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Abstract

In this paper, firstly by utilizing the theory of operators semigroup, probability density functions via impulsive conditions,
we establish a new PC;_,-mild solution for impulsive Hilfer fractional differential inclusions. Secondly we prove the existence
of mild solutions for the impulsive Hilfer fractional differential inclusions by using fractional calculus, multi-valued analysis and
the fixed-point technique. Then under some assumptions, the approximate controllability of associated system are formulated
and proved. An example is provided to illustrate the application of the obtained theory. ©2017 All rights reserved.
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1. Introduction

The theory of fractional differential equations has emerged as an important area of investigation since
it describes the property of memory and heredity of various materials and processes in comparison with
corresponding theory of classical differential equations. It has been found that the differential equations
involving fractional time derivatives are more realistic to describe many phenomena in practical cases than
those of integer order time derivatives. In recent years, more and more mathematicians, physicists, and
engineers are attracted to this area and notable contributions have been made to both theory and applica-
tions of fractional differential equations. For example, for fractional derivative operators with non-locality,
one can see the monographs of Baleanu et al. [4], Diethelm [9], Kilbas et al. [16], Lakshmikantham et
al. [17], Miller and Ross [22], Podlubny [24] and Tarasov [28]. For local fractional derivative operators
that describe non-differentiable problems from fractal physical phenomena, we can see the monograph
of Yang et al. [31]. Another new operator called conformable fractional derivative has some properties
that are distinct from those usual in other formulations [2]. Fractional differential equations involving
the Riemann-Liouville fractional derivative or the Caputo fractional derivative have many results (see for
example [3, 7, 19, 26, 32-35]). On the other hand, Hilfer [13] proposed a generalized Riemann-Liouville
fractional derivative, for short, Hilfer fractional derivative, which includes Riemann-Liouville fractional
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derivative and Caputo fractional derivative. This operator appeared in the theoretical simulation of di-
electric relaxation in glass forming materials. It seems that Hilfer et al. [14] have initially proposed linear
differential equations with the new fractional operator: Hilfer fractional derivative and applied opera-
tional calculus to solve such simple fractional differential equtions. Thereafter, Furati et al. [11], Gu and
Trujillo [12] extended the study nonlinear problems and presented the existence, nonexistence and sta-
bility results for initial value problems of nonlinear fractional differential equations with Hilfer fractional
derivative in a suitable weighted space of continuous functions.

The theory of impulsive differential equations and inclusions of integer order has found its extensive
applications in realistic mathematical modeling of a wide variety of practical situations and has emerged
as an important area of investigation in recent years. During the last ten years, impulsive differential
equations and inclusions with different conditions have been intensely studied by many mathematicians,
see [1, 10, 20]. At present, the foundations of the general theory are already laid, and many of them are
formulated in detail in Benchohra et al. [6]. However, impulsive differential equations and inclusions of
fractional order have not been much investigated and many aspects of them are yet to be explored. For
some recent works on impulsive fractional differential equations and inclusions, see [18, 23, 27, 29, 30]
and the references therein.

Control theory is an interdisciplinary branch of engineering and mathematics that deals with influence
behavior of dynamical systems. Controllability is one of the fundamental concepts in mathematical con-
trol theory. This is a qualitative property of dynamical control systems and it is of particular importance
in control theory. Many fundamental problems of control theory such as pole assignment, stabilization
and optimal control may be solved under the assumption that the system is controllable. From the mathe-
matical point of view, the problems of exact and approximate controllability are to be distinguished. Exact
controllability enables to steer the system to arbitrary final state (see for example [1, 5, 18, 20]) while ap-
proximate controllability means that system can be steered an arbitrary small neighborhood of final state.
Approximately controllability systems are more prevalent and very often approximate controllability is
completely adequate in applications. Therefore, it is important, in fact necessary to study the weaker
concept of controllability, namely approximate controllability for nonlinear systems. In recent years, there
are some papers on the approximate controllability of the nonlinear evolution systems under different
conditions [7, 19, 21, 25, 26, 32]. The conditions are established with the help of semigroup theory and
fixed point theorem under the assumption that the associated linear system is approximately controllable.
However, it should be emphasized that to the best of our knowledge, the approximate controllability of
impulsive Hilfer fractional differential inclusions in Banach spaces has not been investigated yet and it is
also the motivation of this paper. In order to fill this gap, in this paper, we study the approximate con-
trollability of Hilfer fractional differential inclusions with impulsive using fixed point theorem, fractional
calculus and the assumption that the associated linear system is approximately controllable. At last, an
example is given to illustrate the abstract results.

