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Abstract

Two hybrid steepest-descent schemes (implicit and explicit) for finding a solution of the general system of variational
inequalities (in short, GSVI) with the constraints of finitely many variational inclusions for maximal monotone and inverse-
strongly monotone mappings and a minimization problem for a convex and continuously Fréchet differentiable functional (in
short, CMP) have been presented in a real Hilbert space. We establish the strong convergence of these two hybrid steepest-
descent schemes to the same solution of the GSVI, which is also a common solution of these finitely many variational inclusions
and the CMP. Our results extend, improve, complement and develop the corresponding ones given by some authors recently in
this area. c©2017 all rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and induced norm ‖ · ‖, C be a nonempty closed
convex subset of H and PC be the metric projection of H onto C. Let T : C → C be a self-mapping on
C. We denote by Fix(T) the set of fixed points of T and by R the set of all real numbers. A mapping
A : H→ H is called γ̄-strongly positive on H if there exists a constant γ̄ > 0 such that

〈Ax, x〉 > γ̄‖x‖2, ∀x ∈ H.
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A mapping F : C→ H is called L-Lipschitz continuous if there exists a constant L > 0 such that

‖Fx− Fy‖ 6 L‖x− y‖, ∀x,y ∈ C.

In particular, if L = 1 then F is called a nonexpansive mapping; if L ∈ [0, 1) then F is called a contraction.
Let A : C→ H be a nonlinear mapping on C. The variational inequality problem (VIP) associated with

the set C and the mapping A is stated as follows: find x∗ ∈ C such that

〈Ax∗, x− x∗〉 > 0, ∀x ∈ C. (1.1)

The solution set of VIP (1.1) is denoted by VI(C,A).
The VIP (1.1) was first discussed by Lions [16] and now is well-known. Variational inequalities have

extensively been investigated, see [1, 2, 15, 17, 18, 20, 22, 24, 26–28] for more details. In 1976, Korpelevich
[14] proposed an iterative algorithm for solving VIP (1.1) in Euclidean space Rn:{

yn = PC(xn − τAxn),
xn+1 = PC(xn − τAyn), ∀n > 0,

with τ > 0 a given number, which is known as the extragradient method. The literature on the VIP is
vast and Korpelevich’s extragradient method has received great attention given by many authors, who
improved it in various ways; see e.g., [4, 5, 8, 10, 11] and references therein, to name but a few.

In 2001, Yamada [23] introduced the following hybrid steepest-descent method for solving the VIP
(1.1) with C = Fix(S)

xn+1 = (I− λnµA)Sxn, ∀n > 0,

where S : H → H is a nonexpansive mapping with Fix(S) 6= ∅, A : H → H is a κ-Lipschitzian and η-
strongly monotone operator with positive constants κ,η > 0, 0 < µ < 2η

κ2 , and then proved that under
appropriate conditions, the sequence {xn} converges strongly to the unique solution of VIP (1.1) with
C = Fix(S).

Furthermore, let f : C → R be a convex and continuously Fréchet differentiable functional. Consider
the convex minimization problem (CMP) of minimizing f over the constraint set C

minimize {f(x) : x ∈ C} (1.2)

(assuming the existence of minimizers). We denote by Γ the set of minimizers of CMP (1.2). It is well-
known that the gradient-projection algorithm (GPA) generates a sequence {xn} determined by the gradient
∇f and the metric projection PC:

xn+1 := PC(xn − λ∇f(xn)), ∀n > 0, (1.3)

or more generally,
xn+1 := PC(xn − λn∇f(xn)), ∀n > 0, (1.4)

where, in both (1.3) and (1.4), the initial guess x0 is taken from C arbitrarily, the parameters λ or λn
are positive real numbers. The convergence of algorithms (1.3) and (1.4) depends on the behavior of the
gradient ∇f.

In order to find a solution of the minimization problem (1.2) for a convex and continuously Fréchet
differentiable functional f : C→ R, Ceng et al. [6] proposed the following iterative method

xn+1 = PC[αnγVxn + (I−αnµF)Sxn], ∀n > 0.

In [7], Ceng et al. introduced one general composite implicit scheme that generates a net {xt} in an implicit
way

xt = (I− θtA)Txt + θt[Txt − t(µFTxt − γf(xt))].
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Very recently, inspired by Ceng et al. [7], Jung [13] introduced one general composite implicit scheme
that generates a net {xt} in an implicit way

xt = (I− θtA)Ttxt + θt[tγVxt + (I− tµF)Ttxt],

and also proposed another general composite explicit scheme that generates a sequence {xn} in an explicit
way {

yn = αnγVxn + (I−αnµF)Tnxn,
xn+1 = (I−βnA)Tnxn +βnyn, ∀n > 0.

On the other hand, let F1, F2 : C → H be two mappings. Consider the following general system of
variational inequalities (GSVI) of finding (x∗,y∗) ∈ C×C such that{

〈ν1F1y
∗ + x∗ − y∗, x− x∗〉 > 0, ∀x ∈ C,

〈ν2F2x
∗ + y∗ − x∗, x− y∗〉 > 0, ∀x ∈ C,

(1.5)

where ν1 > 0 and ν2 > 0 are two constants. The solution set of GSVI (1.5) is denoted by GSVI(C, F1, F2).
Recently, many authors have been devoting the study of the GSVI (1.5); see e.g., [9, 11, 25] and the
references therein. In 2008, Ceng et al. [10] transformed the GSVI (1.5) into the fixed point problem of the
mapping G = PC(I− ν1F1)PC(I− ν2F2), that is, Gx∗ = x∗, where y∗ = PC(I− ν2F2)x

∗. Throughout this
paper, the fixed point set of the mapping G is denoted by Ξ.

Let B be a single-valued mapping of C into H and R be a multivalued mapping with D(R) = C.
Consider the following variational inclusion: find a point x ∈ C such that

0 ∈ Bx+ Rx. (1.6)

We denote by I(B,R) the solution set of the variational inclusion (1.6). In particular, if B = R = 0, then
I(B,R) = C. If B = 0, then problem (1.6) becomes the inclusion problem introduced by Rockafellar [19].
Let a set-valued mapping R : D(R) ⊂ H → 2H be maximal monotone. We define the resolvent operator
JR,λ : H→ D(R) associated with R and λ as follows:

JR,λ = (I+ λR)−1, ∀x ∈ H,

where λ is a positive number.
In this paper, we introduce one hybrid implicit steepest-descent scheme and another hybrid explicit

steepest-descent scheme for finding a solution of the GSVI (1.5) with the constraints of finitely many vari-
ational inclusions for maximal monotone and inverse-strongly monotone mappings and the minimization
problem (1.2) for a convex and continuously Fréchet differentiable functional in a real Hilbert space. We
establish the strong convergence of these two hybrid steepest-descent schemes to the same solution of
the GSVI (1.5), which is also a common solution of these finitely many variational inclusions and the
CMP (1.2). In particular, we make use of weaker control conditions than previous ones for the sake of
proving strong convergence. Our results extend, improve, complement and develop the corresponding
ones announced by some authors recently in this area.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. We write xn ⇀ x to indicate that
the sequence {xn} converges weakly to x and xn → x to indicate that the sequence {xn} converges strongly
to x. Moreover, we use ωw(xn) to denote the weak ω-limit set of the sequence {xn}, i.e.,

ωw(xn) := {x ∈ H : xni ⇀ x for some subsequence {xni} of {xn}}.
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The metric (or nearest point) projection from H onto C is the mapping PC : H → C which assigns to
each point x ∈ H the unique point PCx ∈ C satisfying the property

‖x− PCx‖ = inf
y∈C
‖x− y‖ =: d(x,C).

The following properties of projections are useful and pertinent to our purpose.

Proposition 2.1 ([24, 27]). Given any x ∈ H and z ∈ C, one has

(i) z = PCx ⇔ 〈x− z,y− z〉 6 0, ∀y ∈ C;

(ii) z = PCx ⇔ ‖x− z‖2 6 ‖x− y‖2 − ‖y− z‖2, ∀y ∈ C;

(iii) 〈PCx− PCy, x−y〉 > ‖PCx− PCy‖2, ∀y ∈ H, which hence implies that PC is nonexpansive and monotone.

Definition 2.2. A mapping T : H → H is said to be firmly nonexpansive if 2T − I is nonexpansive, or
equivalently, if T is 1-inverse strongly monotone (1-ism),

〈x− y, Tx− Ty〉 > ‖Tx− Ty‖2, ∀x,y ∈ H;

alternatively, T is firmly nonexpansive if and only if T can be expressed as T = 1
2(I+ S), where S : H→ H

is nonexpansive; projections are firmly nonexpansive.

Definition 2.3. A mapping F : C→ H is said to be

(i) monotone, if
〈Fx− Fy, x− y〉 > 0, ∀x,y ∈ C;

(ii) η-strongly monotone, if there exists a constant η > 0 such that

〈Fx− Fy, x− y〉 > η‖x− y‖2, ∀x,y ∈ C;

(iii) α-inverse-strongly monotone, if there exists a constant α > 0 such that

〈Fx− Fy, x− y〉 > α‖Fx− Fy‖2, ∀x,y ∈ C.

It can be easily seen that if T is nonexpansive, then I− T is monotone. It is also easy to see that the
projection PC is 1-ism. Inverse-strongly monotone (also referred to as co-coercive) operators have been
applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if F : C→ H is α-inverse-strongly monotone, then F is monotone
and 1

α -Lipschitz continuous. Moreover, we also have that, for all u, v ∈ C and λ > 0,

‖(I− λF)u− (I− λF)v‖2 6 ‖u− v‖2 + λ(λ− 2α)‖Fu− Fv‖2. (2.1)

So, if λ 6 2α, then I− λF is a nonexpansive mapping from C to H.

Proposition 2.4 ([10]). For given x∗,y∗ ∈ C, (x∗,y∗) is a solution of the GSVI (1.5) if and only if x∗ is a fixed
point of the mapping G : C→ C defined by

Gx = PC(I− ν1F1)PC(I− ν2F2)x, ∀x ∈ C,

where y∗ = PC(I− ν2F2)x
∗.

In particular, if the mapping Fj : C→ H is ζj-inverse-strongly monotone for j = 1, 2, then the mapping
G is nonexpansive provided νj ∈ (0, 2ζj] for j = 1, 2. We denote by Ξ the fixed point set of the mapping
G.
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Definition 2.5. A mapping T : H→ H is said to be an averaged mapping if it can be written as the average
of the identity I and a nonexpansive mapping, that is,

T ≡ (1 −α)I+αS,

where α ∈ (0, 1) and S : H → H is nonexpansive. More precisely, when the last equality holds, we
say that T is α-averaged. Thus firmly nonexpansive mappings (in particular, projections) are 1

2 -averaged
mappings.

Proposition 2.6 ([3]). Let T : H→ H be a given mapping.

(i) T is nonexpansive if and only if the complement I− T is 1
2 -ism.

(ii) If T is ν-ism, then for γ > 0, γT is νγ -ism.

(iii) T is averaged if and only if the complement I− T is ν-ism for some ν > 1/2. Indeed, for α ∈ (0, 1), T is
α-averaged if and only if I− T is 1

2α -ism.

Proposition 2.7 ([3]). Let S, T ,V : H→ H be given operators.

(i) If T = (1 −α)S+αV for some α ∈ (0, 1) and if S is averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I− T is firmly nonexpansive.

(iii) If T = (1 − α)S+ αV for some α ∈ (0, 1) and if S is firmly nonexpansive and V is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the mappings {Ti}
N
i=1 is

averaged, then so is the composite T1 · · · TN. In particular, if T1 is α1-averaged and T2 is α2-averaged, where
α1,α2 ∈ (0, 1), then the composite T1T2 is α-averaged, where α = α1 +α2 −α1α2.

(v) If the mappings {Ti}Ni=1 are averaged and have a common fixed point, then

N⋂
i=1

Fix(Ti) = Fix(T1 · · · TN).

The notation Fix(T) denotes the set of all fixed points of the mapping T , that is, Fix(T) = {x ∈ H : Tx = x}.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.8. Let H be a real Hilbert space. Then the following hold:

(a) ‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y,y〉 for all x,y ∈ H;

(b) ‖λx+ µy‖2 = λ‖x‖2 + µ‖y‖2 − λµ‖x− y‖2 for all x,y ∈ H and λ,µ ∈ [0, 1] with λ+ µ = 1;

(c) if {xn} is a sequence in H such that xn ⇀ x, it follows that

lim sup
n→∞ ‖xn − y‖2 = lim sup

n→∞ ‖xn − x‖2 + ‖x− y‖2, ∀y ∈ H.

