily know that

lyn =Pl < (1= o) [[xn =Pl + anllpll + (1 — an)[eq]l,

and
Yn +Zn

lzn =Pl <5nllyn—PH+BnH —pll+&nllex =l

B
< (On i = llyn — P||+7n||2n—P||+£n||€f{—PH-

Thus 25, + B 28
Jzn =PIl < (5 yn — Pl + 5 llef Pl

(2.8)

< (I —on)[xn —pll + (1= on)fleq || + anlpll +2[ley ||+ HPII

Using Lemma 1.1 and (2.8), we have forn € N,

xn1 =PIl <Ynll(Q_ aifilxn) =) aifi(p))
i1

i=1

+(Q_aifilp) =)+ (1= yn)l(I=Catn ) biBi) Y wiJpizn — 7l
im1 i=1 i=1
<vn Z aiki[xn — Pl + vl Z aifi(p) —pl|

+(1—vn HCnI_UanB Zwl]rlln CnI—HanB walrmpH

i=1

+(1 _Yn)CanH Z biBipH +(1—=yn)(1— Cn)” Z wi]@izn _pH
i=1 i=1

< ¥ 3 aikllen vl 1 ocfir) =l

(1 Yn Cn” Z b I— Hn Z (UJrn‘LZn Z wl]rnl

i=1
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+ (1 _Vn)Cnun Z bl”BIHHPH + (1 _Yn)(l - Cn)HZn _pH

i=1

<Yn Z aiki|[xn — Pl +vnll Z aifi(p) —pll
i=1 i=1

> 1—Ti
+ (1= yn)in ; bill = (1= 4[5 Nlzn
+ (1 _Yn)Cnun Z blHBl”HpH + (1 _Yn)(l - Cn)HZn _pH (29)
i=1

o0 o0
<vn Y aikilbon —pl +vnll Y aifi(p) —pl
i=1 i=1

> 1—7
+(1*'Yn)[1*Can(1* § by l)][u*“n)nxn*pn
i1 Ai
/ 124 2£ﬂ
+ (1= on)llenll + onllpll +2[len] + 5—— Pl
2—PBn

+(1=vn)lnitn Y bi|Billlpl.

i=1
By using the inductive method, we can easily get the following result from (2.9) that:

2 i1 bilBillllpll 225 aillfilp) —pll

1-32bs 1—% I-2 e

[Xn41 =l <max{[lx; —pl,

o
1—m7
+ I (1= yi) = G (1= )by [——)]
i=1 t
28k
X A = ead)flexcl + eaelpll +2llexl | + 5— By Iplll.

Therefore, from assumption (iii), we know that {x,} is bounded.

Step 3. There exists po € (1521 (A;'0(Fix(S;)), which solves the variational inequality (2.1).
Using Theorem 2.1, we know that there exists x{* such that

X =t aifi(xP) + (1= 0(1—0¢ ) biBy)(Z52wil(1—cn )N, + en,iSilQexy),
i=1

for t € (0,1). Moreover, under the assumption that % — 0, x' = po € n;’il(/\;lo (N Fix(S1)), as t — 0,
which is the unique solution of the variational inequality (2.1).
Step 4. xn — Po, as 1 — oo, where py is the same as that in Step 3.

Set Kq == sup{2|[(1 — an ) (xn +€/) —poll, 2|[poll|| (1 — otn) (Xn + €5,) —Poll : 1 € N}, then from Step 2, K4
is a positive constant.
Using Lemma 1.4, we have

=Pl < (1= ) pem —poll*+2(1 = ) el TI11— et + ) —pal)
— 20 (po, JI(1 — otn) (xm + €1y ) — Pol) (2.10)
< (1= on)[[xn — poll* + Ka([len | + o).
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Using Lemmal.5, we know that:

. +z
lzn = Poll® < Snllyn —Poll® + BrEg @ill[(1 = e, ) (P2

+eni ST I~ polP + Enllert — ol

< Snllyn = polP + B ZE i1 - cn ) I (220 20)
— poll® + Br IRy wicn,i 1S (Y E) — ol + &nllel: — ol