The objective of this paper is to investigate the approximate controllability of the following impulsive
fractional differential inclusions involving Hilfer fractional derivative:

DgPx(t) € Ax(t) + F(t, x(t)) + Bu(t), te (0,b], t#ty,
AI(l):VX(t) |t:tk: Gk(tk/X(tE))/ k= 1/ 21 s, M, (11)
57 Yx(t) li—o=x0 € X,

where Dg? is the Hilfer derivative of order q and type p which will be given in next section, 0 <
p <1, % < q <1 and v = p+q—pq; x(-) takes values in Banach space X with norm |- [; A :
D(A) € X — X is the infinitesimal generator of a Cp-semigroup {S(t),t > 0} on X. Let ] = [0,b], U is
a Banach space, the control function u takes its values in [%(J,U); B is a linear bounded operator from
Uto X; F:JxX — P(X) := 2X\{0} is a multivalued map satisfying some assumptions and xy € X;
Gk : ] x X — X are given functions that will be specified later. 0 = tg < t1 < -+ < tm < tmy1 =

b, AL Vx(t) = I vx(t)) — I Vx(t, ) = () [limt_nz(t—tk)l_“’x(t) —limt_n;(t—tk)l_vx(t)} ([16],
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Lemma 3.2, Chapter 3). Furthermore, since x(t, ) is bounded (see the definition of PC;_. (], X) in Section

2), we can also have AI(l)+ Yx(ty) =T(v) hmt—n; (t—t) 1 Vx(t). Iéj"x(tz) and Ié:"x(t;) denote the right
and the left limits of I(l)I Vx(t)att=1tx, k=1,2,---,m, respectively.

2. Preliminaries

Let C(J,X) denote the Banach space of all X-valued continuous functions from J = [0, b] to X with the
norm ||x||c = SUup,cy Ix(t)]|x. Let ] = (0,b], C1_+ (], X) ={x € C(J/, X) : t1=Vx(t) € C(]J, X)} with the norm
Ixllc,_, = sup{t'~V||x(t)||x, t € ]’}. Obviously, the space C1_+ (], X) is a Banach space.

In order to define the mild solutions of problem (1.1), we also consider the Banach space PCy_ (], X) =
[x:(t—t )7 Vx(t) € C(ty, tis1], X) and limtﬁtz (t—ti )1 Vx(t) exists, k = 1,2, - - - , m} with the norm

Ixllpc, ., = max{ sup (t—tk)1*V||x(t)||x :k=1,2,--- ,m}.
te (ty, tirt]

We need some basic definitions and properties about fractional calculus, essential principles of multi-
valued analysis, primary facts in semigroup theory and some lemmas.

The following definitions concerning with the fractional calculus can be found in the books [9, 16, 22,
24].

Definition 2.1. The fractional integral for a function g from lower limit 0 and order « can be defined as

1 (" gls)
I5ig(t) = Mo Jo (t—5)1*“ds' a>0, t>0,

where T is the gamma function, and right hand side of upper equality is defined point-wise on R*.

Definition 2.2. Riemann-Liouville derivative of order & with the lower limit 0 for a function f : [0,c0) — R
can be defined as

RIDEA(t) =

ds, t>0, 0<n—-1<a<n

1 dn Jt f(s)

Mn—o) dtm )y (t—s)xtl-mn

Definition 2.3. The Caputo derivative of order « for a function f : [0, c0) — R can be denoted by
n—1

- t*
D f(t) =Rt D“<f(t) -> k!f(k)(0)>, t>0, 0<n—-l<a<n.
k=0
Definition 2.4. The left Hilfer derivative of order 0 < q < 1 and type 0 < p < 1 of function f(t) is defined
by
DEPFE) = (VDI V) ),
where D := %.
Remark 2.5.
(i) When p = 0 and 0 < q < 1, the Hilfer derivative corresponds to the Riemann-Liouville fractional
derivative:
DAF(t) = & (15797) (1) =R DY, £
3060 = 2 (13- 97) (1) =R 1 D A(1),
(i) When p = 1 and 0 < q < 1, the Hilfer derivative corresponds to the classical Caputo fractional
derivative:

4 d
D f(t) = Igﬂaf(t) =C DJ. f(1).
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Let P(X) be the set of all nonempty subsets of X. We will use the following notations:
Pa(X) :={Y € P(X) | Yisclosed}, Py,(X) := {Y € P(X) | Y isbounded}, P.,(X) :={Y € P(X) |
Y is convex}, Pcp(X) :={Y € P(X) | Y is compact}.

Proposition 2.6 ([8]).

(i) A measurable function w: ] — X is Bochner integrable, if and only if ||u|| is Lebesgue integrable.

(ii) A multi-valued map F : X — 2% is said to be convex-valued (closed-valued), if F(u) is convex (closed) for all
u € X, is said to be bounded on bounded sets, if F(B) = Uycp is bounded in X for all B € Py, (X).

(iif) A map F is said to be upper semi-continuous (u.s.c.) on X, if for each ug € X, the set F(ug) is a nonempty
closed subset of X and if for each open subset Q of X containing F(uy), there exists an open neighborhood V of
ug such that F(V) C Q.

(iv) A map F is said to be completely continuous, if F(B) is relatively compact for every B € Py (X). If the multi-
valued map F is completely continuous with nonempty compact values, then F is u.s.c. if and only if F has a
closed graph, i.e., un — W, Yyn — Y, Yn € Flug) imply y € F(u). We say that T has a fixed point if there is
u € X such that u € F(u).

(v) A multi-valued map F : ] — Pc1(X) is said to be measurable, if for each w € X the function y : ] — R defined
by y(t) = d(u, F(t)) = inf{||u — z||, z € F(t)} is measurable.

(vi) A multi-valued map F : X — 2% is said to be condensing, if for any bounded subset B C X with «(B) # 0
we have «(F(B)) < «(B), where «(-) denotes the Kuratowski measure of non-compactness defined as follows:
«(B) :=inf{d > 0 : B can be covered by a finite number of balls of radius d}.

