Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 10 (2017), 699-712

Research Article

ISSN : 2008-1898

o0t SCienceg
S 2

f/vo

Journas
7.
5
S
)
s 08¢
uopeoW

Journal of Nonlinear Sciences and Applications

PuEicanoss
Journal Homepage: www.tjnsa.com - www.isr-publications.com/jnsa

Contraction mapping principle in partially ordered quasi metric space
concerning to w-distances

Rahma Zuhra??*, Mohd Salmi Md Noorani?, Fawzia Shaddad®

4School of Mathematical Sciences, Faculty of Science and Technology University Kebangsaan Malaysia, UKM, 43600 Bangi, Malaysia.
bpepartment of Mathematics, Faculty of Mathematics and Natural Sciences, Syiah Kuala University, 23111 Banda Aceh, Indonesia.
®Department of Mathematics, Sana’a University, Yemen.

Communicated by W. Shatanawi

Abstract

The fixed point theorems in various contraction mappings have been provided by many researchers. Some of them used
certain functions in mapping to guarantee the existence of fixed point. The purpose of this paper is to present some fixed
point result on contraction mapping in partially ordered quasi-metric space that applying a w-distance. The generalized altering
distance function on the mapping plays a role in theorems. The results extend some well-known results in the references. We
also improve these new results to the common fixed point. (©2017 All rights reserved.
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1. Introduction and preliminaries

The availability of references about a generalization of the Banach contraction principle has been
studied in many branches of research. For instance the weak contraction mapping has been researched
by many authors in different spaces, see [1, 3, 4, 21, 23, 27]. In [2, 6, 7, 10, 15, 18, 19, 22, 29], they have
proved some results of fixed point theorems on weak contractions mappings in metric spaces. Among
the references, they have applied an altering distance function. Khan et al. [15] introduced this concept
to handle functions which changes the distance between two points in metric space. Recently, Su [28] has
expanded the concept and introduced a generalized altering distance function as follows.

Definition 1.1 ([28]). A generalized altering distance function is a function 1 : [0,00) — [0,00) which
satisfies:

(a) P is nondecreasing;
(b) W(t) =0if and only if t = 0.
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In 2010, Harjani and Sadarangani [10] have proved some fixed point theorems for weak contraction
and generalized contractions in partially ordered metric spaces by using the altering distance function.
Theorems in [6, 18] were updated by these results.

Theorem 1.2 ([10]). Let (X, =) be a partially ordered set and suppose that there exists a metric d € X such that
(X, d) is a complete metric space. Let f : X — X be a continuous and nondecreasing mapping such that

b(d(f(x), fly)) < w(d(x,y)) = dld(x,y)) for x >y,
where \p and ¢ are altering distance functions. If there exists xo € X with xg = f(xg), then f has a fixed point.

Su [28] established a new fixed point theorem by using the generalized altering distance function.
Then, Shaddad et al.[22] has made general results not only for fixed point but also for coupled coincidence
point in partially ordered metric space. The important results of them are in the following.

Theorem 1.3 ([22]). Let (X, d, <) be a complete partially ordered metric space. Let f : X — X be a mapping which
obeys the following conditions:

(1) there exist a generalized altering distance function \p, an upper semi-continuous function ¢ : [0, 00) — [0, c0)
and a lower semi-continuous function ¢ : [0, co) — [0, co) such that

Y(d(f(x), f(y))) < o(d(x,y)) — d(d(x,y)) for x <y,

where ©(0) = ¢(0) =0and P(t) —(t) + d(t) >0 forall t > 0;
(2) there exists xg € X such that xy =< fxo;
(3) fis nondecreasing;

(4) (a) either f is continuous or
(b) if xn — x when n — oo in X, then xn < x for all n.

Then f has a fixed point. Moreover, if for each x,y € X there exists z € X which is comparable to x and y then the
fixed point is unique.

The concept of w-distance was initiated by Kada et al. [14]. Several researchers involve this notion to
obtain some fixed point results not only in usual metric spaces but also in partially ordered metric spaces.
Now, we recall the definition of w-distance.

Definition 1.4 ([14]). A w-distance on a metric space (X, d) is a function q : X x X — [0, o) satisfying the
following conditions:

(wl) q(x,y) < q(x,z) +q(z,y) forall x,y,z € X;

(w2) q(x,.) : X — [0,00) is a lower-semicontinuous for all x € X (i.e., if x € X and yn, — y, then
q(x,y) < limp o infn q(x,yn));

(w3) for each € > 0 there exists & > 0 such that q(x,y) < & and q(x,z) < & imply d(y,z) < e for all
X, Y,z € X.

Note that in general for x,y € X, q(x,y) # q(y,x) and not either the implications q(x,y) =0 x =y
is necessarily true [16].

Meanwhile, ()-distance as a generalized form of w-distance was also studied. This notion has intro-
duced by Saadati et al. [21] in 2010. They have proved fixed point theorems on a complete partially
ordered G-metric space as well. Then, O-distance function was expanded by Gholizadeh et al. [8] and
they gave an application in integral equations. In 2013, Shatanawi and Pitea [26] have used the concept of
Q-distance to establish some common coupled fixed point results. They continued their work to construct
and prove some fixed and coupled fixed point theorems for a nonlinear contraction [25] . Other interest-
ing results are gained by Shatanawi et al. [23, 24] in 2016. Shatanawi et al. [24] have introduced new fixed
point and common fixed point for mappings of the cyclic form of Q-distance in G-metric space. Next,
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Shatanawi et al. [23] improved the usability of this notion by introducing a new contraction mapping
called Q-suzuki-construction in g-metric space.