< Snllyn = ol + BaZ i1 — en )15 — pol® — @ (12 — i, (X2 )
B IRy wicn 222 — o+ Enler — ol

< 5+ E)llyn — polP + B2 zn — po?
— B IR wil1— e (12 — T (B ER )+ e — pol

Therefore,
Iz = pol* < 358y —polf?
Zﬁnn o Yn +2Zn A Yn t+2zZn 28, / 5 (211)

. anizlwi(l _Cn,i)(P(HT - ]rnl,i(T)H) + 2~ B len —poll*-

Now, from (2.10), (2.11) and Lemma 1.4, we know that forn € N,

xn1—Poll? = [vn (£ aifi(xn) —Po) + (1 —vn) (X wiJ 1 zn — Po)
— (1= )G Mn I 1 bi By (Z2 w7 zn ) |12
< (1=vn)?llzn —poll* + 2vn (Z32  aifi(xn)
— X321 aifi(po), J(xnt1 —Po)) +2yn (X aifi(po) — Po, J(Xn+1 —Po))
—2(1 —Yn) nHn (Z32bi By (Z52 iR zn), T (Xn+1 — Po))

28
< (T=vn)xn —pol® +Kalllen ]| + on) + 7 _g lex — poll?
n
+YnIRaikifxn —poll® + yn IR aikillxn 11— poll®
2 — +z . +z
GOV L P SRR P LS S S LY
2=PBn 2 2

+2yn (X2 aifi(po) — Po, J(Xnt1 —Po))
—2(1 = Yn) i Hn (Z32 bi By (Z52 iR zn), T (Xns1 — Po)),
which implies that
1—vyn(1— Zioilaiki)
1 —ynZ?:laiki
1 2
n _ ( &n
1 _Ynzizlaiki 2— Bn
+2(1 _Vn)CanZioi1bi||Bi( %):1wi]¢\;-lzn)” [Xn+1—Poll)
+z ) +z
Yn T2Zn _]ﬁ\nl/i(ynin)u),

20 1 o

2 n

Wi (1= cn -

2 BTL 1 Ynzizlaiki ; l( Cn,l)(P(H ) >

1
— YnI® aik; (K1||64LH +Kyon)
i=1"1™

[t = poll? < Ien = ol + -

ler —poll* + 2vn (£521 aifi(Po) — Po, J (Xn+1 — Po))

—(1—=vn)

From Step 2, if we set K, = sup{Z?"Zlbi||Bi():i°°:1wi]f\nfizn)||, |xn —Poll : 1 € N}, then K; is a positive
constant.
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Let
E(1) _ Yn(l_zz °aikg )
T T vaIPaik
(2) 1 / 2&n 7 2
= (K K —
o = i ar e ekl + K 57 el
+ ZYn<Zi:1ai i(pO) —Po, I(Xn+1 _p0)> + 2(1 —Yn)CanK%),
and ) -
(3) zﬁn(l_Yn) Yn +2n A (Yn Tt 2zZn
en = = wi(l—cnyi =0 (=)D
Then Do X
xns1—Poll? < (1—er)xn —pol2 +enert) — i, (2.12)

Our next discussion will be divided into two cases:
Case 1. {||xn —po||} is decreasing.
If {||xn —pol|} is decreasing, we know from the result of Step 4, (2.12) and assumptions (iv) and (v) that

3 1 2
0<er) <en (el — xn—pol®) + (% — Poll® = [Xns1—pol?) = 0

which ensures that > 2, wi(p(Hy—z“ ]rm( Yn*Zn)||) — 0, as n — +oo. Then from the property of o,
we know that ) 2 w;|/¥atze — ]rm( n || —>O as n — +oo.