Lemma 2.7 ([29]). For 0 € (0,1 and 0 < a < b, we have |b°® —a®°| < (b—a)° .

Lemma 2.8 (Lasota and Opial [26]). Let ] be a compact real interval and let X be a Banach space. The multivalued
map F: ] x X = Py c1,cv(X) is measurable to t for each fixed x € X, u.s.c. tox foreach t € J and for each x € C(]J,X)
the set Sp = {f € L1(J,X) : f(t) € F(t,x(t)),for a.e. t € J} is nonempty. Let T be a linear continuous mapping
from LY(J,X) to C(], X), then the operator

FoSk: C(J,X) = Pocrev(C(], X)),
x = (Mo Se)(x) = T(Skx),
is a closed graph operator in C(], X) x C(], X).
Lemma 2.9 ([8]). Let D be a nonempty subset of X which is bounded, closed and convex. Suppose G : D — 2X\{}}

is u.s.c. with closed, convex values such that G(D) C D and G(D) is compact. Then G has a fixed point.

Lemma 2.10 ([29]). Let 0 < v < 1 and let x1_+(t) = I(l)j"x(t) be the fractional integral of order 1 —v. If
x(t) € PC1_+ (], X) and x1_+ (t) € PC(], X), then one has the following equality:

v—1
X(t) _lev(t) |t:0 IE(V)’ te (O/tl]/
I3 DYx(t) = ¢ x(t) — 1y At (e — g
v—1
—x1—v(t) [t=0 F57/ t € (tx, tiral,

where Ale‘v(tk) = lev(tz) —X1—v (tg)/k = 1/ 21 s, ML

We first consider a nonhomogeneous impulsive linear fractional system of the form

DJPx(t) = Ax(t) + h(t), te]/, t#t

ALTYx(1) [e—t= Y, k=1,2,---,m, (2.1)
I Yx(t) lemo=x0 € X,
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where h € PC(], X). We suppose that x(-) = v(-) +w(-), where v is the continuous mild solution for

DgiPv(t) = Av(t) +h(t), te], 22)
I Yv(t) [t—o=x0 € X, '
on J, and w is the PC-mild solution for
DJPw(t) = Aw(t), te]/, t#ty,
AI(l):V ( ) |t t— Yk, k= 1/ 2/ ALY (23)

Iy YW(t) [i=o=0 € X.

Indeed, by adding together (2.2) and (2.3), it follows (2.1). Note v is continuous, so v(t}) = v(t;),
k=1,2,---,m. On the other hand, any solution of (2.1) can be decomposed to (2.2) and (2.3).
Firstly, from [12] we know that a mild solution of (2.2) is given by

t

v(t) = Sp,q(t)x0 +JO Kq(t—s)h(s)ds, te]’,

where S, () = Igfl_q)Kq(t), Kq(t) =t971P4(t), Pq(t) = [5° q0Mq(0)S(t96)d6 and

11 _1 o 1a-ngq— :
Mq(0) = §0 " apq(874), pq(0) = L 34 (~1) 1o e HEA  sin(nmq).
Now we can obtain the PC-mild solution of system (2.3) using Lemma 2.10:

| SA - q)*lAw(s)ds, te(0ul,
w(t) = Zl ) Wl(v) Ut —t)v (2.4)
IO q 1AW( )ds te (tk/ tk+1]/ k= 1/2/ o, M

Obviously, equation (2.4) can be written as

1 t
1Xi(t)+J’ (t—s)91Aw(s)ds, te], (2.5)

where

1, t € (t, bl.
Let A > 0. Taking the Laplace transformation to the equation (2.5), we obtain

lt] = {0, t € (0,14,

—At; 1

”1 + g AW,

ie.,
k

W) =) (A9I—A) ye M
i=1
Thus, one can obtain the PC-mild solution of (2.3) as

ZX1 pqt ti)yi.

By the above arguments, the PC-mild solutlon of (2.1) is given by

x(t) = Sp,ql XO—I—ZXl Spqt—ti)yi+ L Kg(t—s)h(s)ds.
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According to the above result, we can introduce the following definition of the PC-mild solution for
system (1.1).

Definition 2.11. A function x € PCy_+ (], X) is called a mild solution of problem (1.1), if it satisfies the
following fractional integral equations:

(i) 157 Vx(t) le=o=x0 € X;

(ii) there exists f € S¢ x such that f(t) € F(t,x(t)) and

Sp.q(t)xo + [y Kq(t —s)[Bu(s) +f(s)lds,  te(0,t],
X(t) = { Sp.q(t)x0 + [y Kq(t —s)[Bu(s) + f(s)lds
+ Z}_<:1 Sp,q (t - ti)Gi(tilX(ti_))l te (tk/ tk+1]/k = ]-/ 2/' s, MM
We need the following assumption:

(Hp) S(t)is continuous in the uniform operator topology for t > 0 and {S(t), t > 0} is uniformly bounded,
i.e., there exists M > 1 such that SUP ¢ ¢ [0,00) IS(t)] < M.

The following essential propositions can be found in the paper [12, 33].
Proposition 2.12. Under assumption (Hy), Pq(t) is continuous in the uniform operator topology for t > 0.

