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Abstract

The authors derive the matrix elements of the linear operators which appear under the representation of the group SO(2,1)
and correspond to some diagonal or block-diagonal matrices belonging to the above group. Then, by applying these matrix
elements, that is, from a group theoretical point of view, the authors show how certain interesting integral and series represen-
tations of the Whittaker function of the second kind and some formulas for the (basic and modified) Bessel functions can be
obtained. A special case of one of the results presented here is indicated to be also a special one of a known formula. ©2017 All
rights reserved.
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1. Introduction and preliminaries

Throughout this paper, we denote the sets of integers, real numbers, and complex numbers by Z, KR,
and C, respectively. It is well-known that the irreducible representations of the three-dimensional Lorentz
group SO(2,1) can be constructed in the space of o-homogeneous infinitely differentiable functions (o €
C\ Z) defined on the cone

A= {(xl, X2, x3) € R3 x%—x%—x% :0}.

For the fixed o with —1 < (o) < 0, we denote this space by © and the analogous space consisting of
o-homogeneous functions when o := —o — 1 by ©°. The linear operator of the space ®, arising in this case
and corresponding to the Lorentz group element g, can be written in the form T(g)[f(x)] = f (g~'x). Since
the functions belonging to © are homogeneous, we can realize the representation T, in the space of the
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restrictions f of functions f € D to any conic section vy, because f(&£) =t f(t&) = t(x) for & € y. Vilenkin
and Shleinikova [8] considered the following three sections of A: The circle y; : x; = 1; the hyperbola
Y2 : x2 = %£1; and the parabola y3 : x; +x2 = 1. They introduced three bases in ©, which consist of the
eigenfunctions of the restrictions of the representation T to the subgroups acting transitively on the above
conic sections, respectively, and obtained formulas for ‘matrix elements’ of the linear operator, which
transforms the ‘circle” basis into the “parabolic’ basis, and some ‘matrix elements’ of the linear operator,
which transforms the “parabolic” basis into the ‘hyperbolic’ basis. We denote these bases by By, By, and
B3, respectively. Namely,

By :={fic(x) = x{ " (x1 +ix2)"* | k € Z)},
By == {fy 1 (x):= (Xl)i_ip (x1+x2)' | p € R},

By = {f;*(x) = (x1 +%2)° exp< iA ) ]AelR}

X1+

where (xl)g‘E is equal to (£x1)? in case of signx; = £1 and equal to zero otherwise.
Shilin [3] determined the bilinear functionals D; : ©> — C by formula

(w,v) — ” kix, ) u(x)v(®)dxdx, (i=1,2, 3),
vi

where (dx),, is the Hi-invariant measure and H; denotes the subgroup acting transitively on ;. Shilin
[3] found (up to the constant multiplier C;, respectively) the restrictions of the kernel k(x, %) to the above
sections such that D; = D, = D3. By using the equality D;(u,v) = D;j(u,v) (i #j) foru € B, and v € Bg
(p # q), Shilin [3] obtained some formulas for the Whittaker functions, which were able to compute the
fractions C‘ from some simple initial conditions.

Shilin and Choi [4-6] have considered two spaces © and ®' for groups SO(3,1) and SO(2,2) and
determined the bilinear functional F; : © x ©’ by the rule

(w,v) —> J w(x)v(x) (dx)ys,

Yi

where y; denote the spherical, parabolic and hyperbolic sections of the corresponding cones. Shilin and
Choi [4-6] have computed the matrix elements of the basis transform operators which together with the
generalized Mehler-Fock transform, have been used to obtain some formulas for Legendre functions in
case of SO(3,1) and Whittaker functions in case of SO(2,2).

In this paper we return to consider the group SO(2,1) and compute the matrix elements of the opera-
tors T*(g) for some fixed group elements g. We apply these matrix elements to present some integral and
series representations of the Whittaker function of the second kind and certain formulas for the Bessel
functions and single- and double-variable formulas for the Macdonald functions.

