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Abstract

In this paper, our aim is to construct a convergence theorem in Banach spaces via the following Ishikawa recursive algorithm

Xn+1 = (I —otn)xn + xnThyn,
Yn = (1=Bn)xn+PnTnxn,

where {«n}, {Bn} are sequences in [0,1] and {T, } is a sequence of nonexpansive mappings. Moreover, we also apply these results
to solve a split feasibility problem. ©2017 All rights reserved.
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1. Introduction and preliminaries

Throughout this paper, we always assume that E is a real Banach space and H is a real Hilbert space,
respectively. Let C and Q (C, and Qn, n = 0,1,2,---) denote the nonempty closed convex subsets of
the Hilbert spaces H; and Hy. Let T be a self-mapping of C. Recall that T is said to be a nonexpansive
mapping, if

Mx =Tyl <lx—yll, ¥xyeC
Here F(T) denotes the set of fixed points of T, i.e., F(T) = {x € C:x = Tx}. We use — (—) to denote weak
(strong) convergence, W, (xn) = {x : Ixn, — x} to denote the w-limit set of {x, }.

On the fixed point problems of the nonexpansive mappings which is an important class of nonlinear
mappings, there are many interesting convergence results during the past decades, see [7, 21, 31] and the
references therein.

Krasnosel’skii [15] and Mann [17] used the following algorithm which is now called the K-M algorithm

Xni1 = (1 —&n)Xxn + an Txn, (1.1)

where o, C [0,1] and the initial point xo € C have no restrictions.
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In 1979, Reich [24] proved that the sequence defined by (1.1) converges weakly to q € F(T), if E
is a uniformly convex Banach space with a Fréchet differentiable norm, T : C — C is a nonexpansive
self-mapping with F(T) # 0 and ) 77, otn (1 — an) = 0.

In 2011, Zhang et al. [29] proposed modified Halpern and Ishikawa iteration algorithms for solving
the fixed points of nonexpansive mappings in Banach spaces. For the convergence of modified Halpern
and Ishikawa iterative algorithms, we refer authors to [8, 9, 20, 28] for more details. In 2016, Hieu et
al. [11] introduced three parallel hybrid extragradient methods and obtained the set of fixed points of
nonexpansive mappings in a real Hilbert space.

The split feasibility problem (SFP) is to find a point

x € C, such that Ax € Q, (1.2)

where A : H; — Hj is a bounded linear operator. Censor and Elfving [5] first introduced the SFP in a
Hilbert space. Recently, SFP which attracts attentions of many researchers, has been widely used in many
applications such as signal processing and other fields, see [3, 4, 10, 14] and the references therein.

It has been proved that if the SFP (1.2) has a solution, it is not hard to find a solution x* to (1.2) is
equivalent to a fixed point equation

Pe(I—yA*(I—Pq)AX" = x*, (1.3)

In order to solve the SFP (1.2), Byren [3] proposed the popular CQ algorithm which generates a sequence

{xn} by
Xnt1 = Pc(xn —YA* (I =Pq)Axn), n =0, (1.4)

where vy € (0,2/A) with A being the spectral radius of the operator A*A.
As we know, the CQ algorithm (1.4) is a special case of the K — M algorithm (1.1) (see [27]). Due to
the fixed point formulation (1.3) of the SFP (1.2), we can apply the K — M algorithm (1.1) to the operator

Pc(I=yA*(I-Pq)A),
to produce a sequence {xn} given by

Xn+1 = (1 —an)xn +anPclxn —YA*(I— PQ)AXn)/ n =0, (1.5)

where y € (0,2/A) and again A being the special radium of the operator A*A. Then we can see that
as long as {an} satisfies condition ) 3 an(1 — an) = oo, we have weak convergence of the sequence
{xn} generated by the algorithm (1.5). If possible errors are taken into consideration, then we should
study perturbations of the closed convex sets C and Q. For example, Zhao and Yang [30] considered the
following perturbed algorithm:

Xn+1 = (1 - (Xn)xn + (anCn (Xn _YA*(I - PQH)AXn)z

where {Cy,} and {Qn} are sequences of closed convex subsets of H; and Hy, respectively, which converges
to C and Q, respectively, in the sense of Mosco [1]. This is a motivation for the authors to study the
following more general algorithm which generates a sequence {x,} according to the recursive formula

Xn+1 = (1 —oatn)xn + xnTaxn, (16)

where {T,,} is a sequence of nonexpansive mapping in Hilbert space H.
In 2005, under certain conditions, Zhao and Yang [30] studied the convergence of (1.6) in a finite-
dimensional Hilbert space.

Theorem 1.1. Let T and T, be nonexpansive operators in Hilbert space H for k = 0,1,2,---, T, — T and
{an} C (0,1) satisfying
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(i) X h_gan(l—oan) =00
(i) > oanDp(Tn, T) < oo for any given p > 0, where Dy (Tr, T) = sup{||Tax — Tx|| : ||x]| < p}
Then the sequence {xn} defined by (1.6) converges weakly to a fixed point of T.

Remark 1.2. In [30, page 1794], the 1irrl> inf ||xn, — Txn || = 0 and a subsequence {xn,} of {xn } weakly converges
n o0
to a fixed point z of T do not imply that liminf ||x,,; —z|| = 0, unless the space is finite dimensional.
j—o0

In 2006, Xu [26] extended Zhao and Yang [30] from finite dimensional Hilbert spaces to infinite di-
mensional Banach spaces and they obtained the following result.

Theorem 1.3. Assume that X is a uniformly convex Banach space which has a Fréchet differentiable norm. Let T
be a nonexpansive operator in the Banach space X, F(T) is the set of fixed points and F(T) is nonempty. Let {Tn,} be a
sequence of nonexpansive mappings on C. If assumptions (i) and (ii) of Theorem 1.1 are satisfied, then the sequence
{xn} generated by the algorithm (1.6) converges weakly to a fixed point of T.

Recently, Qu et al. [22] and Moudafi [18] studied the split feasibility problem by the relaxed alternating
CQ-algorithm and CQ-like algorithms. In 2014, [6] present weak and strong convergence theorems of
solutions to a split feasibility problem for a family of nonspreading-type mapping in Hilbert spaces.

For each xg € C, the iteration sequence {x,} is called an Ishikawa iteration scheme, if

Xn+1 = (1 - (xn)xn + o‘nTyn/
Yn = ( Bn)xn + BnTXn-

The Ishikawa iteration scheme was introduced by Ishikawa [12] and he proved that the sequence generated
by this algorithm must converge to a fixed point of a Lipschitzian pseudo-contractive mapping in a convex
compact subset of Hilbert spaces. After that, lots of authors studied the Ishikawa (two-step) iteration
algorithm for solving the zero points of nonlinear operators, the equilibrium problems, the variational
inequalities problems in Hilbert spaces and Banach spaces, see [13, 16, 19, 23] and the references therein.
In this paper, motivated by Zhao and Yang [30], Xu [26] and the above works, we proposed the
following Ishikawa iteration algorithm, given xo € C
Xn41 = (1 —an)xn + anTnyn, (1.7)
Yn = (1= Bn)xn + BnTaxn,

where 0 < o, B < 1 and {Ty} is a sequence of nonexpansive mappings. We show that the sequence {x, }
weakly converges to a fixed point of T. We also apply this result to solve the SFP (1.2) via the following
iteration algorithm
Xn+1 = (1_an)xn+OCnPC (UH_VA*(I_PQH)AUTL)/ (1 8)
=1 Bn)XnJFBnPCn( n*YA*(I*PQn)AXn)~

We show that {x,} weakly converges to a solution of the SFP (1.2).