Proposition 2.13. Under assumption (Hy) for any fixed t > 0, {Kq(t),t > 0} and {Sp 4(t),t > 0} are linear
operators and for any x € X,

Mta—1 Mtv—1
Kq(t)x|| < ——|x|l, S x| < ——||x||.

Proposition 2.14. Under assumption (Hp), {Kq(t),t > 0} and {S;, q(t),t > 0} are strongly continuous, which
means that for any x € X and 0 < t’ <t” <'b, we have

[Kq(t)x —=Kq(t")x]| =0, |[ISp,q(t")x —Sp,q(t")x|| =0, ast” —t"

Definition 2.15. Let x(-, u) be a mild solution of system (1.1) corresponding to the control u € L%(J, U) and
the initial value xp € X. The set M(b, %) = {x(b;u) : u € L2(J,U),x(0;u) = x} is reachable set of system
(1.1) at terminal time b. If R(b,xg) = X, then system (1.1) is said to be approximately controllable on the
interval J.

It is convenient at this point to introduce two relevant operators:
b 1
e :J Kq(b—s)BB"KG(b—s)ds, > <q<1,
0

and
R(a,T®) = (al+TP), a>o.

In order to study the approximate controllability for the nonlinear impulsive system (1.1), we first
consider the approximate controllability of its linear part:
Dl9x(t) € Ax(t) + (BV)(t), teJ, t#t, 3<q<1,
AI(l):VX(t) |t:tk: Yk, k= 1/2/ ce,Mm, (2‘6)
I Vx(t) [e=0=x0 € X,

where B : U — X is a linear bounded operator, v € L2(],U).

Lemma 2.16 ([5]). The linear fractional differential system (2.6) is approximately controllable on |, if and only if
aR(a,TP) — 0as a — 0T in the strong operator topology.
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3. Main results

In this part, we establish the existence of PC-mild solution and some sufficient conditions of the
approximately controllability for system (1.1).
For convenient, let us introduce some notations:

Me =Bl bi=(+—0)F  @=bpih.
q—p
Firstly, we introduce the following hypotheses:
(H;) Semigroup S(t) is compact for each t > 0 and ||aR(a, F&’)H <1,Va>0.
(Hz) The multivalued map F: ] x X = Py c1,cv(X) satisfies the following:

(2a) F(t,-) : X = Xis ws.c. for each t € ] and for each x € X, the function F(t,-) : ] — X is strongly
measurable to t, and for each x € X, the set Sy x = {f € LY(J,X) : f(t) € F(t,x(t)), for a.e. t € J}
is nonempty;

(2b) there exist a function H(t) € L%(]), B € (0,q) and a continuous nondecreasing function \ :
[0,00) — (0, 00), such that for any (t,x) € ] x X, we have [|F(t,x(t))||x = sup{||f(t)|x : f(t) €
Ft,x(£)} < HE) x W([Ix]lpe, ), limyo infE = A < 0.

T

(H3) There exist positive constants dy (k =1,2,---,m), satisfy: MY -, di(tx —t_1)V ! < T(p(1—q) +
q) such that
|G (ti, x) — G (ti, y)|| < dklx—yllx, VxyeX

Mbl=ve M?M2 b2a-1 }
(Ha) MEr@IPl AL+ 1

ar?(q)(2q—1)
Now we are in a position to prove the main result of this section.

Theorem 3.1. Suppose that the hypotheses (Ho)-(Hy) are satisfied. Then for each given control function u(-) €
L2(J, W), the initial problem (1.1) has a mild solution on PCy_ (], X).

Proof. Define B, ={x € PC1_ (], X), [|x|[pc,_, <1, T > 0}, obviously, B, is a bounded, closed, convex set
in PCy_+(J,X). For a > 0, for all x(-) € PCy_y,x;1 € X, we take the control function as

u(t) = B*K} (b —t)R(a, )P (x(+)),

where
b k
P(x(-)) =x1 —Sp,q(b)x0 — Jo Kq(b—s)f(s)ds — Z Sp,q(b—11)Gi(ty, x(t;)), fe Sex.
i=1

According to this control, we define the operator @ : PCy_ (], X) — P(PCi_+ (], X)) as follows:

t

D(x) = {w € PCi_v (], X) : w = Sp q(t)xo +J0 Kq(t—s)[Bu(s)+f(s)lds, f € Sgx, t € (0, 4],

t k
or w = Sp,q(t)xo—i—J Kq(t—s)Bu(s) +f(s)lds + ) Sp qlt—ti)Gilty,x(t;)),
0

i=1

fe SF,X/ te (tk,tk+1], k=1,2,--- ,m}.

We will show that for all a > 0, the operator ® : PC;_, — P(PC;_) has a fixed point. Now we divide
the proof into five steps.
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Step 1. For every x € B, the operator @ is convex.
Let wq, wy € ©(x), then for each t € (ty, tk+1),k =1,2,---, m, there exist f1,fo € Sgx such that

t
wj(t) = Sp,q(t)xo +J0 Kq(t—s)fj(s)ds + Z Sp,q(t—t:)Gi(ti, x(t]))

i=1
t
+J Kq(t—s)BB*K? (b —s)R(a, IY)
0
b
X [Xl_JO Kq(b—s)fj(s)ds =Sy XO_ZSPq —4)G (ti’x(ti_))}ds’ =12

Letn € [0,1], then for each t € (ty,txy1], k=1,2,---,m, we have

k t
nws (t) + (1=n)wa(t) = Spq(t)xo+ Y _ Spqlt—t)Gilts, x(t7)) + L Kq(t—=s)fi(s) + (1 —m)fa(s)]ds
i=1

0

t k
+J Kq(t—s)BB*K} (b —s)R(a,I}) - {x1 —Sp,q(b)xo— Z Sp,q(b—ti)

b

< Gulty x(17) = | Kalb—s)-Ifls) + (1 =m)fa(s]ldshds, =12

Since S x is convex, nfi(s) + (1 —n)fa(s) € S¢x, thus nw(t) + (1 —nwz(t) € O(x).