Lemma 1.1. In case of ®' = ©°, the functionals F1, Fo, and F3 coincide. For any g € SO(2,1), the functional
Fi is invariant with respect to the pair (T(g), T*(g)) of operators arising in the corresponding spaces, that is,

Fi(T(g)ul, T*(g)v]) = Filw,v).
Proof. We can describe the above conic sections by using a single parameter. In particular,
v1={(1,cos ¢,sin ) | ¢ € [-m, 7},

and
v2 ={(coshs, +1,sinhs) | s € R}.
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It is obvious that (dx),, = d¢ and (dx),, = ds. Then we have

Filu,v) = Tu(@)vw)d@
-

sin sin d
u | |sec |, +1, @ v | [sec |, 1, A @ .
| cos o] |cos @|/ |sec ol

we acquire do = ds We therefore have Fqi(u,v) = Fy(u,v). A similar

: — 1
Setting ¢ = arccos 1] Toshs]-

argument can show that F;(u,v) = F3(u,v).
The group SO(2,1), as a semisimple Lie group, admits the Cartan decomposition SO(2,1) = KAK,
where K is a maximal compact subgroup and A is a maximal Abelian group. These groups consist of

matrices
1 0 0 cosht sinht 0
gi(p):=1 0 cosp —siny |, and gy(t):=| sinht cosht 0 |,

0 siny cos 0 01
respectively. Then gl_l(d)) = g1(—Y), gz_l(t) = go(—t) and
Fi(T(g1(W))ul, T* (g1 (W) = F1(T(g1(P))[ul, T* (g1 (b)) V)

7T T—
=Ju(<p—w)u(<p—¢)d<p= J w(z)ulz)d(z +$) = Fy(w,v),
J 2

Fi(T(g2(t)ful, T*(g2(t)) V) = F1(T(g2(t))u], T* (g2(t)) v])

_ J " coshtcos @ —sinht sin @
N " cosht —sinhtcos ¢’ cosht — sinhtcos ¢

coshtcos @ —sinht sin @ do
"cosht—sinhtcos ¢’ cosht —sinhtcos¢ / cosht—sinhtcose’

sin
cosh t cos @—sint’

F1(T(g2(t)u), T*(g2(t))W]) = Filu, v).

Choosing here the new variable 6 := arctan we obtain

2. Formulas related to the matrix diag(1, —1,—1)

Let us consider the matrix elements t, 3 (g) of the representation T*® with respect to the basis B,. Since
+o0
T (g) I3 (x)] = j 5 (0)F5"(x) dA,
— 00

we have
—+00

Fo (T*(g)[f37], £2%) = J t(g) F (£, £2) dA,

for any i and j. Taking

“+00

Falf ) = | explilio+ y)dy = S(u-+7),

—00
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where 6(p + T) is the (—1)-delayed Dirac delta function, we obtain
+00

PTG 12 = | taula) S+ ) dh =2t _ (o)

Thus we have 1
tal9) = 5 Fi(T* ()37, 7).
Let us note that the matrix (aij) belongs to SO(s, t), if and only if

t s+t 0, ifi#1,
Z (11)' a{j — Z Cli]' a{)- = 1, ifi=1 <t
j=1 j=t+1 —1, ifi=i>t

In particular, diag(1, —1,—1) € SO(2,1). In the next lemma we obtain the matrix elements
ty4 (diag(1,—1,—1))
of which the case AA # 0 can be expressed in terms of (basic and modified) Bessel functions.

Lemma 2.1. The matrix elements t, 3 (diag(1, —1, —1)) are given as follows:

W AA£0.
X 41 _ _ A
cos(2710) (%) o []_20_1(2\/76) - 120—0—1 (2 \% )\)\)] ’ if AN > 0,

ts (diag(1,—1,—1)) = J o
T e 12V AR, if A < 0.

WA =0, 18,1 <R(0) < —Loro.

C2o—1,—1 . ro 1 )
t,3 (diag(1,—1,—1)) { APet ot sin(no) (20 +1),  if A #£0,

—AR 1 sin(mo) T(—20—1), if A #0.
Here &y, q is the Kronecker symbol.