Lemma 2.9 ([12]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let S be a nonexpansive
self-mapping on C with Fix(S) 6= ∅. Then I− S is demiclosed. That is, whenever {xn} is a sequence in C weakly
converging to some x ∈ C and the sequence {(I− S)xn} strongly converges to some y, it follows that (I− S)x = y.
Here I is the identity operator of H.

Lemma 2.10 ([25]). Let F : C → H be a monotone mapping. In the context of the variational inequality problem
the characterization of the projection implies

u ∈ VI(C, F) ⇔ u = PC(u− λFu), λ > 0.
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Let C be a nonempty closed convex subset of a real Hilbert space H. We introduce some notations.
Let λ be a number in (0, 1] and let µ > 0. Associating with a nonexpansive mapping T : C→ C, we define
the mapping Tλ : C→ H by

Tλx := Tx− λµF(Tx), ∀x ∈ C,

where F : C → H is an operator such that, for some positive constants κ,η > 0, F is κ-Lipschitzian and
η-strongly monotone on C; that is, F satisfies the conditions:

‖Fx− Fy‖ 6 κ‖x− y‖ and 〈Fx− Fy, x− y〉 > η‖x− y‖2,

for all x,y ∈ C.

Lemma 2.11 ([10]). Tλ is a contraction provided 0 < µ < 2η
κ2 ; that is,

‖Tλx− Tλy‖ 6 (1 − λτ)‖x− y‖, ∀x,y ∈ C,

where τ = 1 −
√

1 − µ(2η− µκ2) ∈ (0, 1].

Remark 2.12. Since F is κ-Lipschitzian and η-strongly monotone on C, we get 0 < η 6 κ. Hence, whenever
0 < µ < 2η

κ2 , we have τ = 1 −
√

1 − µ(2η− µκ2) ∈ (0, 1].

Lemma 2.13 ([21]). Let {an} be a sequence of nonnegative real numbers satisfying

an+1 6 (1 −ωn)an +ωnδn + rn, ∀n > 0,

where {ωn}, {δn}, and {rn} satisfy the following conditions:

(i) {ωn} ⊂ [0, 1] and
∑∞
n=0ωn =∞;

(ii) either lim supn→∞ δn 6 0 or
∑∞
n=0ωn|δn| <∞;

(iii) rn > 0 for all n > 0, and
∑∞
n=1 rn <∞.

Then, limn→∞ an = 0.

Lemma 2.14 ([17]). Assume that A is a γ̄-strongly positive bounded linear operator on H with 0 < ρ 6 ‖A‖−1.
Then ‖I− ρA‖ 6 1 − ργ̄.

Let LIM be a Banach limit. According to time and circumstances, we use LIMnan instead of LIMa for
every a = {an} ∈ l∞. The following properties are well-known:

(i) for all n > 1,an 6 cn implies LIMnan 6 LIMncn;

(ii) LIMnan+N = LIMnan for any fixed positive integer N;

(iii) lim infn→∞ an 6 LIMnan 6 lim supn→∞ an for all {an} ∈ l∞.

Lemma 2.15. Let a ∈ R be a real number and let a sequence {an} ∈ l∞ satisfy the condition LIMnan 6 a for all
Banach limit LIM. If lim supn→∞(an+1 − an) 6 0, then lim supn→∞ an 6 a.

Recall that a set-valued mapping T̃ : D(T̃) ⊂ H → 2H is called monotone if for all x,y ∈ D(T̃), f ∈ T̃x
and g ∈ T̃y imply

〈f− g, x− y〉 > 0.

A set-valued mapping T̃ is called maximal monotone if T̃ is monotone and (I+ λT̃)D(T̃) = H for each
λ > 0, where I is the identity mapping of H. We denote by G(T̃) the graph of T̃ . It is known that a
monotone mapping T̃ is maximal if and only if, for (x, f) ∈ H×H, 〈f−g, x−y〉 > 0 for every (y,g) ∈ G(T̃)
implies f ∈ T̃x. Next we provide an example to illustrate the concept of maximal monotone mapping.
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Let A : C → H be a monotone and Lipschitz-continuous mapping and let NCv be the normal cone to
C at v ∈ C, i.e.,

NCv = {u ∈ H : 〈v− p,u〉 > 0, ∀p ∈ C}.

Define

T̃v =

{
Av+NCv, if v ∈ C,
∅, if v 6∈ C.

Then, it is known in [19] that T̃ is maximal monotone and 0 ∈ T̃v if and only if v ∈ VI(C,A).
Let R : D(R) ⊂ H→ 2H be a maximal monotone mapping. Let λ,µ > 0 be two positive numbers.

Lemma 2.16 ([11]). There holds the resolvent identity

JR,λx = JR,µ(
µ

λ
x+ (1 −

µ

λ
)JR,λx), ∀x ∈ H.

Remark 2.17. For λ,µ > 0, there holds the following relation

‖JR,λx− JR,µy‖ 6 ‖x− y‖+ |λ− µ|(
1
λ
‖JR,λx− y‖+

1
µ
‖x− JR,µy‖), ∀x,y ∈ H. (2.2)

Lemma 2.18 ([26]). JR,λ is single-valued and firmly nonexpansive, i.e.,

〈JR,λx− JR,λy, x− y〉 > ‖JR,λx− JR,λy‖2, ∀x,y ∈ H.

Consequently, JR,λ is nonexpansive and monotone.

Lemma 2.19 ([26]). Let R be a maximal monotone mapping with D(R) = C. Then for any given λ > 0, u ∈ C is
a solution of problem (1.6) if and only if u ∈ C satisfies

u = JR,λ(u− λBu).

Lemma 2.20 ([29]). Let R be a maximal monotone mapping with D(R) = C and let B : C → H be a strongly
monotone, continuous and single-valued mapping. Then for each z ∈ H, the equation z ∈ (B+ λR)x has a unique
solution xλ for λ > 0.

Lemma 2.21 ([4]). Let R be a maximal monotone mapping with D(R) = C and B : C → H be a monotone,
continuous and single-valued mapping. Then (I+ λ(R+ B))C = H for each λ > 0. In this case, R+ B is maximal
monotone.

3. Main results

Let C be a nonempty closed convex subset of a real Hilbert space H. Throughout this section, we
always assume the following:

• f : C → R is a convex functional with L-Lipschitz continuous gradient ∇f, F : C → H is a κ-
Lipschitzian and η-strongly monotone operator with positive constants κ,η > 0, and Fj : C → H is
ζj-inverse strongly monotone for j = 1, 2;

• A is a γ̄-strongly positive bounded linear operator on H with γ̄ ∈ (1, 2), V : C → H is an l-
Lipschitzian mapping with l > 0, Ri : C → 2H is a maximal monotone mapping, and Bi : C → H

is ηi-inverse strongly monotone for each i = 1, ...,N; 0 < µ < 2η
κ2 and 0 6 γl < τ with τ =

1 −
√

1 − µ(2η− µκ2);

• G : C→ C is a mapping defined by Gx = PC(I− ν1F1)PC(I− ν2F2)x with 0 < νj < 2ζj for j = 1, 2;
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• PC(I− λt∇f) = stI+(1− st)Tt, where Tt is nonexpansive, st = 2−λtL
4 ∈ (0, 1

2) and λt : (0, 1)→ (0, 2
L)

with limt→0 λt =
2
L ; PC(I−λn∇f) = snI+(1− sn)Tn where Tn is nonexpansive, sn = 2−λnL

4 ∈ (0, 1
2)

and {λn} ⊂ (0, 2
L) with limn→∞ λn = 2

L ;

• ΛNt : C → C is a mapping defined by ΛNt x = JRN,λN,t(I− λN,tBN) · · · JR1,λ1,t(I− λ1,tB1)x, t ∈ (0, 1),
for {λi,t} ⊂ [ai,bi] ⊂ (0, 2ηi), i = 1, ...,N; ΛNn : C → C is a mapping defined by ΛNn x = JRN,λN,n(I−
λN,nBN) · · · JR1,λ1,n(I − λ1,nB1)x with {λi,n} ⊂ [ai,bi] ⊂ (0, 2ηi) and limn→∞ λi,n = λi, for each
i = 1, ...,N;

• Ω :=
⋂N
i=1 I(Bi,Ri)∩Ξ∩ Γ 6= ∅ and PΩ is the metric projection of H onto Ω;

• {αn} ⊂ [0, 1], {sn} ⊂ (0, min{1
2 , ‖A‖−1}) and {st}t∈(0,min{1, 2−γ̄

τ−γl })
⊂ (0, min{1

2 , ‖A‖−1}).

Next, put

Λit = JRi,λi,t(I− λi,tBi)JRi−1,λi−1,t(I− λi−1,tBi−1) · · · JR1,λ1,t(I− λ1,tB1), ∀t ∈ (0, 1),

and
Λin = JRi,λi,n(I− λi,nBi)JRi−1,λi−1,n(I− λi−1,nBi−1) · · · JR1,λ1,n(I− λ1,nB1), ∀n > 0,

for all i ∈ {1, ...,N}, and Λ0
t = Λ0

n = I, where I is the identity mapping on H.
Since ∇f is L-Lipschitzian, it follows that ∇f is 1/L-ism; see [12] (see also, [1]). By Proposition 2.6 (ii)

we know that for λ > 0, λ∇f is 1
λL -ism. So by Proposition 2.6 (iii) we deduce that I− λ∇f is λL2 -averaged.

Now since the projection PC is 1
2 -averaged, it is easy to see from Proposition 2.7 (iv) that the composite

PC(I− λ∇f) is 2+λL
4 -averaged for λ ∈ (0, 2

L). Hence we obtain that for each t ∈ (0, 1), PC(I− λt∇f) is
2+λtL

4 -averaged for each λt ∈ (0, 2
L). Therefore, we can write

PC(I− λt∇f) =
2 − λtL

4
I+

2 + λtL

4
Tt = stI+ (1 − st)Tt,

where Tt is nonexpansive and st := st(λt) = 2−λtL
4 ∈ (0, 1

2) for each λt ∈ (0, 2
L). It is clear that λt → 2

L iff
st → 0. Similarly, for each n > 0, PC(I− λn∇f) is 2+λnL

4 -averaged for each λn ∈ (0, 2
L). Therefore, we can

write
PC(I− λn∇f) =

2 − λnL

4
I+

2 + λnL

4
Tn = snI+ (1 − sn)Tn,

where Tn is nonexpansive and sn := sn(λn) =
2−λnL

4 ∈ (0, 1
2) for each λn ∈ (0, 2

L). It is clear that λn → 2
L

iff sn → 0. Note that Fix(Tt) = Fix(Tn) = Γ. By Proposition 2.4, we know that G is nonexpansive and
Ξ = Fix(G). Since {λi,t} ⊂ [ai,bi] ⊂ (0, 2ηi), utilizing (2.1) and Lemma 2.18 we have that for all x,y ∈ C

‖ΛNt x− ΛNt y‖ = ‖JRN,λN,t(I− λN,tBN)Λ
N−1
t x− JRN,λN,t(I− λN,tBN)Λ

N−1
t y‖

6 ‖(I− λN,tBN)Λ
N−1
t x− (I− λN,tBN)Λ

N−1
t y‖

6 ‖ΛN−1
t x− ΛN−1

t y‖
...

6 ‖Λitx− Λity‖
...

6 ‖Λ0
tx− Λ0

ty‖ = ‖x− y‖,

which implies that Λit : C→ C is a nonexpansive mapping for all t ∈ (0, 1). Similarly, we have that for all
x,y ∈ C,

‖ΛNn x− ΛNn y‖ = ‖JRN,λN,n(I− λN,nBN)Λ
N−1
n x− JRN,λN,n(I− λN,nBN)Λ

N−1
n y‖
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6 ‖Λ0
nx− Λ0

ny‖
= ‖x− y‖,

which implies that Λin : C→ C is a nonexpansive mapping for all n > 0.
In this section, we introduce the first hybrid implicit steepest-descent scheme that generates a net

{xt}t∈(0,min{1, 2−γ̄
τ−γl })

in an implicit manner:

xt = PC[(I− stA)TtΛ
N
t Gxt + st(tγVxt + (I− tµF)TtΛ

N
t Gxt)]. (3.1)

We prove the strong convergence of {xt} as t→ 0 to a point x̃ ∈ Ω which is a unique solution to the VIP

〈(A− I)x̃,p− x̃〉 > 0, ∀p ∈ Ω. (3.2)

For arbitrarily given x0 ∈ C, we also propose the second hybrid explicit steepest-descent scheme,
which generates a sequence {xn} in an explicit way:{

yn = αnγVxn + (I−αnµF)TnΛNnGxn,
xn+1 = PC[(I− snA)TnΛNnGxn + snyn], ∀n > 0,

(3.3)

and establish the strong convergence of {xn} as n→∞ to the same point x̃ ∈ Ω, which is also the unique
solution to VIP (3.2).