Now, the following definitions and lemmas which have been stated in metric space [3, 12, 22] will be
used in quasi metric space. Following the terminology of [3], by a quasi metric on a nonempty set X we
mean a function d : X x X — [0, 0o) such that

(i) d(x,y) =d(y,x) if and only if x =y for all x,y € X and
(i) d(x,y) < d(x,z)+d(z,y) forall x,y,z € X.

A quasi metric space is a pair (X, d) such that X is a set and d is a quasi metric on X. Quasi metric satisfies
the triangle inequality but is not symmetric. It can be regarded as an “asymmetric metric”. In fact, quasi
metric space is more comprehensive than metric space. Given a quasi metric d on X, the function d’
defined by d’(x,y) = d(y,x) for all x,y € X, is also a quasi metric on X. The function d° defined by
d*(x,y) = max{d(x,y),d(y,x)} for all x,y € X is a metric on X. A quasi metric space (X, d) is called
complete if every Cauchy sequence {x, Jnep in the metric space (X, d*) is convergent [3].

Several results from Kada et al. [14] were continued by Park [17] to quasi-metric spaces. Next, Latif
and Al-Mezel [16] also have proved some fixed point theorems in complete quasi-metric spaces. The
purpose of this paper is to prove some fixed point theorems in partially ordered quasi-metric spaces
by using a w-distance. We discuss the existence of fixed point by extending the results of Harjani and
Sadarangani [10], Imdad and Rouzkard [12], Shaddad et al. [22], Su [28], and Rouzkard et al. [20]. Then,
we apply the results of Alegre et al. [3] to prove the main theorem. After that, we also provide an example
that satisfies our theorems. Furthermore, we improve new result to common fixed points that expands
the results from Ciric et al. [4] and Ilic and Rakocevic [11]. However, in this paper, we prove the shorter
way to common fixed point, that is motivated by the fact that a fixed point of any map on metric spaces
can be viewed as a common fixed point of that mapping.

2. Main results

Throughout this paper, we denote by R and IN the sets of real numbers and non-negative integers,
respectively. The definitions and lemmas are crucial in the proof of our main results. We apply the notions
in a metric space for a quasi-metric space in the following.

Definition 2.1 ([12]). Let X be a nonempty set. Then (X, d, <) is called a partially ordered quasi metric
space if

(i) (X, =) is a partially ordered set; and
(ii) (X, d) is a quasi metric space.
Definition 2.2 ([12]). Let (X, <) be a partially ordered set. Then

(a) elements x,y € X are called comparable with respect to ” < ” if either x <y or y < x and we write
X =<Xy;

(b) a mapping f : X — X is called nondecreasing with respect to 7 < ” if x <y implies f(x) < f(y).

Lemma 2.3 ([3]). Let q be an w-distance on a quasi metric space (X, d) and {xn} be a sequence in X such that for
each € > 0 there exists ng € IN whenever m > n > ng implies q(xn,Xm) < € (or limmmn—00 q(Xn, Xm) = 0).
Then {xn} is a Cauchy sequence.

Lemma 2.4 ([3]). If q is an w-distance on a quasi metric space (X,d), then for each € > 0 there exists & > 0 such
that q(x,y) < dand q(x,z) < & imply d°(y,z) < e.

Now, we state the main result as follows.
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Theorem 2.5. Let (X, d, <) be a complete partially ordered quasi metric space equipped with w-distance q and
f: X — X has the following conditions:

(1) there exists xg € X such that xy =< fxo;
(2) there exist a generalized altering distance function \p, an upper semi-continuous function ¢ : [0,00) — [0, o)
and a lower semi-continuous function ¢ : [0, co) — [0, co) such that

P(q(fx, fy)) < (P(Mx,y) - d)(Mx,y)for X=Y,

where My = max{q(x,y), q(x, fx), q(y, fy), 3[q(x, fy) — q(y, Ix)1}, ¢(0) = $(0) =0, and P(t) — @(t) +
¢(t) >0 forallt > 0;
(3) fis nondecreasing and continuous.

Then f has a fixed point.

Proof. By condition (1), there exists a point xg such that xo =< fxo. Take x; € X such that x; = fxg, that is,
Xp =< X1. Now, take xo = fx;. In general, we can define fx,, = x,, 41 for all n € IN. Using condition (3), i.e.,
f is a nondecreasing, then we obtain that fxp =< fx; or x; < x2. Continuing this process inductively, we
have x,, <xn41 foralln € N, ie,,

X)X X] X Xp X o X Xp X -

That is,
X0 X X X XX 2

or
X0 Z X1 ZXpZ s Z X 2

It means, x,, < X, 1 can be written as x; < x, for each n, m € IN.

Now, if X, = xn41 for some n € N, then f has a fixed point. Assume that x,, # x,41 for all n € IN.
Now, we proceed to show that {q(xn,Xn+1)} is a decreasing sequence. In contrary, suppose {q(Xn, Xn1)}
is a nondecreasing sequence. From condition (2), we have

IP(Q(XnH, Xn+2)) = w(q(fxn/ fxn+1)) < (P(Mxn,an) - (b(Mxn,XnH)/ (2.1)

where
1
Mxn,an = max{q (Xn, Xn+1 ), q (Xn, TXn ), q (Xn+1z fXnt1 ), E [q (X, fxn+1) —(q (Xn+1z fxn)l}

= max{q(Xn, Xn+1), 4(Xn, Xn+1), 4(Xn+1, Xn+2), 2 [q(xn, Xn42) — q(Xn+1, Xn41)1}

2
= maX{q (an Xn+1 )/ q (Xn+1; Xn+2)/ E [q (an Xn+2) —(q (Xn—l—lr Xn+1 )]}

We face three cases.