Proof. Indeed, we have y3; = {(i;ﬁ, L_zlﬁ,y) ‘y € ]R} and (dx), = dy (see [3, 8]).
Since T* is a group homomorphism, in view of Lemma 1.1, we have

1 * >k k
tal9) = 5 FilTo(g)[fX"], 75)
1 —1 ok —1 e
=5 Fi(To(g ) Te(g)lfA"], Tolg )5 ])
1 *k —1 * %
= 5= Rl Tolg 7).
Since
[diag(1,—1,—1)] " = diag(1, —1,—1),
and R
o . 26 iA
5 |y, (diag(1,—1,—1)x) =y“% exp v)
we have

1
ths (diag(1,—1, 1)) = o —F3(f{", To(diag(1,~1,~1))[f3))

a

—+00
1 20 A
= = A — | dy.
T[Jy cos(y+y> y
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The following formulas may be used:
B A\A > 0. (See, e.g., [2, Entry 2.5.24.4]).

Tox‘xl cos (ax—i— 2) dx = g (2)3 X s1n< ) [] «(2Vab) — T« Z\ﬁ}
O(a, b>0; R(x)]<1).

B A\ < 0. (See, e.g., [2, Entry 2.5.24.7]).
o b b\ *
J x* 1 cos <ax— > dx =2 <> cos ( ) «(2Va (a, b>0; R(x)] <1).
X a 2
0

B )\ #0and A = 0. (See, e.g., [2, Entry 2.5.3.10]).

+oo
J x*1 cos(bx) dx = b~ cos (%‘) Ma), (b>0; 0<R(a) < 1) @.1)
0
B A=0and A #0.
Substitute y = z~! and use the formula (2.1).
O

We obtain two similar integral representations of the Whittaker function W/, asserted by Theorem
22.

Theorem 2.2. The following integral representations for W, v hold true:

>0 »
cos(thG) Ji\ EW_ gt () [] 2o 1(2\/>)—ch+1 (2\f)}
0
] +00
”r(_];(;i);m(m) J AW, (20 Ko s (2\/> ) 22
= (D)AWL a0
<O

N\»—l

A

11N [T 1 (2V=208) = oo (2v-200) | dh

N\~

+oo
cos(7o) J
2

0

(2.3)

oo

sin(7to) I'(k — o) -1 R

S o J 2 Kooi1 (2\/ ) o1 (20 dA
0

= (AT W, 1 (2A].

k(r+
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BA=0 —1<%R0)<—1

—+00
7! sin(mo) MN(—20 —1) ({r(ok)}1 J AW k6+2(2)\) dA
0
“+o00 (2 4)
HIM(—o+ k)T J dekﬁ%(zi\) dA
0

= (=1)*22+*1 (26 —1)"'{B(k—0,—k — o)} .

Proof. By using the connection f3*(x) = ) cax fx(x) between the bases B; and B3, we have

keZ
+00
T® (diag(1,—1,—1)) [fR* (x)] = J tya (diag(1l,—1,-1)) f5*(x) dA
e (2.5)
= Z (J t\s (diag(1,—1,—-1)) cj\kdf\) fre(x).
kez

It is noted here that the ‘matrix elements” of the linear operator that transforms B; into B, were
computed for A # 0 in [8]:

=N {N(—0 —ksignA)} T W

—ksign 7\,0'+% (2|)\|)

It is easy to see that

400
1 . o .
COkZWFBw(f o) = 5o+l J(l—ly)" K (14iy) < dy

=2 (20 -1)"}{B(k—0,~k—0)}"!, (see, eg., [2,Entry 2.2.6.31]).

Let V41 be the linear subspace in ©° and consist of the zero function and the eigenfunctions of the
operator T* (diag(1,—1,—1)) whose corresponding eigenvalues are +1. It is easy to see that fx € V(_qx,
the ‘infinite matrix” (t, ; (diag(1, —1,—1)) of the operator T* (diag(1, —1,—1)) with respect to the basis B;
is diagonal and moreover, t, ; (diag(1,—1,—1)) = (—1)*. Then we have

T® (diag(1,—1,—1)) [f{*] = T* (diag(1,—1,—1)) [Z Cak fk]
keZ

= > T*(diag(l,—1,—-1) [fil = > (—1)*cax fi.

keZ keZ

(2.6)

From (2.5) and (2.6) we have
0 +o00
J tyy (diag(1,—1,—1)) cyp dA + J tyy (diag(1,—1,—1)) cyp dA = (—1)* cax,
% 0

which immediately yields (2.2).
A similar argument can establish (2.3) and (2.4) whose proof details are omitted.
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Theorem 2.2 allows to obtain the following representation of the Macdonald function of double-
variable as a linear combination of the Macdonald and modified Struve functions.