Now, our purpose is to show that limsup, _, 5512 < 0, which reduces to show that

lim sup (252 aifi(po) — Po, J(xn+1 —Ppo)) <O.

n—oo
Since
+z
lyn —znll < fsnzwlu —en I, + en ST —ynll + Enllel —yal
+z ntz
ﬁnzwlnlrm e
+z +z
+ B 2 nH+BnchmHs ()
—Ynl +Enller —ynl,
then

2[3 +z +z
. Z wi[J A () — IR

[yn —znll <

2 +z 2¢,
F 22 S wien IS gl + 52 e~ yall 0,
—Bn & —Bn

asn — +oo.

Let x{* be the same as that in Step 3. Since ||x{‘|| < [[xf* — poll + ||po||, then {x{'} is bounded, as t — 0.
Using Lemma 1.4, we have

Ixi — UTIHZ [[xt — Zwl —Cnji Irnl+cn1 i1Qcyn

o]

+ Z wl[(l - Cn,i)]f:,i + Cn,iSi]QCUn _UnHZ
i=1
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<= willl—cn TR +en,iSilQeyn?
i=1

+2() wil(l—cn i )JAY +eniSilyn — Yn, JXF —yn))

i=1
=t) aifi(x}) + I—GthB Z [(1—cn)JR, +cniSiQcx))
i=1 i=1
=Y wil(l = cn )R + cniSilQcynl?
i=1

+ 2<Z wl[(l — Cn,i)]éni,-l + Cn,isi]yn —Yn, J(X? _yn)>

i=1
< HX? _ynHZ +2t<Z aifi(xt Z wl CTLI i + Cn,isi]QCX]g1
i=1

—t1-1) Zb B: Zwl —cni)]

+ Cn,isi]QCXt ’ Z wl —Cni JTrn + Cn, iSi ]yn)>

+ 2<Z wi[(1— Cn,i)]éii +cniSiyn —Yn, J(X{ —yn)),
i=1

which implies that
t( D willl—cn )i, +cniSQext
i=1
o e o0 o
_ Z aifi(x?) + (1 — t)Tt Z biBi Z wl[(l Cn 1)11}11 + Cn lS ]QCXt ,
i=1 i=1 i=1
Zwl Cn1 rn1+cnl HZ('U'L —Cn,i ]rnl'i‘cnls ]UH_UHHHX?
So,

lim lim sup( Z wi( Cn,i)]ﬁ:f,i +cn,iS1Qexy

t=0 nytoo i1

(o¢]

0
_Zaifi(xt 1_t thB Zwl Cnl +Cnls]QCXt/

Zwl —Cn,i ]r 1+Cn1S ]yn)> <0.

Since x{* — po, then

Z il(l—cn 1)] JrCn1 QCXt — Z wil(l—cn 1)] +CT11 11Qcpo = po,
i=1

ast — 0.

—Ynl.
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Noticing that

{po — Z aifi(po),J(po — Z Wil(T—cn )], +cniSilyn))
= (pO - Z aifi(pO PO - Z wl —Cn,i 1 /i + Cn,isi}yn)

T =) wil(1—cn) ]2 + cniSilyn))

i=1
+ <pO_Zaifi(pO Zwl —Cni ]Tnl +Cn 15 ]yn)>
i=1 i=1

:<P0—Zaifi(]30 po—Zwl —cn )]+ cniSilyn)
Z wil(1—cni)JR 4 cniSilyn))

o
+<p0_Zaifi(P0 — Y willl—cn )], +eniSQext +Za1 (x})
i=1 i=1 i=1

[e¢] oo

0 4
+ Tt(l —1) ) biBi )Y wil(l—cni)JRY,
i1 i1
n n = Aq
+cn,iSiQexy, J(x{ — Z wil(l—cni)J7} +cniSilyn))
i1
+ (O willl—cn )Rt +eniSQexy — ) aifi(x})
i1 i1
0 - = A
- Tt(l —1) ) biBi ) wil(l—cni)JR +cniSiQexy,
i1 i1

— ) willl=—cn ), +cniSilyn)),

then we have limsup,,_, . (po— > {2 aifi(po), J(po — 2= wil(1— Cn,i)]ﬁ\ni,i +cniSilyn)) <0.
Since Yn —zn — 0, Xn1— X soq WiJr zn — 0 and imp 00 Y521 cni =0, then

lim sup(pg — Z aifi(po), J(po — xn+1)) < 0.