The aim of this paper is to present the above Ishikawa algorithm to solve the SFP, these results mainly
improve the exited results in Zhao et al. [30], Xu [26] and Qu et al. [22]. Specifically, we list the following
highlights:

e The results extend and improve the corresponding results from finite dimensional Hilbert spaces to
infinite dimensional Banach spaces.

e The conditions in this paper are much mild. Indeed, we remove the assumptions in [30, Theorem
2.2] that the sequence {C,} and {Qn} Mosco converge to C and Q, respectively.
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e Our results extend the K-M algorithm to the Ishikawa algorithm.
e Our algorithm is efficient for solving the SFP.
In order to get our main results, we need the following preliminaries.

Definition 1.4. An operator S : H — H is called an averaged operator, if it can be shown as the following
combining form:
S=(1—o)I+ T,

where I is the identity operator and T : H — H is a nonexpansive operator and « € (0,1).
As an special case, if « = 1/2, the projections are averaged operators.
Definition 1.5. If T is an operator with domain D(T) and range R(T) in H.

(i) T is called monotone, if
(x—y,Tx—Ty) >0, ¥x,yeD(T).

(ii) For a real number v > 0, T is called to be v-inverse strongly monotone (v-ism) (or co-coercive), if it
satisfies the following inequality

(x—y,Tx—Ty) > vHTx—Ty||2.

So, we can easily get the following conclusions.
(i) If T is nonexpansive, then I — T is monotone and a projection Pk is 1-ism.
(ii) T is averaged « the complement I — T is v-ism for some v > 3.

The following lemma is trivial.

Lemma 1.6. Let {un} and {vn} be nonnegative sequences satisfying > o _opn < 00 and Vni1 < Vn + pn,
n=0,1,---. Then {vy} is a convergent sequence.

2. Main results

Theorem 2.1. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E and
T : C — C be nonexpansive mapping and {Ty} be a sequence of nonexpansive mappings on C. Let {xn} be defined
in (1.7), where 0 < on, Bn < 1 satisfy the following conditions:

() Yo pan(l—an) =00, > 3 ootnPn <00, nlgrgo Bn =0;
(i) > oanDp(Tn, T) < oo, for every p > 0, where
Do(Tn, T) = supf||Tnx — Tx|| : |Ix|| < p}

Then {xn} converges weakly to a fixed point P of T

Proof. First we show that {x,,} is bounded.
Take z € F(T), it follows that

[Xni1 =zl < (1—an)lxn —z| + anl|Tayn — Tnzl| + an || Tnz — TZ|| @.1)
< (1—an)|[xn —2zl| + anflyn — z|| + on || Tz — Tz||. ‘
Similarly, we have
[yn —zl| < (1=Bn)lxn —z[| + Bl Taxn — Tnz| + Bnl[Thz — Tz|| 2.2)
< xn =z + Bnl[Thz — Tz '
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It follows from (2.1) and (2.2) that

[xn —z|| + on (14 Bn)||Thz — Tz||
[Xn —z| + 200Dz (Tn, T).

[Xn1—z| < |

<

By condition (ii), we see that lim |xn —z|| exists. Hence, {xn} is bounded, so {Tnxn} and {Txy} are
n—,oo

bounded, too.

Next, we claim that, ||[xn, — Txn|| — 0 as n — oo.

Let p = sup{||xn|, || TnXn| : 1 > 0} < 0o and let v = p + ||z|| + 2 sup{an Dy (Tn, T)}.