Corollary 2.3. The following double-variable formulas hold true: For A > 0,

KGJF%(Z)\) = <s1n(42mr) + 1) K(H%(?\)
7t cos(mo) T
* < 4 B 8cos(7tcr)> [L‘”%(M B L_"_%(M ’

where
[T
Ky (x):= EWO,\,(ZX), and W v(x) =W, v (x).

Proof. The special case of (2.2) when k = 0 can be rewritten as follows:

“+o00
cos(27w) J Kor1 () [1—20—1(2\/7\77\)_]20“(2\/)3)} dA
0
. +Oo
B sm:'m) J K0+%(5\) KZUH(Z\/?T?\) dA = Ka+%(}‘)'

0
Use the following known formulas (see, e.g., [1, Entry 6.516.3] and [1, Entry 6.516.9], respectively):

+00

[ rvavmreoa=2[n(£) -t (L)] (30>050>-]),
0

and
“+o00

J Koy (av/x) Ky (bx) dx = ﬁ X <KV <a2> NI

4b cos 4b 2 sin(vm)
0

a? a? 1
‘ [LV <4b> L, (%)D (m(b) S 0; [R(v)] < 2) .

[y(z) —Ly(2)
sin(mrv)

Finally use the formula

3
Ky (Z) = E :
Then the proof is seen to be complete. O

Remark 2.4. Other similar formulas as in corollary can be obtained from (2.3).

Further, setting k = 0 in (2.4) and replacing the Whittaker function W, 1 by Macdonald function
Koy1, we acquire an interesting integral formula
20-3 5

~sin(mo) N(—o0)

>
Q.
>
I

2.7)

It happens to be seen that, using the following well-known relation (see, e.g., [7, p. 3]):

Mo)T(1—0) = (ceC\2Z),

sin(mto)’
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equation (2.7) is a special case of the following known formula (see, e.g., [1, Entry 6.516.16]):

+o00

J XKy (ax) dx = 241 g1 (1“2‘”) r <1“2‘_V> (R(+1+v); R(a) > 0).

Yet it is emphasized that the formula (2.7) here is obtained from a group theoretical point of view.

3. Formulas related to some block-diagonal matrices

The matrix considered in the previous section can be expressed in terms of g; matrices:

diag(1,—-1,—1) = g1 (7).

m@)(éS?)

Here we deal with the matrix

01 O

Denote the eigenspace of the operator T® (g1 (3)) associated with the eigenvalue p by L. Since fy € Li,
the following equality is valid for the matrix elements of the operator T* (g; (5 )) with respect to the basis

Bli
) ik, ifk=Kk,
Wl (3) {0 Heoh

T® (91 (g)) (] = Z i ek fi.

keZ

which gives

On the other hand, choosing k = 0 and repeating the reasoning used in the previous section, we have for

P (@)= L[ [ @) ad)o
where A
0 (3)) - SR [ (02
cos(70) e )

= exp(—iA) K 1(A)J_26-1(2V2AA) dA
V21ATF2 expl(id) J P ) 1 (M) ]2 )

B cos(7o)
V2Nt 2 exp (i)

+o0o
J exp(—iA) Kot (A) Jag11(2V2AA) dA

sin(7to)
215 15 \0+3 exp(il)

J exp(—iA) Ky, 1 (A) Kog1(2V2AA) dA.