n—-+oo i=1

Thus limsup,, _, e <.
Employing (2.12) again, we have

[xn —poll* = xns1 —poll* | (@
||7<n—PO||2 < &) = TEn

€n

_ 2_ _ 2
Assumption (iv) implies that lim inf,, ., X220l (lllf““ Poll® — 0. Then
en

xn — pol (p)w PO 4 fim sup e

En n—oo

lim ||xn —pol/? < liminf ' <o.
n—oo n—oo
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Then the result that x,, — po follows.

Case 2. If {||xn, — pol|} is not eventually decreasing, then we can find a subsequence {|xn, — pOH} so that
X —Poll < [[Xn, — Poll for all k > 1. From Lemma 1.6, we can define a subsequence {||x () —po|} so
that max{|[x(n) —pol|, [[Xxn —Poll} < [[Xt(n)+1 —Pol| for all n > ny. This enables us to deduce that (similar
to Case 1)

3 1
0 < 5y < Exn)Exn) — IPeetm) = Pol®) + (xx(m) = Poll® = lpee(my1 = Pol®) = 0,
and then copy Case 1, we have limy . [[X(n) —Pol| = 0. Thus 0 < |[xn —pol| < [[Xr(n)+1 —Poll = 0, as
n — oo.
This completes the proof. O

Corollary 2.3. If in Theorem 2.2, e}, = 0 and e]] = 0, then iterative scheme (2.7) becomes to the accurate one:

X] 6 C/
oo A +z
Zn = 6nyn + Bﬂ- Z wl[(l - Cni)]ﬁnl,i + cn'iSi](yn 2 n),
i=1
Xn+1 = YTIZ a;fy Xn 1 'Yn) I_ Cﬂ“ﬂzb B Z wl]r o mEN.
i=1

Corollary 2.4. If in Corollary 2.3, ¢, = 0 or pn, = 0, then it becomes to the case without perturbed operators:
X1 € C,
Yn = Qcll = an)xnl,

Yn +2Zn
2

Zn = ‘Snyn+ﬁnzwi[(l_cn,i)]f:i+Cn,isi]( )/

i=1

00 00
Xn4+1 =VYn Z aifi(xn) + (1 _YTL) Z (,Ui]TAni'.lZn, necN.
i=1 i

Theorem 2.5. Set wy 41 = % where xn+1 is defined by (2.7), for n € N. Suppose Y i, di — 0o, as

n — +oo, then under the assumptions of Theorem 2.2, we can obtain the ergodic convergence in the sense that
Wwn — po which solves the variational inequality (2.1).

Proof. The proof is similar to the proof of Step 5 in [16, Theorem 2.2]. O
Lemma 2.6 ([18]). Let {an} be a sequence of nonnegative real numbers such that
ani1 < (I—bp)an +bncn, MEN,
where {by } and {cy } are sequences of real numbers satisfying the following conditions:
(i) {bn} C[0,1], X3 bn = +o0;
(ii) either limsup . cn <0o0r ) 3 |bncn| =400
Then limp o0 Qn.
Lemma 2.7 ([3]). For A, u > O, there holds the following identity:
Re=Jh e+ 1-5t0, xek,

where A : E — E is m-accretive.
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Lemma 2.8 ([19]). Assume cp > c1 > 0. Then

I&x—x|| <2[J&x—x|, x€E,
where A : E — E is m-accretive.
Remark 2.9. Our differences from the main references are:

(i) the normalized duality mapping ] : E — E* is no longer required to be weakly sequentially contin-
uous at zero as that in [16];

(ii) the parameter {ry i} in the resolvent ]{f\;i does not need satisfying the condition “Y 7, [rni1i —
Tnil < +ooand i > € >0 for i € N and some ¢ > 0” as that in [16] or [5];

(iii) Lemmas 2.6, 2.7 and 2.8 (see above) and Lemma 1.2 are the main tools to prove the strong conver-
gence of the iterative sequence in [16] or [5]. However, Lemmas 1.4, 1.5 and 1.6 are main tools in our
paper. The proof techniques are different, which lead to different restrictions on the parameters.