Now, for t ∈ (0, min{1, 2−γ̄
τ−γl }), and st ∈ (0, min{1

2 , ‖A‖−1}), consider a mapping Qt : C→ C defined by

Qtx = PC[(I− stA)TtΛ
N
t Gx+ st(tγVx+ (I− tµF)TtΛ

N
t Gx)], ∀x ∈ C.

It is easy to see that Qt is a contractive mapping with constant 1 − st(γ̄ − 1 + t(τ − γl)). Indeed, by
Proposition 2.4 and Lemmas 2.11 and 2.14, we have

‖Qtx−Qty‖ 6 ‖(I− stA)TtΛNt Gx+ st(tγVx+ (I− tµF)TtΛ
N
t Gx)

− (I− stA)TtΛ
N
t Gy− st(tγVx+ (I− tµF)TtΛ

N
t Gy)‖

6 ‖(I− stA)TtΛNt Gx− (I− stA)TtΛ
N
t Gy‖

+ st‖(tγVx+ (I− tµF)TtΛ
N
t Gx) − (tγVy+ (I− tµF)TtΛ

N
t Gy)‖

6 (1 − stγ̄)‖TtΛNt Gx− TtΛNt Gy‖+ st[tγ‖Vx− Vy‖
+ ‖(I− tµF)TtΛNt Gx− (I− tµF)TtΛ

N
t Gy‖]

6 (1 − stγ̄)‖x− y‖+ st[tγl‖x− y‖+ (1 − tτ)‖x− y‖]
= [1 − st(γ̄− 1 + t(τ− γl))]‖x− y‖.

Since γ̄ ∈ (1, 2), τ− γl > 0 and 0 < t < min{1, 2−γ̄
τ−γl } 6

2−γ̄
τ−γl , it follows that 0 < γ̄− 1 + t(τ− γl) < 1,

which together with 0 < st < min{ 1
2 , ‖A‖−1} < 1 yields 0 < 1− st(γ̄− 1+ t(τ−γl)) < 1. HenceQt : C→ C

is a contractive mapping. By the Banach contraction principle, Qt has a unique fixed point, denoted by
xt, which uniquely solves the fixed point equation (3.1).

We summarize the basic properties of {xt}.

Proposition 3.1. Let {xt} be defined via (3.1). Then

(i) {xt} is bounded for t ∈ (0, min{1, 2−γ̄
τ−γl });

(ii) limt→0 ‖xt − Ttxt‖ = 0, limt→0 ‖xt − ΛNt xt‖ = 0 and limt→0 ‖xt −Gxt‖ = 0 provided limt→0 st = 0;

(iii) xt : (0, min{1, 2−γ̄
τ−γl }) → H is locally Lipschitzian provided st : (0, min{1, 2−γ̄

τ−γl }) → (0, min{ 1
2 , ‖A‖−1}) is

locally Lipschitzian and λi,t : (0, min{1, 2−γ̄
τ−γl })→ [ai,bi] is locally Lipschitzian for each i = 1, ...,N;
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(iv) xt defines a continuous path from (0, min{1, 2−γ̄
τ−γl }) into H provided

st : (0, min{1,
2 − γ̄

τ− γl
})→ (0, min{

1
2

, ‖A‖−1})

is continuous and λi,t : (0, min{1, 2−γ̄
τ−γl })→ [ai,bi] is continuous for each i = 1, ...,N.

Proof. (i) Let p ∈ Ω. Noting that Fix(G) = Ξ, Fix(Tt) = Γ, and Λitp = p for each i = 1, ...,N, by the
nonexpansivity of G, Tt and Λit and Lemmas 2.11 and 2.14 we get

‖xt − p‖ 6 ‖(I− stA)TtΛNt Gxt + st(tγVxt + (I− tµF)TtΛ
N
t Gxt) − p‖

= ‖(I− stA)TtΛNt Gxt − (I− stA)TtΛ
N
t Gp+ st(tγVxt + (I− tµF)TtΛ

N
t Gxt − p) + st(I−A)p‖

6 ‖(I− stA)TtΛNt Gxt − (I− stA)TtΛ
N
t Gp‖+ st‖tγVxt + (I− tµF)TtΛ

N
t Gxt − p‖+ st‖(I−A)p‖

= ‖(I− stA)TtΛNt Gxt − (I− stA)TtΛ
N
t Gp‖

+ st‖(I− tµF)TtΛNt Gxt − (I− tµF)TtΛ
N
t Gp+ t(γVxt − µFp)‖+ st‖(I−A)p‖

6 (1 − stγ̄)‖TtΛNt Gxt − TtΛNt Gp‖+ st[‖(I− tµF)TtΛNt Gxt − (I− tµF)TtΛ
N
t Gp‖

+ t(γ‖Vxt − Vp‖+ ‖γVp− µFp‖)] + st‖(I−A)p‖
6 (1 − stγ̄)‖xt − p‖+ st[(1 − tτ)‖xt − p‖+ t(γl‖xt − p‖+ ‖(γV − µF)p‖)] + st‖I−A‖‖p‖
= [1 − st(γ̄− 1 + t(τ− γl))]‖xt − p‖+ st[‖I−A‖‖p‖+ t‖(γV − µF)p‖].

So, it follows that

‖xt − p‖ 6
‖I−A‖‖p‖+ t‖(γV − µF)p‖

γ̄− 1 + t(τ− γl)
6
‖I−A‖‖p‖+ t‖(γV − µF)p‖

γ̄− 1
6
‖I−A‖‖p‖+ ‖(γV − µF)p‖

γ̄− 1
.

Hence {xt} is bounded and so are {Vxt}, {ΛNt Gxt}, {TtΛ
N
t Gxt}, and {FTtΛ

N
t Gxt}.

(ii) By the definition of {xt}, we have

‖xt − TtΛNt Gxt‖ = ‖PC[(I− stA)TtΛNt Gxt + st(tγVxt + (I− tµF)TtΛ
N
t Gxt)] − PCTtΛ

N
t Gxt‖

6 ‖(I− stA)TtΛNt Gxt + st(tγVxt + (I− tµF)TtΛ
N
t Gxt) − TtΛ

N
t Gxt‖

= ‖st[(I−A)TtΛNt Gxt + t(γVxt − µFTtΛNt Gxt)]‖
= st‖(I−A)TtΛNt Gxt + t(γVxt − µFTtΛNt Gxt)‖
6 st‖I−A‖‖TtΛNt Gxt‖+ t‖γVxt − µFTtΛNt Gxt‖ → 0 as t→ 0,

by the boundedness of {Vxt}, {TtΛNt Gxt} and {FTtΛ
N
t Gxt} in the assertion (i). That is,

lim
t→0
‖xt − TtΛNt Gxt‖ = 0. (3.4)

Since p = Gp = PC(I− ν1F1)PC(I− ν2F2)p and Fj is ζj-inverse-strongly monotone with 0 < νj < 2ζj for
j = 1, 2, we deduce that

‖Gxt − p‖2 = ‖PC(I− ν1F1)PC(I− ν2F2)xt − PC(I− ν1F1)PC(I− ν2F2)p‖2

6 ‖(I− ν1F1)PC(I− ν2F2)xt − (I− ν1F1)PC(I− ν2F2)p‖2

6 ‖PC(I− ν2F2)xt − PC(I− ν2F2)p‖2

+ ν1(ν1 − 2ζ1)‖F1PC(I− ν2F2)xt − F1PC(I− ν2F2)p‖2

6 ‖PC(I− ν2F2)xt − PC(I− ν2F2)p‖2

6 ‖(I− ν2F2)xt − (I− ν2F2)p‖2

= ‖(xt − p) − ν2(F2xt − F2p)‖2

6 ‖xt − p‖2 + ν2(ν2 − 2ζ2)‖F2xt − F2p‖2

6 ‖xt − p‖2.

(3.5)
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Also, since Bi : C→ H is ηi-inverse-strongly monotone for each i = 1, ...,N, by Lemma 2.18 we have

‖ΛitGxt − p‖2 = ‖JRi,λi,t(I− λi,tBi)Λ
i−1
t Gxt − JRi,λi,t(I− λi,tBi)p‖

2

6 ‖(I− λi,tBi)Λi−1
t Gxt − (I− λi,tBi)p‖2

6 ‖Λi−1
t Gxt − p‖2 + λi,t(λi,t − 2ηi)‖BiΛi−1

t Gxt −Bip‖2

6 ‖Gxt − p‖2 + λi,t(λi,t − 2ηi)‖BiΛi−1
t Gxt −Bip‖2

6 ‖Gxt − p‖2,

(3.6)

for each i ∈ {1, 2, ...,N}. Simple calculations show that

xt − p = xt −wt +wt − p

= xt −wt + (I− stA)TtΛ
N
t Gxt + st(tγVxt + (I− tµF)TtΛ

N
t Gxt) − p

= xt −wt + (I− stA)(TtΛ
N
t Gxt − TtΛ

N
t Gp) + st[t(γVxt − µFp)

+ (I− tµF)TtΛ
N
t Gxt − (I− tµF)p] + st(I−A)p,

(3.7)

where wt = (I− stA)TtΛ
N
t Gxt + st(tγVxt + (I− tµF)TtΛ

N
t Gxt). For simplicity, we write x̃t = PC(I−

ν2F2)xt, yt = PC(I−ν1F1)x̃t, and p̃ = PC(I−ν2F2)p. Then yt = Gxt and p = PC(I−ν1F1)p̃ = Gp. Hence,
by Lemmas 2.11 and 2.14 , from (3.5)-(3.7) we obtain that

‖xt − p‖2 = 〈xt −wt, xt − p〉+ 〈(I− stA)(TtΛNt Gxt − TtΛNt Gp), xt − p〉+ st[t〈γVxt − µFp, xt − p〉
+ 〈(I− tµF)TtΛNt Gxt − (I− tµF)p, xt − p〉] + st〈(I−A)p, xt − p〉

6 〈(I− stA)(TtΛNt Gxt − TtΛNt Gp), xt − p〉+ st[t〈γVxt − µFp, xt − p〉
+ 〈(I− tµF)TtΛNt Gxt − (I− tµF)p, xt − p〉] + st〈(I−A)p, xt − p〉

= 〈(I− stA)(TtΛNt Gxt − TtΛNt Gp), xt − p〉+ st[〈(I− tµF)TtΛNt Gxt − (I− tµF)p, xt − p〉
+ t(γ〈Vxt − Vp, xt − p〉+ 〈γVp− µFp, xt − p〉)] + st〈(I−A)p, xt − p〉

6 ‖(I− stA)(TtΛNt Gxt − TtΛNt Gp)‖‖xt − p‖+ st[‖(I− tµF)TtΛNt Gxt − (I− tµF)p‖‖xt − p‖
+ t(γ‖Vxt − Vp‖‖xt − p‖+ ‖γVp− µFp‖‖xt − p‖)] + st‖(I−A)p‖‖xt − p‖

6 (1 − stγ̄)‖TtΛNt Gxt − TtΛNt Gp‖‖xt − p‖+ st[(1 − tτ)‖TtΛNt Gxt − p‖‖xt − p‖
+ t(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖)] + st‖(I−A)p‖‖xt − p‖

6 (1 − stγ̄)‖ΛNt Gxt − p‖‖xt − p‖+ st[(1 − tτ)‖ΛNt Gxt − p‖‖xt − p‖
+ t(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖)] + st‖(I−A)p‖‖xt − p‖

= (1 − st(γ̄− 1 + tτ))‖ΛNt Gxt − p‖‖xt − p‖
+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
(‖ΛNt Gxt − p‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
(‖ΛitGxt − p‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
[‖Gxt − p‖2 + λi,t(λi,t − 2ηi)‖BiΛi−1

t Gxt −Bip‖2

+ ‖xt − p‖2] + stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖.
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Hence,

‖xt − p‖2 6 (1 − st(γ̄− 1 + tτ))
1
2
[‖PC(I− ν2F2)xt − PC(I− ν2F2)p‖2

+ ν1(ν1 − 2ζ1)‖F1x̃t − F1p̃‖2 + λi,t(λi,t − 2ηi)‖BiΛi−1
t Gxt −Bip‖2

+ ‖xt − p‖2] + stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
[‖xt − p‖2 + ν2(ν2 − 2ζ2)‖F2xt − F2p‖2