Now since E is uniformly convex, there exists a continuous strictly convex function ¢ with ¢(0) =0
by [25]. Hence, we have

A% 4 (1= Ay |2 < AP+ (1= A)jyl> = A1 =N e(llx —yl]), (2.3)

for all x,y € E such that ||x|| < rand |y|]| < r and for all A € [0,1]. In particular, setting en, = Tnyn — Tyn
(note that [|en|| < Dy(Tn, T)) and a constant M; so that, M; > sup{2||xn, —z|| + an|len ]| : n = 0}. By (2.3)
and condition (i), we have.
[xni1—zl* = |(1 = &n) (xn — 2+ &nen) + otn (Tyn — 2+ anen)|?
< (1—an)|xn —z+ otnen | + o ||Tyn — 2+ anenl?
—an (1= an)@(|lxn —Tyn|)
< (1= on) ([xn = 2] +20mxn — 2|l[lenl| + o} len|*)
+ o ([ Tyn — 2| + 20 en | Tyn —z2l| + o [len )
—an(1—am)@([[xn — Tyn||)
< Jxn = 22 + Mion Do (Tn, T) = o (1= o) @ ([[xn = Ty ).

It follows that

on(1— o‘n)(P(”Xn - TUTLH) < ||Xn - Z||2 - HXTL—H - ZHZ + Mlo(nDp(Tn/ T). (2.4)

Since li_1>n |lxn — z|| exists, condition (i) and (2.4) imply that
n oo

Z on (1 — o) (|[xn — Tyn||) < oo,
n=1

which further implies that lirrl> inf @(|[xn — Tyn||) = 0. Hence,
n—oo

“ﬂ%}f |xn — Tyn]|) =0.
It follows from (1.7) that
[xn —Ynl = Bnllxn — Taxnll — 0.
Then

liminf ||xn — Txn|| = 0. (2.5)
n—oo

Since {xn} and {Tnxn} are bounded, there exists a constant M, satisfying 2||Thxn —xn | < Ma. Hence, we
have

HXnJrl - TanrlH = H (1 - (Xn)xn + ‘XnTnyn - Txn+1”
= |[(1 = otn)xn + otn Tnyn — Txn + Txn — Txn 41|
< (1= o) |lxn — Txn || + an | Tayn — Txn ||
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+ [[Xn41 —xn|
= (1 —on])[[xn — Txn [+ an [[Tayn — Txn|

+ otn [[Xn — Tayn||
< (1—an)|[xn = Txnll + on [ Tayn — Txa||

+ otn [[Xn — Txnl|| + on [ TXn — Taynl|
= [[xn — Txn|| + 20t || Thyn — Txn ||
[xn — Txnll + 20n [ Tayn — Tyn || + 20 [[yn — xa||
X — Txn || + 200 Do (Tn, T) + 200 B || TaXn — Xn ||
Xn — Txn|| + 200 Do (Tn, T) + atn frnMa.

NN IN

Since Y 71 onDy(T, Th) < 00, 3 71 &nPnM2 < 0o, by Lemma 1.6, we obtain
lim ||x, — Txn|| exists.
n—,oo

This together with (2.5) implies that

lim ||xn —Txn|| =0.
n—o0
The demiclosedness principle for nonexpansive mappings (see [2]) implies that
Ww(xn) C F(T).

To prove that {x} is weakly convergent to a fixed point of T, it now suffices to prove that w,,(xn)
consists of exactly one point.

Indeed, there are X, X € wy(xn) (Xn, = X, Xm; — X). Note that lim |x, —X| and lim |xn —X]||
_ ) n— oo n—oo
exist. If X # X, then

lim |[xn —X||* = lim | (¢m; —%) + (x—x)|?
n—,oo )—00
= lim [|xon, — X+ [[x —X||*
] —00
> lim ||xn, —X|?
1—00
= lim ||(xn, —%) + (X —%)|?
1—0
= lim [xn, —X|* + X — %I
1—00
> lim |Jxn, —X|?
1—00
= lim ||xn, —X||*.
n
This is a contradiction. The proof is completed. O

Corollary 2.2. Let C be a closed convex subset of a Hilbert space H. Assume that T : C — C is a nonexpansive
mapping such that F(T) # (. Assume also that {Ty} is a sequence of nonexpansive mappings on C. Let the sequence
{xn} be defined by (1.7), where 0 < oy, B < 1 satisfying the following conditions:

() Yo pan(l—an) =00, > 3 ootnPn <00, nlgr;o Bn=0;
(i) > oanDp(Tn, T) < oo, for every p > 0, where
Do(Tn, T) = sup{||Tax — Tx|| : [|x]| < p}

Then {xn} converges weakly to a fixed point of T.
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Remark 2.3. Theorem 2.1 extends Theorem 2.1 of Zhao and Yang [30] from finite dimensional Hilbert
spaces to infinite dimensional Banach spaces. Corollary 2.2 extends Theorem 2.1 of Zhao and Yang [30]
from the K-M algorithm to the Ishikawa algorithm.