Expressing the function K 1 (A) =K 1 (A) which appears at the integrand of the last formula (2.7) as

—0—

a series and using the known formulas (see, e.g., [1, Entry 6.643.1 and Entry 6.643.3], respectively): For
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R(L+v+3) >0,

+o00

1 " : : :
J xH 2 exp(—O(X) ]2\/(2[5\/;() dx = odi(g]:l_(;v—:-zl)) &P <_B> MH,V <[?:X) ,
0

and

+o0 1 — 1
JXH%emﬂ—wMKhQB¢ﬂdX=rwu+v+;i£§i V+2)®@<—§i)“/wV<iv'
0

we obtain the series ) containing a linear combination of Whittaker functions

nez
Manc,fcf% (—2iA), MZTL*O‘,O:F% (—2iA), M2n+ o+l,—o—1 (—2iA),
M2n+ o+l,0+1 (—2iA), WO‘—ZTL,(Y—)—% (=2iA), W—Zn—c—l,o—o—% (—2iA),

and converging to the function K 1 (A). In the linear combination, we express the Whittaker functions of
the first kind in terms of the Whittaker functions of the second kind:

r2n+2o0+2) ren+1)

F(ZG + 2) 21’1+0+1,0‘+% (—21}\) — W 2n+c+1,—c—% (—217\)
_ (2n)!'sin(207) M'(2n + 20 + 2)
T
y MN—20-—1) M2n+0+1,6+% (—2iA) . N2o+1) M2n+0+1,70'7% (—2iA)
r2n+1) ri2n+20+1)
(2n)! sin(2o0m) T'(2n+ 20+ 2) )
- T W2n+0‘+1,0‘+%(_21A)/
and
M2n—2o0) . 2n+1) )
W M2n76,,g,% (—2iA) — m m—o,0+1 (—2iA)
_ (2n)!'sin(20m) I'(2n — 20)
T
M2o+1) MZTL—O‘,—O‘—% (=2iA)  T(-20—-1) MZTL—O‘,O‘—O—% (—2iA)

X

_l’_

r2n+1) r2n —2o0)
2n)! sin(2o07) I'(2n — 20 ]
_(2n)! sin( ﬂ)( Dy sy (20

Summarizing the argument we have just given, we derive an interesting series representation for

K (A) asserted by Theorem 3.1.

o+3

Theorem 3.1. For A > 0,

o i (=)™ (2n)!

o+3 = —
z 2T (—o) = n!
2031 /sin(20m) . sin (o) )
[ Mro+n+3) ( 2 Wan o 1,004 (72N = =) W—2n—a-1,o+;(_217‘)>
23797240 /sin(om) ... sin(2o7) _
+F(é—c+n)< ez WG—ZnIH%(‘Z‘M‘szn—w;(—z‘”) '
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Remark 3.2. Another similar relation as in Theorem 3.1 can be obtained if the matrix g; (%) is replaced by
the block-diagonal matrix

It is clear that, first g3 € SO(2,1) and second for any k, the span of the functions fx and f_y is an invariant
linear subspace of D* with respect to the operator T(gs) since T(g3)®[f+x] = i** fzx. By applying the
reasoning used here to T(g3)®[f}*], we can obtain a similar result as in Theorem 3.1 whose exact formula
and the corresponding details of proof are left to the interested reader.

4. A series related to the rotation subgroup

We begin by presenting the matrix elements of the restrictions of the representation to the subgroup

of rotations in the plane x;x3 asserted by Lemma 4.1. Our result may be a generalization of the cases
considered in Sections 2 and 3.

37 3 77t
Lemma 4.1. For m <1 < =, or =7 < <

ths(g1() =25t 2 exp (—ifx tan [xp _ ED

1

i MAR-od [tan (p - 3))

=0 n![cos(p— Z)]zn+1 n—o)

XK o n < tan (v —7) l)\|>

X

Proof. We have

taa(91 ) = Fo (T(an ()71, 75
= Fu (£, T (o (=075
_exp (iAtan [T —1])

2257
+oo 2
. T o —iA [sec (VU — T
X J exp(ily) (yZ—i—tan [Z—IPD exp e —Etan([ﬂ ib)]] dy.
Then expand the function
.3 12
oy 0 [sec (0 =)

Vrtan[Z ]
as the Taylor series and use the following known formula (see, e.g., [2, Entry 2.5.6.4]):

Ki: (bz), (min{b, R(p), R(z) > 0} > 0).