Step 2. For every a > 0, there is a positive constant t9p = r(a), such that ®(B,,) C By,.

If this is not true, then for each r > 0, there exists X € B, w € L?(J, U) corresponding to X, such that
X) ¢ By, that is

|®(X)|pc, , =sup{||lw|pc, ,:w € DEX)} >
By using Holder’s inequality and (Hj3), we have

| IKate=stlas = | (1= 5191 Pg(e—s)ris)]as
0 0

< rﬁ) J (t—$)971(s)]ds

< MIres ) (g tas) ™ ([ et as)”
M®||P\| i

= Tq) (Pllpe, ),

t t
J [Kq(t—s)Bu(s)||ds < J(t—s )97 [Py (t — s)Bufs)||ds
0 0

t
< jo(t—s)q1(b—s)q1||Pq(t—s)BB*Pz(b— $IR(a, T2)P(x(b))] ds
MZMZ t
< S | =T =) (o) s
MZM%qu 1 Mbv 1 MHHH[_leT
al'(q)(2q — [H I Fpa =g o I~
- M(bfti)l v

<l )+ Y wi =g

(dilx(t)] 4 1Gi(ts, 0)]])
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If t € (0, t4], then we have

t
80| < 1S, 4t on—l—Htl VL(t—s)q1Pq(t—s)[Bu(s)+f(s)]dsH
M Mb1 V@ M2MZp2a-1
< S H X _i_#
l\/lb1 MG)
x b1V |x + —||H X
[ ball+ o= ey ol + ey 1ML 4 wUieI)

_tllvblv
Gi(ti,0 .
+Z r o G+ Gk, 00

If t € (ty, txr1l, then we get

t
P < (t— 1) YO Ix < (=) Y [[Spq )xo|!+(t—tk)1_VHLKq(t—s)f(s)dsH

+ (=)

Jt Kq(t—s)Bi(s)ds|
0

(-t Zisp,q(t—ti)ei(ti,x(ti))H
_ M M-t el e
Mp(l—q)+q) rq) o
stz [ Il Tt
# MO iR, )
k

M(b— )Y (t— i)'
t L T gt GG 0]

i
k

M(b —tll Y(t—t )
4 di|lx(t +||Gi(ti, 0)
; e () 16, 0))
M Mbl—ve M2M2 b2a-1
— [[xol I v+ g =)
Mp(l—q)+q) r'q) al*(q)(2q —1)
1 Mb!— V@HHHL%
X | b Y Ixq|| + xo|l + T
O+ g ol g v

k sz(v—l)(diHXH + HGi(ti/O)H) Mb2lY (d x|l + [|Gi(ti,0) H)
+) Tp(l—q)+q) ]+Zl Fp(l—q)+q) '

i=1
Dividing both sides by r and taking r — oo, we obtain
Mbl—ve M2M32 p2a—-1
e
r'(q) al”(q)(2q —1)

which is a contradiction to (Hy). Thus there exists 1o such that ® maps B, into itself.
Step 3. @(x) is closed for every x € PCy_ (], X).
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Indeed, for every given x € PCi_+(],X), let {wn}n>o C P(x) such that as n — oo, wn, = w €
PCi_+(J, X). Then there exists f,, € Sfx such that for each t € (ty, ti+1],

t

t
wn(t) =Sp,q(t)xo —l—JO Kq(t—s)fn(s)ds +ZSP q(t—t)Gi(ty, x(t;)) —l—JO Kq(t—s)BB*Kg(b —s)
i=1

b
X R(a, T) [x1 = Sp,q b)x0 - L Kq(b—s)fn(s)ds — Z Sp.a(b—t)Gi(ti, x(t7))]ds.
i=1

From [8], we know that Sg is weakly compact in L!(],X), which implies that f,, converges weakly to
some f € St . Therefore as n — oo,

t k t
wn (t) = w(t) = Sp q(t)xo + J Kq(t—s)f(s)ds + Z Spq(t—11)Gi(ty, x(t] ) + J Kq(t—s)BB K (b —s)

0 P 0

b
xR(a,F(}’)[xl—Sp,q(b)xo—L q(b— ds—Zqu Gilty, x(t;))|ds.

Thus we prove that w € @ (x).