Remark 2.10. Theorem 2.2 is reasonable, if we suppose E = C = (—o0,+00) and take oy, = op, = &y =

/ " 1 2 1 1 1 1
en=¢en =12 P =1-5,Vn=n =G =5, a6 =bi =T = Wi =Ki = 5, Cni = =t Ti = 572/
21+1_§+ ‘11 . . .
AL = ﬁ, Thi= (2T —1)2 fi(x) = 10 Aix =Six = 5, Bix = Zi%x, forn e Nand1ie N.

Remark 2.11. Choosing Remark 2.10 as the example of Theorem 2.2, we know that (52, (A;'0(Fix(S;)) =
{0}. By using codes of Visual Basic Six, we get Table 1 and Figures 1 and 2 below. From Table 1 and Figure
1 we can see the convergence of {xn}, {yn} and {zn}, and, from Figure 2, we can see the convergence of
{xn} under different initial values x; varying from [—4, 4].

Table 1: Numerical results of {xn }, {yn} and {zn} with initial x; = —1.0.

n Yn Zn Xn

1 0.00000000 0.96551726 —1.0000000
2 0.08035714 0.09386720 —0.1428571
3 0.09635855 0.02828697 —0.0027077
4 0.05991887 0.00923581 0.00141346
5 0.03872265 0.00365402 0.00033609
6 0.02707432 0.00169872  0.00007010
7 0.02000768 0.00088913 0.00001635
8 0.01538508 0.00050917 0.00000429
9 0.01219448 0.00031270 0.00000123
10 0.00990038 0.00020295 0.00000038
11 0.00819628 0.00013767 0.00000012
12 0.00689626 0.00009680 0.00000004

Figure 1: Convergence of {xn}, {yn} and {zn}.
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Figure 2: Convergence of {x,,} with different initial values.

3. One kind parabolic systems

Our example of parabolic systems are based on the parabolic equation discussed in [15].

In this section unless otherwise stated, we shall assume that N > 1, N2§1 < Ppi < +oo0,1 < 1 <

min{pi, p{}, i + , =1, for i € N and assume that Green’s Formula is available.
Now, we examme the following nonlinear parabolic systems:

(i) _ | | | |
auaix't) — divlaf|[VulV PO VL P vu ] 4 ggut ey
i au(l) .
+glxul?, T’Vum) =f(x,t), (xt)eQx(0,T), 1)

— <9, a(|[VuI PO VUV Pi2yu® s e g uP(x, 1), (x,t) €T x(0,T)
uP(x0)=u(x,T), xeQ, ieN,

where « : Rt U{0} — R is a continuous nonlinear mapping such that pita’(t) + (pi — 1)(t) > 0,
a(t) < kg, limes 400 x(t) = ko > 0, where k; and k; are positive constants, for i € N.

In (3.1), O is a bounded conical domain of a Euclidean space RN (N > 1), T"is the boundary of O with
I' € C! [15] and ¥ denotes the exterior normal derivative to I'. < -,- > and | - | denote the Euclidean inner-
product and Euclidean norm in RN, respectively. T is a positive constant. vult) = (a’;:) , aa‘;(; S, %1;(1:) )
and x = (x1,x2,- - ,xN) € Q. g; is nonnegative constant, for each i € N.

Let @ : ' x R — R be a given function such that for each x € ', ¢x = @(x,-) : R = R is a proper,
convex and lower-semicontinuous [3] function with @4 (0) = 0. Let 5 be the subdifferential [3] of @,
i.e., Bx = 0@x. Suppose that 0 € B4(0) and for each t € R, the function x € T — (I+ABx) (t) € Ris
measurable for A > 0.