Below we show the applications of algorithm (1.7) to the split feasibility problem.
We now apply Corollary 2.2 to the SFP (1.2).
Recall that p-distance between two closed convex subsets E; and E; of a Hilbert space H is defined by

dp(EleZ): sup HPE1X_PE2XH'
Ixll<e

Theorem 2.4. Assume that the sequence {xn} is generated by the perturbed averaging CQ algorithm (1.8), the
sequences {&n},{Bn} € [0, 1] satisfy the conditions:

() Yo pan(l—an) =00, > 3 ootnPn <00, nlgrgo Bn=0;

(i) > pandp(Cn,C) <ocoand Y 3 ;andp(Qn, Q) < oo, Vp > 0.
Then {xn} converges weakly to a solution of the SFP (1.2).

Proof. Set T = Pc(I—-yA*(I-Pg)A)and T,, = Pc, (I—-yA*(I—-Pq,)A). Then T and T,, are nonexpansive

with v < W. Indeed, write
U=A*(I—Pg)A,

and

Since Pg and I —Pg are 1-ism, we calculate
(x—y,Ux—Uy) = (x —y,A"(I-Pq)Ax — A" (I - Pq)Ay)
= (Ax— Ay, (I -Pg)Ax— (I-Pg)Ay)
H(I—PQ Ax — (1—Pq)Ay|?

> [Ux — Uy]*.

HAH2

Hence, U is W—inverse strongly monotone, which implies that yU is m-ism, which in turn implies
that I —yU is averaged for |A|[>y < 2,ie. v < W.

Hence, we get that S = Pc(I —yU) is averaged. Then S = P¢(I —yU) is nonexpansive, so are S, =
Pc, (I—vyU;). Since the SFP (1.2) is consistent, F(T) is nonempty. Note that F(T) is the solution set of the

SFP (1.2). Also the perturbed averaging CQ algorithm (1.8) can be written as

Xnt1 = (1 —on)xn + &nTnyn,
Yn = (1 - Bn)xn + BnTnxn.

Given p > 0. Letting
p = sup{max{||Ax||, Hx—yA*(I—PQ)AxH}: IIx]| < p} < o0,

we compute for x € H, such that ||x|| < p

[Tax —Tx|| < [|[Pc, (x = YA*(I=PQn)AX) — Pc, (x —YA*(I = Pg)Ax]||
+ Pc, (x = YA*(I—Pq)Ax) — Pc(x —yA*(I—Pq)Ax)||
< [P, (x = YA*(I—Pg)Ax) — Pc(x — YA* (I—Pq)AX)||
T Y[[AT(PQAX —Pq, AxX]]
< d5(Cn, C) +Y[|A[|d5(Qn, Q).
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This shows that

It follows from condition (ii) that
Z oanDp(Tn, T) < D atnd5(Cn, ©) +VI[A| Z and;5(Qn, Q) <
n=0 n=0

Now we can apply Corollary 2.2 to conclude that the sequence {x,, } defined by the perturbed averaging
CQ algorithm (1.8) converges weakly to a solution of SFP (1.2) O

Remark 2.5. Theorem 2.4 extends [30, Theorem 2.2] from the K-M algorithm to the Ishikawa iteration
algorithm and removes the assumption in [30, Theorem 2.2] that the sequences {C,} and {Qn} Mosco
converge to C and Q, respectively.
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