Step 4. @ (x) is u.s.c. and condensing.
We decompose @ = @ + @,, where the operators @ and @, are defined by

! B Z}?:] Sp,q (t - ti)Gi(ti,X(ti_)), te (tk/ tk+1]/ k= 1/ 2/ ALY

t
®p = Sp q(t)x0 +J Kq(t—s)[Bu(s) +f(s)lds, fe€Sgx, te]\{ts,t2,---,tm}
0
According to [15], we if and only if show that @ is a contraction operator, while @, is a completely

continuous operator.
Let us begin proving that @ is a contraction operator. For any x,y € X, t € (t, tx+1], we obtain

k
(t— )" Y [[(@1x) (1) = (@ry) ()| < (t =)' VZHSpqt t] - 1Ge(te, x(t)) — Gilty, y(t))]

<le 1d1t1 ti 1) vl
Fp(l—q)+q)

Ix=yllpc,,-

Thus, @, is a contraction by assumption (Hz).
Next, we prove that @, is u.s.c. and completely continuous. We subdivide the proof into three claims.

Claim 1. @, maps bounded sets into uniformly bounded sets in PC;_., i.e. there exists a positive constant
11 such that ®,(B;,) C By,.

By employing the technique used in Step 2, one can easily show that there exists 1 > 0 such that
(DZ(Brl) - Brl-

Claim 2. ®»(B,) is a family of equicontinuous functions. The equicontinuity of

{Sp,q (t)XO | te I/{tlltZI o /tm}}/

can be shown using the fact of Sy, (-) is continuous.
Now we only need to check the equicontinuity of the second term in @,.
Denote E = {y € PC;_ (], X) : y(t) = t1Y Dy (x)(t),y(0) = y(0+),x € B;}, fort’ =0,0 < t” < t;, we can
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easily get [[y(t”) —y(t')|| — 0,as t” — 0. For 0 < t’ < t” < ty, for each x € B, there exists f € Spx such
that

t//
J (17— )97 Pg (£ — s)f(s)ds
t/

ly(t") =yt < &)
t/
+ H JO [(t/l)‘lf\/(t// o S)qfl o (t/)lf‘\/(t/ o s)qfl]Pq (t// o S)f(S)dSH

.
—i—(t’)l"HL (V' = )9 1[Pq(t" ) — Pq(t/ = s)}f(s)ds|

t//
+ ()Y J (t“—s)qflpq(t“—s)su(s)dsH
tl
+ Jt [(t")H(t”—s)q*—(t’)H(t’—s)qfl]Pq(t”—s)Bu(s)dsH
0
tl
+ ()Y HO (' —$)9 1[Pq(t" ) — Pq [t/ — s)]Bu(s)ds|
M(t”)l_v v "N q—1
< Ma) L/ (t" —s) f(s)ds”

' FI(\Aq)H Lt ) =98 = () s (5)ds]

t/
F )Y JO (1 —5)9 [P (1" —s) — Pg(t/ — s)]f(s)dsH

M(t//)lfv
rq)

! %H E ) — )3 — () )1 TBuls)ds

_l’_

t//
J (t”—s)q_lBu(s)dsH
t/

F ()Y L (t/ —8) 91 [Py(t” —s) — Py (t' — s)]Bu(s)dsH

where

Mblfvbl (t// _ t/)q—[s
r(q)

b= [ et -y rsas)

I =

GIIURY

L= (1) E/(t' — )7 P (£ —5) = Pq (t' —s)]f(s)ds|,

Iy = MM?((:)/)“/H Lt/”(t” — s)q_lu(s)dsH,

Is = FT(“q)H J:/[(t”)lv(t” — )97 () s)q*]Bu(s)dsH,

¥
o= (t)'| L (t —5)97 1 Pq (t” —s) — Py [t/ — s)]Bu(s)dsH.
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Since B € (0,q), we have q—f >0, I; — 0 as t’ — t”. Noting that
(t/)l—\/(t/ o s)q—l o (t//)l—\/(t// . s)q—l g (t/)l—\/(t/ o S)q_l,

then by Lebesgue dominated convergence theorem, we derive that I,Is — 0 as t” —t’ — 0*. From the
strong continuity of {P4(t) : t > 0}, there exists a & > 0 such that [t” —t/| < § and [|[Pq(t") —P4(t')]| < T,
SO

I < (1)1 VHI=Blpy | g(r)| - IHIl 4 =0, ass—0,

and v
Ip < (t)'"VTMp J (t' —s)9 tu(s)ds - 0, asd— 0.
0
Note that
MMB(t//)l v J't” . o
L < t” —s)9 u(s)ds
<, e s
MM .t// 1—v t” B s
?((q)) L, (t" — )91 (b—s)9 1B Pq(b—s)R(a,F&’)P(x(b))dsH
M2M?2 (t//)l—v t” B
< abig ), B HIPkb) s
MZM%(t”)l_V (t” t/)z —1 g ,
ar2(q) 2q-1 IIP(x(b))|| =0, ast”"—t"—0.

Hence the right-hand side of the above inequality tends to zero independently of x € B;. By recalling the

relationship of E and ®,(B;), one can easily deduce that @, is equicontinuous on B;.