+o00
J cos(bx)dx <22>2 e \f
B Fp) 27°

(x2 +22)P b

3 37 77t
Lemma 4.2. For m <1 < =, or =7 < <

20+3 & ()M A2 [tan (Y — T

K, wan (10— ) v
7L e e M (e (=g w)
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A

X |:TO§\""1 exp <—i7\ tan [11) — g]) W_k’(H%(Z?\) dA

+(=1" JFJ?Of\“‘Il exp (if\ tan [11) — %[D W_k,GJr%(Z?\) df\]
0

= exp(—ik) [I(—ksignA — o) T W_ (2IA]).

: 1
ksignA,0+35

Proof. Let A(k) denote the coefficient of the distribution of the function T* (g1 (1)) [f3*(x)] with respect to
the basis B; in the equality

+o00

T (910D 570 = | a5 (1)) £ () dA

—00

+oo
- Z ( J taa (91(W)) 5y df\) fi(x).

KEZ \ o

Let Ueyp(—iyk) be the eigenspace of T*(g3) associated with the eigenvalue exp(—ipk). It is easy to see that
T € Uexp(—ipk) and therefore, the ‘matrix” of T®(g3) with respect to the basis By is diagonal. From the
equality

T* (g1 (W) X1 =T* (g1()) [Z CAk fk]

keZ
=) T (gi(W) [fi] = ) exp(—ipk) eax f,
kezZ keZ
we have A (k) = exp(—ipk) cak and use the result in Lemma 2.1. O

Putting k = 0 in Lemma 4.1 and expressing the Whittaker function in terms of Macdonald function
and using the known formula (see, e.g., [1, Entry 6.621.3]):

VTT(2B)Y T(u+v)T(v—p)
(B T (p+3
1 ax—9p

1
F NVESut
X 2 1<u—|—vv+2 p.+2 “tp

+00
J xH1 exp(—ox) Ky (fx) dx =
0

>, () > ROV Rlos B) > 0),

we obtain the following interesting representation for K _ +1 (2A) given in Theorem 4.3.

Theorem 4.3. For7\>0and%<1l)<7t,0r5f<tl)<37”,

I w— ()™ An [tanll)]%Jr% 'n+1)T(n—20)
20‘+2
Z antl (—0)n (—0)n1

2F (n—I—l, o+1,1+n—o; izgg$j)

(1+itan)n+l

o n! [cos]

$ Ky (Vianwa)

oF <n+1, 041;1+n—g; ianwl

n itan{p—1
(1 —itany)n+!

>] = Kqpy (20,
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5. Some relations between Bessel and Struve functions related to the matrix diag(1, —1,1)

Let us express the function f3* € ©* as an ‘infinite continuous linear combination” of the functions
belonging to the basis B, in ©°:

+o0o +00

i (x) = J dap,+ o (x)dp+ J da,p,— fp,—(x) dp.
Then we find
1 1 “+00
5 b Fi(fy' frs) = o J dap,+ Fa(fy 4, 7o) dp
1 +00 +o00
=5 J dap+ J exp(ilp+Tls)dsdp = dp 1 .
We therefore get dj o+ = 57 Fi(f3", 2, 1)
Lemma 5.1. X
22027 (0+3) Blo+1,0+1)
d?\,0,+ = 1 o+l (}\)/
7'[}\0-+2 2
and r 0
o+
dao— = Y (A).

Voot e
Proof. We have

1
1 kK 27671 i —1i .
Arpt = 5 PR Fop) = = j(l—y)“‘p (14+y)° " exp(ity) dy
—1
2
20+1 Jt“‘p (2—1)° P exp(—iAt) dt,
0

which can be computed by recalling the following known formula (see, e.g., [2, Entry 2.3.6.1]):
a
| % @B explopr)dx = a* P Ba, B) (o ot B —ap), (H(a) > 0; () >0,
0

Applying the following relations:

1F1<oc (5+1 20¢+1x)—x o 2eXP< )Mﬁa( ),

Mo (x) =22 T(v+1) Vi, (5 ),

IV(X) = exp (?) Iy (—ix),

to the resulting identity, we are led to the first one of the two formulas in this lemma.