+ ν1(ν1 − 2ζ1)‖F1x̃t − F1p̃‖2 + λi,t(λi,t − 2ηi)‖BiΛi−1
t Gxt −Bip‖2

+ ‖xt − p‖2] + stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

= [1 − st(γ̄− 1 + t(τ− γl)]‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
[ν2(2ζ2 − ν2)‖F2xt − F2p‖2

+ ν1(2ζ1 − ν1)‖F1x̃t − F1p̃‖2 + λi,t(2ηi − λi,t)‖BiΛi−1
t Gxt −Bip‖2]

+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖)

6 ‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
[ν2(2ζ2 − ν2)‖F2xt − F2p‖2

+ ν1(2ζ1 − ν1)‖F1x̃t − F1p̃‖2 + λi,t(2ηi − λi,t)‖BiΛi−1
t Gxt −Bip‖2]

+ st(t‖(γV − µF)p‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖),

(3.8)

which together with νj ∈ (0, 2ζj), j = 1, 2 and {λi,t} ⊂ [ai,bi] ⊂ (0, 2ηi), i = 1, ...,N, implies that

1 − st(γ̄− 1 + tτ)

2
[ν2(2ζ2 − ν2)‖F2xt − F2p‖2

+ ν1(2ζ1 − ν1)‖F1x̃t − F1p̃‖2 + ai(2ηi − bi)‖BiΛi−1
t Gxt −Bip‖2]

6
1 − st(γ̄− 1 + tτ)

2
[ν2(2ζ2 − ν2)‖F2xt − F2p‖2

+ ν1(2ζ1 − ν1)‖F1x̃t − F1p̃‖2 + λi,t(2ηi − λi,t)‖BiΛi−1
t Gxt −Bip‖2]

6 st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖).

Since limt→0 st = 0 and {xt} is bounded, we have

lim
t→0
‖F2xt − F2p‖ = lim

t→0
‖F1x̃t − F1p̃‖ = lim

t→0
‖BiΛi−1

t Gxt −Bip‖ = 0, ∀i ∈ {1, ...,N}. (3.9)

Utilizing Lemmas 2.8 (a) and 2.18, we obtain that for each i ∈ {1, ...,N}

‖ΛitGxt − p‖2 = ‖JRi,λi,t(I− λi,tBi)Λ
i−1
t Gxt − JRi,λi,t(I− λi,tBi)p‖

2

6 〈(I− λi,tBi)Λi−1
t Gxt − (I− λi,tBi)p, ΛitGxt − p〉

=
1
2
(‖(I− λi,tBi)Λi−1

t Gxt − (I− λi,tBi)p‖2 + ‖ΛitGxt − p‖2

− ‖(I− λi,tBi)Λi−1
t Gxt − (I− λi,tBi)p− (ΛitGxt − p)‖2)

6
1
2
(‖Λi−1

t Gxt − p‖2 + ‖ΛitGxt − p‖2 − ‖Λi−1
t Gxt − ΛitGxt − λi,t(BiΛ

i−1
t Gxt −Bip)‖2)

6
1
2
(‖xt − p‖2 + ‖ΛitGxt − p‖2 − ‖Λi−1

t Gxt − ΛitGxt − λi,t(BiΛ
i−1
t Gxt −Bip)‖2),

which immediately leads to

‖ΛitGxt − p‖2 6 ‖xt − p‖2 − ‖Λi−1
t Gxt − ΛitGxt − λi,t(BiΛ

i−1
t Gxt −Bip)‖2

= ‖xt − p‖2 − ‖Λi−1
t Gxt − ΛitGxt‖2 − λ2

i,t‖BiΛi−1
t Gxt −Bip‖2

+ 2λi,t〈Λi−1
t Gxt − ΛitGxt,BiΛ

i−1
t Gxt −Bip〉

6 ‖xt − p‖2 − ‖Λi−1
t Gxt − ΛitGxt‖2 + 2λi,t‖Λi−1

t Gxt − ΛitGxt‖‖BiΛi−1
t Gxt −Bip‖.

(3.10)



Z.-R. Kong, L.-C. Ceng, Y.-C. Liou, C.-F. Wen, J. Nonlinear Sci. Appl., 10 (2017), 874–901 886

Combining (3.8) and (3.10) we conclude that

‖xt − p‖2 6 (1 − st(γ̄− 1 + tτ))
1
2
(‖ΛitGxt − p‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
{‖xt − p‖2 − ‖Λi−1

t Gxt − ΛitGxt‖2

+ 2λi,t‖Λi−1
t Gxt − ΛitGxt‖‖BiΛi−1

t Gxt −Bip‖+ ‖xt − p‖2}

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

= [1 − st(γ̄− 1 + t(τ− γl)]‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
‖Λi−1
t Gxt − ΛitGxt‖2

+ (1 − st(γ̄− 1 + tτ))λi,t‖Λi−1
t Gxt − ΛitGxt‖‖BiΛi−1

t Gxt −Bip‖
+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖)

6 ‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
‖Λi−1
t Gxt − ΛitGxt‖2

+ λi,t‖Λi−1
t Gxt − ΛitGxt‖‖BiΛi−1

t Gxt −Bip‖
+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖),

which hence yields

1 − st(γ̄− 1 + tτ)

2
‖Λi−1
t Gxt − ΛitGxt‖2 6 λi,t‖Λi−1

t Gxt − ΛitGxt‖‖BiΛi−1
t Gxt −Bip‖

+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖).

Since {λi,t} ⊂ [ai,bi] ⊂ (0, 2ηi), limt→0 st = 0 and limt→0 ‖BiΛi−1
t Gxt − Bip‖ = 0 (due to (3.9)), we

deduce from the boundedness of {xt} and {ΛitGxt} that

lim
t→0
‖Λi−1
t Gxt − ΛitGxt‖ = 0, ∀i ∈ {1, ...,N}. (3.11)

Furthermore, in terms of the firm nonexpansivity of PC and the ζj-inverse strong monotonicity of Fj for
j = 1, 2, we obtain from νj ∈ (0, 2ζj), j = 1, 2 and (3.5) that

‖x̃t − p̃‖2 = ‖PC(I− ν2F2)xt − PC(I− ν2F2)p‖2

6 〈(I− ν2F2)xt − (I− ν2F2)p, x̃t − p̃〉

=
1
2
[‖(I− ν2F2)xt − (I− ν2F2)p‖2 + ‖x̃t − p̃‖2 − ‖(I− ν2F2)xt − (I− ν2F2)p− (x̃t − p̃)‖2]

6
1
2
[‖xt − p‖2 + ‖x̃t − p̃‖2 − ‖(xt − x̃t) − ν2(F2xt − F2p) − (p− p̃)‖2]

=
1
2
[‖xt − p‖2 + ‖x̃t − p̃‖2 − ‖(xt − x̃t) − (p− p̃)‖2

+ 2ν2〈(xt − x̃t) − (p− p̃), F2xt − F2p〉− ν2
2‖F2xt − F2p‖2],

and

‖yt − p‖2 = ‖PC(I− ν1F1)x̃t − PC(I− ν1F1)p̃‖2

6 〈(I− ν1F1)x̃t − (I− ν1F1)p̃,yt − p〉

=
1
2
[‖(I− ν1F1)x̃t − (I− ν1F1)p̃‖2 + ‖yt − p‖2 − ‖(I− ν1F1)x̃t − (I− ν1F1)p̃− (yt − p)‖2]

6
1
2
[‖x̃t − p̃‖2 + ‖yt − p‖2 − ‖(x̃t − yt) + (p− p̃)‖2

+ 2ν1〈F1x̃t − F1p̃, (x̃t − yt) + (p− p̃)〉− ν2
1‖F1x̃t − F1p̃‖2]

6
1
2
[‖xt − p‖2 + ‖yt − p‖2 − ‖(x̃t − yt) + (p− p̃)‖2 + 2ν1〈F1x̃t − F1p̃, (x̃t − yt) + (p− p̃)〉].



Z.-R. Kong, L.-C. Ceng, Y.-C. Liou, C.-F. Wen, J. Nonlinear Sci. Appl., 10 (2017), 874–901 887

Thus, we have

‖x̃t − p̃‖2 6 ‖xt − p‖2 − ‖(xt − x̃t) − (p− p̃)‖2 + 2ν2〈(xt − x̃t) − (p− p̃), F2xt − F2p〉
− ν2

2‖F2xt − F2p‖2,
(3.12)

and

‖yt − p‖2 6 ‖xt − p‖2 − ‖(x̃t − yt) + (p− p̃)‖2 + 2ν1‖F1x̃t − F1p̃‖‖(x̃t − yt) + (p− p̃)‖. (3.13)

Consequently, from (3.5), (3.6), (3.5), and (3.12) it follows that

‖xt − p‖2 6 (1 − st(γ̄− 1 + tτ))
1
2
(‖ΛitGxt − p‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
(‖Gxt − p‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
(‖x̃t − p̃‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
[‖xt − p‖2 − ‖(xt − x̃t) − (p− p̃)‖2

+ 2ν2‖(xt − x̃t) − (p− p̃)‖‖F2xt − F2p‖+ ‖xt − p‖2]

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

= [1 − st(γ̄− 1 + t(τ− γl))]‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
‖(xt − x̃t) − (p− p̃)‖2

+ (1 − st(γ̄− 1 + tτ))ν2‖(xt − x̃t) − (p− p̃)‖‖F2xt − F2p‖
+ st(t‖γVp− µFp‖‖xt − p‖) + ‖(I−A)p‖‖xt − p‖)

6 ‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
‖(xt − x̃t) − (p− p̃)‖2 + ν2‖(xt − x̃t) − (p− p̃)‖‖F2xt − F2p‖

+ st(t‖γVp− µFp‖‖xt − p‖) + ‖(I−A)p‖‖xt − p‖),

which yields

1 − st(γ̄− 1 + tτ)

2
‖(xt − x̃t) − (p− p̃)‖2

6 ν2‖(xt − x̃t) − (p− p̃)‖‖F2xt − F2p‖+ st(t‖γVp− µFp‖‖xt − p‖) + ‖(I−A)p‖‖xt − p‖).

Since limt→0 st = 0 and limt→0 ‖F2xt − F2p‖ = 0 (due to (3.9)), we deduce from the boundedness of {xt}
and {x̃t} that

lim
t→0
‖(xt − x̃t) − (p− p̃)‖ = 0. (3.14)

In the meantime, from (3.5), (3.6), (3.8), and (3.13) it follows that

‖xt − p‖2 6 (1 − st(γ̄− 1 + tτ))
1
2
(‖Gxt − p‖2 + ‖xt − p‖2)

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

= (1 − st(γ̄− 1 + tτ))
1
2
(‖yt − p‖2 + ‖xt − p‖2)
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+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

6 (1 − st(γ̄− 1 + tτ))
1
2
[‖xt − p‖2 − ‖(x̃t − yt) + (p− p̃)‖2

+ 2ν1‖F1x̃t − F1p̃‖‖(x̃t − yt) + (p− p̃)‖+ ‖xt − p‖2]

+ stt(γl‖xt − p‖2 + ‖γVp− µFp‖‖xt − p‖) + st‖(I−A)p‖‖xt − p‖

= [1 − st(γ̄− 1 + t(τ− γl))]‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
‖(x̃t − yt) + (p− p̃)‖2

+ (1 − st(γ̄− 1 + tτ))ν1‖F1x̃t − F1p̃‖‖(x̃t − yt) + (p− p̃)‖
+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖)

6 ‖xt − p‖2 −
1 − st(γ̄− 1 + tτ)

2
‖(x̃t − yt) + (p− p̃)‖2 + ν1‖F1x̃t − F1p̃‖‖(x̃t − yt) + (p− p̃)‖

+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖),

which leads to

1 − st(γ̄− 1 + tτ)

2
‖(x̃t − yt) + (p− p̃)‖2

6 ν1‖F1x̃t − F1p̃‖‖(x̃t − yt) + (p− p̃)‖+ st(t‖γVp− µFp‖‖xt − p‖+ ‖(I−A)p‖‖xt − p‖).