Case 1. M = q(xn,Xn+1), then from (2.1) we obtain

¢(Q(Xn+1,xn+2)) < (p(q(xnrxn—l—l)) - (I)(q(xnrxn—i—l)) < 11’(q(xnlxn—0—l))~ (22)

Since 1 is nondecreasing, so q(Xn4+1,Xn+2) < q(Xn,Xn+1) is a contradiction.

Case 2. My, = q(Xn+1,Xn+2), then from (2.1) we obtain

Xn+1

PY(q(xnt1,xn42)) < @(q(xni1,%n42)) — d(q(xn11, Xn2)) < W(qxXni1,Xn42)). (2.3)

Since 1 is nondecreasing, so q(Xn4+1,Xn+2) < q(Xn+1,Xn+2) is a contradiction.
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Case 3. My, x.,1 = %[q(xn,an) — q(Xn+1,Xn+1)], then from (2.1) we obtain

1 1
P(q(Xn4+1,Xn42)) < (P(E[q(xn/ Xn+2) — q(Xn+1, Xn41)]) — ¢(§[q(xn, Xn+2) — q(Xn+1,Xn+1)]) 24

1
< w(i[q(xﬂ/XR—FZ) - q(xn+1/Xn+1)])-

Since 1 is nondecreasing, so

1
q(Xn+1,Xn+2) < E[q(xn/ Xn+2) - Q(Xn+1, Xn+1)]/

2q(Xn+1, Xn42) < q(xn/ Xn+2) = q(Xn41,Xn+1) < q(Xn, Xn42) < q(Xn, Xn+1) + q(Xni1,Xn12),
q(xn+1/Xn+2) < q(XnIXnJrl)
is also a contradiction.
As a result of cases 1, 2, and 3, we conclude that {q(xn,Xn 1)} is a decreasing sequence. In particular,

there exists v > 0 such that limn ;o q(Xn, Xn41) = 1. Assume that r # 0. By using the properties of 1, ¢,
and ¢ and taking n — oo we obtain

- if My, xnn = 9(Xn, Xn1) O q(Xn41,Xn42), then from (2.2) and (2.3), we gain (1) < @(r) — ¢(r). There-
fore P(r) — @(r) + ¢(r) < 0 is a contradiction with condition (2). Then r = 0 and limn _, q(Xn, Xn+1) = 0.

- if My, = %[q(xn, Xn+2) — q(Xn+1,Xn+1)], then from (2.4), we have

Q011 42)) < 03[0, Xn42) = st 5 1)) — DS [0, X i2) — Al 1,5 41)) .
< (5[l Xns2) — Glen 1,5 1)) |
From (2.5), we get
Q0o 11 12)) < D506, X 12) — Al 1, 501))
<SPG a0m 0 1)+ GOt 1) + At xns2) — Alen et 26)

1
= tb(i[q(xn,xnﬂ) +q(xnt1,Xn42)1)-

From (2.5), (2.6), and taking n — oo, we obtain

() < (G LTm (i % 12) — At xne)) < B3 (7))
() < (G Lm (qln, xns2) — a0t enst)))) < (5 (20))
() < W1 1m (@ xn2) — alnsn xn 1)) < (7).
Since 1 is nondecreasing, we obtain
L tim (g %ns2) — @0t xne)ll =7, Bim (@0, Xns2) — qlxm st 1)) = 2.

We go back to (2.5), then we gain

1

() < @5(20) ~ d(5(2r)), or b{r) < (1) — ().

Therefore (1) — @(r) + d(r) < 0 is a contradiction with condition (2) in our theorem. Then r = 0 and
limp o0 q(xn/ Xn+1) = 0.
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Next, we show that {x,} is Cauchy sequence. That is, if we choose an arbitrary e > 0 and let 5 € (0, €)
then there is ng € IN such that q(xn,xm) < 6, whenever m > n > ng. In contrary,

q(xn,Xm) = & whenever m > n > ny. (2.7)

Furthermore, corresponding to n, we can choose m is the smallest integer with m > n > ng and satisfying
(2.7). Then
q(Xn,Xm_1) < 6 for all m > n.

Since X, < X for all m > n, then from condition (2) in our theorem we get

1l)(q(x‘ru Xm)) = 1|)(q(fxnf1, me,1)) < (p(Mxn_1,xm_1) - d)(Mxn_],xm_] )/ (28)
where
1
My, ixms = Max{q(xn—1,Xm—1), 4(Xn—1, fXn—1), 4(Xm—1, fXm-1), E[q(xnflzfxmfl) — q(xm—1, fxn-1)}

1

= max{q (X’TL—].I Xm—1 )/ q (Xn—ll Xn)/ q (Xm—ll Xm)/ E [q (Xn—ll Xm) —(q (Xm—ll Xn)]}-

Now, we have two cases.
- If My, xms = 9(Xn—1,%Xm—1), then
Y(qxn, xm)) < @(q(xn—1,xm-1)) — (q(xn—1,xm-1)) < Y(q(xn—_1,Xm-1)).
Since 1 is nondecreasing, then
q(xn, xm) < q(xn—1,%Xm—-1) < q(xn—1,%n) + q(Xn, Xm-1). (2.9)