and
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On the other hand, starting with the following expression:

+00 -1
27071 . .
dro— = — { J (y* —1)° exp(iry) dy + J (y*—1)° exP(INJ)dU]
1 —00
+oo
2—0

== J(yz—l)‘y cos(Ay) dy,
1

and using a known formula (see, e.g., [2, Entry 2.5.6.2]):

—+00 1
B—2
J (x* — a®)B~1 cos(bx) dx = —\f (?) F(B)Y1_g(ab), (minfa, b}>0; 0 <R(B) <1),
a
similarly as above, we prove the second formula. O

Remark 5.2. The span of the functions f§ | and fj _ in the linear space ©* is invariant with respect to the
linear operator T*(diag(1, —1,1)), because its image of any linear combination ofy |, + Bfj _ is the linear
combination 3f5 , + afy . It implies that

+o0 +o0
T®(diag(1,—1,1))[f}"] = T*(diag(1,—1,1)) { J dap,+ fp+dp+ J dx,p,— 5 dp]

+00 “+00
= J d)\,p,_._ f;;,— dp + J d)\,p,_ f:;,+ dp.

On the other hand, we have

+oo

T*(diag(1,—1,1))[f*] = J ty5 (diag(1,—1,1)) f5* dA
+o0o /400
_ J (J t5 (diag(1,—1,1)) dy , dX) £ dp
+o0o /+oo

+ J (J tys (diag(1,-1,1)) dy , d%) £ _dp.
It implies that, in particular,

+o00

dro+ = J tya (diag(1,—1,1)) dy , - dA. (5.1)

Lemma 5.3. The following relations hold true:

B A\ >0

2 sin(nto) (A o+3
tan(diag(1,—1,1)) = === (A) Koo i1 (2\/)\7\).

t,4 (diag(1,—1,1)) =

cos(mo) /—A\ T2 < <
< ) T 201 (2VM) = o1 (2N
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From a group theoretical point of view, the upper part of the equality (5.1) allows to write an interest-
ing relation asserted by the following theorem.

Theorem 5.4. The following relation holds true:

B 1 2720 /(20 +2) qyo+l
Jor1(N) = 1 — sin(7to) [(F(GJrl) M(o+3) 2 cot{na) + (1) ) Voo ()

— cos(7o) Y_G+%(7\) + ((—1)(”% —2tan(7m)> H_G_é(k)] , (A>0).

+o0o
Proof. For the integral | tys (diag(1,—-1,1)) ds o+ dA, we use the following formula (see, e.g., [1, Entry
0

6.516.7]):

+00

2 2
J Ko (@) Tty =TGN 1 () v ()]
0

(min{R(a), R(b)} > 0; R(v) > —-1/2).

0
For the integral [ t,5(diag(1,—1,1))dy , . dA, we use the following formulas (see, e.g., [1, Entry

6.516.1] and [1, 6.516.4], respectively):

+o00
[ T (@v®) Tutomyax =g, (Z‘;) , (min{R(a), R(b)} > 0; R(v) > —1/2),
0
and
T 2sec(vm) [cos(vm) a? a? a?
[ 22 [ () v () - ()]
0
(min{R(a), R(b)} >0, R(v) > —-1/2).
Finally using
J—v(x) = cos(mv) Jv (x) — sin(7tv) Yy (x),
we are led to the desired result. O

It is also remarked that a similar argument applied to the lower part of (5.1) can establish another
relation as in Theorem 5.4.

6. Concluding Remarks

It seems to be obvious that some other interesting formulas can be obtained by considering the similar
construction for special orthogonal groups of higher dimension. For instance, very recently we have
expressed some matrix elements of the representation operators for SO(3,1) in terms of the modified
hyper Bessel functions of the first kind, which is a multi-index generalization of classical eponymous
functions. In particular, it yielded a formula for integral of the product an ordinary Macdonald function
and its multi-index analogue. The real presentation of further related results may be left to the interested
researcher. It is emphasized again that we have shown how certain interesting formulas for some classical
and useful special functions can be nicely obtained from a group theoretical point of view.
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