Since limt→0 st = 0 and limt→0 ‖F1x̃t − F1p̃‖ = 0 (due to (3.9)), we deduce from the boundedness of
{xt}, {x̃t}, and {yt} that

lim
t→0
‖(x̃t − yt) + (p− p̃)‖ = 0. (3.15)

Note that
‖xt − yt‖ 6 ‖(xt − x̃t) − (p− p̃)‖+ ‖(x̃t − yt) + (p− p̃)‖.

Hence from (3.14) and (3.15) we get

lim
n→∞ ‖xt − yt‖ = lim

n→∞ ‖xt −Gxt‖ = 0. (3.16)

Also, observe that

‖Gxt − ΛNt Gxt‖ = ‖Λ0
tGxt − ΛNt Gxt‖

6 ‖Λ0
tGxt − Λ1

tGxt‖+ ‖Λ1
tGxt − Λ2

tGxt‖+ · · ·+ ‖ΛN−1
t Gxt − ΛNt Gxt‖.

Thus, from (3.11) we get

lim
t→0
‖Gxt − ΛNt Gxt‖ = 0. (3.17)

In addition, it is easy to see that

‖xt − ΛNt xt‖ 6 ‖xt −Gxt‖+ ‖Gxt − ΛNt Gxt‖+ ‖ΛNt Gxt − ΛNt xt‖ 6 2‖xt −Gxt‖+ ‖Gxt − ΛNt Gxt‖.

So, from (3.16) and (3.17) it follows that

lim
t→0
‖xt − ΛNt xt‖ = 0.

Further, it is not hard to find that

‖xt − Ttxt‖ 6 ‖xt − TtΛNt Gxt‖+ ‖TtΛNt Gxt − TtGxt‖+ ‖TtGxt − Ttxt‖
6 ‖xt − TtΛNt Gxt‖+ ‖ΛNt Gxt −Gxt‖+ ‖Gxt − xt‖.

Consequently, from (3.4), (3.16), and (3.17) it follows that

lim
t→0
‖xt − Ttxt‖ = 0.
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(iii) Let t, t0 ∈ (0, min{1, 2−γ̄
τ−γl }). For simplicity, we write vt = ΛNt Gxt. Then we know that xt = PC[(I−

stA)Ttvt+ st(tγVxt+ (I− tµF)Ttvt)]. Since ∇f is 1
L -ism, PC(I− λt∇f) is nonexpansive for λt ∈ (0, 2

L). So,
it follows that for any given p ∈ Ω,

‖PC(I− λt∇f)vt0‖ 6 ‖PC(I− λt∇f)vt0 − p‖+ ‖p‖
= ‖PC(I− λt∇f)vt0 − PC(I− λt∇f)p‖+ ‖p‖ 6 ‖vt0 − p‖+ ‖p‖ 6 ‖vt0‖+ 2‖p‖.

This implies that {PC(I− λt∇f)vt0} is bounded. Also, observe that

‖Ttvt0 − Tt0vt0‖

= ‖4PC(I− λt∇f) − (2 − λtL)I

2 + λtL
vt0 −

4PC(I− λt0∇f) − (2 − λt0L)I

2 + λt0L
vt0‖

6 ‖4PC(I− λt∇f)
2 + λtL

vt0 −
4PC(I− λt0∇f)

2 + λt0L
vt0‖+ ‖

2 − λt0L

2 + λt0L
vt0 −

2 − λtL

2 + λtL
vt0‖

= ‖4(2 + λt0L)PC(I− λt∇f)vt0 − 4(2 + λtL)PC(I− λt0∇f)vt0

(2 + λtL)(2 + λt0L)
‖+ 4L|λt − λt0 |

(2 + λtL)(2 + λt0L)
‖vt0‖

= ‖4L(λt0 − λt)PC(I− λt∇f)vt0 + 4(2 + λtL)(PC(I− λt∇f)vt0 − PC(I− λt0∇f)vt0)

(2 + λtL)(2 + λt0L)
‖

+
4L|λt − λt0 |

(2 + λtL)(2 + λt0L)
‖vt0‖

6
4L|λt0 − λt|‖PC(I− λt∇f)vt0‖

(2 + λtL)(2 + λt0L)
+

4(2 + λtL)‖PC(I− λt∇f)vt0 − PC(I− λt0∇f)vt0‖
(2 + λtL)(2 + λt0L)

+
4L|λt − λt0 |

(2 + λtL)(2 + λt0L)
‖vt0‖

6 |λt − λt0 |[L‖PC(I− λt∇f)vt0‖+ 4‖∇f(vt0)‖+ L‖vt0‖]

6 M̃|λt − λt0 |,

(3.18)

where sup
t∈(0,min{1, 2−γ̄

τ−γl })
{L‖PC(I− λt∇f)vt0‖+ 4‖∇f(vt0)‖+ L‖vt0‖} 6 M̃ for some M̃ > 0. So, by (3.18),

we have that

‖Ttvt − Tt0vt0‖ 6 ‖Ttvt − Ttvt0‖+ ‖Ttvt0 − Tt0vt0‖

6 ‖vt − vt0‖+ M̃|λt − λt0 | 6 ‖vt − vt0‖+
4M̃
L

|st − st0 |.
(3.19)

Utilizing (2.1) and (2.2), we obtain that

‖vt − vt0‖ = ‖Λ
N
t Gxt − ΛNt0

Gxt0‖
= ‖JRN,λN,t(I− λN,tBN)Λ

N−1
t Gxt − JRN,λN,t0

(I− λN,t0BN)Λ
N−1
t0

Gxt0‖

6 ‖JRN,λN,t(I− λN,tBN)Λ
N−1
t Gxt − JRN,λN,t(I− λN,t0BN)Λ

N−1
t Gxt‖

+ ‖JRN,λN,t(I− λN,t0BN)Λ
N−1
t Gxt − JRN,λN,t0

(I− λN,t0BN)Λ
N−1
t0

Gxt0‖

6 ‖(I− λN,tBN)Λ
N−1
t Gxt − (I− λN,t0BN)Λ

N−1
t Gxt‖

+ ‖(I− λN,t0BN)Λ
N−1
t Gxt − (I− λN,t0BN)Λ

N−1
t0

Gxt0‖+ |λN,t − λN,t0 |×

× (
1
λN,t
‖JRN,λN,t(I− λN,t0BN)Λ

N−1
t Gxt − (I− λN,t0BN)Λ

N−1
t0

Gxt0‖

+
1

λN,t0

‖(I− λN,t0BN)Λ
N−1
t Gxt − JRN,λN,t0

(I− λN,t0BN)Λ
N−1
t0

Gxt0‖)

6 |λN,t − λN,t0 |(‖BNΛN−1
t Gxt‖+ M̂) + ‖ΛN−1

t Gxt − ΛN−1
t0

Gxt0‖



Z.-R. Kong, L.-C. Ceng, Y.-C. Liou, C.-F. Wen, J. Nonlinear Sci. Appl., 10 (2017), 874–901 890

6 |λN,t − λN,t0 |(‖BNΛN−1
t Gxt‖+ M̂)

+ |λN−1,t − λN−1,t0 |(‖BN−1ΛN−2
t Gxt‖+ M̂) + ‖ΛN−2

t Gxt − ΛN−2
t0

Gxt0‖
6 (3.20)
...

6 |λN,t − λN,t0 |(‖BNΛN−1
t Gxt‖+ M̂) + |λN−1,t − λN−1,t0 |(‖BN−1ΛN−2

t Gxt‖+ M̂)

+ · · ·+ |λ1,t − λ1,t0 |(‖B1Λ0
tGxt‖+ M̂) + ‖Λ0

tGxt − Λ0
t0
Gxt0‖

6 M̃0

N∑
i=1

|λi,t − λi,t0 |+ ‖xt − xt0‖,

where

sup
t∈(0,min{1, 2−γ̄

τ−γl }),16i6N

{
1
λi,t
‖JRi,λi,t(I− λi,t0Bi)Λ

i−1
t Gxt − (I− λi,t0Bi)Λ

i−1
t0
Gxt0‖

+
1
λi,t0

‖(I− λi,t0Bi)Λ
i−1
t Gxt − JRi,λi,t0 (I− λi,t0Bi)Λ

i−1
t0
Gxt0‖} 6 M̂,

for some M̂ > 0 and sup
t∈(0,min{1, 2−γ̄

τ−γl })
{
∑N
i=1 ‖BiΛ

i−1
t Gxt‖+ M̂} 6 M̃0 for some M̃0 > 0. By combining

(3.19) and (3.20) we get

‖Ttvt − Tt0vt0‖ 6 ‖vt − vt0‖+
4M̃
L

|st − st0 | 6 ‖xt − xt0‖+ M̃0

N∑
i=1

|λi,t − λi,t0 |+
4M̃
L

|st − st0 |. (3.21)

In terms of (3.21), we calculate

‖xt − xt0‖ 6 ‖(I− stA)Ttvt + st(tγVxt + (I− tµF)Ttvt)

− (I− st0A)Tt0vt0 − st0(t0γVxt0 + (I− t0µF)Tt0vt0)‖
6 ‖(I− stA)Ttvt − (I− st0A)Ttvt‖+ ‖(I− st0A)Ttvt − (I− st0A)Tt0vt0‖
+ |st − st0 |‖tγVxt + (I− tµF)Ttvt‖+ st0‖[tγVxt + (I− tµF)Ttvt]

− [t0γVxt0 + (I− t0µF)Tt0vt0 ]‖
6 |st − st0 |‖A‖‖Ttvt‖+ (1 − st0 γ̄)‖Ttvt − Tt0vt0‖
+ |st − st0 |‖tγVxt + (I− tµF)Ttvt‖+ st0‖(t− t0)γVxt + t0γ(Vxt − Vxt0)

− (t− t0)µFTtvt + (I− t0µF)Ttvt − (I− t0µF)Tt0vt0‖

6 |st − st0 |‖A‖‖Ttvt‖+ (1 − st0 γ̄)[‖xt − xt0‖+ M̃0

N∑
i=1

|λi,t − λi,t0 |

+
4M̃
L

|st − st0 |] + |st − st0 |[‖Ttvt‖+ t(γ‖Vxt‖+ µ‖FTtvt‖)]

+ st0 [(γ‖Vxt‖+ µ‖FTtvt‖)|t− t0|+ t0γl‖xt − xt0‖+ (1 − t0τ)‖Ttvt − Tt0vt0‖]

6 |st − st0 |‖A‖‖Ttvt‖+ (1 − st0 γ̄)[‖xt − xt0‖+ M̃0

N∑
i=1

|λi,t − λi,t0 |

+
4M̃
L

|st − st0 |] + |st − st0 |(‖Ttvt‖+ γ‖Vxt‖+ µ‖FTtvt‖)

+ st0(γ‖Vxt‖+ µ‖FTtvt‖)|t− t0|+ st0t0γl‖xt − xt0‖+ st0(1 − t0τ)[‖xt − xt0‖
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+ M̃0

N∑
i=1

|λi,t − λi,t0 |+
4M̃
L

|st − st0 |].

This immediately implies that

‖xt − xt0‖ 6
‖A‖‖Ttvt‖+ ‖Ttvt‖+ γ‖Vxt‖+ µ‖FTtvt‖

st0(γ̄− 1 + t0(τ− γl))
|st − st0 |+

γ‖Vxt‖+ µ‖FTtvt‖
γ̄− 1 + t0(τ− γl)

|t− t0|

+
1 − st0(γ̄− 1 + t0τ)

st0(γ̄− 1 + t0(τ− γl))
[M̃0

N∑
i=1

|λi,t − λi,t0 |+
4M̃
L

|st − st0 |]

6
‖A‖‖Ttvt‖+ ‖Ttvt‖+ γ‖Vxt‖+ µ‖FTtvt‖+ 4M̃

L

st0(γ̄− 1 + t0(τ− γl))
|st − st0 |+

γ‖Vxt‖+ µ‖FTtvt‖
γ̄− 1 + t0(τ− γl)

|t− t0|

+
M̃0

st0(γ̄− 1 + t0(τ− γl))

N∑
i=1

|λi,t − λi,t0 |.

Since st : (0, min{1, 2−γ̄
τ−γl }) → (0, min{ 1

2 , ‖A‖−1}) is locally Lipschitzian and λi,t : (0, min{1, 2−γ̄
τ−γl }) →

[ai,bi] is locally Lipschitzian for each i = 1, ...,N, we conclude that xt : (0, min{1, 2−γ̄
τ−γl }) → C is locally

Lipschitzian.

(iv) From the last inequality in (iii), the result follows immediately.

We prove the following theorem for strong convergence of the net {xt} as t→ 0, which guarantees the
existence of solutions of the variational inequality (3.2).