Claim 3. V(t) ={w(t), w € O2(B;)} is a relatively compact in X.
Let 0 < t < b be fixed, since

Spq(thxo = VK4 (t)x

1 t
T Tp—q) L (t=s)PIm 71597 IPg (s)xods
q t 1 a1 [
= I“(p(l—q))L (t—s)Pl-a)-1ga— JO OM(0)S(590)x0d0ds,

let x € By and w € ®,(B,), then for allm € (0,t) and for all § > 0, define an operator

t—A roo
W™ (t) :r(p(f—q))L L OM(0)(t —s)P1—9)~159715(590)xod0ds

t—A oo
+qS(A90) J J OM4(0)(t— $)97IS((t —$)90 — A90)[Bu(s) + f(s)]dOds.
0 5
From the compactness of S(A96), A90 > 0, we obtain the set VA (1) = {wM (1), wM® e (D;’S(x),x € B,}is
relatively compact in X for all A € (0,t) and & > 0.
Moreover, for each x € By, by using Holder’s inequality, we have

M t &
lw— ™ pe, . < sup(t—t) q ) [H JO (t—s)Pl-a)—1ga-14g JO GMq(G)xodGH

Fp(l—
t—A
(
t

—1—HJ t—s)p(l_q)_lsq_ldsj
5

(o¢]

OMq (G)XOdem + qsup(t— )Y
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t o
<] L JO BMq(0)(t —5)971S((t—5)90)[f(s) + Buls)]dods|
+|| L J:O BMq(0)(t —s)9 1S ((t—5)90)[f(s) + Buls)]dods| |

M(14 q)M||xe|[b*
Fp(1—q)+q)

(t_s)p(lfq)fl

N

M|xol/b' Jt_)‘

o
Jo OMq(0)d8 + o — )y

t

5 Mbl v
x s971ds + qMOb Y (r) ||H|| 1J OM4(0)do + Fq) ll)(r)HHHL%)\q_B
MZMZ bl*\/+q M bvfl M@
P D il + oall® MOy
(29 =1)T(q) rp(1—q)+q) F(q) Lt
k
M(b—t;)!~Y Jf’
[d; Gi(t, 0 6M,(0)de
+ 3 o g g I+ IS 0] | Tomq)
qM2M3 b1V 291 M|xob¥t MO
x1|| + + TIH] 1
(2q— e [l + it ayay * ey I
tl
+Zr g I+ 6,0
6
=) K

i=1
Applying the absolute continuity of the Lebesgue integral, we can derive K, — 0 as A, § — 0. In addition,
we can derive that Ki — 0,1 =1,3,4,5,6 as A, 6 — 0", where we have used the equality fg OM(0)do =
(1 ) . Hence there are relatively compact sets arbitrarily close to the set V(t) = {w(t), w € ®5(x),x € B;},
which implies V(t) is also relatively compact in X by Arzeld-Ascoli theorem.
From Claims 1-3, we know that @5 is a completely continuous multivalued map.

Step 5. @y(x) has a closed graph.
Let x(M) — x*(n — 00), @™ — w*(n — 00). We will prove that w* € @,(x*). Since w™ e @y (x(M)),
there exists (") e S¢ x(m), such that foreacht € J/,

t

t
w™(t) :sp,q(t)x0+J Kq(t—s)f(“>(s)ds+J Kq(t —s)BB*K} (b —s)R(a, )
0 0
k

b
X [xl—sp,q(b)xo—L Kq(b—s)f™M(s)ds— ) Sp q(b—1)Gi(ty, x(t;)) |ds.

i=1
It remains to prove that the existence of f* € S+ such that for each t € |/,

t

w*(t) = Sp,q(t)xo + Jo

t
Kq(t—s)f*(s)ds +J Kq(t—s)BB*K} (b —s) - R(q,I})
0

b
x [xl—sp,q(b)xo—L Kq(b— Zqu (b—t)Gi(ti, x(t;))] ds.

Consider the linear continuous operator

L5 (J,X) = PC1_+(J,X),

where
b

Kq(t—s) [f(s) — BB*K(b—s)R(a, TY) J

Kq(b —T)f(T)dT} ds.
0
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Obviously, it follows from Lemma 2.8 that I' o S is a closed graph operator. Since w™ — w*(n — o),
we can get that as n — oo,

t k
@™ (t) — Sp,q(t)xo —L Kq(t—s)BB*K} (b —s)R(a, ) [xl —Sp,q(b)xo— Y Spq(b—t;)
t -
L Gilty, x(t; ))}ds—{ (t)Sp,q(t)xoL Kq(t—s)BB*K} (b —s)R(a, TY)

x[xa-s Zqub t)Gi(t, x(t; )] as} | —o.

Moreover we have

W™ (1) — Sy 4 (t)xo — L Kq(t—s)BB™K; (b — s)R(a, 1) [x1 — Sp,q (b)xo

Zqu Gilty, x(7))|ds € P(Sp m).

Since x(™) — x*, it follows from Lemma 2.8 that

t

k
w*(t)—Sp,q(t)xo—J Kq(t—s)BB*KZ(b—s)R(a,Fg’)[xl—Sp,q(b)xo—ZSp,q(b—ti)Gi(ti,x(t;)) ds

0

t b
:J Kq(t—s)[r(s) ~ BB*Kj (b — )R (a,F(}’)J Kq(b—s)f*(s)ds|ds,
0 0

for some f* € S, this shows that w* € ®,(x*). Hence @, has a closed graph. Since @, is a completely
continuous multivalued map with compact value, from Proposition 2.6, we get that @, is u.s.c., on the
other hand, ®@; is a contraction and hence ® = ®; + @, is u.s.c. and condensing. Thus from Lemma 2.9,
we know operator @ has a fixed point on B, which is a mild solution of system (1.1). This completes the
proof. O

The following result concerns the approximate controllability of that problem (1.1). We assume that
the following assumption be held.