From (2.7), (2.9), and by taking n — oo, we obtain

0 < lim q(xn,xm) < lim q(xn—1,%m-1) < lim q(xn_1,%n) + im q(xn,Xm-1) <.
n—oo n—oo

n—oo n—oo
Thus,
lim q(xn,xm) =20. (2.10)
n—oo
Moreover, we rewrite
q(Xn—lz Xm—1) < q(xn—lz Xn) + q(an Xm—1)- (211)

From (2.9) and (2.11) and by taking n — oo, we gain

6 < lim q(xn—1,xm—-1) < lim q(xn_1,%n) + lim q(xn, Xm-1) =0+3.
— 00 n—oo

n—o0 n
Thus
lim q(xpn_1,Xm_1) = 0. (2.12)
n—oo
- If Mxn,l,xm,l = %[q (Xn—1,Xm) — q(meL xn )], then
1 1
w(q(xnz Xm)) < (P(E[q (Xn—lz Xm) - q(Xm—lz Xn)]) - d)(i[q(xn—lz Xm) - q(Xm—lrxn)])

1
< lp(i[q(xnflrxm) - q(mel, Xn)])~

Since 1 is nondecreasing, then

1 1
q(Xn/Xm) < E[Q(anll Xm) - q(meern)] < Eq(x‘ﬂ.fll Xm)~ (213)
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Thus

Zq (an Xm) < q(Xn—1, Xm) < q(Xn—lz Xn) + q(XTLI Xm.—l) + q(xm—ll Xm)- (2~14)
Let n — oo in (2.14), then

2 lim q(Xn,Xm) < lim Q(anl,xm) < lim q(anl,XnH- lim q(Xmefl)-f— lim Q(mel,xm),
n—oo n—o0 n—o0 n—o0 n— 00
0 <20 < lim q(xn_1,xm) <9,
n—oo
)

< lim q(xn—1,%m) < 0.
n—oo

So
lim q(xp—1,%m) =9d. (2.15)

n—o0

From (2.13), we have
2q (Xn, Xm) < q(anl,Xm) - q(mel, Xn) < Q(anl, Xm)-
Combining (2.10) and (2.15) and taking n — oo, then
26 g 6 - hm q(xmflzxn) < 6/
n—oo
6 g 6_ hm q(xmflzxn) g 6/
n—oo

0

N

lim q(Xm—1,%n) <0.
n—oo

Thus
lim q(xm—1,%xn) =0. (2.16)

n—o0

So, by taking into account (2.15), (2.16), and n — oo, we deduce

lim (21q(xn_1,%m) — q(xm_1, %)) = ~(6—0) = 5. (2.17)

n—oo 2 2 2

Finally from (2.8), (2.10), (2.12), (2.17), and taking n — oo, we conclude P (8) < @(M) — ¢(M), where
M = max {5,0, 35} = 5.
So, P(8) < @(86) — d(d) or P(8) — @(8) + ¢(d) < 0. This is contradiction since & > 0. Hence

q(Xn,xm) <d form >n >mnpy, ng € N. (2.18)

In particular, we have q(xn,,xn) < 6 and q(xn,, Xm) < §, whenever m > n > ng. Thus from Lemma 2.4,
we get d®(xn,Xxm) < €. Hence {x,,} is Cauchy sequence in (X, d*). Therefore {x, } is also Cauchy sequence
in (X, d). Since (X, d) is complete then {x,} converges, i.e., there exists x* € X such that d(xn,x*) — 0.

Now we want to show that q(xn,x*) — 0. Following (2.18), we can choose an arbitrary € > 0 such
that q(xn,xm) < € for m > n > ny, ng € IN. Let us fix n > ng, from Definition 1.4 and for n sufficiently
large

q(xn,x*) < lirrl)infq(xn,xm) < q(Xn, Xm) + € < 2e.
m o0
Since e > 0 is arbitrary, then
q(xn,x*) = 0. (2.19)

Now, we show that fx* = x*.

We have q(xn,x*) — 0 from (2.19), then x,, — x* as n — oco. By using condition (3) in our theorem, f
is continuous. That is, fx,, — fx* as n — oo, then x,, — fx* as n — oo. So, q(xn, fx*) — 0. From Lemma
2.4, for all € > 0, there exists € (0,€) > 0 such that q(xn,x*) <9, q(xn, fx*) < & imply d*(x*, fx*) < e.
Then ds (x*, fx*) = 0, so that fx* = x*. Hence x " is a fixed point of f. O
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Remark 2.6. We note that one of M, as follows

2140 fy) — qly, )] < Slq(x, fy) < AT AT o maxaboy) aly full
= max{q(x,y), q(y, fy)}.

Thus, I\_/lx,y = max{q(x,y), q(x, fx), q(y, fy)}. Furthermore, we obtain the following corollary.

Corollary 2.7. Let (X, d, =) be a complete partially ordered quasi metric space equipped with w-distance q. Let
f : X — X which has the following conditions:

(1) there exists xg € X such that xy =< fxo;
(2) there exist a generalized altering distance function \p, an upper semi-continuous function ¢ : [0,00) — [0, o)
and a lower semi-continuous function ¢ : [0,00) — [0, co) such that

P(q(fx, fy)) < (P(Mx,y) _d)(Mx,y) fOT’X =Yy,

where M,y = max{q(x,y), q(x, fx), q(y, fy)}, (0) = ¢(0) = 0 and P(t) — @(t) + $(t) > 0 for all t > 0;
(3) fis nondecreasing and continuous.