Theorem 3.2. Let the net {xt} be defined via (3.1). If limt→0 st = 0, then xt converges strongly to a point x̃ ∈ Ω
as t→ 0, which solves the VIP (3.2). Equivalently, we have PΩ(2I−A)x̃ = x̃.

Proof. We first show the uniqueness of solutions of the VIP (3.2), which is indeed a consequence of the
strong monotonicity of A − I. In fact, since A is a γ̄-strongly positive bounded linear operator with
γ̄ ∈ (1, 2), we know that A− I is (γ̄− 1)-strongly monotone with constant γ̄− 1 ∈ (0, 1). Suppose that
x̃ ∈ Ω and x̂ ∈ Ω both are solutions to the VIP (3.2). Then we have

〈(A− I)x̃, x̃− x̂〉 6 0, (3.22)

and

〈(A− I)x̂, x̂− x̃〉 6 0. (3.23)

Adding up (3.22) and (3.23) yields

〈(A− I)x̃− (A− I)x̂, x̃− x̂〉 6 0.

The strong monotonicity of A− I implies that x̃ = x̂ and the uniqueness is proved.
Next, we prove that xt → x̃ as t → 0. Observing Fix(Tt) = Γ, Fix(G) = Ξ, and ΛNt p = p, from (3.1),

we write, for given p ∈ Ω,

xt − p = xt −wt +wt − p

= xt −wt + (I− stA)TtΛ
N
t Gxt + st(tγVxt + (I− tµF)TtΛ

N
t Gxt) − p

= xt −wt + (I− stA)(TtΛ
N
t Gxt − TtΛ

N
t Gp) + st[tγVxt + (I− tµF)TtΛ

N
t Gxt − p] + st(I−A)p

= xt −wt + (I− stA)(TtΛ
N
t Gxt − TtΛ

N
t Gp)

+ st[t(γVxt − µFp) + (I− tµF)TtΛ
N
t Gxt − (I− tµF)p] + st(I−A)p,
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where wt = (I− stA)TtΛ
N
t Gxt + st(tγVxt + (I− tµF)TtΛ

N
t Gxt). Then, by Proposition 2.1 (i), we have

‖xt − p‖2 = 〈xt −wt, xt − p〉+ 〈(I− stA)(TtΛNt Gxt − TtΛNt Gp, xt − p〉+ st[t〈γVxt − µFp, xt − p〉
+ 〈(I− tµF)TtΛNt Gxt − (I− tµF)p, xt − p〉] + st〈(I−A)p, xt − p〉

6 (1 − stγ̄)‖xt − p‖2 + st[(1 − tτ)‖xt − p‖2 + tγl‖xt − p‖2

+ t〈(γV − µF)p, xt − p〉] + st〈(I−A)p, xt − p〉
= [1 − st(γ̄− 1 + t(τ− γl))]‖xt − p‖2 + st(t〈(γV − µF)p, xt − p〉+ 〈(I−A)p, xt − p〉).

Therefore,

‖xt − p‖2 6
1

γ̄− 1 + t(τ− γl)
(t〈(γV − µF)p, xt − p〉+ 〈(I−A)p, xt − p〉). (3.24)

Since the net {xt}t∈(0,min{1, 2−γ̄
τ−γl })

is bounded (due to Proposition 3.1 (i)), we know that if {tn} is a subse-

quence in (0, min{1, 2−γ̄
τ−γl }) such that tn → 0 and xtn ⇀ x∗, then from (3.24), we obtain xtn → x∗. Let

us show that x∗ ∈ Ω. Indeed, by Proposition 3.1 (ii), we know that limn→∞ ‖xtn −Gxtn‖ = 0. Hence,
according to Lemma 2.9 we get x∗ ∈ Fix(G) = Ξ. In the meantime, by Proposition 3.1 (ii), we know that
limn→∞ ‖xtn − Ttnxtn‖ = 0. Observe that

‖PC(I− λtn∇f)xtn − xtn‖ = ‖stnxtn + (1 − stn)Ttnxtn − xtn‖ = (1 − stn)‖Ttnxtn − xtn‖ 6 ‖Ttnxtn − xtn‖,

where stn =
2−λtnL

4 ∈ (0, 1
2) for λtn ∈ (0, 2

L). Hence we have

‖PC(I−
2
L
∇f)xtn − xtn‖ 6 ‖PC(I−

2
L
∇f)xtn − PC(I− λtn∇f)xtn‖+ ‖PC(I− λtn∇f)xtn − xtn‖

6 ‖(I− 2
L
∇f)xtn − (I− λtn∇f)xtn‖+ ‖PC(I− λtn∇f)xtn − xtn‖

6 (
2
L
− λtn)‖∇f(xtn)‖+ ‖Ttnxtn − xtn‖.

From the boundedness of {xtn}, stn → 0 (⇔ λtn → 2
L ) and ‖Ttnxtn − xtn‖ → 0, it follows that

‖x∗ − PC(I−
2
L
∇f)x∗‖ = lim

n→∞ ‖xtn − PC(I− 2
L
∇f)xtn‖ = 0.

So, x∗ ∈ VI(C,∇f) = Γ. Next we prove that x∗ ∈
⋂N
m=1 I(Bm,Rm). As a matter of fact, it is easy to

see from (3.16) and (3.17) that ΛmtnGxtn → x∗ for each m = 1, ...,N. Since Bm is ηm-inverse strongly
monotone, Bm is a monotone and Lipschitz continuous mapping. It follows from Lemma 2.21 that
Rm + Bm is maximal monotone. Let (v,g) ∈ G(Rm + Bm), i.e., g− Bmv ∈ Rmv. Again, since ΛmtnGxtn =

JRm,λm,tn
(I− λm,tnBm)Λm−1

tn
Gxtn ,m ∈ {1, 2, ...,N}, we have

Λm−1
tn

Gxtn − λm,tnBmΛm−1
tn

Gxtn ∈ (I+ λm,tnRm)ΛmtnGxtn ,

that is,
1

λm,tn
(Λm−1
tn

Gxtn − ΛmtnGxtn − λm,tnBmΛm−1
tn

Gxtn) ∈ RmΛmtnGxtn .

In terms of the monotonicity of Rm, we get

〈v− ΛmtnGxtn ,g−Bmv−
1

λm,tn
(Λm−1
tn

Gxtn − ΛmtnGxtn − λm,tnBmΛm−1
tn

Gxtn)〉 > 0,

and hence
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〈v− ΛmtnGxtn ,g〉

> 〈v− ΛmtnGxtn ,Bmv+
1

λm,tn
(Λm−1
tn

Gxtn − ΛmtnGxtn − λm,tnBmΛm−1
tn

Gxtn)〉

= 〈v− ΛmtnGxtn ,Bmv−BmΛmtnGxtn +BmΛmtnGxtn −BmΛm−1
tn

Gxtn +
Λm−1
tn

Gxtn − ΛmtnGxtn
λm,tn

〉

> 〈v− ΛmtnGxtn ,BmΛmtnGxtn −BmΛm−1
tn

Gxtn〉+ 〈v− ΛmtnGxtn ,
Λm−1
tn

Gxtn − ΛmtnGxtn
λm,tn

〉.

Since ‖ΛmtnGxtn − Λm−1
tn

Gxtn‖ → 0 (due to (3.11)) and ‖BmΛmtnGxtn − BmΛm−1
tn

Gxtn‖ → 0 (due to the
Lipschitz continuity of Bm), we conclude from ΛmtnGxtn → x∗ and {λm,tn} ⊂ [am,bm] ⊂ (0, 2ηm) that

lim
n→∞〈v− ΛmtnGxtn ,g〉 = 〈v− x∗,g〉 > 0.

It follows from the maximal monotonicity of Bm + Rm that 0 ∈ (Rm + Bm)x∗, i.e., x∗ ∈ I(Bm,Rm). Thus,
x∗ ∈

⋂N
m=1 I(Bm,Rm). Consequently, it is known that

x∗ ∈
N⋂
m=1

I(Bm,Rm)∩Ξ∩ Γ =: Ω.

Finally, let us show that x∗ is a solution of the VIP (3.2). As a matter of fact, since

xt = xt −wt + (I− stA)TtΛ
N
t Gxt + st(tγVxt + (I− tµF)TtΛ

N
t Gxt),

we have
xt − TtΛ

N
t Gxt = xt −wt + st(I−A)TtΛ

N
t Gxt + stt(γVxt − µFTtΛ

N
t Gxt).

Since G, Tt, and ΛNt are nonexpansive, I− TtΛNt G is monotone. So, from the monotonicity of I− TtΛNt G,
it follows that, for p ∈ Ω,

0 6 〈(I− TtΛNt G)xt − (I− TtΛ
N
t G)p, xt − p〉

= 〈(I− TtΛNt G)xt, xt − p〉
= 〈xt −wt, xt − p〉+ st〈(I−A)TtΛNt Gxt, xt − p〉+ stt〈γVxt − µFTtΛNt Gxt, xt − p〉
6 st〈(I−A)TtΛNt Gxt, xt − p〉+ stt〈γVxt − µFTtΛNt Gxt, xt − p〉
= st〈(I−A)xt, xt − p〉+ st〈(I−A)(TtΛNt G− I)xt, xt − p〉+ stt〈γVxt − µFTtΛNt Gxt, xt − p〉.

This implies that

〈(A− I)xt, xt − p〉 6 〈(I−A)(TtΛNt G− I)xt, xt − p〉+ t〈γVxt − µFTtΛNt Gxt, xt − p〉. (3.25)

Now, replacing t in (3.25) with tn and letting n→∞, noticing the boundedness of {γVxtn −µFTtnΛNtnGxtn}
and the fact that (I−A)(TtnΛNtnG− I)xtn → 0 as n→∞ (due to (3.4)), we obtain

〈(A− I)x∗, x∗ − p〉 6 0.

That is, x∗ ∈ Ω is a solution of the VIP (3.2); hence x∗ = x̃ by uniqueness. In summary, we have proven
that each cluster point of {xt} (as t→ 0) equals to x̃. Consequently, xt → x̃ as t→ 0.

The VIP (3.2) can be rewritten as

〈(2I−A)x̃− x̃, x̃− p〉 > 0, ∀p ∈ Ω.

Recalling Proposition 2.1 (i), the last inequality is equivalent to the fixed point equation

PΩ(2I−A)x̃ = x̃.



Z.-R. Kong, L.-C. Ceng, Y.-C. Liou, C.-F. Wen, J. Nonlinear Sci. Appl., 10 (2017), 874–901 894

Taking F = 1
2I, µ = 2 and γ = 1 in Theorem 3.2, we get

Corollary 3.3. Let {xt} be defined by

xt = PC[(I− stA)TtΛ
N
t Gxt + st(tVxt + (1 − t)TtΛ

N
t Gxt)].

If limt→0 st = 0, then {xt} converges strongly as t → 0 to a point x̃ ∈ Ω, which is the unique solution of the VIP
(3.2).

First, we prove the following result in order to establish the strong convergence of the sequence {xn}

generated by the hybrid explicit steepest-descent scheme (3.3).

Theorem 3.4. Let {xn} be the sequence generated by the explicit scheme (3.3), where {αn} and {sn} satisfy the
following condition:

(C1) {αn} ⊂ [0, 1], {sn} ⊂ (0, 1
2), and αn → 0, sn → 0 as n→∞.

Let LIM be a Banach limit. Then

LIMn〈(A− I)x̃, x̃− xn〉 6 0,

where x̃ = limt→0+ xt with xt being defined by

xt = PC[(I− stA)TΛNGxt + st(tγVxt + (I− tµF)TΛNGxt)], (3.26)

where T ,G, ΛN : C → C are defined by Tx = PC(I−
2
L∇f)x, Gx = PC(I− ν1F1)PC(I− ν2F2)x and ΛNx =

JRN,λN(I − λNBN) · · · JR1,λ1(I − λ1B1)x with νj ∈ (0, 2ζj), j = 1, 2 and λi ∈ [ai,bi] ⊂ (0, 2ηi) for each
i = 1, ...,N.

Proof. First, note that from the condition (C1), without loss of generality, we may assume that 0 < sn 6
‖A‖−1 for all n > 0.

Let {xt} be the net generated by (3.26). Since T , G, and ΛN are nonexpansive self-mappings on C, by
Theorem 3.2 with Tt = T and ΛNt = ΛN, there exists limt→0 xt ∈ Ω. Denote it by x̃. Moreover, x̃ is the
unique solution of the VIP (3.2). From Proposition 3.1 (i) with Tt = T and ΛNt = ΛN, we know that {xt} is
bounded and so are the nets {Vxt}, {ΛNGxt}, {TΛNGxt}, and {FTΛNGxt}.