Suppose that g : Q x RN*2 — R is a given function satisfying the following conditions, which can be
seen in [15]:

(a) Carathéodory’s conditions.
x — g(x, 1) is measurable on Q, Vr e RN*2
T — g(x, 1) is continuous on RN*2,  for almost all x € Q.

(b) Growth condition. '
g(%, 81, , sn2) < h(x) + kalsyMnPe/Pol

where (51,52, ,sn42) € RNTZ h(x) € 12(Q)NLPi(Q) and k3 is a positive constant for i € N.

(c) Monotone condition.
g is monotone with respect to 11, i.e.,

(g(x, 81, ,sn+2) —g(x, ty, - tng2))(s1—t1) =0,

forall x € Q and (s1,---,sN12), (t1,- -, tNy2) € RN+2,
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(d) Coercive condition.
2
g(x, 81, -, SN+2)81 = Kq87,

where k4 is a fixed positive constant.
Imitating [15], we have the following definitions or results:
Definition 3.1. An operator B : E — 2F is called monotone, if
(g —up,vi —wvp) >0, Yu; € D(B), vi €Bu, i=1,2.
The monotone operator B is said to be maximal monotone if R(B +AJ) = E*, for all A > 0.
Lemma 3.2 ([15]). The mapping B; : LP1(0, T, W'P1(Q)) — LPi(0,T; (WLPi(Q))*) defined by
T

T
J <oc(|Vu|pi)|Vu|pi*2Vu, Vw)dxdt + ¢; J J " 2uwdxdt,
Q 0Jo

v B = |

0
for any uw,w € LPi(0,T; WLPi(Q)), where i € N, is maximal monotone.
Lemma 3.3 ([15]). Define the function ®; : LP+(0, T, WPi(Q)) — R by

)
i (u) = L L ox Ul (x, 0)dr(x)dt,

for u(x,t) € LPi(0, T, WhPi(Q)).
Then the subdifferential of @, 0D+, is maximal monotone, for i € N.

Lemma 3.4 ([15]). The mapping

Si:D(Si) = {u(x,t) € LP:(0, T; WHPi(Q)) : Z—Ltl € LPL(0, T; (WP (Q))*),
u(x,0) = u(x, T)} = LP{(0, T; (WP (Q))),
defined by:

Siu= ieN,

is linear maximal monotone. "

Definition 3.5 ([15]). For i € N, define a mapping A; : L?(0, T; L?(Q)) — L2(0, T; L%(Q)) as follows:
D(A;) ={u € [*(0, T;L*(Q))| there exists an f € L*(0, T;L*(Q)) such that f € Byu+ d®;(u) + Siu}.

For u € D(Ay), set Aju ={f € [2(0, T;L*(Q)) | f € Byu+ 3Dy (u) + Siul.

Theorem 3.6 ([15]). The mapping A; : L2(0, T;L2(Q)) — L?(0, T; L?(Q)) is m-accretive, for i € N.

Definition 3.7 ([15]). Define the mapping F; : LPi(0, T; wlri(Q)) - LPi(0, T; (WLPi(Q))*) by

T

0
(v, Fiu) = J J g(x,u, —u, Vu)v(x, t)dxdt,
for u(x,t), v(x,t) € LPi(0, T; WLPi(Q)), where i € N.

Definition 3.8 ([15]). Define the mapping H; : D(Hi) = {u(x,t) € [*(0, T;L%(Q)) | there exists v(x,t) €
[2(0, T;12(Q)) such that v(x, t) = Fiu(x, t)} — LZ(O T;12(Q)) by

Hiu(x, t) = {v(x,t) € L?(0, T; L*(Q)) | v(x) = Fiu(x, t)},

for u € D(H;), where F; is the same as that in Definition 3.7, for 1 € N.
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Theorem 3.9 ([15]). The mapping H; : L2(0, T; L2(Q)) — L2(0, T; L2(Q)) is bounded, coercive, hemi-continuous
and accretive.

If, further suppose that g : Q x RN*2 — R satisfies that

lg(x, 81,89, ,sNq2) —9(x, 87,87, -+, s{ig)l < sy —si'l,

where (s7,85,- -+, SN40), (57,85, s 40) € RN*2, then H; is nonexpansive, for i € N.