Then f has a fixed point.

If we set @ =1 and ¢ is a generalized altering distance function in Theorem 2.5, we obtain general-
ization of the results of Imdad and Rouzkard [12] in the following corollary.

Corollary 2.8. Let (X, d, =) be a complete partially ordered quasi metric space equipped with w-distance q. Let f
be a self-mapping on X which has the following conditions:

(1) there exists xg € X such that xo = fxg;
(2) there exist two generalized altering distance functions \p, ¢, such that

w(q(fx, ﬁJ)) < w(Mx,y) - d)(Mx,y)/ fOl’ all x < y,
where My = max{q(x,y), q(x, fx), q(y, fy), %[q(x, fy) —q(y, fx)]}, $(0) =0and $(t) >0, for allt >

0;
(3) fis nondecreasing and continuous.

Then f has a fixed point.

Remark 2.9. We do not use the condition (4)-(b) and uniqueness from Theorem 1.3 to Theorem 2.5 because
there are two points of M, ,, that do not satisfy the properties of w-distance in the proof. However, if we
replace M, , with q(x,y) in condition (2) then we obtain the following theorem.

Theorem 2.10. Let (X, d, <) be a complete partially ordered quasi metric space equipped with w-distance q. Let f
be a self-mapping on X which has the following conditions:

(1) there exists xg € X such that xo =< fxo;
(2) there exist a generalized altering distance function \p, an upper semi-continuous function ¢ : [0, 00) — [0, c0)
and a lower semi-continuous function ¢ : [0, co) — [0, co) such that

V(q(fx, fy)) < o(q(x,y)) — dla(x,y)) forall x <y,

where @ (0) = ¢(0) =0and P(t) — @(t) + d(t) >0 forall t > 0;
(3) f is nondecreasing;

(4) (a) either f is continuous or
(b) if xn — x*, then xn =< x*.
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Then f has a fixed point. Moreover, if for each x,y € X there exists z € X which is comparable to x and y then the
fixed point is unique.

Proof. Following the proof of Theorem 2.5 for the case, My = q(x,y), we only need to check that if
condition (4)-(b) holds, then fx* = x*. From (4)-(b) and by using condition (2), we gain

PY(q(xnt1, X)) =0(q(fxn, X7)) < @(q(xn, X)) — d(q(xn, x")).
Taking limit as n — oo, then

lim $(q(xn 1, 7)) < lim @(qhen,x)) = lim ¢(qlen,x")),

$( lim q(xny1, X)) < ¢( lim sup q(xn,X*))—¢(T}gr;oinfq(xn,X*))
= @ lim q(xn,x")) = d( lim q(xn,x))
= @(0) = $(0) =0.

Since 1 is a generalized altering distance function, then limn o q(Xn+1, fX*) = 0. So limp 00 q(Xn, fX*) =
0. From Lemma 2.4, if q(xn,x*) — 0 and q(xn, fx*) — 0, then d°(x*, fx*) — 0. Hence x* = fx*.

Now, we prove the uniqueness of the fixed point. Assume that f has another fixed point y*. From the
assumption in theorem, there exists z € X such that x* < zand y* < z. If z = x* or z = y*, it is trivial. We
assume z # x* and z # y*. Put zyp = z and choose z; € X such that z; = fzg. Then we have zy < x*. We
gain that fzg =< fx* or z; < x* by using condition (3) in the theorem. Continuing this process inductively,
we get z, < x¥, for definiteness we suppose z,, # x* for all n € IN. Similarly, we obtain z, =< y* and
zn #y* foralln € N.

Next, we show that {q(zn,x")} is a decreasing sequence. Suppose to the contrary that {q(zn,x*)} is a
nondecreasing sequence. From condition (2), we have

b(q(zn,x")) = b(q(fzn_1, X)) < @(q(zn-1,x7)) = d(q(zn—1,x")) < V(q(zn-1,x7)).

Since 1 is a nondecreasing, so (q(zn,x*)) < (q(zn—1,x")) is a contradiction. Thus, {q(zn,x*)} is a decreas-
ing sequence. That is, there exists 1 > 0 such that q(zn,x*) — 1. Now, assume that 1 # 0. By using the
properties of \, @, ¢, and taking n — oo, we gain P(1l) < @ (1) — d(1). Therefore (1) — (1) + d(1) < 0is
a contradiction with condition (2). Then | = 0 and q(z,,x*) — 0.

Similarly, we can deduce that q(zn,y*) — 0. From Lemma 2.4, if q(zn,x*) — 0 and q(zn,y*) — 0,
then d*(x*,y*) — 0. Thus x* = y*. Hence, the fixed point of f is unique. O

Remark 2.11. If we set q = d for (X, d) is complete metric space, we gain three results for Theorem 2.10.
The results are Shaddad et al. [22] and Rhoades et al. [19] by setting 1 as identity mapping, and Harjani
and Sadarangani [10] by setting ¢ = { and ¢ as a generalized altering distance function. The other
important result is if we consider ¢ =\ = I (the identity mapping) and ¢(t) = (1 — x)t, for all t € [0, c0),
and « € [0,1), then this theorem is the classical Banach fixed point theorem.