First of all, let us show that {xn} is bounded. To this end, take p ∈ Ω. Then we get

‖yn − p‖ = ‖αnγVxn + (I−αnµF)TnΛNnGxn − p‖
= ‖αn(γVxn − µFp) + (I−αnµF)TnΛNnGxn − (I−αnµF)TnΛNnGp‖
6 αnγl‖xn − p‖+αn‖(γV − µF)p‖+ (1 −αnτ)‖xn − p‖
= (1 −αn(τ− γl))‖xn − p‖+αn‖(γV − µF)p‖,

which together with Lemma 2.14, implies that

‖xn+1 − p‖ = ‖PC[(I− snA)TnΛNnGxn + snyn] − p‖
6 ‖(I− snA)TnΛNnGxn + snyn − p‖
= ‖(I− snA)TnΛNnGxn − (I− snA)TnΛNnGp+ sn(yn − p) + sn(I−A)p‖
6 ‖(I− snA)TnΛNnGxn − (I− snA)TnΛNnGp‖+ sn‖yn − p‖+ sn‖I−A‖‖p‖
6 (1 − snγ̄)‖xn − p‖+ sn[(1 −αn(τ− γl))‖xn − p‖
+αn‖(γV − µF)p‖] + sn‖I−A‖‖p‖

6 (1 − sn(γ̄− 1))‖xn − p‖+ sn(‖(γV − µF)p‖+ ‖I−A‖‖p‖)

= (1 − sn(γ̄− 1))‖xn − p‖+ sn(γ̄− 1)
‖(γV − µF)p‖+ ‖I−A‖‖p‖

γ̄− 1
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6 max{‖xn − p‖, ‖(γV − µF)p‖+ ‖I−A‖‖p‖
γ̄− 1

}.

By induction

‖xn − p‖ 6 max{‖x0 − p‖,
‖(γV − µF)p‖+ ‖I−A‖‖p‖

γ̄− 1
}, ∀n > 0.

This implies that {xn} is bounded and so are {Vxn}, {TnΛNnGxn}, {FTnΛNnGxn}, and {yn}. Thus, utilizing
the control condition (C1), we get

‖xn+1 − TnΛNnGxn‖ = ‖PC[(I− snA)TnΛNnGxn + snyn] − TnΛNnGxn‖
6 ‖(I− snA)TnΛNnGxn + snyn − TnΛNnGxn‖
= sn‖yn −ATnΛNnGxn‖ → 0 as n→∞.

For simplicity, we write vn = ΛNnGxn for all n > 0. Then, utilizing the similar arguments to those of
(3.19), we have that

‖TΛNGxn − TnΛNnGxn‖ 6 ‖ΛNGxn − ΛNnGxn‖+ M̂|
2
L
− λn|, (3.27)

where supn>0{L‖PC(I −
2
L∇f)vn‖ + 4‖∇f(vn)‖ + L‖vn‖} 6 M̂ for some M̂ > 0. Utilizing the similar

arguments to those of (3.20), we have that

‖ΛNnGxn − ΛNGxn‖ 6 M̂0

N∑
i=1

|λi,n − λi|, (3.28)

where

sup
n>0,16i6N

{
1
λi,n
‖JRi,λi,n(I− λiBi)Λ

i−1
n Gxn − (I− λiBi)Λ

i−1Gxn‖

+
1
λi
‖(I− λiBi)Λi−1

n Gxn − JRi,λi(I− λiBi)Λ
i−1Gxn‖} 6 N̂

for some N̂ > 0 and supn>0{
∑N
i=1 ‖BiΛi−1

n xn‖+ N̂} 6 M̂0 for some M̂0 > 0. In terms of (3.27)-(3.28) we
calculate

‖TΛNGxn − TnΛNnGxn‖ 6 ‖ΛNGxn − ΛNnGxn‖+ M̂|
2
L
− λn| 6 M̂0

N∑
i=1

|λi − λi,n|+ M̂|
2
L
− λn|.

Consequently, it is not hard to find that

‖TΛNGxt − xn+1‖ 6 ‖TΛNGxt − TΛNGxn‖+ ‖TΛNGxn − TnΛNnGxn‖+ ‖TnΛNnGxn − xn+1‖

6 ‖xt − xn‖+ M̂0

N∑
i=1

|λi − λi,n|+ M̂|
2
L
− λn|+ ‖TnΛNnGxn − xn+1‖

= ‖xt − xn‖+ εn,

(3.29)

where εn = M̂0
∑N
i=1 |λi − λi,n|+ M̂| 2

L − λn|+ ‖TnΛNnGxn − xn+1‖ → 0 as n→∞. Also observing that A
is strongly positive, we have

〈Axt −Axn, xt − xn〉 = 〈A(xt − xn), xt − xn〉 > γ̄‖xt − xn‖2. (3.30)
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For simplicity, we write wt = (I− stA)TΛNGxt + st(tγVxt + (I− tµF)TΛNGxt). Then we obtain that
xt = PCwt and

xt − xn+1 = xt −wt + (I− stA)TΛNGxt + st(tγVxt + (I− tµF)TΛNGxt) − xn+1

= (I− stA)TΛNGxt − (I− stA)xn+1 + st(tγVxt + (I− tµF)TΛNGxt −Axn+1) + xt −wt.

Observe that

‖xt − xn+1‖2 6 ‖(I− stA)TΛNGxt − (I− stA)xn+1‖2 + 2〈xt −wt, xt − xn+1〉
+ 2st〈TΛNGxt − t(µFTΛNGxt − γVxt) −Axn+1, xt − xn+1〉

6 ‖(I− stA)TΛNGxt − (I− stA)xn+1‖2

+ 2st〈TΛNGxt − t(µFTΛNGxt − γVxt) −Axn+1, xt − xn+1〉
6 (1 − stγ̄)

2‖TΛNGxt − xn+1‖2 + 2st〈TΛNGxt − xt, xt − xn+1〉
− 2stt〈µFTΛNGxt − γVxt, xt − xn+1〉+ 2st〈xt −Axn+1, xt − xn+1〉.

(3.31)

Using (3.29) and (3.30) in (3.31), we obtain

‖xt − xn+1‖2 6 (1 − stγ̄)
2‖TΛNGxt − xn+1‖2 + 2st〈TΛNGxt − xt, xt − xn+1〉

+ 2stt〈γVxt − µFTΛNGxt, xt − xn+1〉+ 2st〈xt −Axn+1, xt − xn+1〉
6 (1 − stγ̄)

2(‖xt − xn‖+ εn)2 + 2st‖TΛNGxt − xt‖‖xt − xn+1‖
+ 2stt‖γVxt − µFTΛNGxt‖‖xt − xn+1‖+ 2st〈xt −Axn+1, xt − xn+1〉

= (s2
tγ̄− 2st)γ̄‖xt − xn‖2 + ‖xt − xn‖2

+ (1 − stγ̄)
2[2‖xt − xn‖εn + ε2

n] + 2st‖TΛNGxt − xt‖‖xt − xn+1‖
+ 2stt‖γVxt − µFTΛNGxt‖‖xt − xn+1‖+ 2st〈xt −Axn+1, xt − xn+1〉

= (s2
tγ̄− 2st)γ̄‖xt − xn‖2 + ‖xt − xn‖2 + (1 − stγ̄)

2[2‖xt − xn‖εn + ε2
n]

+ 2st‖TΛNGxt − xt‖‖xt − xn+1‖+ 2stt‖γVxt − µFTΛNGxt‖‖xt − xn+1‖
+ 2st〈xt −Axn+1, xt − xn+1〉

6 (s2
tγ̄− 2st)〈Axt −Axn, xt − xn〉+ ‖xt − xn‖2 + (1 − stγ̄)

2[2‖xt − xn‖εn + ε2
n]

+ 2st‖TΛNGxt − xt‖‖xt − xn+1‖+ 2stt‖γVxt − µFTΛNGxt‖‖xt − xn+1‖
+ 2st〈xt −Axn+1, xt − xn+1〉

= s2
tγ̄〈Axt −Axn, xt − xn〉+ ‖xt − xn‖2 + (1 − stγ̄)

2[2‖xt − xn‖εn + ε2
n]

+ 2st‖TΛNGxt − xt‖‖xt − xn+1‖+ 2stt‖γVxt − µFTΛNGxt‖‖xt − xn+1‖
+ 2st[〈xt −Axn+1, xt − xn+1〉− 〈Axt −Axn, xt − xn〉]

= s2
tγ̄〈A(xt − xn), xt − xn〉+ ‖xt − xn‖2 + (1 − stγ̄)

2[2‖xt − xn‖εn + ε2
n]

+ 2st‖TΛNGxt − xt‖‖xt − xn+1‖+ 2stt‖γVxt − µFTΛNGxt‖‖xt − xn+1‖
+ 2st[〈(I−A)xt, xt − xn+1〉+ 〈A(xt − xn+1), xt − xn+1〉− 〈A(xt − xn), xt − xn〉].

(3.32)

Applying the Banach limit LIM to (3.32), from εn → 0 we have

LIMn‖xt − xn+1‖2

6 s2
tγ̄LIMn〈A(xt − xn), xt − xn〉+ LIMn‖xt − xn‖2

+ 2st‖TΛNGxt − xt‖LIMn‖xt − xn+1‖+ 2stt‖γVxt − µFTΛNGxt‖LIMn‖xt − xn+1‖
+ 2st[LIMn〈(I−A)xt, xt − xn+1〉+ LIMn〈A(xt − xn+1), xt − xn+1〉
− LIMn〈A(xt − xn), xt − xn〉].

(3.33)



Z.-R. Kong, L.-C. Ceng, Y.-C. Liou, C.-F. Wen, J. Nonlinear Sci. Appl., 10 (2017), 874–901 897

Utilizing the property LIMnan = LIMnan+1 of the Banach limit in (3.33), we obtain

LIMn〈(A− I)xt, xt − xn〉
= LIMn〈(A− I)xt, xt − xn+1〉

6
stγ̄

2
LIMn〈A(xt − xn), xt − xn〉+

1
2st

[LIMn‖xt − xn‖2 − LIMn‖xt − xn+1‖2]

+ ‖TΛNGxt − xt‖LIMn‖xt − xn‖+ t‖γVxt − µFTΛNGxt‖LIMn‖xt − xn‖
+ LIMn〈A(xt − xn+1), xt − xn+1〉− LIMn〈A(xt − xn), xt − xn〉

6
stγ̄

2
LIMn〈A(xt − xn), xt − xn〉+ ‖TΛNGxt − xt‖LIMn‖xt − xn‖

+ t‖γVxt − µFTΛNGxt‖LIMn‖xt − xn‖.

(3.34)

Since as t→ 0,

st〈A(xt − xn), xt − xn〉 6 st‖A‖‖xt − xn‖2 6 stK→ 0, (3.35)

where ‖A‖‖xt − xn‖2 6 K,

‖TΛNGxt − xt‖ → 0 (see (3.4)) and t‖γVxt − µFTΛNGxt‖ → 0 as t→ 0, (3.36)

we conclude from (3.34)-(3.36) that

LIMn〈(A− I)x̃, x̃− xn〉 6 lim sup
t→0

LIMn〈(A− I)xt, xt − xn〉

6 lim sup
t→0

stγ̄

2
LIMn〈A(xt − xn), xt − xn〉+ lim sup

t→0
‖TΛNGxt − xt‖LIMn‖xt − xn‖

+ lim sup
t→0

t‖γVxt − µFTΛNGxt‖LIMn‖xt − xn‖

= 0.

This completes the proof.

Now, using Theorem 3.4, we establish the strong convergence of the sequence {xn} generated by the
hybrid explicit steepest-descent scheme (3.3) to a point x̃ ∈ Ω, which is also the unique solution of the
VIP (3.2).

Theorem 3.5. Let {xn} be the sequence generated by the explicit scheme (3.3), where {αn} and {sn} satisfy the
following conditions:

(C1) {αn} ⊂ [0, 1], {sn} ⊂ (0, 1
2), and αn → 0, sn → 0 as n→∞;

(C2)
∑∞
n=0 sn =∞.

If {xn} is weakly asymptotically regular (i.e., xn+1 − xn ⇀ 0), then xn converges strongly to a point x̃ ∈ Ω, which
is the unique solution of the VIP (3.2).

Proof. First, note that from the condition (C1), without loss of generality, we may assume that αnτ < 1
and 2sn(γ̄−1)

1−sn
< 1 for all n > 0.