(Hs) There exists a positive constant L such that ||F(t,x(t))|| < L, for all (t,x) € ] x X.

Theorem 3.2. Suppose that the hypotheses (Ho)—(Hs) are satisfied and the linear system (2.6) is approximately
controllable on J. Then system (1.1) is approximately controllable on J.

Proof. By employing the technique used in Theorem 3.1, we can easily show that for all 0 < a < 1, the
operator @ has a fixed point in B,, where r = r(a). Let x®(-) be a fixed point of ® in B,. Any fixed point
of @ is a mild solution of (1.1). This means that there exists f¢ € S¢ xe such that for each t € J/,

t

t k
x¢(t) = Sp,q(t)x0 + Jo Kq(t—s)f¢(s)ds + Z Spqt—t1)Gilty, x(t])) + Jo Kq(t—s)BB*Kg(b—s)

b
X R(a, T) [ —sp,q(b)xo—J Kq(b—s)fe(s ds—ZSp q Gilty, x°(7)) | ds.
0
Define

b k
P(x®) =x1 — Sp,q(b)xo — L Kq(b—s)f¢(s)ds — Z Sp,q(b—1)Gi(ty, x°(t)).
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Noting that I — F(}’R(a, FS’) = aR(aq, Fg’), we get

b

b
x€(b) = Sp,q(b)xg +L q(b— s)ds +Z Sp.ql i(ty, xC(t) +JO Kq(b—s)BB*Kg (b —s)

b
xR(a,r(}’)[xl—sp,q(b)xo—J Kql(b—s)f(s ds—Zqu — )Gy (g, XE (] ))}ds
0
b
:sp,q(b)x0+J Kq(b—s)fe(s)ds+ZSp,q(b—ti)Gi(ti,xe(t;))+F§’R(a,l’§’)P(xe)
0 i=1

b

:Sp,q(b)xo—ﬁ—J Kq(b—s)f(s ds—l—ZSpq Gi(ty, x®(t)) +P(x )—aR(a,F(}j)P(xe)
0

=x1 — aR(a, TPY)P(x°).

In addition, by our assumption (Hs),
b
J 1£2(s) [2ds < I2b.
0

Consequently, the sequence {f¢(s)} is uniformly bounded in L% (J, X). Thus, there is a subsequence, still

denoted by {f¢}, that converges weakly to, say f, in L% (], X).
Denote

b
le—sp,q(b)xo—L Kq(b— ds—Zqu Gilty, x(t;)).

We deduce that .
PO =2 <[ | Katb—s)iro(s) — (s s

By the Ascoli-Arzeld theorem, we can show that the linear operator A — fo Kg(-—s)A(s)ds : L® (J,X) —
PCi_+ (], X) is compact, consequently the right-hand side of the upper formula tends to zero as e — 0.
This implies that as e — 07,

[x¢(b) —x1]| = [|aR(a P( ||
< JlaR(a,[§)(2)]| + laR(a, T) (P(x) - 2)]
< |laR(a, T} 0 zH—l—HPx —z|]| = 0.

This proves the approximate controllability of system (1.1). O

4. An example

The partial differential system arises in the mathematical modeling of heat transfer

Dq 3x(t s) € ayzx(t s) + F(t,x(t,s)) +n(t,s), € (0,1\{3},s € [0,7],

AIS+1 q)x(% s) = 2ﬂ+%x% 1K € 10,7, 4.1)
x(t,0) = x(t,7) =0, e [0,1],

Igpfq)x(t,s) li—o= x0(s) € X, [0, 7i].

To write the above system (4.1) into the abstract system (1.1), we choose the space X = L2([0, 7], R) and
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define the operator A : D(A) C X — X by

Ay — y///
D(A)={y € X:y,y’ are absolutely continuous, y” € X, y(0) = y(n) = 0}.

Then, A can be written as
o0

Ay =) n’(Y,yn)yn, y € D(A),
k=1

where yn(y) = \/g sinny, (n = 1,2,--) is an orthonormal basis of X. It is well-known that A is the
infinitesimal generator of a compact semigroup S(t)(t > 0) in X given by

> 2
S(t)y = Z e t(yryn)yn/ Y < X,
k=1

in particular, S(-) is a uniformly stable semigroup and
IS(t)|<el<1=M.

Let v(t)(s) =x(t,s),t € ] =1[0,1],s € [0,1]. Now forany v e X = L2([0,7],R), s € [0, 7], we define function
F:J x X — X and the bounded linear operator B : U — X respectively by F(t,v(t))(s) = F(t,x(t,s)) =
pf% sin(x(t,s)) and Bu(t)(s) =n(t,s),0 < s < wheren: ] x [0, 7] — [0, 7] is continuous in t.

Therefore, (4.1) can be reformulated as the abstract system (1.1). Obviously, F(t,x(t,s)) is uniformly
bounded. On the other hand, assume that the linear fractional differential system corresponding to (4.1) is
approximately controllable and other assumptions of Theorem 3.2 hold. Thus, all conditions of Theorem
3.2 are satisfied. Hence the Hilfer fractional differential inclusion with impulsive (4.1) is approximately
controllable (but not exactly controllable since the associated Cp-semigroup S(t) is compact) on [0, 1].
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