Inspired by the results of Su [28], we obtain the following corollary with relieve ¢ and set q = d.

Corollary 2.12. Let (X, d, =) be a complete partially ordered quasi metric space. Let f be a self-mapping on X which
has the following conditions:

(1) there exists xg € X such that xy =< fxo,

(2) there exist a generalized altering distance function \p, and an upper semi-continuous function ¢ : [0,00) —
[0, 00) such that

P(d(fx, fy)) < o(d(x,y)) forall x <y,
where $(0) = 0 and P(t) > @(t) forall t > 0;
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(3) fis nondecreasing;
(4) (a) either f is continuous or
(b) if xn — x*, then xy =< x*.

Then f has a fixed point. Moreover, if for each x,y € X there exists z € X which is comparable to x and y then the
fixed point is unique.
Remark 2.13. The result of Gordji et al. [7] is a special case of Corollary 2.12 by setting 1p = I (the identity
mapping) and special function ¢ = 3(d(x,y)) whenever {3 : [0, c0) — [0, 1) in complete metric space.

Now, we present an example to illustrate the obtained result given by Theorem 2.5.

Example 2.14. Let X = {0} U{3 : n > 1}, where (X, d, <) is complete partially ordered quasi metric space
with a metric d and usual order <. Consider w-distance q : X x X — [0, 00) defined by q(x,y) = y. Let
a generalized altering distance function \(t) = %t, an upper semi-continuous function ¢(t) = %t and a
lower semi-continuous function ¢(t) = %t. Clearly, ¢(0) = ¢(0) = 0 and P(t) — @(t) + $(t) > 0 for all
t > 0.

Now, assume that f : X — X by fx = g, for all x € X. If there is xg =0 € X, then xo = 0 = 8% =f(0) =
fxp. It is easy to show that f is nondecreasing and continuous. Furthermore, we show that f satisfies

condition (2). If y = 0, then condition (2) holds. Suppose that y = 3% for any m, then we have
1 1 1 1 1

1
Mxry = maX{q(X, 37111)’ q(Xf fX)l q(37m/f(37m))/ E[q(xr‘f(ﬁ)) - q(37m/ fX)]}
1 1.1 1
= max{37mlfx'/ (371“), E[f(?n) — fx]}
1 x 1 1 1 X

3m’ 81’ 81(3m)’ 5[81(3m) B 87]}'

= max{
Now, we have two cases.
(1). Suppose x = 0, then
1 0 1 1. 1 0 1 1 1.1 1

3w 81 813m) 2 816™) 81 - " gw giamy 2 i T

M,y = max{

Hence
- X Yy_y¥y_ Yy _y_ 1 1
o 2 1 1 1 1
N 33+m T 32+m  33+m 32(3m) B 33(3m)
11 11
~9'3m  27°'3m
1 1
= (9(3?)—49(3?)
= (P(Mx,y) _d)(Mx,y)-
(2). Suppose x = 5. We obtain two cases.
- If s > m, then
1 x 1 1 1 X
MX = r’ o017 s o1
v =M e g™y 2 81 81
— max{ar, a e L)
N 3m’ 81(3s)" 81(3m)" 2°81(3m)  81(3%)
1
= 3711’1'

Hence we also get the same results with case 1.
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- If s < m, then

1 x 1 1 1 X

Moy = max{ze, o 51 3m) 2 813m) 810
—max{s, e St L)
N 3m’81(3s)" 81(3m)"2°81(3m)  81(3%)
1 1
81(3%) T 34+s”
Hence
y 1 1

P(qfx, fy)) = h(q(as, ) =P(2) = 2 = I =

81’ 81 81° 813 3 35(3m) 35+m
2 2 1 1
S 3775 T 3dis T 30347s  3paits
1111
T 9 34+s 27 34+s
1 1

- @(34+s )= ¢(34+s)
= (P(Mx,y) - q)(Mx,y)-

So, condition (2) in our theorem holds. Thus, all the conditions are satisfied. Moreover we obtain
limp 00 f(xn) = limp 00 ggw = 0.

3. Common fixed point theorems

In this section, we prove the common fixed point theorem. An element x € X is called a common fixed
point of mappings f: X — X and g : X = X if x = gx = fx. In 1976, Jungck [13] proved the interesting
generalization of contraction mapping principle as follows.

Theorem 3.1. Let X be a complete metric space. Let g be a continuous self-map on X and f be any self-map on X
that commutes with g. Further, let f and g satisfy f(X) C g(X) and there exists a constant A € (0, 1) such that for
every x,y € X

d(fx, fy) <A d(gx, gy).

Then f and g have a unique common fixed point.
Recently, Haghi et al. [9] introduced a very useful lemma which we need in our work.

Lemma 3.2 ([9]). Let X be a nonempty set and f : X — X be a function. Then there exists a subset £ C X such that
f(E) = f(X) and f : E — X is one-to-one.

Ciric et al. [5] introduced the following definition which will be needed in the proof of our result.

Definition 3.3 ([5]). Suppose (X, <) is a partially ordered set and f, g : X — X. f is g-nondecreasing if for
all x,y € X, gx < gy implies fx < fy.

Then, from the previous results to fixed point, we will extend for a common fixed point as the way of
Shatanawi and Postolache [27]. Now, we are ready to mention our theorem.