Theorem 3.10 ([15]). For f(x,t) € 12(0,T;L2(Q)), nonlinear parabolic systems (3.1) have a unique solution
ulV(x,t) € 120, T;L2(Q)), for i € N.

Theorem 3.11. If g(x, 11, -+ ,TN+1) =11, €4 = 0 and f(x,t) = Constant, for (x,t) € Q x (0, T), then
(i) w(x,t) = Constant, for (x,t) € Q x (0, T), satisfies parabolic systems (3.1);
(ii) {u(x,t) € L2(0,T;L2(Q))| u(x,t) = Constant, for (x,t) € Q x (0,T)} = ﬂioil(AfloﬂFix(Hi)).

Proof.
(i) It is easy to check that u(x,t) = Constant, for (x,t) € Q x (0, T), satisfies (3.1) in view of Theorem 3.10.

(i) The result {u(x,t) € 12(0, T; L2(Q))hu(x,t) = Constant, for (x,t) € Q x (0,T)} C ﬂﬁl(Aflo () Fix(Hy))
follows from the definitions of A; and H;.

For u(x,t) € ﬂfil(Ai*lO ( Fix(Hi)), we know that A;u = 0, which implies that Biyu + 0®;(u) + Sju =
0, forie N.

Since 0 = B;0+ 0®;(0) + S;0, then from the monotonicity of B;, 9®; and S;, we have

0= (Biu+0®;(u) + Siu,u) = (Biu, u) + (00;(u), u) + (Sju,u) > 0.

Then (Biju,u) = 0 and (Sju, u) = 0. From the definitions of B; and S;, we know that u(x,t) = Constant,
for (x,t) € Q x (0,T). Thus ﬂioil(Ai_loﬂFix(Hi)) C {u(x,t) € L2(0, T; L2(Q))|u(x, t) = Constant}.
This completes the proof. O

In view of Theorem 2.2 and Theorem 3.11, we have the following result:

Theorem 3.12. Suppose A; and H; are the same as those in Definition 3.5 and Definition 3.8, respectively. Let X
be the nonempty closed convex sunny nonexpansive retract of (;—1(D(A1) (Y D(Hi)). Let

fi: 120, T;1%(Q)) — L%(0, T; L%(Q))

be contractive mappings with coefficient k; € (0,1), By : 12(0, T; L2(Q)) — L%(0, T; L%(Q)) be Ai-strictly pseudo-
contractive mappings and Ti-strongly accretive mappings with A; +ti > 1. Suppose {otn}, {Bn), {dnl) {End {¥Yn),
{Cn}, {un) {ai}, {bi), {ti}, (M) {wil}, {eni), {tn i), {e )} and {e]]} satisfy the same restrictions as those in Theorem
2.2.

Let {un } be generated by the following iterative scheme:

up(x,t) € X c L2(0, T; L2(Q)),
vn(x,t) = Qx[(1— o) (un(x, t) + e,

Vn +Wn

7 )+ Enen,

Wi (%, 1) = 5nvn (1) + B ) wil(1—cni)JAY +cniHil(
i=1

Un 1% t) =vn ) aifilun) + (1—=va)(I—Cnitn ) biBi) ) wiJfiwn(xt), neN.
i=1 i=1 i=1
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Then, under the special case of g(x,11,---,TNn+1) = 711, €1 = 0 and f(x,t) = Constant, the iterative sequence
{un(x,t)} converges strongly to w(x,t) = Constant € ﬂi‘il(Ai—lOﬂFix(Hi)), which is the solution of the
parabolic systems (3.1) and which also satisfies the following variational inequality:

<(I - Z Clifi)ﬁ(X, t)/ﬁ(xr t) _y> < 0/
i=1

forally in N34 (AT0O N Fix(Hi)).

Remark 3.13. From the above discussion, we can see the connection among parabolic systems, variational
inequalities and iterative schemes. This may emphasize the significance of the work in this paper.
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