Let xt be defined by (3.26), that is,

xt = PC[(I− stA)TΛNGxt + st(TΛNGxt − t(µFTΛNGxt − γVxt)],

for t ∈ (0, min{1, 2−γ̄
τ−γl }), where Tx = PC(I−

2
L∇f)x, Gx = PC(I− ν1F1)PC(I− ν2F2)x, ΛNx = JRN,λN(I−

λNBN) · · · JR1,λ1(I − λ1B1)x with νj ∈ (0, 2ζj), j = 1, 2 and λi ∈ [ai,bi] ⊂ (0, 2ηi), i = 1, ...,N, and
limt→0 xt := x̃ ∈ Ω (due to Theorem 3.2). Then x̃ is the unique solution of the VIP (3.2).

We divide the rest of the proof into several steps.
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Step 1. We see that

‖xn − p‖ 6 max{‖x0 − p‖,
‖(γV − µF)p‖+ ‖I−A‖‖p‖

γ̄− 1
}, ∀n > 0,

for all p ∈ Ω as in the proof of Theorem 3.4. Hence {xn} is bounded and so are {Vxn}, {ΛNnGxn},
{FTnΛNnGxn}, and {yn}.

Step 2. We show that lim supn→∞〈(I−A)x̃, xn − x̃〉 6 0. To this end, put

an := 〈(A− I)x̃, x̃− xn〉, ∀n > 0.

Then, by Theorem 3.4 we get LIMnan 6 0 for any Banach limit LIM. Since {xn} is bounded, there exists
a subsequence {xnj} of {xn} such that

lim sup
n→∞ (an+1 − an) = lim sup

j→∞ (anj+1 − anj),

and xnj ⇀ v ∈ H. This implies that xnj+1 ⇀ v since {xn} is weakly asymptotically regular. Therefore, we
have

w− lim
j→∞(x̃− xnj+1) = w− lim

j→∞(x̃− xnj) = (x̃− v),

and so
lim sup
n→∞ (an+1 − an) = lim

j→∞〈(A− I)x̃, (x̃− xnj+1) − (x̃− xnj)〉 = 0.

Then, by Lemma 2.15, we obtain lim supn→∞ an 6 0, that is,

lim sup
n→∞ 〈(I−A)x̃, xn − x̃〉 = lim sup

n→∞ 〈(A− I)x̃, x̃− xn〉 6 0.

Step 3. We show that limn→∞ ‖xn − x̃‖ = 0. Indeed, for simplicity, we write wn = (I− snA)TnΛNnGxn +
snyn for all n > 0. Then xn+1 = PCwn. Utilizing (3.3) and TnΛNnGx̃ = x̃, we have

yn − x̃ = (I−αnµF)TnΛNnGxn − (I−αnµF)TnΛNnGx̃+αn(γVxn − µFx̃),

and
xn+1 − x̃ = xn+1 −wn + (I− snA)(TnΛNnGxn − TnΛNnGx̃) + sn(yn − x̃) + sn(I−A)x̃.

Applying Lemmas 2.14 and 2.18, we obtain

‖yn − x̃‖2 = ‖(I−αnµF)TnΛNnGxn − (I−αnµF)TnΛNnGx̃+αn(γVxn − µFx̃)‖2

6 ‖(I−αnµF)TnΛNnGxn − (I−αnµF)TnΛNnGx̃‖2 + 2αn〈γVxn − µFx̃,yn − x̃〉
6 (1 −αnτ)

2‖xn − x̃‖2 + 2αn‖γVxn − µFx̃‖‖yn − x̃‖
6 ‖xn − x̃‖2 + 2αn‖γVxn − µFx̃‖‖yn − x̃‖,

and hence

‖xn+1 − x̃‖2 = ‖(I− snA)(TnΛNnGxn − TnΛNnGx̃) + sn(yn − x̃) + sn(I−A)x̃+ xn+1 −wn‖2

6 ‖(I− snA)(TnΛNnGxn − TnΛNnGx̃)‖2 + 2sn〈yn − x̃, xn+1 − x̃〉
+ 2sn〈(I−A)x̃, xn+1 − x̃〉+ 2〈xn+1 −wn, xn+1 − x̃〉

6 ‖(I− snA)(TnΛNnGxn − TnΛNnGx̃)‖2 + 2sn〈yn − x̃, xn+1 − x̃〉
+ 2sn〈(I−A)x̃, xn+1 − x̃〉

6 (1 − snγ̄)
2‖xn − x̃‖2 + 2sn‖yn − x̃‖‖xn+1 − x̃‖+ 2sn〈(I−A)x̃, xn+1 − x̃〉
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6 (1 − snγ̄)
2‖xn − x̃‖2 + sn(‖yn − x̃‖2 + ‖xn+1 − x̃‖2) + 2sn〈(I−A)x̃, xn+1 − x̃〉

6 (1 − snγ̄)
2‖xn − x̃‖2 + sn[‖xn − x̃‖2 + 2αn‖γVxn − µFx̃‖‖yn − x̃‖]

+ sn‖xn+1 − x̃‖2 + 2sn〈(I−A)x̃, xn+1 − x̃〉 (3.37)

= [(1 − snγ̄)
2 + sn]‖xn − x̃‖2 + 2αnsn‖γVxn − µFx̃‖‖yn − x̃‖

+ sn‖xn+1 − x̃‖2 + 2sn〈(I−A)x̃, xn+1 − x̃〉.

It then follows from (3.37) that

‖xn+1 − x̃‖2 6
(1 − snγ̄)

2 + sn
1 − sn

‖xn − x̃‖2 +
sn

1 − sn
[2αn‖γVxn − µFx̃‖‖yn − x̃‖+ 2〈(I−A)x̃, xn+1 − x̃〉]

= (1 −
2sn(γ̄− 1)

1 − sn
)‖xn − x̃‖2 +

2sn(γ̄− 1)
1 − sn

· 1
2(γ̄− 1)

[2αn‖γVxn − µFx̃‖‖yn − x̃‖

+ snγ̄
2‖xn − x̃‖2 + 2〈(I−A)x̃, xn+1 − x̃〉]

= (1 −ωn)‖xn − x̃‖2 +ωnδn,

where ωn =
2sn(γ̄−1)

1−sn
and

δn =
1

2(γ̄− 1)
[2αn‖γVxn − µFx̃‖‖yn − x̃‖+ snγ̄2‖xn − x̃‖2 + 2〈(I−A)x̃, xn+1 − x̃〉].

It can be readily seen from Step 2 and conditions (C1) and (C2) that ωn → 0,
∑∞
n=0ωn = ∞, and

lim supn→∞ δn 6 0. By Lemma 2.13 with rn = 0, we conclude that limn→∞ ‖xn − x̃‖ = 0. This completes
the proof.

Corollary 3.6. Let {xn} be the sequence generated by the explicit scheme (3.3). Assume that the sequences {αn} and
{sn} satisfy the conditions (C1) and (C2) in Theorem 3.5. If {xn} is asymptotically regular (i.e., xn+1 − xn → 0),
then {xn} converges strongly to a point x̃ ∈ Ω, which is the unique solution of the VIP (3.2).

Putting µ = 2, F = 1
2I, and γ = 1 in Theorem 3.5, we obtain the following.

Corollary 3.7. Let {xn} be generated by the following iterative scheme:{
yn = αnVxn + (1 −αn)TnΛNnGxn,

xn+1 = PC[(I− snA)TnΛNnGxn + snyn], ∀n > 0.

Assume that the sequences {αn} and {sn} satisfy the conditions (C1) and (C2) in Theorem 3.5. If {xn} is weakly
asymptotically regular (i.e., xn+1 − xn ⇀ 0), then {xn} converges strongly to a point x̃ ∈ Ω, which is the unique
solution of the VIP (3.2).

Putting αn = 0, for all n > 0 in Corollary 3.7, we get the following.

Corollary 3.8. Let {xn} be generated by the following iterative scheme:

xn+1 = PC[(I− sn(A− I))TnΛNnGxn], ∀n > 0.

Assume that the sequence {sn} satisfies the conditions (C1) and (C2) in Theorem 3.5 with αn = 0, for all n > 0. If
{xn} is weakly asymptotically regular (i.e., xn+1 − xn ⇀ 0), then {xn} converges strongly to a point x̃ ∈ Ω, which
is the unique solution of the VIP (3.2).

Acknowledgment

Z.-R. Kong was supported by the Project for Development Program of Young Teachers in Higher
Education Institutions, Shanghai(ZZszf15015); L.-C. Ceng was supported by the Innovation Program
ofShanghai Municipal Education Commission (15ZZ068), Ph.D. Program Foundation of Ministry of Edu-



Z.-R. Kong, L.-C. Ceng, Y.-C. Liou, C.-F. Wen, J. Nonlinear Sci. Appl., 10 (2017), 874–901 900

cation of China (20123127110002) and Program for Shanghai Outstanding Academic Leaders in Shanghai
City (15XD1503100); C.-F. Wen was supported by the grant MOST 105-2115-M-037-001, and the grant
from Research Center for Nonlinear Analysis and Optimization, Kaohsiung Medical University, Kaohsi-
ung, Taiwan.

References

[1] A. E. Al-Mazrooei, A. Latif, J.-C. Yao, Solving generalized mixed equilibria, variational inequalities, and constrained
convex minimization, Abstr. Appl. Anal., 2014 (2014), 26 pages. 1, 3

[2] A. E. Al-Mazrooei, A. S. M. Alofi, A. Latif, J.-C. Yao, Generalized mixed equilibria, variational inclusions, and fixed
point problems, Abstr. Appl. Anal., 2014 (2014), 16 pages. 1

[3] C. Byrne, A unified treatment of some iterative algorithms in signal processing and image reconstruction, Inverse Prob-
lems, 20 (2004), 103–120. 2.6, 2.7

[4] L.-C. Ceng, Q. H. Ansari, M.-M. Wong, J.-C. Yao, Mann type hybrid extragradient method for variational inequalities,
variational inclusions and fixed point problems, Fixed Point Theory, 13 (2012), 403–422. 1, 2.21

[5] L.-C. Ceng, Q. H. Ansari, J.-C. Yao, Relaxed extragradient iterative methods for variational inequalities, Appl. Math.
Comput., 218 (2011), 1112–1123. 1

[6] L.-C. Ceng, Q. H. Ansari, J.-C. Yao, Some iterative methods for finding fixed points and for solving constrained convex
minimization problems, Nonlinear Anal., 74 (2011), 5286–5302. 1

[7] L.-C. Ceng, S.-M. Guu, J.-C. Yao, A general composite iterative algorithm for nonexpansive mappings in Hilbert spaces,
Comput. Math. Appl., 61 (2011), 2447–2455. 1

[8] L.-C. Ceng, S.-M. Guu, J.-C. Yao, Finding common solutions of a variational inequality, a general system of variational
inequalities, and a fixed-point problem via a hybrid extragradient method, Fixed Point Theory Appl., 2011 (2011), 22
pages. 1

[9] L.-C. Ceng, A. Petruşel, J.-C. Yao, Relaxed extragradient methods with regularization for general system of variational
inequalities with constraints of split feasibility and fixed point problems, Abstr. Appl. Anal., 2013 (2013), 25 pages. 1

[10] L.-C. Ceng, C.-Y. Wang, J.-C. Yao, Strong convergence theorems by a relaxed extragradient method for a general system of
variational inequalities, Math. Methods Oper. Res., 67 (2008), 375–390. 1, 1, 2.4, 2.11

[11] L.-C. Ceng, M.-M. Wong, Relaxed entragradient method for finding a common element of systems of variational inequalities
and fixed point problems, Taiwanese J. Math., 17 (2013), 701–724. 1, 1, 2.16

[12] K. Goebel, W. A. Kirk, Topics in metric fixed point theory, Cambridge Studies in Advanced Mathematics, Cambridge
University Press, Cambridge, (1990). 2.9, 3

[13] J. S. Jung, A general composite iterative method for strictly pseudocontractive mappings in Hilbert spaces, Fixed Point
Theory Appl., 2014 (2014), 21 pages. 1

[14] G. M. Korpelevich, The extragradient method for finding saddle points and other problems, Matecon, 12 (1976), 747–756.
1

[15] A. Latif, A. E. Al-Mazrooei, B. A. Bin Dehaish, J.-C. Yao, Hybrid viscosity approximation methods for general systems
of variational inequalities in Banach spaces, Fixed Point Theory Appl., 2013 (2013), 22 pages. 1
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