Theorem 3.4. Let (X, d, <) be a partially ordered quasi metric space equipped with w-distance q. Suppose g be a
continuous self-map on X and f be any self-map on X that commutes with g. Further, let f and g satisfy f(X) C g(X)
and g(X) is complete subspace of X which has the following conditions:

(1) there exists gxg € g(X) such that gxg < fxo;
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(2) there exist a generalized altering distance function \p, an upper semi-continuous function ¢ : [0,00) — [0, o),
and a lower semi-continuous function ¢ : [0,00) — [0, co) such that

ll)(q(fx,fy)) < (P(mx,y) - d)(mx,y)for all x < Yy,

where my, = max{q(gx, gy), 4(gx, fx), q(gy, fy), 3[q(gx, fy) — q(gy, fx)1}, @(0) = $(0) = 0, and P(t) —
@(t)+d(t) >0 forallt >0;
(3) fis g-nondecreasing and continuous.

Then f and g have a common fixed point.

Proof. By Lemma 3.2, there exists E C X such that g(E) = g(X) and g : E — X is one-to-one. We define
a continuous mapping G : g(E) — g(X) by G(gx) = fx. Since g is one-to-one on E, G is well-defined.
Now, we show that the function G satisfies all conditions in Theorem 3.4. From the above definition, G is
continuous function. Other conditions will be indicated as follows.

(i) We have gxg € g(E), then G(gxg) = fxp. From condition (1) gxo =< fxp, we obtain gxg =< G(gxo).

(ii) From the definition of G, for all gx, gy € g(E) we obtain
P(q(G(gx), G(gy))) < @(myy) — d(myy) forall gx =< gy,

where m,,, = max{q(gx, 9y), q(gx, G(gx)), q(gy, G(gy)), 3[a(gx, G(gy)) — q(gy, G(gx))]}, (0) =
$(0) =0, and P(t) — @(t) + d(t) >0 forall t > 0.

(iii) From Definition 3.3, if gx < gy implies fx < fy for all x,y € X, so that gx < gy implies G(gx) =
G(gy) for gx, gy € g(E), then G is nondecreasing.

From (i)-(iii) above, we conclude that the function G satisfies all conditions in Theorem 2.5. Since g(E) =
g(X) is complete and using Theorem 2.5, there exists x* € X such that gx* = G(gx*) = fx*. Hence f and
g have a common fixed point. O

From Remark 2.6 and setting q = d, ¢ =1, we obtain the following corollaries.

Corollary 3.5. Let (X, d, <) be a partially ordered quasi metric space equipped with w-distance q. Suppose g be a
continuous self-map on X and f be any self-map on X that commutes with g. Further, let f and g satisfy f(X) C g(X)
and g(X) is complete subspace of X which has the following conditions:

(1) there exists gxg € g(X) such that gxg < fxo;
(2) there exist a generalized altering distance function \p, an upper semi-continuous function ¢ : [0,00) — [0, 00),
and a lower semi-continuous function ¢ : [0,00) — [0, co) such that

P(q(fx, fy)) < @(Myy) — G(My,y) forall x <y,

where My = max{q(gx, gy), q(gx, fx), q(gy, fy)}, ©(0) = ¢(0) = 0, and P(t) — @(t) + ¢(t) > 0 for all
t>0;

(3) fis g-nondecreasing and continuous.

Then f and g have a common fixed point.

Corollary 3.6. Let (X, d, =) be a partially ordered quasi metric space. Suppose g be a continuous self-map on X
and f be any self-map on X that commutes with g. Further, let f and g satisfy f(X) C g(X) and g(X) is complete
subspace of X which has the following conditions:

(1) there exists gxg € g(X) such that gxg < fxo;
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(2) there exist a generalized altering distance function \p and a lower semi-continuous function ¢ : [0, c0) — [0, 00)
such that

w(d(fX/ﬁJ)) < w(mx,y) - cb(mx,y) fOT’ all x < Yy,

where my ., = max{d(gx, gy), d(gx, fx), d(gy, fy), 3[d(gx, fy) — d(gy, fx)]}, $(0) = 0, and $(t) > 0 for all
t>0;
(3) fis g-nondecreasing and continuous.

Then f and g have a common fixed point.

Remark 3.7. The result of Abbas and khan [1] is a special case of our Corollary 3.6 by setting m, , =
d(gx, gy) in metric space.

Acknowledgment

The authors would like to acknowledge the grant UKM Grant DIP-2014-034, and Ministry of Educa-
tion, Malaysia grant FRGS/ 1/2014/ST06/UKM/01/1. The authors also would like to thank to financial
support received from Directorate General of Higher Education (DIKTI), Indonesia.

References

[1] M. Abbas, M. A. Khan, Common fixed point theorem of two mappings satisfying a generalized weak contractive condition,
Int. J. Math. Math. Sci., 2009 (2009), 9 pages. 1, 3.7
[2] R. P. Agarwal, M. A. El-Gebeily, D. O'Regan, Generalized contractions in partially ordered metric spaces, Appl. Anal.,
87 (2008), 109-116. 1
[3] C. Alegre, J. Marin, S. Romaguera, A fixed point theorem for generalized contractions involving w-distances on complete
quasi-metric spaces, Fixed Point Theory Appl., 2014 (2014), 8 pages. 1,1,2.3,2.4
[4] L. Ciri¢, R. P. Agarwal, B. Samet, Mixed monotone-generalized contractions in partially ordered probabilistic metric spaces,
Fixed Point Theory Appl., 2011 (2011), 13 pages. 1, 1
[5] L. Ciri¢, N. Caki¢, M. Rajovi¢, J. S. Ume, Monotone generalized nonlinear contractions in partially ordered metric spaces,
Fixed Point Theory Appl., 2008 (2008), 11 pages. 3, 3.3
[6] P. N. Dutta, B. Choudhury, A generalisation of contraction principle in metric spaces, Fixed Point Theory Appl., 2008
(2008), 8 pages. 1, 1
[7] M. Eshaghi Gordji, H. Baghani, G. H. Kim, A fixed point theorem for contraction type maps in partially ordered metric
spaces and application to ordinary differential equations, Discrete Dyn. Nat. Soc., 2012 (2012), 8 pages. 1, 2.13
[8] L. Gholizadeh, R. Saadati, W. Shatanawi, S. M. Vaezpour, Contractive mapping in generalized, ordered metric spaces
with application in integral equations, Math. Probl. Eng., 2011 (2011), 14 pages. 1
[9] R. H. Haghi, S. Rezapour, N. Shahzad, Some fixed point generalizations are not real generalizations, Nonlinear Anal.,
74 (2011), 1799-1803. 3, 3.2
[10] J. Harjani, K. Sadarangani, Generalized contractions in partially ordered metric spaces and applications to ordinary differ-
ential equations, Nonlinear Anal., 72 (2010), 1188-1197. 1,1,1.2, 1, 2.11
[11] D. Ili¢, V. Rakocevi¢, Common fixed points for maps on metric space with w-distance, Appl. Math. Comput., 199 (2008),
599-610. 1
[12] M. Imdad, F. Rouzkard, Fixed point theorems in ordered metric spaces via w-distances, Fixed Point Theory Appl., 2012
(2012), 17 pages. 1,2.1,2.2,2
[13] G. Jungck, Commuting mappings and fixed points, Amer. Math. Monthly, 83 (1976), 261-263. 3
[14] O.Kada, T. Suzuki, W. Takahashi, Nonconvex minimization theorems and fixed point theorems in complete metric spaces,
Math. Japon., 44 (1996), 381-391. 1, 1.4, 1
[15] M. S. Khan, M. Swaleh, S. Sessa, Fixed point theorems by altering distances between the points, Bull. Austral. Math.
Soc., 30 (1984), 1-9. 1
[16] A. Latif, S. A. Al-Mezel, Fixed point results in quasimetric spaces, Fixed Point Theory Appl., 2011 (2011), 8 pages. 1
[17] S. H. Park, On generalizations of the Ekeland-type variational principles, Nonlinear Anal., 39 (2000), 881-889. 1
[18] B. E. Rhoades, Some theorems on weakly contractive maps, Proceedings of the Third World Congress of Nonlinear
Analysts, Part 4, Catania, (2000). Nonlinear Anal., 47 (2001), 2683-2693. 1, 1
[19] B. E. Rhoades, H. K. Pathak, S. N. Mishra, Some weakly contractive mapping theorems in partially ordered spaces and
applications, Demonstratio Math., 45 (2012), 621-636. 1, 2.11
[20] E Rouzkard, M. Imdad, D. Gopal, Some existence and uniqueness theorems on ordered metric spaces via generalized
distances, Fixed Point Theory Appl., 2013 (2013), 20 pages. 1



R. Zuhra, M. S. M. Noorani, F. Shaddad, J. Nonlinear Sci. Appl., 10 (2017), 699-712 712

(21]
[22]
(23]
[24]
(25]
[26]

(27]

R. Saadati, S. M. Vaezpoura, P. Vetro, B. E. Rhoades, Fixed point theorems in generalized partially ordered G-metric
spaces, Math. Comput. Modelling, 52 (2010), 797-801. 1, 1

F. Shaddad, M. S. M. Noorani, S. M. Alsulami, H. Akhadkulov, Coupled point results in partially ordered metric spaces
without compatibility, Fixed Point Theory Appl., 2014 (2014), 18 pages. 1,1, 1.3, 1, 2.11

W. A. Shatanawi, K. K. Abodaye, A. Bataihah, Fixed point theorem through Q-Distance of Suzuki type contraction
condition, Gazi Univ. J. Sci., 29 (2016), 129-133. 1, 1

W. Shatanawi, A. Bataihah, A. Pitea, Fixed and common fixed point results for cyclic mappings of Q-distance, J. Nonlin-
ear Sci. Appl., 9 (2016), 727-735. 1

W. Shatanawi, A. Pitea, Fixed and coupled fixed point theorems of Q-distance for nonlinear contraction, Fixed Point
Theory Appl., 2013 (2013), 16 pages. 1

W. Shatanawi, A. Pitea, Q-distance and coupled fixed point in G-metric spaces, Fixed Point Theory Appl., 2013 (2013),
15 pages. 1

W. Shatanawi, M. Postolache, Coincidence and fixed point results for generalized weak contractions in the sense of Berinde
on partial metric spaces, Fixed Point Theory Appl., 2013 (2013), 17 pages. 1,3

Y.-F. Su, Contraction mapping principle with generalized altering distance function in ordered metric spaces and applications
to ordinary differential equations, Fixed Point Theory Appl., 2014 (2014), 15 pages. 1,1.1,1, 1, 2

E-F. Yan, Y.-F. Su, Q.-S. Feng, A new contraction mapping principle in partially ordered metric spaces and applications to
ordinary differential equations, Fixed Point Theory Appl., 2012 (2012), 13 pages. 1



	Introduction and preliminaries
	Main results
	Common fixed point theorems

